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similarity theory

I. SIMILARITY CRITERIA IN CHEMICAL PROCESSES

Design of reaction vessels for chemical processes
requires in general the simultaneous examination of the
following set of differential equations, for an infinitesimal
element of the vessel: (1) equation for mass balance; (2)
equation for the energy balance; (3) fundamental equation
of hydrodynamics or equation of motion; (4) rate equation
for the reaction; and (5) equations defining the conditions
for single-valuedness. Since even in the absence of chemi-
cal reactions it is impossible to solve this set of equations
for the general case, similarity theory is widely used for
such problems.

The application of similarity theory to chemical pro-
cesses requires the simultaneous consideration of all the
differential equations enumerated above supplemented by
terms taking into account the presence of point sources of
energy and mass, which considerably complicate this prob-
lem. The complexity lies in the fact that in general it is
impossible to observe simultaneously the hydrodynamic,
thermal, diffusion, and purely chemical similarity of pro-
cesses accomplished in apparatus differing in size. 1Itis
characteristic of chemical processes that one system can-
not be simulated by another, as would be the case with
physical processes.

Thus although in the case of hydrodynamic similarity we
can maintain the Reynolds number Re constant in the model
and in the prototype by changing the system, we cannot do
this in the case of chemical similarity since a chemical
reaction of a given group of compounds cannot in general
be reproduced in compounds of a different group.

As a result of this and other difficulties, similarity
theory is comparatively rarely used at present for the
simulation of chemical processes. It is quite widely used,
however, in the generalisation of experimental results for
a great variety of such processes!.

Transformations of the set of differential equations have
yielded the following criteria of chemical similarity:2-5

Damkéhler's Group 1

_u
P = (1)

where U is the reaction velocity in kmole m-3 h-!, / a
linear dimension in the direction of flow in metres, w the
linear rate of flow in metre h™*, and ¢ the concentration of
the reactant in kmole m-3,

Since 1/w measures the time of flow through the reac-
tion vessel, the ratio ¢/Uwill measure the duration of the
reaction at constant velocity. Consequently Dar can be
defined as the ratio of the residence time of the flow in the
reaction vessel to the duration of the reaction occurring at
a constant rate until the reactant is completely exhausted.
This dimensionless group can, of course, be treated also
as the ratio of the reaction velocity to the rate of flow, both
expressed in the same units{, as the ratio of the concentration
of substance which has reacted to the concentration intro-
duced by the flow, or finally as the ratio of the actual

t The group W = wy/Uy, deduced by Matz, & in which the react-
ion velocity Uy is expressed in flow-rate units, or for a first-order
reaction, as a rate constant; it follows from the definition of Day
that the Matz number is identical with it.

297



Vol.30 No.5

RUSSIAN CHEMICAL REVIEWS

May 1961

length of the reaction vessel to the length which would be
necessary for completion of the reaction at a constant velo-
city of the latter.

Damkd&hler Group 11

un
Dapp = 53 (2)
where D is the coefficient of molecular diffusion in m2? h-1,
Dayy gives the ratio of the velocity of a chemical reaction
to the rate of molecular diffusion. By analogy with Day,
this group can also be interpreted in terms of other quanti-
ties, as was shown above.

Damk&hler Group III

(3)

U
Dayyy = T?f"'m— ,

where ¢ is the heat of reaction in kcal kmole-!, ¢, the
specific heat at constant pressure in kcal kg™! deg™!, y the
density of the medium in kg m™3, and A¢ a characteristic
temperature difference, which may be, for example, the
difference in temperature between the wall of the vessel
and the centre of the flow or the change in temperature
along the length of the reaction vessel.

It follows from Eqn. (3) that the Damk&hler group III
expresses the ratio of the quantity of heat evolved in the
reaction to the quantity of heat transported by the flow.

Damkd&hler Group IV

’

Dayy = %LLI—‘ (4)

where X is the thermal conductivity of the reaction mixture
in kcal m™! h~! deg™!.

The Damkd&hler group IV represents the ratio of the
quantity of heat evolved by the reaction to that transferable’
by thermal conduction.

Equilibrium or Steady-State Group?
Uy hpchify
Up  kpegieq

. (5)

Fq=

where k¢, %, are the rate constants for the forward and
reverse reactions respectively, and U, U; the correspond-
ing reaction velocities; cg,, cp, are the concentrations of the
reaction products B, B,..., and ¢4, ca, the concentra-
tions of the initial components A;, A,; 5;, B, are the stoi-
chiometric numbers of the reaction products, and ¢y, @,
those of the components A,, A,.

The equilibrium group expresses the ratio of the abso-
lute rates of the chemical reaction, i.e. of the velocities of
forward and reverse reactions.

Contact Group

K0==5"=kfc20_l.f N (6)

where 7 is the residence time of the reaction mixture in

the reaction vessels, and T the sum of the stoichiometric
numbers on the right-hand side of the rate equation. The
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contact group represents the ratio of one of the individual
reaction rates to the overall reaction velocity.

With an irreversible reaction, for which the rate of the
reverse reaction is practically zero, the constant greup is
identical with Da;, as can be seen on expressing the reac-
tion velocity U in the latter group in terms of the concen-
trations of the reactants.

It has also been proposed3;® that the dimensionless
equilibrium constant should be used as a criterion of simi-
larity

Arrhenius Number

E
Ar=ij, (7)

where E is the activation energy and R the gas constant.
Ar represents the ratio of the activation energy to the in-
ternal energy of the system.

Radiation Group”

gew

Re,= Gort (8)
T,

Krz = E:» (9)

where C, is the constant in the Stefan—Boltzmann radiation
equation, e is the emissivity in this equation, and 7; and
T, are the temperatures of the more and the less strongly
heated surfaces respectively.

Criteria (8) and (9) are obtained not from the main set
of differential equations but from the Stefan—Boltzmann .
equation, and should be used if the reaction temperature is
so high that allowance has to be made for the heat trans-
mitted by radiation.

The radiation group (8) represents the ratio of the quan-
tity of heat evolved by the reaction to that transmitted by
radiation, while group (9) represents the ratio of the tem-
peratures of the radiating surfaces.

Hydrodynamic-Acceleration Group: 8

w

Kn=wav (10)

where AVis the increase in volume accompanying the reac-
tion, in m® kmole™!.

The hydrodynamic-acceleration group Ky, expresses the
ratio of the volume of reaction mixture passing through the
vessel in unit time to the change in volume due to the oc-
currence of the chemical reaction. It takes into account
the acceleration of the motion of the reaction mixture in
the vessel resulting from the chemical reaction. Like the
radiation and some other groups, it specifies the condi-
tions under which the process takes place.

Generalised Thermal Group.

Ky = 2, 11)

st
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where g,; is the heat flow across unit area of the heat-
-exchange surface in kcal m~2 h=*, This group expresses
the ratio of the quantity of heat evolved in the reaction to
that which is evolved or is supplied through the heat-
-exchange surface. The usefulness of introducing the
group K, is due to the fact that the flow of heat through

unit heat-exchange surface is an independent variable,which
the experimenter can change independently of the scale.

In the analysis of chemical processes dimensionless
groups are quite often employed which are analogous to
those considered above but somewhat modified for applica-
tion to particular processes. Thus the following criterion
has been introduced: 2, 1°

Kint :S A (T (1)) dv
where &, is the rate constant for a reaction of the n-th
order, represented as a complicated function of time (it is
assumed that the temperature varies with time according
to a definite law). The criterion K;,, is obviously a modi-
fied form of Da;, in which the velocity of the chemical
reaction, which varies with time, is taken in integralform.
This latter method of representing dimensionless groupsis
useful in all cases in which the properties of a chemical
system change with time (or in space, when integration is
carried out with respect to volume),

(12)

For the case of a heterogeneous chemical reaction, the
following group was introduced: !
kol

1= ‘n

D

"1 (Re, Pr), (1 3 )

[
Kpet= —— ¢*~
D

where &/, is the rate constant of the heterogeneous chemical
reaction per unit area of interface, and Pr = wl/aRe is the
Prandtl number, in which a = A/cp'y is the thermal conduc-
tivity. This group uses as linear dimension and thickness
of the diffusion layer 6&:

6 = [/Nu=[f(Re, Pr).

It isreadily seen that the group Ky, is a modified form
of Dayy in which 6 is used as I and the reaction velocity is
based on unit surface separating the phases.

The dimensionless multiplier ¢ used in calculations on
absorption processes belongs to the same type of modified
groups: 2

o= (14)
where
X=0 VI (15)

Eqn. (14) is obtained by the simultaneous solution of the
diffusion and rate equations for a first-order reaction. The
dimensionless group (14) is called the Hatta number (Ha).
It is readily shown that Ha is a quantity which is function-
ally related to Day;:

“ x 5 VE/D Vk,8%/D V Day,
4o

~ emhx  tmhd VA/D  woh Vk8/D  tmh VDay (16)

Dimensionless ratios are often used as defining criteria.
Among these the following may be mentioned: 3,8, 13

X =— 17)

(18)

where ¢, and ¢, are the concentrations at the inlet and the
outlet respectively of the reaction vessel, ¢ is the concen-
tration actually reached in a given reaction vessel, and

c* is the equilibrium concentration. Eqn. (17) represents
the ratio of the concentrations at the inlet and the outlet of
the reaction vessel, and (18) is a measure of the relative
yield of product.

Instead of concentration ratios, use can be made of the
ratios of any other physical properties!® characteristic of
the system and linked with the concentration, suchas visco-
sity, density, etc. This method can be employed to specify
conditions for the control, regulation, and automation of
the process.

Apart from the similarity criteria enumerated above,
deriving from the original set of differential equations, the
general dimensionless-group equation should include cri-
teria characterising hydrodynamic similarity Re = wl/v,
thermal similarity Pe = wla, diffusion similarity Peq =
= wl/D, etc. Inthe case of irreversible reactions, the general
dimensionless-group equation for a chemical process then
has the form,

Da; = f(Day;, Dayy, Dapy, Pe, Peg, Re, K; .. ), (19)
where K; are groups specifying the conditions under which
the process takes place [see Eqns. (8)—(10)]. Instead of
Da;, the dimensionless ratios (17) and (18) can also be used.

In the case of reversible reactions the dimensionless-
-group equation is of the form

Eq = f (Ko, Day, Day;, Dayy. Pe, Peg, Re, K,) (20)

(The Ar groups should not increase the number of groups
in the general dimensionless-group equation, since it
characterises the change with temperature of quantities
already occurring in groups Da; —Da;y considered earlier).

Since several of the dimensionless groups in Eqns. (19)
and (20) contain the same parameters, the number of
groups can be reduced by combining them.

Daj;, for example, can be represented as the product
Da; Peg:

ure Ul wi Ue
Dajy = ~— =Da, Pe;j=— — =~"—
n=p TP NS, b T

and Dayy as the product Day gc/cpy At:

qU! D qc Ut ge qU1
=Da == = .
@ At 1 pY At w CY At cpyw At

Dajyy =

The expression qc/cp-y At was defined by D'yakonov? as
a criterion establishing the proportionality of the tempera-
ture and concentration gradients. Let us denote this group
as followsi :

L TR (21)

pY At

Dary can be represented as the product DajPrK,.:

i In some papers % the group Ki. has been termed the Boltz~
mann number (Bo).
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TABLE 1. Scheme for the derivation of the fundamental criteria

of chemical similarity. *

Equation for the conservation of mass

rate of change with |rate of change due to rate of change due to rate of change due
time convection diffusion- to chemical reaction
~—dc/ot —(w grad) ¢ -t D (Div grad) ¢ +U =0
¢/t we/l Dc/12 U
Daj = uL
cw

Equation for the conservation of energy

rate of change with |rate of change due to| rate of change due to rate of change due
time convection thermal conduction to chemical reaction
—atjox — (w grad) ¢ + a (Div grad) ¢ +4qUle,x =0
t/t wt/l at/1* qU/c‘7 e
qu!
Doy =g, rwh?
D: _ qus
A V.Y
—y

Rate equation for reaction

net reaction velocity rate of forward reaction rate of reverse reaction
—dcjdt +hpeRop-. kpcBcfro... =0
c/t kycza ky cZB
Ko :-kfc Za-1.71
ky cZB

Eq= ki c 2o

* A single arrowhead points to the denominator, and a double
one to the numerator.

Since Pe and Peg can be represented by the products
RePr and RePrq, division of Dayy, Dajr, and Dayv by Daj,
K.., and Re brings Eqgns. (19) and (20) to the form

Da; = f(Kye, Pr, Prg, Re, K)). (22)
or
<
X, = b [(Day Ky Pr. Prg, Re, K)). (23)
o
and
Eq = (Ko, Ko Pr, Prg, Re, Kp), (24)
or
‘ . , )
Xe -~z = [ (Ko. Kyo., Pr. Prg, Re. Kj) . (25)
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In the case of heterogeneous chemical processes, some
groups (e.g. Re, Pr, and Prg) can be repeated as many
times as there are phases involved in the process. How-
ever, the presence of a large number of dimensionless
groups, and hence of the relevant physical quantities, in
Eqns. (21)—(24), makes it difficult to keep all the criteria
constant.

It is impossible, for example, to maintain simultaneous
constancy of Re and Daj in the model and in the prototype,
since the linear velocity which occurs in both these groups
varies in different ways with the linear dimension which
also is present in both groups. It follows from the condi-
tion for the constancy of Re that the linear velocity is in-
versely proportional to the linear dimension, whereas from
the corresponding condition for Day it should be directly
proportional to the linear dimension. Thus the direct simu-
lation of chemical processes by obtaining the general
dimensionless-group equation proves to be impossible in
practice§. This has led to the necessity for approximate
simulation. The derivation of the main chemical criteria
is shown in the accompanying scheme (Table 1).

II. APPROXIMATE SIMULATION

Approximate simulation is based on the principle of
including in the dimensionless-group equation only those
groups which relate to the slowest stage of the process. A
thermodynamic treatment of this question has been given
by D'yakonov?® showing that these equations need include
only those groups related to the non-equilibrium or steady-
-state stages of the process.

A result of isolating the rate-determining stage in the
general dimensionless-group equation is the disappearance
of incompatible groups (e.g. Da; and Re), so that it becomes
theoretically possible to find a functional relationship
between the groups. The theoretical possibility of isolating
the rate-determining stage is based on the fact that in many
cases a complex process consists of several successive’
stages. The slowest of such stages is rate-determining.

In the kinetics of chemical reactions complicated by heat
and mass transfer it is usual to distinguish!® reactions
occurring in the kinetic range, where the rate-determining
step is the chemical reaction itself, reactions occurring in
the diffusion range, in which the rate-determining stage is
the diffusion of reactants to the reaction zone, and finally
reactions occurring in the diffusion—kinetic range, where
the rates of diffusionand of chemical change are comparable
in magnitude. The last is the most difficult case to simu-
late. Heat exchange within the system takes place at the
same time as the chemical changes, and therefore cannot
be rate-determining. The methods for ascertaining the
rate-determining state!”,!® are indicated below.

1. From the temperature coefficient of the overall rate of
process. If a 10° change in temperature causes a two~
or threefcld change in the overall velocity of the process
(as follows from the Arrhenius law), the chemical reac-
tion itself is the rate-determining step. I, however, a
10° change in temperature causes an overall change in
rate of 30%, material transfer is rate-determining. In
intermediate cases the reaction occurs in the diffusion—
kinetic range.

§ An artificial decrease in the activity of the catalyst in the
simulation of heterogeneous chemical processes !% is of no practical
significance.
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2. From the apparent reaction order. I the reaction order
differs from unity, the chemical reaction is rate-deter-
mining. H, however, the order of reaction is unity, the
nature of the rate-determining step remains uncertain
since mass transfer also depends on the first power of
the concentration.

3. From the dependence of the overall rate of the process
on the hydrodynamic conditions under which it is carried
out. If the velocity of the process does not depend on
the hydrodynamic conditions, the chemical reaction it-
self is rate-determining; but if there is such a depen-
dence, the rate-determining step involves either mass
transfer or both mass transfer and chemical change to-
gether (;.e. the reaction takes place in the diffusion—
Kinetic range).

1. Simulation of Processes Occurring in the Kinetic Range

For aprocess occurring in the kinetic range, the dimen-
sionless-group equation contains only chemical dimension-
less groups, and for irreversible chemical reactions
Eqgns. (22)— (25) become

!
Day = — = const .,
cw

(26)

or

XI;—.?:f(DaI). (27)
As noted above, the concentration ratio can be replaced by
the ratio of a suitable physical property of the system.

For reversible chemical reactions, Eqns. (24) and (25)
become

Eq = f (Ko}, (28)

Xy = f(Ko). (29)
Two methods have been suggested® for generalising
experimental data on chemical reactions whose mechanism
is unknown. In the first method the experimental data are
used to plot a graph of Eq against 7 (the residence time).
It is then found that experimental results relating to differ-
ent temperatures and pressures fall on quite definite
curves.

The discovery of a functional relationship (28) is equi-
valent to combining all the curves into a single curve.
Remembering that Ko =k7c ™™ and that & = 7,(T), and
assuming that the reaction takes place in the gas phase,
i.e. that ¢ = f, (p), we can find the activation energy and the
order of the reverse reaction by measuring the distance
between these curves. From these values we can find the
group Ko and plot the relationship Eq = f(Ko), i.e. com-
bine all the curves into a single curve.

The other method of generalisation consists in finding
a functional relationship between the reaction velocity and
the thermodynamic potential, used in this method as a
driving force: i.e. it consists in establishing experimentally
a relationship of the form u = k*f(G/RT), where k* is a
coefficient having the dimensions of reaction velocity, which
in many cases can be regarded as constant. The expression
G/RT is analogous to the Arrhenius number, G being the
thermodynamic potential,

1t follows from Eqns. (26)— (29) that, when a process
occurs in the purely kinetic range, it is independent of the

geometrical shape and size of the system, provided that
the time in the reaction vessel remains constant, 7 .c. that
1/w = constant. (This conclusion, however, is no longer
valid in the case of a chain reaction in which initiation or
termination of the chains take place on the walls of the
apparatus, or if the chemical reaction is accompanied by
considerable evolution of heat.)

The effect of heat exchange on reactions occurring inthe
kinetic range can be allowed for by introducing the criteria
K. and K,, so that the dimensionless-group equation for
the kinetic range becomes

(30)

As noted above, heat exchange cannot be isolated as a
rate-determining stage. In passing from one scale to
another in the case of a strongly exothermic reaction it is
desirable to avoid complications due to the formation of a
temperature gradient in the reaction vessel. An element
of a large reaction vessel is therefore usually taken as the
model, with the provision that the large reactor consists
of several identical elements (e.g. if the latter is a system
of tubes filled with catalyst, one of these tubes is used as
such an element).

f (Dag, Ky, Ky) =0 .

Although there is no need to maintain geometrical simi-
larity in the simulation of chemical processes occurringin
the kinetic range, nevertheless, in several cases this is
done for purely technical reasons (e.g in the modelling of
stirrers12?),

When reactions accompanied by the evolution or the ab-
sorption of a large quantity of heat take place in geome-
trically similar apparatus, a complication arises from the
fact that the ratio of the heat-exchange surface to its vol-
ume decreases with increase in size of the vessel, and
hence the conditions for the supply and removal of heat are
impaired. In order to achieve approximate simulation in
such cases, it is recommended” that the flow of heat
through unit heat-exchange surface of the model reactor
should be artificially reduced by making the vessel more
adiabatic. This can be achieved either by increasing the
thickness of the layer of insulation on the heat-exchange
surface of the laboratory vessel or by providing additional
heating. In this way it is possible, in spite of the difference
in the heat-exchange surface in the model and in the proto-
type, to ensure that the same quantity of heat is suppliedin
unit time to unit volume in both.

A further difficulty in the simulation of continuous reac-
tion vessels is that in many forms of continuous apparatus,
different portions of the reaction mixture reside for differ-
ent periods of time, i.e. a definite residence-time distri-
bution is established in suchapparatus. Ithasaparticularly
adverse effect on the course of the process when the main
chemical reaction is complicated by subsequent secondary
reactions. In the simulation of continuous chemical pro-
cesses, therefore, it is necessary to keep the residence-
-time distribution the same in order to obtain the same
yield in the model and in the prototype.

In the study of heterogeneous chemical reactions (deter-
mination of reaction mechanisms, optimum temperature
conditions, etc.) it is important to eliminate or minimise
resistance to diffusion in the laboratory apparatus, i.e. to
ensure that the reaction should take place in the kinetic
range. In this case it is very important to be able to esti-
mate how effectively such diffusion resistance has been
eliminated, and hence the accuracy of the experimental
values for the reaction velocity.
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Application of similarity theory enables the following
method2° to be used. The variation of the overall reaction
velocity U with the mass flow rate G is determined for a
constant residence time in the reaction zoneY. It follows
from the above that the kinetic range should correspond to
that portion of the curve U= f(G) along which U becomes
constant and does not depend, or depends only slightly, on
further increase in G. In the latter case the proportion of
diffusion resistance can be estimated as follows. On equa-
ting U to the quantity of matter transported through the dif-
fusion layer, we obtain

(31)

where U is the reaction velocity expressed as the number of
moles of component A which react in unittime perunitmass
of catalyst, &; the coefficient of mass transfer in the gas
phase, F;, the surface area per unit mass of the catalyst, and
Apa the difference in the partial pressures of component A
across the diffusion layer.

U =kgF Ap, .

On the other hand, the mass-transfer coefficient &,
occurs in the generalised equation of Chilton and Colburn
as modified by Hougen?° for application to heterogeneous

reactions:
(e Mar N n )”“;a Kiﬁ)‘”.
la = G oDam 0 R’

On solving Eqns. (31) and (32) simultaneously for Apafpa we
obtain

(32)

by L (VT M) (u (VRN
"

Pa ag PAWF PDpm (33)

In the above equations p is the total pressure, pa the par-
tial pressure of component A, M,, the mean molecular
weight of the gas passing through which has a dynamic
viscosity p and density p, Dy, the mean diffusion coefficient
of component A in the gas phase, g, a proportionality co-
efficient, (f;G)*4 a modified Re groups, and &, the sur-
face area of a single catalyst particle.

The first of the groups on the right-hand side of Eqn.
(33) is a modified form of Da;. In fact

palp=c YF,=1

(where ¢’ is the concentration in mole fractions); and
pk,cv* m sec™ is some characteristic velocity, since the
units of p are kg sec m~2 andthose of K, are m2(kgy.s)~! =
= m3(Kgfoce) "t s€c~2, Thus Eqn. (33) can be reduced to the
form

Ac’ 1

—- = — Da;Pr¥*Re"* ,
o T a;Pry "R

(34)

where a and #» depend on Re, their values being as follows:

for Re<C620 ay=2.44 n=0.51,
for Re >620 qo=1.25 n=041.

On the basis of Eqns.(33) and (34) Apa/ba is plotted
against DayPrb4a,, the Re numbers being taken as para-
meter. This yields straight lines passing through the ori-
gin and having different slopes for each value of Re.

Having specified the accuracy with which the true rate
of the chemical reaction should be determined, and the

T Fulfilment of this last condition is equivalent to the assump-
tion that an increase in the mass flow rate is accompanied by a
proportionate increase in height of the catalyst layer.
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corresponding pressure difference Apa/pa in the diffusion
layer, we can find the appropriate rate of flow for the given
value of the expression Da;Prfa. Thus, for example, if

in a particular investigation the value of the reactionvelo-
city, allowing for the diffusion resistance, should be
accurate to within 10%, we take Aps/ps = 0.1; and if the
accuracy is to be within 1%, then correspondingly Apa/ba =
=0.01. The temperature gradients in the boundary layer
may be estimated in an analogous fashion.

2. Simulation of Processes Occurring in the Diffusion
Range

In this case the dimensionless-group equations (22) and
(23) are of the form

Da; = f (Re, Pr). (35)

Here, -too, the ratios X, and X, can be used as defining
criteria.

The simulation of processes occurring in the diffusion
range thus reduces to the use of the well-known criteria of
physical similarity, ! and will not be considered here.

3. Simulation of Processes Occurring in the Diffusion—
Kinetic Range

These comprise primarily heterogeneous chemical
processes — catalysis and absorption accompanied by
chemical reaction. Owing to the incompatibility of the
groups Da; and Re occurring.in Eqns. (22) and (23), a fun-
damental difficulty arises here in using such equations for
simulation. This is increased by the need to take account
of the resistance in each phase by introducing appropriate
criteria for each. This difficulty can, however, beelimi-
nated.

Usually the same catalyst (having the same particle-
-size distribution) or the same packing is employed in the
model and in the prototype. The volume elements formed
by grains of catalyst or packing in contact therefore remain
the same in the model and in the prototype. It must not be
forgotten, however, that at low values of the ratiod,4, (of
the diameter of the apparatus d, to the grain diameterd,)
the effect of the walls must be taken into account. The
results obtained in the model may be transferred directly
to the prototype if the experimental conditions (charge per
unit cross-section of the apparatus, temperature, concen-
tration, etc.) are kept constant and if d4 is sufficiently
high.

If the reaction is accompanied by the evolution of large
quantities of heat, the reaction vessel must be divided into
elementary units of small diameter in order to increase
the ratio of the external heat-exchange surface of the reac-
tion vessel to its volume, and thus to prevent any possible
production within the vessel of inadmissibly high tempera-
tures. In such cases a reaction vessel comprising a system
of narrow tubes is normally employed. The diameter is
selected by calculating the permissible temperature differ-
ence between the centre of flow in the tube and its walls
under conditions of a maximum yield?2, In the simulation,
considerations(indicated previously) relating to the use of
Eqn. (30) must be taken into account.

At the present time the overall reaction velocity in the
diffusion—kinetic range is determined by means of equa-
tions analogous to those employed in calculations on pro-
cesses of simple (physical) mass transfer uncomplicated
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by chemical reaction, i.e. the overall rate constant is
determined as the reciprocal of the sum of the resistances
in each of the stages. The individual mass-transfer co-
efficients for each phase are determined from the appro-
priate dimensionless-group equations for the phases.

In the case of a heterogeneous catalytic reaction, the
overall reaction velocity can thus be determined from the
equation 2

1
1
k' Fopah

Ga=kec5: Xcg

(36)

1., ¢C
W
s do

where k. is the effective rate constant of the heterogeneous
reaction, ¢, the concentration of the chemically active com-
ponent in the gas phase, kg the mass-transfer coefficient
in the gas phase, C#, the ratio of the surface area of a
catalyst grain to its volume (for spherical grains C = 6),

k’ the rate constant of the reaction per square centimetre
of total surface of the catalyst, F, the total surface per
gram of catalyst, p,the apparent density of the porous
mass of catalyst, and ¥ the degree of utilisation of the
catalyst surface, which allows for the drop in concentra-
tion of a given component within the pores of the catalyst.

A very rapid reaction takes place almost exclusively
on the outer surface of the catalyst grains, so that
Y —0. A very slow reaction involves the whole surface of
the catalyst grains, including that within the pores, so
that ¢ =1. Thus y in Eqgn. (36) is always less than unity.

The second term in the denominator takes account of
the resistance to diffusion within the pores of the catalyst
grains in addition to the purely chemical resistance. In
some papers 2¢these twotypes of resistance are considered
separately, and the denominator then comprises three
terms. Such a form of the equation, however, is less con-
venient for practical use.

Similar equations are used for calculations on absorp-
tion processes?5,26 accompanied by chemical reactions,
and also for calculations on heterogeneous catalysis in the
liquid phase 24.

Thus, in the case of a slow irreversible chemical reac-
tion of the first order occurring in the bulk liquid phase,
the following equation was suggested?™:

Lo 1 Pl
0.~ kog (o L) - 5 (o ),
cosh x -4 cosh x
kg @ Hhyq

(37)

where His Henry's constant, k4 the overall coefficient of
mass transfer for the gaseous phase, pyq the partial pres-
sure of the absorbed material in the bulk of the liquid
phase.

In contrast to heterogeneous catalysis, chemical reac-
tions accompanying absorption processes usually occur,
not at the interface, but in a zone adjacent to the interface
and having a finite thickness. Therefore chemical change
and diffusion in the liquid phase do not occur successively
but simultaneously. This leads to a continuous diminution
in the diffusion flux of the component undergoing absorption
as it passes through the diffusion layer in the liquid phase.
This factor has led to some complication of the form of
Eqn. (37) compared with Eqn. (36).

The use of the groups Ha has been proposed for calcula-
tions on absorption processes accompanied by reactions of
the second and higher orders. 13,28

III. SCALE EQUATIONS

The so-called scale equations?;7,14,29,30 are a conse-
quence of the application of the principles of approximate
simulation. Scale equations are obtained by equating in
pairs the groups characterising the conditions under which
the process occurs in the model and in the prototype, and
cancelling out from these groups the physical constants
which have the same values in the model and in the proto-
type.

Let us consider the derivation of the scale equation for
a chemical process occurring in the kinetic range and com-
plicated by heat exchange. As was shown above, the
general dimensionless-group equation for such a process
can be written in the form

(30)

To maintain similarity of the rate-determining stage in
the model and in the prototype it is necessary to keep all
the groups which characterise it constant. In order to
obtain the scale equations, all the groups in Eqgn. (30) must
be equated in pairs for the model and for the prototype:

F(Day, Ky, K) =0 -

(Dap)m=(Day), , (38a)
YUnhm _ Yplp (38b)
fm@m S

where the subscripts m and p refer to the model and to the
prototype respectively.

Cancelling out the physical constants and remembering
that the concentration (e.g initial or final) remains un-
changed in the model and in the prototype, we obtain for the
groups Daj:

lm

e, (39)

W wp

It follows from this equation that the residence time should
be identical in the model and the prototype.

For the groups K, = geuw/g, we obtain

Y Gsthm _ fm (40)

Wy (qs;)p [P
The groups K,. = qc/cpyAt includes only physical con-
stants, and therefore yields no new relationships.

Scale equations can be obtained in an analogous manner
for other rate-determining stages. Thus in the case of a
heterogeneous chemical reaction occurring in the purely
kinetic range, the dimensionless groups of the scale equa-
tion contain the activity of the catalyst a and the space velo-
city s sec”, In this case we have

(Dam= (D), or Ll o Alepp (41)
Wy @p

where # is the rate constant for the heterogeneous chemi-
cal reaction calculated for unit surface of the catalyst.

On introducing space velocities s sec™!, we obtain

kaf (em) &m _ kpfcp) tp
(do)ySm (dop sp

(42)

where d, is the grain diameter of the catalyst. With om =

= op and (dy)m = (do), (the grain size is assumed to be con-
stant, since a change initusuallyalters the activity of the
catalyst), we obtain

(43)

Sm = Sp
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i.e. the space velocity should be the same in the model and
in the prototype. It has also been suggesteds® that, in
deriving the scale equation for a chemical reaction occur-
ring in the kinetic range, when heat exchange must be taken
into account, the Dary groups could be used in combination
with the thermal group Nu. Let us consider the derivation
of such an equation applied to a homogeneous chemical
reaction carried out in a tubular reaction vessel.

On equating
Nup, B NuP
we obtain
IplUmf  9pUpdd (44)

AebtgNuy — AALNug
where dpnand d, are the diameters of the tubular reactors
employed as model and as prototype respectively. If the
amount of material processed in the prototype is » times
greater than in the model, we obtain the following relation-
ship:

ndiw, = d;wp s

(45)
whence

L (46)
O
Since it is necessary to keep the Dar groups constant in
the model and in the prototype, we obtain

Unlm  Uplp

prp

Remembering also that identical yields can be obtained
in the model and in the prototype provided that the rise in
temperature AT is identical in the two systems, and thatfor
a tubular reaction vessel

(38Db)

me m

Nu = const.Re™#, 47)
we obtain from Eqn. (44)
1.2 12
w"} Wp'
From Eqn. (38b), it follows that
) (39)

'm
wm

[
]

Simultaneous solution of Eqns. (45), (48), and (39)finally
yields

dp = dp ", (49)
lpz lm o428 i (50)
w, = wy n0-438 | (51)

In conclusion, let us consider the derivation of scale
equations for a homogeneous chemical reaction taking place
in the gas phase in a continuously operating tubular reaction
vessel. To derive the scale equations, it must be remem-
bered that the pressure drops in the model and in the proto-
type should be equal, since otherwise the stream of gas
would be accelerated in the reaction vessel in which the
pressure drop was the greater, and the residence time in
this vessel would be reduced. A difference in pressure
gradients can be neglected only when the total pressure in
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the system is high compared with the drop. If the coeffi-
cient of drag of the gas is written in the form

Ap:c,xdiwi, (52)
putting
A =¢,Re™" = ¢y (wd)—™ , (53)
and remembering that
Vyeo= cad®, (54)

where ¢ —c, are constants, simultaneous solution of Eqns.
(52)— (54) yields

2oz g
- () o

Under conditions of turbulent flow we can put m= 0.16,
and substitution of this value in Eqgns. (52) and (53) yields

j_:;:(z—:)o.cx . (57)
(V ) d 9.41
(v:):, - (d’,‘:) ’ (58)

Thus the ratio of the dimensions of the model and of the
prototype perpendicular to the direction of flow should be
greater than the ratio in the direction of flow. Hence the
model tubular reactor should have a greater length: dia-
meter ratio than the prototype. For laminar flow in both
reactors, the Poiseuille equation can similarly be used to
deduce the following scale equation:

d (Veec)p 112
a- (o]

m

(59)

Since the ratio of the lengths of the reaction vessels is
equal to the ratio of their diameters, geometrical simila-
rity must be maintained in this case, and since the ratio
of the space velocities is equal to the ratio of the cubes of
the diameters of the vessels, the space velocity should be
proportional to the reactor volume.

An attempt has been made!* to model reaction vessels
with respect to geometrical and regime parameters. The
fundamental parameters used were the diameter of the
apparatus d, and the linear rate of flow w. These para-
meters were used in the form of ratios of corresponding
quantities in the model and in the prototype. The space
velocity V., the geometrical ratio d./, Re, Da;y, the pres-
sure drop Ap, and the thermal flux through the heat-ex-
change surface wnd,la or jld,, where ais the thermal emis-
sion coefficient and j the heat-transfer coefficient, were
used as supplementary parameters. The ratio of these in
the model and in the prototype was expressed in terms of
the ratio of the fundamental parameters. It was assumed
that the height of the apparatus varies in direct proportion
to the linear rate of flow, i.e. that the mean residence time
in the apparatus is kept constant.

The following notation is employed in Table 2: ratio of
reactor diameters dyfm = x, ratio of reactor lengths ly/fym =
=y, ratio of linear flow rates wpﬁvm =z, and ratio of space
velocities (Vech/(Vec kn = 8. These ratios have been termed
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TABLE 2.

Parameter compared | Scale foctor | x32=8 y/z=1 x=1 x‘}ﬂ- =vE =B
d, diameter X x 1 x x X
{, leuglh. y 3/x3 & x 1 1/x
w, velocity z B/x? B x 1 1/x
Vgec = m dWw/4 x3z =8 B x3 x2 x
d/l x/y x3, 1/B 1 x x?
Re = pwd/u xz B/x 8 x? x 1
Da; = kyljw = y/z =1 1 1 1 1

=k V/Vaec

Ap y23/x (x2)™ | B3/x7 Re™ go-m gH2eam ot x-*
ndla y(xz)'™ | B/x3Re™ gim gHeIm i mmt x-1
j/d y/x (x2)® | 8/x3Re™ gr-m xodm | x-12

scale factors (see Table 2). The scale factors giving the
ratios between the fundamental parameters are related by
the equations

(60)

It was therefore possible to obtain different scales by
expressing the ratio of one of the fundamental parameters
in the model and in the prototype in terms of the ratio of
other parameters. Thus when z = 8, we have x =1 (Table
2, column 4). In practice this case corresponds to con-
stancy of diameter in model and in protype.

X2z =0 .

When z = x, we have x = g% (Table 2, column 5). This
corresponds to geometrical similarity of model and proto-
type, since as a result of the equality z/y =1, alsoy =x,

i e. the ratio of the lengths of model and prototype is equal
to the ratio of their diameters.

Similarly, when z =1 (Table 2, column 6), we have
x = . This means that model and prototype are of equal
length, when the ratio of their outputs is equal to the ratio
of their cross-sections.

Finally, when z = x~! (Table 2, column 7), we have x =
= B. This case corresponds to the maintenance of hydro-
dynamic similarity in model and in prototype. Actually the
condition zx = 1 means that the ratio of the Re in the model
and in the prototype is unity (since physical constants can-
cel out, the ratio of the groups proves to be equal to the
produce zx). Table 2 gives scale relationships showing how
the ratio of the supplementary parameters in model and
prototype is expressed in terms of the ratios of the funda-
mental parameters for each of the four examples discussed
above. This attempt represents a modified method of
using scale equations.

For the particular case of a heterogeneous catalytic
reaction occurring in the gas phase over a fixed bed of cata-
lyst, the following rate equation can be obtained &:

(61)

where y is the degree of conversion, dF a surface element
of the catalyst, and Uy is the velocity of the chemical reac-
tion expressed in flow-rate units. Eqn.{61) allows the
dimensions of the apparatus to be linked with the chemical-
-reaction velocity and the proportion of material under-
going reaction.

This equation is valid on the following assumptions: the
chemical-reaction velocity Uy is constant over the whole
length (height) of the apparatus, the quantity of material
undergoing change varies along the length of the apparatus
in proportion to the difference between the actual composi-
tion at a given cross-section of the apparatus and that

Vieody = Uy (1 — g} dF .

which is theoretically possible, the reaction is of the first
order, and it takes place without change in volume. Inte-
gration of Eqn. (61) yields

_UKF/VBBC . (62)

1—y=e
Eqn. (62) can be written in the form of the following rela-
tionship between three dimensionless groups:

A=TW, , (63)

where A =—¢€/In(1—y) gives the degree of conversion
expected when a given fraction of the catalyst surface is
utilised. The physical significance of this criterion is ob-
viously equivalent to that of the concentration ratio X, or
the relative yield X,.

T = (lo)™! is a criterion of geometrical similarity of the
catalyst surface. It is equivalent in physical meaning to
the criterion of geometrical similarity.

W=w/U, is a criterion of kinetic similarity, equivalent
in physical significance to Daj, as already remarked above
(see p.297). In the above equations € is the fraction of
catalyst surface utilised, o the specific surface of the cata-
lyst, and w the linear rate of flow.

The applicability of the dimensionless-group equation
(63) is subject, however, to the same limitations as those
postulated in deriving the original rate equation. Further-
more, it is obviously supposed here that the reaction is
occurring in the kinetic range, and consequently that mass
transfer has no retarding effect on it. An analogous equa-
tion for a first-order homogeneous reaction was suggested
by Pozin3! in deducing an equation for the efficiency of a
chemical apparatus (by which he meant the degree of ap-
proximation, achievable in the apparatus, to the theoreti-
cally possible results). Pozin's equation for this case is

e —Hkifl {Vsee ) (64)
where 7 is the efficiency of the chemical apparatus, f the

cross-section of the flow (apparatus), and ! the length of
flow.

n=1—

Examination of Eqns.(62) and (64) shows their simi-
larity, since, in the case of a first-order reaction, the
efficiency of the apparatus is identical with the degree of
conversion, as is evident from the definition of the former;
the two equations therefore have the same meaning. They
relate the dimensions of the apparatus to the rate of flow
and the degree of conversion. In using them it must be
borne in mind, however, that neither equation takesaccount
either of complications due to heat and mass transfer or of
the distribution of residence times within the apparatus.

IV. SOME PARTICULAR CASES OF THE PRACTICAL USE
OF SIMILARITY THECRY

Examples of the practical application of similarity
theory to chemical processes occurring in the kinetic range
are given in D'yakonov's monograph®. Thus generalisation
of experimental data on the synthesis of ammonia at dif-
ferent temperatures yields the following dimensionless-
-group equation:

(65)

h
X ()"
146 Ko |

where b is a constant. Generalisation of experimental
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results for this synthesis at different temperatures and
pressures gave the following equation:

b Ko 1
14 bKo )

Eq=( (66)

Similarly, experimental data on the oxidation of sulphur
dioxide at different temperatures yielded the equation

Ko
=ik €7

Using Eqn. (67), theisothermson a so-called Knitsch dia-
gram could be combined into a single curve represented by
this equation.

Generalisation of experimental data on the thermal de-
composition of calcium and cadmium salts and oxides3°
showed that all these decomposition processes follow the
dimensionless-group equation

Lok (68)

Ko
Generalisation of experimental results for the polymeri-
sation of vegetable oils (in the production of drying oil°)
gave equations of the form
®=F{Kg)» (69)
where & is the ratio of the physical constants used to con-
trol the industrial process (viscosities, densities, etc.).

These equations were expressed graphically. Their
practical application enabled the control of the process to
be considerably improved and production losses to be eli-
minated. In addition, a scheme was proposed for the auto-
mation of this process, based on the use of Eqn. (69).

Analysis of experimental data on flame propagation in a
tube filled with-a fuel gas mixed with various inert gases
having considerably different coefficients of diffusion and of
thermal conductivity yielded$2? the following dimensionless-
-group equation:

w gr 3.38 2 0.0 e )
(Vak_m) l:('rcpT) (a) }ff(ﬁ)
where w is the velocity of flame propagation, athe tempera-
ture conductivity, and ¢, and c, are the concentrations of

the reactants (methane and oxygen). This equation was
also put in a graphical form.

(70)

It is easy to show that the group w(akzcz)‘i represents
the ratio (Pe/Das)?:

( w )1 w - wl w Pe
Vaske,

ksl Da; (71)

= akycyl T a

D/a, however, is obviously the ratio of the groups Pe/Pey.
The remaining groups have already been discussed previ-
ously.

Thus the general dimensionless-group equation can be
written in the following form:

Pe \* e (22 “jl = f(X 72
(Dal) [0 (5e;) |- 1%, (72)
where X, = ¢,/c,, or in a more general form:

f= (Da;, Pe, Pey, K, X =0- (73)

In the generalisation of experimental data on chemical
reactions occurring in the diffusion range, e.g. in the
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absorption of ammonia by sulphuric acid, the processesare
described by equations of the form

Gy= "ogFApuv ’ (74)

where kog = kg is the general mass-transfer coefficient for
the gas phase, and Ap,, is the mean driving force in the
apparatus, expressed in partial-pressure units. Here, as
always, the mass-transfer coefficient is found from the
appropriate dimensionless-group equation for physical
absorption.

In a recent paper 33, generalised equations were obtained
for physical sorption in packed columns taking account of
the hydrodynamic state of the two-phase system.

For readily soluble gases:

Nud ReZPry( + ). (75)
For sparingly soluble gases:
Nu Ay RegPrt (14 ), (76)

where f is a factor of the hydrodynamic state of the two-
-phase system.- The values of A, m, n, and f depend on the
hydrodynamic regime of the two-phase system.

Normal dimensionless-group equations for mass trans-
fer are used to determine the velocity of chemical proces-
ses occurring in a solid—gas system. For example, simi-
larity theory has been used to show3¢ that the rate of
combustion of carbon is governed by the rate of supply of
oxygen through the external diffusion layer in the gas phase.

Dimensionless-group equations for diffusion can be used
also for absorption accompanied by a slow chemical reac-
tion, when the absorbed component passes through both dif-
fusion layers (in the gas and the liquid phases)without reac-
ting or almost without reacting, i.e. when the reaction takes
place mainly in the bulk of the liquid phase. The reaction
then affects only the vapour pressure of the component
absorbed in the bulk of the liquid phase, without changing
the form of the equation. An example of such a process is
the absorption of ethyl formate by caustic soda solution 25.

As an example of the use of similarity theory in calcu-
lations on chemical processes occurring in the diffusion—
kinetic range, we can cite the dimensionless-group equa-
tion

Nu = C HaRe*Pr's, 77)
obtained in an analysis of experimental data on the absorp-
tion of carbon dioxide by solutions of alkalis — sodium car-
bonate and diethanolamine!?,28, The design of a catalyst
column for the production of phenol by Raschig's method 22
may be cited as an example of the partial application of
similarity theory in calculations on heterogeneous catalytic
processes. A method which we have already described 2°
is suggested here for taking into account the diffusion resis-
tance. A considerable number of examples of the partial
use of similarity theory in calculations on chemical pro-
cesses taking place in the diffusion—kinetic range using a
great variety of equipment, can also be found in other
papers35738,

As an example of the experimental verification of the
possibile uses of scale equations, mention may be made of
the work of Bretsznajder3°, who confirmed experimentally
the possibility of simulating reaction vessels by means of
scale equations. Experimentswere carried out on a pseudo-
-homogeneous system, a suspension of zinc dust in a solu-
tion of dichromate in sulphuric acid, in twotubular reaction
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vessels, the dimensions of which were established in con-
formity with the requirements of the scale equations. The
output of the two reaction vessels differed fivefold. The
scale equations (49)—(51) were used as a starting point.
These equations are discussed in the present review, and
are obtained from the condition for a constant temperature
rise in the two vessels. The experiments confirmed that,
when the geometrical relationships between the dimensions
of model and prototype and the flow rates found from the
scale equations were used, the actual increase in tempera-
ture in the prototype coincided with the specified value
within the limits of experimental error.

Conditions have been formulated for the simulation of
packed apparatus for gas—liquid and vapour—liquid
systems3® where diffusion has a decisive effect, ;.e. for
processes occurring in the diffusion range. This becomes
possible because the phase-inversion condition in the packing
leads to definite values of (1) the velocities at every cross-
-section of the column, (2) the pressure drop, and (3) the
distribution of liquid in the column. Thus every element
of a layer of packing reproduces the layer elements
arranged on either side of it.

When the same systems are being analysed in the model
and in the prototype, the conditions for the simulation of
packed columns reduce to the following.

For the heights of the layer of packing:

R () <78>
For the column diameters:
g—:= (:_:)o.zs (1};‘3)0.75‘ (79)
For the pressure drops:
. 1-‘“ 0.
2= (27 (80)

where ¢ is the specific surface of the packing (filling) in
m?/m3, and F, is the free cross-section or free volume of
the packing in m3/ms.

In a recent paper4® conditions have been found for the
simulation of chemical processes by the use of Eqns. (75)
and (76).

The application of similarity theory to chemical pro-
cesses opens up opportunities for generalising experimental
data on chemical reactions occurring in the kinetic, diffu-
sion, and diffusion—kinetic ranges. In some cases simi-
larity theory makes it possible to simulate chemical pro-
cesses by the use of scale equations and criteria in integral
form.
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