Russian Chemical Reviews, 47 (12), 1978

Translated from Uspekhi Khimii, 47, 2134-2159 (1978)

1133

U.D.C. 541.49

Methods of Mathematical Treatment of the Results of Physicochemical

Studies on Complex Compounds

E.S.Shcherbakova, |.P.Gol’dshtein, and E.N.Gur'yanova

The general principles of the determination of the equilibrium constants and the physicochemical parameters of complexes
under the conditions of their dissociation are examined. The possibilities of approximate computational methods and direct
analytical pracedures for the solution of systems of the corresponding equations are analysed. Various methods involving
the simultaneous determination of the equilibrium constants and physicochemical parameters of complexes, based on the
statistical principle of maximum probability, are compared. The ways of the most rational employment of computer
techniques in the study of involved complex-formation reactions by various physical methods are discussed.

The bibliography includes 226 references.

CONTENTS

I. introduction

Il. General principles of the determination of the parameters of dissociating complexes
111, Approximate methods for the calculation of the parameters of complexes based on a linear

graphical extrapolation

IV. Methods for the direct solution of the system of equations relating the parameters of

complexes to experimental data

V. Methods of calculation based on the statistical principle of maximum probability

I. INTRODUCTION

The problem of coordination interaction has been
attracting much attention by investigators working in
different fields because this type of intermolecular inter-
action plays a major role in many physical, chemical, and
biological phenomena. The range of energies of coordina-
tion interactions is extremely wide, starting with the for-
mation of weak self-associated species in liquids and
vapours and extending as far as the formation of fairly
stable complexes (various molecular complexes, hydro-
gen-bonded complexes, complexes of ions with various
ligands, etc.).

The advances made in recent years in the study of the
nature of the coordinate bond and the characteristics of the
formation and the properties of complex compounds have
been to a large extent due not only to the employment of
modern physical research methods but also to improve-
ment of the mathematical procedures used in the interpre-
tation of the experimental results'™'', Many physical
research methods such as spectrophotometry, NMR,
measurements of dipole moments, calorimetry, etc.
require that the experiment be carried out in the liquid
phase, in solution, or in the vapour phase, i.e. under con-
ditions where there is a possibility of the dissociation of
the complexes into the initial components. Any measured
property of the solution or vapour is then an overall char-
acteristic of the equilibrium mixture of the initial compo-
nents and the complexes formed in the system. In order
to determine particular parameters of the complexes, it
is necessary to know the composition of the equilibrium
mixture and hence the stability constants of the complexes.
The latter can be determined in an individual experiment,
for example, by measuring the colligative properties of the
solutions, i.e. properties which depend only on the concen-
trations of the components of the equilibrium mixture and
are independent of the physical characteristics of these
molecules. However, even when the equilibrium constants
for multistage complex-formation reactions are known,
the calculation of equilibrium concentrations is an extremely
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complex task, since it requires the simultaneous solution
of a system of non-linear equations corresponding to the
Law of Mass Action and the material balance equations.
The development of a mathematical description of the
chemistry of equilibrium processes leads to the possibility
of determining the equilibrium constants and the physico-
chemical parameters of the complexes formed in a given
experiment. Methods which permit the determination of
the parameters of the complexes without isolating the
latter in a pure state are of special interest. The formu-
lation of the experiment under these conditions reduces to
the measurement of a physicochemical property of the
solution or vapour as a function of the overall concentra-
tion of the initial components, mixed in various molar
proportions [titration and isomolar series (continuous
variations) methods]. In the vast majority of cases the
simultaneous determination of the physical parameters
and stability constants of complexes in a single experiment
is virtually impossible without the use of a computer.
Thus the realisation of the potential possibilities of
even extremely informative and accurate physical meth-

ods, which require that the experiment be carried out in
the liquid or gas phases, depends to a large extent on the

reliability of the method of mathematical treatment of the
results of the measurements.

The first studies on these lines were carried out
towards the end of the 1940s and the beginning of the
1950s, i.e, at a time when computer technology had not
developed sufficiently, Different versions of analytical
and graphical extrapolations based on approximate equa-
tions were widely used. It is noteworthy that, in the
analysis of data obtained by these methods, no account is
frequently taken of the degree of approximation of the
equations employed and attempts are actually made to
solve approximate equations by means of a computer.
Clearly such a procedure cannot be regarded as rational.
Further development of computer technology led to a
rigorous solution of the problem under consideration.

In this review an attempt is made to analyse the present
state of methods for the mathematical treatment of the
results of physicochemical studies of complex formation
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reactions, to demonstrate the advantages and disadvan-
tages of many computational methods used, and to dis-
cover the most rational ways of employing computers for
a rigorous solution of the problem of the simultaneous
determination of the equilibrium constants and physical
parameters of complexes,

II. GENERAL PRINCIPLES OF THE DETERMINATION
OF THE PARAMETERS OF DISSOCIATING COMPLEXES

The methods for the treatment of the results of physi-
cochemical experiments designed to determine the param-
eters of complexes are based on the following relations:
(1) the equation relating the measured property of the
solution to the parameters of the components of the equi-
librium mixture and their concentrations; (2) the Law of
Mass Action equation; (3) the material balance equation.

An experimentally measured physicochemical property
of a system containing an equilibrium mixture of the initial
components and the complexes formed is a function of the
parameters of all the components of the mixture and their
equilibrium concentrations. The measured property X
can be represented by the following additive function with
a degree of approximation which is adequate for many
methods '%:

X=X:+L(XACA+XBCB+ —I-Ex‘C;), (II.]_)

1=y

where xA, xB, ..., xi are the parameters of the initial
compounds A, B, ..., and the ith complex respectively,
CA, CB» .-+ Ciare their equilibrium molar concentra-
tions, n is the number of complexes in the mixture, L is
a constant whose magnitude and dimensions depend on the
physical method used and the experimental conditions,
and X z is the corresponding property of the medium
(solvent).

For example, in spectrophotometry the measured
property of the solution is the optical density D at a given
wavelength A. Eqn. (II.1) then assumes the form of Eqn.
(I1.2). In order to synthesise the formulation of this and
subsequent equations, we shall assume that the system
contains only two initial components A and B:

D= I(GACA +esCp + 2 8:01) +- D, (I1.2)

f==1

where [ is the optical pathlength, €ap, €B, and €j are the
molar extinction coefficients of A, B, and the ith com-
plex, and Dy is the optical density of the solvent.

In the determination of the dipole moments of com~
plexes by the Debye method the measured dielectric con-
stants € and the densities d of the solution may be
represented by the following functions ':

e=arCa +apCs + FalCi + e,

f=1

i (I1.3)
d = YaCs + v8Cs + N ViCi +4ds,

fmy

where ap, aB, oi andyA, vB, and yj are parameters
linked to the dipole moments of the corresponding mole-
cules by the expressions

1 3000
T o (Me1000v. S )

pi = 0.01283Y (Pro — PA—Pp) T-
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Here Pj » is the molar polarisation of the substance at
infinite dilution, PA, and Pg are the atomic and electronic
polarisations (it is usually assumed that Py + Pg =Rj,

Rj being the molar refraction of the substance for the
sodium D line), and T is the absolute temperature.

In high-resolution NMR spectroscopy (under the condi-
tions of rapid exchange) one usually measures the chemical
shift of the averaged signal 6, whose position depends on
the contributions of all the components of the equilibrium
mixture containing the resonating nucleus. If the mole-
cules of A and B incorporate respectively y and z atoms
with the resonating nucleus, then Eqn.(II.1) becomes '3**

1 n
8=t 1 (yGACA + 285Cp + ézCz) , (I1.4)

f=1

where 5y, 6B, and i are the chemical shifts of the signals
due to the nuclei in the corresponding molecules.

In calorimetric measurements the amount of heat @
evolved as a result of the complex formation reaction is
related to the enthalpies of formation AH j of the com-
plexes from the components as follows ™%

Q=0 AHC,

{=1

(I1.5)

where v is the volume of the solution (litres). It is readily
seen that Eqn.(IL.5) is also a special case of Eqn.(IL.1) in
whichxA =xB =0, xji =AHj, L =v, andXz = 0.

The quantities xA, xB, and some of the xj may be zero
not only in calorimetric measurements but also in studies
by other physicochemical methods. For example, in
spectrophotometry zero values are assumed by the param-
eters of those substances which have no absorption bands
in the experimental frequency range; in NMR spectro-
scopy the characteristics of the molecules without resonat-
ing nuclei are zero.

Methods based on the measurement of colligative
properties of the system are used frequently to determine
the equilibrium constants. These properties are indepen-
dent of the physical parameters of the molecules present
in the equilibrium mixture, which makes it possible to
assume thatxpA =xB =xi =...=xp =1. In this case
Eqn.(II.1) becomes

X=L|C C ”C X..
(A+ B+ z)-l— (IL6)

i=1

This simplified form of the general equation (II.1) may be
used to interpret data obtained by cryoscopic, ebullio-
scopic, tensimetric, gas—liquid chromatographic, etc.
methods.

The concentrations of the components of the equilibrium
mixture are related to the equilibrium constants of the
complex formation reactions by the Law of Mass Action
equations. Assuming that the test solutions or the gas
mixture are ideal (the activity or fugacity coefficients are
unity), the equilibrium constant of the reaction

K
pA +qB=A,B, (IL.7)
can be formulated in the following form:
K = [AB/IA)-[B) . (IL.8)

If the assumption of ideality is invalid, the concentra-
tions in Eqn.(IL.8) must'be replaced by the activities.
K depends on the way in which the concentration is
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expressed. At concentrations expressed on the molar
scale, Eqn.(IL.8) becomes
Cageg PO\
K= ——L1— or Cap,=K(CaCs).
(CoP (CR)?
The complex ApBq withp > 1 and(or) ¢ > 1 is as a rule
formed in stages. The equilibrium mixture can then con-
tain complexes having different compositions. Further-
more if the initial molecules A and B show a tendency
towards self-association, then the mixture may contain
also associated species of the type Am and B.° The
stepwise formation of the complex ABp can be represented
schematically thus:

(1L.9)

K,
A +BZAB, C, = K;,CaCg;

Ky
AB 4 B Z AB,, C,=K,C,Cs=K,K,CaCh; (11.10)

Kn
ABn-l + B ZAB,,, Cu = KnCnﬂCB = Kll\,g fee KnCACg-

The mechanism of the same reaction can be formulated
as follows:

B1
A +BZAB, Cl = ﬂlCACB;

Bs
A +2B > AB,, C, = B,CaCh; (I1.11)

B,
A + 1B AB, Cs = BaCaCl .

Thus we have for the stepwise formation of complexes ABj

cr=KCi,Ce =KK; ... K:CACIB =fica CE, (II-IZ)

i
where Bj = lIl IKZ is the overall stability constant of the

complex ABj.

The mechanism of the involved reaction whereby the
complex AmBn is formed can be formulated, for example,
as follows when account is taken of the self-association
of component A:

A+AZA, C =KCh
A + B AB, C, — KyCaC;
AB 4+ AD AB, Cy = KiCaCa = KoKCiC;
AB + B AB,, C, = K.CiCo — KK CaCli
AB, A D AB, Cy = KC.Co = KK KiCACH;
AB, +BABy Co=KuCyla = KK KKCACh.

In the general case the equilibrium concentration of the

complex formed in the ith stage of any involved reaction

is a function of the equilibrium constant of the ith and

preceding reaction stages and the equilibrium concentra-

tions of the corresponding complexes in the mixture:

Ci=fi(CaCs ..., Cyy ..., Ci-, K) =91 (Ca, Cs, ..., Ky, ..., Ki).
(IL.13)

The form of the functions fj and ¢ i depends on the stoi-
chiometry of the reaction investigated.

The most general and convenient method of represent-
ing the mechanisms of involved chemical reactions is
based on their formulation with the aid of numerical
matrices of stoichiometric coefficients. The most
general method of such formulation has been proposed
by Temkin'® and Aris*®., The equation for the ith stage
of the reaction

PA+gB+ ... ZPE+q¢D+ ...
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can be formulated in the following way by transferring all
the terms to the left-hand side:

mAs

2 apA; =0, i=1,2, ..., n,

1=l
where m is the number of reaction products, s the number
of reactants, n the number of stages, and a j] the stoi-
chiometric coefficient of the component A; in the ith
reaction stage, which can be any integer (positive, nega-
tive, or zero).

The stoichiometric mechanism of an n-stage reaction

is a matrix of integers:

(I1.14)

laal; i=1, ..., n; I=1, ..., m+s.

The number of columns in this matrix is equal to the
number of all the substances involved in the reaction and
the number of rows is equal to the number of reaction
stages. If any of the reaction components does not par-
ticipate in the ith stage, the corresponding element in the
ith row of the matrix (II.14) is assumed equal to zero. A
matrix of type (I1.14) is used in the interpretation of data
on the kinetics of involved chemical reactions '™~*°,

An abbreviated version of the matrix (II.14) rather than
the matrix itself is usually employed for complex forma-
tion reactions. If each reaction stage is formulated in
terms of the dissociation of the complex into its compo-
nents:

By
AﬂiBﬂrD’i _T:p;A @B +riD4 ...,

then part of the matrix (II1.14), which is made up of the
stoichiometric coefficients of the complexes, will always
be ann X » unit matrix. Tobias and coworkers?’ and
Sillén and coworkers >3 do not write out this unit matrix
and formulate the reaction scheme solely in terms of the
matrix of the stoichiometric coefficients of the initial
components A, B, D, ...:

Vogere .. =\puli=1, ..., n; I=1, ..., s (I1.15)

A matrix of type (IL.15) has been widely used in calcula-
tions of the equilibria of involved complex-formation
reactions in two-component **7** and multicomponent 3°-*2
systems.

The matrix (I1.15) makes it possible to formulate the
equation of the Law of Mass Action in a general form 2°-2%;

a=p(C)"* )" Cr)" .. . . (IL.16)

We may note that the formulation of stoichiometric
schemes for involved complex-formation reactions in
terms of matrices of type (II.15) makes it possible to
calculate only the overall equilibrium constants 8,, 8.,
..., Bn corresponding to, for example, scheme (II1.10).
Another method of the matrix formulation of a stoichio-
metric scheme for a multistage reaction has been pro-
posed'®*%, It permits the determination of both the
overall equilibrium constants and the constants for each
stage. It is assumed that each reaction stage involves
the formation of a single complex from two reactants:
K
My Dy, + nitey Dm,-‘ === 1y, D my,

(IL17)

where m i1, mis, and mis are the stoichiometric coeffi-
cients of the ith reaction, mi., mis, and mis are the
numbers of substances D participating in the given stage,
which may be the components A, B, ... and the complexes
formed in preceding stages. The substances are num-
bered as follows: the numbers 1, 2, ..., s are assigned
to the initial components A, B, ... and the numbersi + s
are assigned to the complexes formed in the ith stage. The
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scheme for an n-stage reaction is formulated by means of
a matrix of the following form:

M = | mpympmsmignpmu |, i =1, ..., 7, (11.18)

where the number of rows is equal to the number of reac-
tion stages and the number of columns is six.

The equation of the Law of Mass Action can be written
(in the) following form using the elements of the matrix
11.18):

1/m g

Ci = Cryy = [Ki Cmpy) ™ (Crni) ™", (11.19)

whereC_ ., C and C__. are the equilibrium concen-
mj,’ ’ mije q cone

miq
trations of the corresponding substances.

It is noteworthy that, when matrices of types (11.15) and
(I1.18) are used, a stoichiometric reaction scheme can be
usefully set up in such a way that the complex of the given
composition is formed solely in one reaction stage. This
makes it possible to obtain a system of independent Law of
Mass Action equations *7'°,

For a complex formation reaction with participation of
s initial components A, B, ..., one can formulate s mater-
ial balance equations with respect to each component
separately:

Ca, =Ca + 2 pCs,
=1

n (I1.20)

Cs, =Cs+ 3 aC:

i=1

where C Ao and CBo are the overall concentrations of sub-

stances A, B, .. Equations for the calculation of pi and
gi from the matrix (II.18) have been published **"**,

Simultaneous solution of Eqgns. (II. 1), (11.13), and (I1.20)
permits the simultaneous calculation of the stability con-
stants K1, ..., Kp of the complexes formed and the
required parametersxi, ..., Xn.

If the reaction investigated has » stages and s initial
components are involved in the interaction, then one can
writen +s + 1 equations for each jth experiment and the
total number of equations for N experiments is N(z +s + 1).
The unknowns which must be determined using the above
system of equations are as follows: Ca, CB, ...; Ci,
..oy Cn; Ki, ..., Kn; %1, ..., xn. The total number of
unknowns is (n + s)N + 2n. By comparing the number of
equations with the number of unknowns, it is easy to
determine the minimum number of experiments N neces-
sary to solve the problem formulated:

N> 2n. (I1.21)

Thus even the study of complex-formation reactions with
not unduly complicated stoichiometric (» > 2) necessitates
the solution of a system of non-linear equations with a
fairly large number of unknowns.

There exist various approaches to the solution of the
problem of the determination of the parameters of the
complexes from the results of a physicochemical experi-
ment. In terms of mathematical procedures, they can
be divided into three groups.

1. Approximate methods involving linear graphical
extrapolation or a simplified analytical calculation.

2. Methods based on the exact solution of the system
of equations.

3. Methods involving the search for the parameters on
the basis of the statistical principle of maximum prob-
ability.
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These methods of calculation will be discussed below.

Any physicochemical method permitting the determina-
tion of equilibrium constants over a temperature range
can be used to determine the thermodynamic parameters
of the complex formation process: AG°, AH°, and AS °.
The free energy AG °, enthalpy AH °, and entropy AS ° of
a given reaction under standard conditions are related to
the equilibrium constants K as follows:

AG® = -RT InK = AH® — TAS". (11.22)

AH ° and AS ° are usually calculated from the relation
between InK and 1/T as the linear coefficients of Eqn.
(I1.22) written in the following form 275:614%45,

InK = — AHYRT + ASYR. (11.23)

In principle it is not obligatory to calculate initially the
equilibrium constants for each given temPerature and then
evaluate AH ° and AS ° from Eqn. (I1.23).*° As suggested
by the present authors*’, AH° and AS°® may be adopted as
the required parameters and Eqns. (I1.1), (I1.13), (11.20),
and (II1.23) may be solved simultaneously.

In order to determine the enthalpies and entropies of
formation of complexes from the temperature variation of
the equilibrium constants, one usually begins with the
hypothesis that AH ° and AS ° are independent of tempera-
ture. This assumption is more or less valid when AH °
and AS ° are determined from data obtained over a com-
paratively narrow temperature range and close to standard
conditions*®, However, in studies over a wide tempera-
ture range, where the heat capacity of the system may
change significantly, one must take into account the pos-
sible temperature dependence of AH ° and AS°.*™®" This
applies particularly to tensimetric measurements, which
are carried out, as a rule, at a high temperature (200° to
600°C) over a range of the order of 100—200 K.*'*® The
values of AHT and AS § obtained from such measurements
are difficult to adjust to standard conditions owing to the
lack of data for the heat capacities of the complexes.

III. APPROXIMATE METHODS FOR THE CALCULA-
TION OF THE PARAMETERS OF COMPLEXES BASED
ON A LINEAR GRAPHICAL EXTRAPCLATION

In order to simplify the solution of the system of non-
linear equations (II.1), (II.13), and (II1.20), one frequently
uses particular approximations or limitations are
imposed on the experimental conditions, This makes it
possible to convert the equations into a form convenient
for the graphical determination of the required param-
eters.

For a single-stage complex-formation reaction, where
only one complex ApBq is formed in solution [Eqn. (IL.7)],
the equilibrium concentration C¢ and the stability constant
of the latter can be expressed’’® in the following form on
the basis of Eqns, (II.1), (IL.9), and (II.20):

Ce = AX/Ax, JIL1)
where

AX =X — X, — L (xaCa, + x8Cs,) and Ax = L (xc— pxs —qxp).
The above symbols (AX and Ax) will be used also in sub-
sequent equations.

K = Cc/(Ca, — pCof (Cs, —4C.). (111.2)
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For 1:1 complexes (p =g = 1), the following expression
may be obtained on the basis of Eqns.(IIL.1) and (II1.2): °

1 C, C
SR amen o+ 4

(1M1.3)
For highly dissociated complexes, where C¢ = AX/Ax «
(CAo + CBO), the last term in Eqn. (III.3) may be neglected,
which yields
1_ CA.CB.,

= —t=2 Ax—(Ca, + Cg,)-

K AX (111.4)

After certain rearrangements, it is easy to obtain the
following relations from the simplified Eqn. (IIL.4):°
CaCs,/AX = (Ca, + Cp)/Ax +-1/KAx,
CaCrJAX (Ca, +Cs,) =1/KAx (Ca, + Cz))+ 1/Ax.

(IIL.5)
(I11.6)

Equations of type (IIL.5) and (IIL.6) are used widely for the
graphical determination of the lpar:a.meters of highly dis-
sociated molecular complexes ?2°7%54=% ' According to
Eqn.(II1.5), based on experimental data, the plot of

~ it - .
C Ao"Bo/Ax against (C Ao CBo) should be a straight line

whose slope is 1/Ax and the intercept on the ordinate axis
is 1/KAx (Fig.1). Hence it is possible to obtain the
values of K and Ax and to calculatex¢c =Ax/L +xA +xB
for known values of xA andxB [see Eqn.(IIL.1)] with

p =q =1, The same parameters may be obtained when
the experimental data are represented by a plot of

CAOCBO/AX (CAo + CBo) against 1/(CAo + CBO). According

to Eqn.(IIL.6), the plot should be a straight line which
makes an intercept on the ordinate axis equal to 1/Ax and
has a slope equal to 1/KAx.

g 03t Gy,

Figure 1. Determination of the parameters x¢ and K
from a linear plot corresponding to Eqn.(IIL5);
tana = 1/Axc; B = 1/KAxe.

This method for the simultaneous determination of the
stability contants and the physical parameters of 1:1 com-
plexes was proposed for the first time by Benesi and
Hildebrand3* for the interpretation of spectrophotometric
data. Apart from the condition C , « (o Aot CBo)’ a

further two conditions are imposed on the formulation of
the experiment: firstly, there must be a large excess of
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one of the components, i.e.C and, secondly,
0

+Cp = C
Ao Bo B
the experiment must be carried out at a wavelength where
only the complex absorbs. Under these conditions, one
can obtain the following expression from Eqns. (IIL.4),
(I11.1), and (IIL.5):

CA.I/D = i/KECCB,, +1/EC.

Under the same conditions, Eqns.(II1.6) readily yield-
Scott's equation *°:

CaCalID = Cp fec +1/Ke,.
Subject to the condition C

5456

(II1.7)

(I11.8)

A= const., Foster and cowork-

obtain the equation
D/Cs, = — KD + KCa . (II1.9

from the Benesi—Hildebrand equation. According to Eqgn.
(IIL.9), K and €, may be determined from a linear plot of
D/C Bo against D, whose slope is —K and whose intercept

ers

on the ordinate axis is KCAOEC.

Together with its various modifications, the Benesi—
Hildebrand method has been used widely in the interpreta-
tion of not only spectrophotometric data ®’***~" but also of
results obtained by other physical methods: NMR °7¢7~"
calorimetry '®°, dielectric measurements®:®, etc.

Graphical methods for the simultaneous determination
of K and x¢, based on equations of type (IIL.5) —(IIL.9),
suffer from significant disadvantagesg, which have been
widely discussed in the literature > ®®5877%8 = Thege
are primarily the restriction of their application solely to
systems where one 1:1 complex AB is formed, i.e. where
p =q =1. With increase of p and g, the degree of Eqn.
(II1.2) increases, which makes it virtually impossible to
convert it into a form permitting the construction of linear
plots.

TFurthermore, the use of equations of type (IIL.5) — (III.9)
yields satisfactory results only subject to the condition
Cc <« (CAo + CBo)' However, in order to test the validity

of this condition, it is necessary to know at least the order
of magnitude of K; such information is as a rule lacking
in the study of new types of complexes. Significant errors
in the determination of K and x, may arise owing to the
possible formation in the test system of complexes having
compositions other than 1:1.

Certain methods of improving the accuracy of the
required parameters of the complexes A and B when the
use of Eqns. (IIL.5) — (II1,9) leads to large errors for one
reason or another have been proposed in a number of
studies "’*%; sometimes attempts were made to employ a
computer in order to introduce appropriate corrections **~
8, For example, in a study of fairly stable 1:1 com-
plexes, Tamres and coworkers ** suggested the use of
linear regression models and an iterative procedure in
order to refine with the aid of a computer the parameters
K and x obtained from approximate relations. Such
ways of developing computational methods involving the
use of approximate equations with subsequent refinement
of the parameters obtained are apparently irrational. If
the approximations adopted do not satisfy the experimental
conditions, it is necessary to employ more rigorous com-
putational methods.

In order to determine the compositions and parameters
of complexes ApBq which are relatively little dissociated
in solution {reaction (II.7)], graphical extrapolation of
linear sections of curves obtained by the molar ratios
(titration) or continuous variations (isomolar series'’*’®’
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12:87:8) methods is used widely. One then begins with the
assumption that the linear sections of X _CBD/C Ao titration
curves (with CAo = const.; see Fig.2) or X-C isomolar
Bo) (withC =
const.; see Fig.3), correspond to complete binding, i.e.
a complete displacement of equilibrium (II.7)., This
eliminates the necessity for the employment of the non-
linear Law of Mass Action equation (IL.9) in order to esti-
mate the equilibrium concentrations of the mixture com-
ponents, which are related solely by the material balance
equations (IL.20), The composition of the complex and its
parameter x o can be found by extrapolating the linear
sections of the experimental curve on the basis of the
so-called point of “equivalence” ® (see Figs.2 and 3).
Knowing x ¢ it is possible to calculate by Eqns. (II.1) and
(II1.2) the equilibrium constant for the given reaction from
data referring to the part of the experimental curve where
the complex dissociates into components (sections KL in
Figs.2 and 3).

series curves, where C = CAo/(CAo +C

Xef———f——
/
- /]

[
g (0%/ Cap)E 14 Bn/ (7%
Figure 2. Determination of the composition and param-

eters of complexes ApBq by the titration method. At the

equivalence point E we have (C Ao/cBo)E =p/q and

%, =(Xp X P/L(Cy )p =(Xg — X Ja/L(Cp ). Along

the section KL of the experimental curve, the complex
dissociates into components.

A common disadvantage of the method based on linear
graphical extrapolation is the absence of a reliable cri-
terion which would make it possible to infer that the con-
dition of the formation in the system of only one complex,
which has been adopted in this procedure, does indeed
hold. The linearity of sections of the curve, frequently
adopted as evidence for the validity of the assumptions
made, cannot be regarded as a sufficiently reliable cri-
terion, because, owing to the scatter of experimental
points on the graphs, one cannot always detect the curva-
ture which might be a sign of the formation of more than
one complex in the system %%,

If several complexes having different compositions are
formed simultaneously in the system, the problem of the
determination of their parameters becaomes extremely
more complex. The conversion of the computational
equations into a form suitable for linear graphical extrap-
olation or calculation by hand then requires even more
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drastic approximations than those quoted above for single-
stage reactions. In the interpretation of the results of the
study of multistage complex-formation reactions it is fre-
quently assumed that, under particular experimental con-
ditions, the solution or vapour contains mainly only one of
the complexes formed ''2'%'%%7%% However, this hypoth-
esis can be valid only in relation to complexes with
limiting compositions, i.e. complexes containing the
maximum or minimum number of the molecules of A and
B. The latter is sometimes achieved in the presence of
a large excess of the corresponding initial component.

ax
\ /
AXg | — st
E //l E
// ! A
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Figure 3. Determination of the compositions and param-
eters of complexes ApBq by the method of continuous
variations (C Aot CBo = C = const.); at the equivalence

point we have p/q = (CAO/C)E/[l - (CAO/C)E] and

x¢c =AXg(P +9)/CL. Along the section KL, the complex
dissociates into components.

The available approximate methods for the interpreta-
tion of the results of the study of multistage complex-
formation reactions are as a rule extremely cumbersome
and insufficiently reliable !"?%''®"%  we believe that
the use of a computer in order to simglify and refine
approximate methods of calculation °»*!#*®**® ig undesir-
able, because computer technology permits a rigorous
solution of the problems under consideration.

IVv. METHODS FOR THE DIRECT SOLUTION OF THE
SYSTEM OF EQUATIONS RELATING THE PARAMETERS
OF COMPLEXES TO EXPERIMENTAL DATA

Owing to the approximations adopted in the derivation
of the corresponding equations, the linear graphical
extrapolation methods discussed in the previous section
are applicable solely in the study of either comparatively
weak or extremely strong complexes. The interpretation
of the results of the physicochemical study of complexes
of the most common type, i.e. with moderate stabilities,
requires the use of more rigorous computational methods.

For single-stage complex-formation reactions, meth-
ods for the solution of the system of four equations, com-
prising Eqns.(11.1), (I1.9) and two equations (II.20) without
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the introduction of any approximations, have been
examined '°"'*®, Simultaneous solution of these four
equations eliminates the equilibrium concentrations of
mixture components, which depend on the experimental
conditions (cp, ¢B, ce¢), and yields only one equation
[Eqn.(IV.1)], which contains two unknowns (x¢ and K) and
the experimental data (X, C Ay and CBO):

AX/Ax
(Ca, — PAX/ARY (Cp, — AX/AR)

(Iv.1)

In principle, the solution of two equations (IV.1) for two
experimental points makes it possible to find the param-
etersxc and K.'%° However, the possible experimental
errors necessitate the determination of the parameters x ¢
and K on the basis of data referring to a number of exper-
imental points significantly larger than two. It is neces-
sary to solve a system of non-linear eckuations (Iv.1) for
all the pairs of experimental points '®*®,  This method
of solution is extremely cumbersome and in ogractice is
possible only with the aid of 2 computer ' For the
simplest case with p =¢ = 1, methods have been pro-
posed'®~*'® for the determination of the parameters x
and K which replace the procedure involving the solution
ofa system of non-linear equations (IV.1). Having specified
an arbitrary set of values of one of the parameters to be
determined, the second parameter is determined from
experimental data. Eqns.(IV.1) are then written in a
form convenient for the calculation of one parameter from
the specified values of the other:

AX/Ax

K= (Cadr—AX) (CpAx —AX) (Iv.2)
X =Xa + X8 + A;i /(R—V R*—4C,Cs,), (IV.3)
where R =CA +CB +1/K.

The solution of the problem is found by studying the
relation X = f(x¢) or x¢ = f/(K), or K =<p(CAO, CBO), or

X, = <p’(CA0, CBO)' Bearing in mind that the system
must have a unique solution for x; and K, these param-
eters can be found graphically from the coordinates of the
points of intersection of the lines of the K = f(x¢) or
xc = f'(K) series, plotted for each experimental point %,
Since the equilibrium constants and the physical param-
eters of the complexes are independent of the experimental
conditions, K and x, may be found by varying arbitrarily
one of the parameters until a value is obtained for which

the second parameter remains conslt%r_lglgegardless of the
initial concentrations C A and CBo' The last pair of
0

values of x ¢ and K is a solution of the problem.
Olofson and coworkers *'"’!'® proposed a method for the

solution of Eqn.(IV.1) with =g =1 on a computer. Eqn.
(Iv.1) is written as follows:
CA'CB,, A)_{—- -
— s v — (Ca, +Cry +UK) + 5 =9 =0. (Iv.4)

Values of x; and K for which the functions ¢ j become zero
are solutions of Eqn.(IV.4). Owing to experimental
errors, the required parameters are found from the pair
of values Igf x¢c and K corresponding to the minimum in the

function Z lgjl, wherej and N are the ordinal number of
=1

the experiment and the total number of experiments
respectively. For complexes ApBq with compositions
more complex than 1:1, the use of such procedures in
order to solve equations of type (IV.4) involves consider-
able difficulties owing to the increasing degree of Eqn.(IV.1).
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A method has been proposed ''® for the solution of Eqns.
(Iv.1) for complexes ApBq with any values of p and ¢ by
means of the following equation:

_ a + V@ —4bC, AX' (gAX — Cy AX))
X = pra +qu+2L__CA. X — Gy X ,
where .a = [p(p —1)Cg, + (9 —1)CaJAX' + pgAX,
b=pg(p+4+1), AX' = (0X[2Cs),, —xal.

(Iv.5)

Eqn.(IV.5) was obtained by differentiating Eqn.(IV.1) with

respectto CBosubject to the condition (az{/acBo)cAo _ const. ™ 0.

The derivative (BX/BCBO)C Ao in Eqn.(IV.5) may be found

from the experimental dependence of X on C o by any of

B
the known methods for the determination of a derivative
with respect to a specified function. Knowingx., it is
easy to calculate K from Eqn.(IV.1). Such calculations
may be performed also by hand, but this requires a con-
siderable amount of time. A program has been devised*®
for calculations by Eqn.(IV.5) on a Minsk-22 (or Minsk-32)
computer. The derivatives (aX/acBo)c A, 2Te then cal-

culated by fitting a second-degree polynomial to sections
of the experimental X —Cp, curve 435120 The use of a

computer greatly reduces the time required for calculation.

In the general case of an n-stage complex-formation
reaction, the number of equations is#n + 3: one equation
(I1.1), n equations (I1.9), and two equations (I1.20). When
the equilibrium concentrations of the mixture components
{CA» CBs +++» Cyy ..., Cp) are eliminated by the simulta-
neous solution of these equations, then in principle it is
possible to obtain one equation relating the parameters of
the complexes xi1, ..., xn, K1, ..., Kn to be determined
to the experimental X, C Ao CBo data. Simultaneous

solution of the system of equations for 2n experiments
makes it possible to find all 2» unknowns.

However, with increase of the number of reaction
stages and of the complexity of the composition of the
complexes formed, there is an increase not only of the
number of equations to be solved simultaneously but also
of their degree. As a result of this, the rearrangements
associated with the elimination of equilibrium concentra-
tions from Eqns.(11.1), (II.9), and (II.20) become much
more laborious. Even in the simplest case involving the
simultaneous formation of only two complexes, having 1:1
and 1:2 compositions, the solution of a system of not less
than four cubic equations is necessary'°”'**"'*  There
are no literature data concerning the use of such proce-
dures for the interpretation of the results of studies on
complex-formation reactions involving more than three
stages 100,121=125

Thus the procedure involving the direct solution of a
system of non-linear equations, particularly in the study
of multistage complex-formation reactions (even with the
aid of a computer), appears to be relatively unsuitable,
primarily because of its extremely cumbersome nature.
For a rigorous determination of the parameters of the
complexes from physicochemical experimental data, it is
apparently more rational to employ computational methods
based on the statistical principle of maximum probability.

V. METHODS OF CALCULATION BASED ON THE
STATISTICAL PRINCIPLE OF MAXIMUM PROBABILITY

Methods of computer calculations based on the principle
of maximum probability '*® consist in seeking a set of
parameters xi, ..., ¥xn, K1, ..., Kn to be determined
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?vhich gives the best description of the experimental data,
i.e. the dependence of the measured property of the
solution (or vapour) X on the initial concentrations C Al

0

CBO,

a minimum in the function reflecting the deviation of the
experimental quantities X exp from the values Xoglc cal-
culated by Eqns. (II.1), (II.13), and (IL.20) using arbitrarily
specified and varied values of the required parameters ',
The principle of least squares, which is most widely used

in such calculations, yields fairly reliable results '2~*42°"
47,128-203

In essence, all these methods reduce to seeking

Methods of calculation in accordance with the principle
of least squares involve the seeking of a minimum in the
function

N
F=3 (Xexp; — Xeatei)"

j=1

(V.1)

The calculation of the quantity F [Eqn.(V.1)] from the
specified set of parameters x., ..., xn, K1, ..., Kp
consists of three stages.

1, Starting with the specified equilibrium constants K,,
..., Kn and the experimental values of CAo]' and CBoj one

’
calculates the equilibrium concentrations of all the mix-
ture components Cp, Cg, ..., C1, ..., Cp by the simulta-
neous solution of the system of non-linear Law of Mass
Action equations (I1.13), (I1.15), or (II.19) and the material
balance equations (II.20).

2. Using the values of Cp, CB, ..., C1, ..., Cp
obtained and the specified set of physical parameters of
the complexes x1, ..., xn, the values of xcalcj are cal-
culated from the linear equations (I1.2)—(II.6) or (IL.1).

3. Having determined the X ca)c j for all the N experi-
ments and using the corresponding values of X expj, one
calculates F by Eqn.(V.1).

By varying the arbitrarily specified set of parameters
Xyy +-+y Xn, Ky, ..., Kn, onefinds a minimum in the func-
tion F. As a first approximation, one can use param-
eters obtained with the aid of approximate methods of cal-
culation, The set to which corresponds a minimum in F
is regarded as a probable set of parametersx,:, ..., ¥n,
K,, ..., Kn to be determined.

In order to find the minimum in the function F of 2»n
variables, various methods for seeking an extremum in a
function are used"”*®*7?'%, In particular, in the study of
single-stage processes, the simplest method of “trial and
error” is sometimes employed **''14?177:1791%5 - The
method of successive sorting of variables and the method
of “descents along coordinates” are frequently used'*""**",
174-176,189 At the same time, various types of iterative
procedures are widely employed to seek the minimum in
the function F: gradient methods **7%"'*, Newton's
method and its versions (the Newton—Raphson method 4
21-25,37-3 g 1d the Gauss—Newton method® 277307 %:40,152,16
and the Davidson— Fletcher — Powell (DFP) method *'**%,

The function F [Eqn.(V.1)] is “pit-like” *°7*'%, j.e
near the minimum it is represented by an extended narrow
“pit”. For this reason, in seeking the minimum in F one
fre%uently employs special so-called “pit mapping” meth-
ods *¥*34"158 © The possibilities and disadvantages of
various methods used in seeking the minimum in F are
compared in the Table.

The derivatives 9 F/oxi and 8 F/0K{ required in the
search for the minimum in F are usually calculated by
the approximate finite difference method'"”**. A method
involving a rigorous analytical calculation of these deriva-
tives with the aid of Jacobi matrices has been proposed ™
43, The minimum in F may be sought both with respect to
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all 2n variables !587157181176:1% 514 with respect to n vari-
ables Kl, v Kn- 12=14422525914191479165=170418541 9.

The fact that the parameters x,, ..., xp enter into
Eqns. (IL1) — (IL.6) as coefficients of the equilibrium con-
centrations of the complexes ¢i, ..., ¢y makes it possible
to reduce the number of variables with respect to which
the search is made from 27 ton. This leads to the pos-
sibility of calculating, by the methodof least squares which
is applicable to linear equations *'®, the parameters x,,

.., xn giving the best description of the experimental data
for a specified set of K1, ..., Kp.'o'®

Comparison of the methods for seeking the minimum in F.

No. Method Advantages of method Disadvantages of method

Method is complete and Requires much computer time

accurate

1 Construction of
networks of
schematic maps
(tabulation)

2 Newton-Raphson {Method requires little computer
method time

Method does not distinguish
saddle points and minima.
The quadratic approximation
method can be both positively
and negatively defined. The
region of convergence is small

Method requires more computer
time than method 2.

3 Gauss-Newton
method

Method locates only minima.
The quadratic approximation
matrix is always positively
defined. The region of con-
vergence is larger than in
method 2

4 Davidon-Fletcher-|Method locates only minima. The | Method requires approximately

Powell (DFP) region of convergence is larger 25% more computer time than
method than in methods 2 and 3 ' method 2. Its computation
algorithm is more complex

5 “Pit mapping” Method locates only minima. Method requires more computer

time. Near the minimum its
execution is slower than that
of methods 2, 3, and 4

The region of convergence is
larger and the “‘ravine” direction
is better defined than in
methods 2, 3,and 4. The
method requires a smaller
amount of computer memory

method

The required parameters x,, ..., xn and K, ..., Kp
may differ significantly in magnitude, which complicates
the search for the minimum in F and frequently requires
a special scaling procedure, which is extremely difficult
for the Ki.'2*™**' " In addition, in seeking Fpj, some of
the values of K, ..., Kn may fall within the region of
negative values, which has no physical significance and
this also complicates the search for Fmin and requires
the use of a special computational algorithm '****,  The
use of the InKj instead of the Kj as the mapping variables
makes it possible to overcome these difficulties '%*%' 92923,

In the calculation of the equilibrium concentrations Ca,
CB, ++=y C1, ..., Cn from the specified K1, ..., Kp the
system of equations consisting of n non-linear Law of
Mass Action equations and s material balance equations
(see Section II) is reduced by simultaneous solution to s
equations with s unknown CA, Cg, . On solving the
resulting system of s non-linear equations by one or other
iterative procedure ?*4~28, the values of CA, CB, ... are
found; Newton—Raphson procedure, which is fastest,
is most frequently employed for this purpose 22:71:43,215,
It has been suggested in a number of studies ?)%2,%
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that a satisfactory initial approximation to Cp, Cpg, ...
required for the iterative method be calculated on a com-
puter for each jth experiment by means of special algor-
ithms. On the basis of the values of Cp, CB, ...
obtained, the equilibrium concentrations of the complexes
Ci, Ca, ..., Cpnare calculated with the aid of the Law of
Mass Action equations. The algorithms proposed in the
literature for the calculation of equilibrium concentrations
are frequently based on the employment of Law of Mass
Action equations (II.13) in which the functions fj or ¢i{
assume different forms depending on the stoichiometry of
each stage of the given reaction. This approach requires
the development of individual programs for different types
of complex-formation reactions '4!7!46/137155,161,173=190,2
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A unique program, applicable to any involved complex-
formation reaction, can be devised by resorting to the
matrix formulation of the reaction stoichiometry and cor-
respondingly to the Law of Mass Action equations expres-
Sed in form (11.15) 14,20~42915641654166 or (II.IB).13’43,47’1 =170,
191,194

Complexes are studied by various physical methods, so
that procedures for the interpretation of experimental
results in terms of the principle of least squares and on
the basis of specific equations of type (II.2) —(II.6), applic-
able only to each specific physical method separately,
have been developed extensively. Methods have been
described for the interpretation of the results of calori-

metric 25,28733:38,161-173’ spectrophotometric 22,141—160’

1. Input of initial data: Xexp, X5, Cagjs Cpoj» Xa» X8,
In Kj, xj, and M

2. Calculation of the vectors { p;} and { g; } of the
material balance equations: i=1,...,n

3. Search for the minimum in F (In K, x;) by the
“pit mapping” algorithm

4. Calculation of

N
F= 2 X exp j —Xcalcj )?
f=1

7. Calculation of
0F/9x; and 8F/d1n K;

5. The Newton-Raphson
method for the solution
of material balance
equations with calcula-
tion of the first
approximation

6. Calculation of x; by the
method of least squares
from Xexpj and the con-
centrations from the
Routine 5

Figure 4.

|

8. Test if Fy,j, has been
determined

9. Calculation of confidence
intervals. Tabulation of
the values of F (In Kj, x;)

)

10. Output of results:
Fmi.n; In Ki, Xi,
d intervals, X caic j»
equilibrium concen-
trations

Flow diagram of the computer program for the calculation of the parameters of complexes.
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14,174-101

NMR,*'"~1% dielectric constant 12,1827196 - potentiometric
- 9y - ’

~42,128-140 " tensimetric *"**, and cryoscopic 2*’
*® measurements, Thus, when several methods are
used, a whole library of programs is required. It appears
more rational to develop general programs applicable to
any research technique.
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Figure 5. a) Experimental € —Cpg, (curves 1 and 2) and
d—C,, (curve 3) plots; B = (CeHs)2S[C, : 1) and 3)
Bo Ao

0.085; 2) 0.028]; b) equilibrium conce~ .ration distribution
diagram {1) (CeHs)2S; 2) TeCly; 3) T.Cli(CeHq)=S;
Cp,. = 0.085]; ¢) F = InK tabulation graphs for a dielec-

(1]

tric constant study of the reaction TeCls + (CeHs)28 = TeCla.

.(CeHs)2S in benzene [CAO: 1) 0.028; 2) 0.085]; IlnK =

1.26 + 0.75; « = 2.4 £ 0.4; the numerals opposite the
points in the figure represent the values of @; Fo.a is the
F level for p = 0.01.

Such a program, consisting of individual routines, each
of which can be used when necessary and can be supple-
mented by other routines, was proposed for the first time
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by Sillén and Ingri®~27'29713! A more general and con-
venient program has been proposed by the present authors
1343 The program is based on the general functional
relation (I1.1), which, as shown above (Section II), is
applicable with adequate approximation to the majority of
physical methods which are most informative and most
widely used in the study of complexes.

1
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Figure 6. a) Experimental @ —Cp, curve; B = (iso-

C4Ho)2802; b) equilibrium concentration distribution dia-
gram (CAo = 0.055) [1) SnCls; 2) (is0-C4H,)2S0z; 3) SnCla.

.2(180-041’19)2302; 4) SnC].q.(iSO-Cqu)zSOz; C) lO—GF tabu-
lation plot in the InK,—inK, plane for a calorimetric study

K
of the reactions SnCl; + (iso-C4Hj,)2S0: = SnCly.(iso-CsHo)z.

K
.50, and SnCla.(i80-C4Ho)280; + (i50-CaHs)2802 = SnCla.
.2(i80-C4Hs)2S0: in benzene; Fp are the F levels for
p = 0.01 and 0.05.

A general computational algorithm was developed on
the basis of the general equation for the measured prop-
erty [Eqn.(IL.1)], the matrix formulation of the stoichio-
metric reaction scheme [Eqn.(I1.18)], and the “pit mapp-
ing” procedure for seeking the minimum in the function F.
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It makes it possible to employ a single program in order
to interpret the results of studies on various types of
complex-formation reactions by ultraviolet and NMR
spectroscopic methods, dielectric measurements, and
calorimetric, cryoscopic, and any other methods for
which the measured property obeys the rule of additivity
of contributions, A brief flow diagram of the program is
illustrated in Fig.4. Together with the parametersx,,
.., xn, K1, ..., Kn to be determined, the program gen-
erates the minimum in F (Fmin), the values of X cale, and
the equilibrium concentrations of the components corre-
sponding to all the points on the experimental curve. The
values of Cp, CB, ..., C1, ..., Cn at each point on the
experimental X =f(CAO, CBO) curve can be used to plot

diagrams illustrating the distribution of the equilibrium
concentrations (Figs.5b, 6e, and 7b). The values of

X calc j make it possible to compare clearly {graphically)
the experimental results with the calculation (Figs. 5a,
6a, and 7a). Fmin is used to estimate the reliability of
the results obtained.

The determination of the parametersx,, ..., xn, K1,
..., Kn by seeking the minimum in F is not the final stage
of the calculation. A necessary condition for the solution
of problems on the basis of the statistical principle of
maximum probability is the estimation of the reliability
of the results. This is particularly important when the
functions X are non-linear [Eqgn.(IL.1)] and when F [Eqn.
(V.1)] can have several minima and only one of these must
correspond to a unique solution of the problem. Various

rocedures have been described in the literature '*3%%1%%
615164 for describing the reliability of the parameters of
the complexes obtained. It has been suggested '®** that
the Fischer statistic be used:

(v.2)

where ¢ and oexp are the variances of the calculation and
the experiment respectively, v, and v: are the numbers of
degrees of freedom in the numerator and denominator of
Eqn.(V.2), and p is the level of significance of the statistic.
This statistic is fairly well founded only for linear prob-
lems 2217-22% put  owing to the lack of other statistics,
it is usually employed also for non-linear relations.

The quantity ¢ may be calculated from Fmin:

2
oo exp < Fv‘v.‘p N

a? = Fy /(N —2n). (v.3)

On the basis of Egqns.(V.2) and (V.3), we obtain the condi-
tion for the reliability of the results:

Frin < Fv;“v;.ﬁo-’exp (N —2n),
or

T= Fmin/[FV..v.'poiexp (N —2n)) <1 (V .4)

The validity of condition (V.4) shows that the proposed
stoichiometric reaction scheme and the parameters x.,

.., ¥n, K1, ..., Kn obtained correspond to the true values
with a probability close to 1 — p, where p is the chosen
level of significance (usually p = 0.01, 0.05, and 0.5).
When the reaction stolchiometry has been incorrectly
formulated, the condition (V.4) is not as a rule fulfilled
47,168-170,1043221 ~ phus the above criterion of reliability
can be used to establish the stoichiometry of the reaction
investigated.

The confidence limits serve as an indication of accu-
racy. The determination of confidence limits for x,

.o,xpandK;, ..., Kpisa falry complex task., Ina

number of studies #,33)56,120155 2151185 4o confidence limits

A ~-220
are determined using the information matrix 2622722

43y
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which is constructed on the basis of the quadratic approx-
imation to the function F at the minimum.

A more rigorous procedure for estimating the confi-
dence limits for the parameters to be determined involves
the construction of confidence regions using the Fischer

statistics ***3, The confidence region (d region) is made
up of all the sets of parameters satisfying the condition
F(ry ooy xm Ky ooy Kn) < Foyvyiigy (N—20). (v.5)
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Figure 7. a)Experimental € —CBO curve; B = (C4Hs)sPO;

b) equilibrium concentration distribution diagram (C Ao

0.019) [1) SnCls; 2) (C4Ho)sPO; 3) SnCla.(C4Ho)sPO;
4) SnCls.2(C4Ho)sPO]; c¢) 107° F tabulation graph in the
InK;—1InK: plane for a dielectric constant study of the

K
reactions SnCls + (CsHs)sPO =-;*< SnCls.(CaHy)sPO and

SnCla.(CsHs)3sPOs + (CsHg)3PO = SnCls.2(CsHy)3.PO in
hexane; Fo,0s is the F level for p = 0.05.

The true values of the parameters are located with a prob-
ability ~(1— p) within the limits of this region.  The
standard deviations for the parameters found (the set
corresponding to Fmin) are obtained from the largest and
smallest values of each of the required parameters in the
d region.
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d regions can be constructed by a tabulation procedure,
i.e. one involving the calculation of F for a series of
values of the required parameters varying within the
specified region in specified steps. Forn < 2, itis
possible to construct tabulation graphs (Figs.5¢, 6c¢, and
7c) and find the confidence regions by plotting lines cor-
responding to constant values of F for each of the sel-
ected levels of significance. The same procedure can
be used to investigate the behaviour of the functions F in
the particular region of variation of the mapping vari-
ables '**»®*' It is noteworthy that the dimensions of the
confidence regions and correspondingly of the confidence
limits for the parameters obtained are greater the less
sensitive the function F to changes in the mapping vari-
ables ***17%%  The sensitivity of F to mapping variables
depends on the amount of information yielded by the
experiment *****® and, in particular, on the choice of the
initial concentrations CAO and C]30 (see, for example,

Fig.5c¢, curves I and II, and Figs.6c and Tc).

Thus the reliability of the results depends both on the
reliability of the method of calculation and on the correct
formulation of the experiment. Mathematical experi-
mental design methods ***"**® make it possible, in prin-

ciple, to select the optimum conditions for the experiment.

In problems of the determination of the stoichiometric
scheme and of the physicochemical parameters of com-
plexes, a successive design is most suitable. It can be
achieved in two ways: (1) design for refining the values
of the required parameters for a known stoichiometry;

(2) design for refining and selecting stoichiometric reac-
tion schemes®*. It is noteworthy that in problems of the
type under consideration mathematical experimental
design has not yet found sufficiently extensive applica-
tiOnS 224,226'

In the study of two-component systems mathematical
treatment of the first series of titration curves and anal-
ysis of equilibrium concentration distribution diagrams as
a rule make it possible to select the concentration condi-
tions for yet another one or two series of experiments
and to obtain fairly reliable results by treating all the
experimental data together *%719170:2211225

An effective criterion of the reliability of the physico-
chemical parameters determined is a satisfactory agree-
ment between the stoichiometric schemes for complex-
formation reactions and equilibrium constants for
individual stages obtained in the mathematical treatment
of the resuits of studies of the same reactions by several
physical methods 8!274374%9,160,170,

In conclusion it must be emphasised that the develop-
ment of methods for the mathematical and statistical
treatment of experimental results greatly extends the
scope of physicochemical studies of complex-formation
reactions, In particular the study of multistage reactions
and multicomponent systems became possible only after
the development of the corresponding computational
methods.
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