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Group-theoretical Methods in Quantum-chemical Calculations

I.G.Kaplan

Group-theoretical methods used in quantum chemistry have been reviewed. The method for constructing the basis functions of
the irreducible representations of finite groups by means of projection operators has been examined in detail. Particular atten-
tion has been paid to the use of the theory of permutation groups for constructing the eigenfunctions of the operator of the
square of the total spin S2 and obtaining closed equations for the matrix elements of the Hamiltonian in a state having a definite
value of S. A method has been described for finding the allowed molecular states and the orders of the secular equations
obtained in variation quantum-chemical calculations. The use of the mathematical apparatus of continuous groups in
quantum-chemical calculations has been discussed.
The bibliography contains 60 references.
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I. INTRODUCTION

The methods of group theory are at present being
widely used in chemistry. The application of the abstract
apparatus of group theory to specific problems of the
structure of molecules is based on the symmetry proper-
ties of the systems studied. Two types of symmetry can
be distinguished: a) symmetry with respect to spatial
transformations, and b) symmetry with respect to the
permutation of identical particles. Both types of sym-
metry emerge from the properties of the Schrodinger
equation for many-electron systems.

In addition to the symmetry with respect to the trans-
formation of the coordinates of real three-dimensional
space, for a number of problems the Schrodinger equation
may exhibit symmetry with respect to the transformation
of variables in a fictitious n-dimensional space. In these
cases, the term latent or dynamic symmetry is used.
A widely studied example is the symmetry, discovered by
Fock, of the Schrodinger equation for the hydrogen atom,
written in the momentum representation, in a four-
dimensional space of dynamic variables.

Many familiar concepts used in quantum chemistry are
based on the group-theoretical properties of many-electron
systems. Thus Pauli's principle for many-electron
systems is related to the forbidden character of all irre-
ducible representations of the permutation group of the
electrons except the antisymmetric. The conservation
with time of various quantities characterising the state of
a molecule, such as the spin, momentum, and orbital
angular momentum of an isolated molecule, is related to
the fact that these quantities are characterised by the
irreducible representations of groups whose operations
leave the Hamiltonian of the system invariant.

The introduction of the apparatus of group theory makes
it possible to explain qualitatively a number of properties
of the systems being considered without resorting to
numerical calculations, for example to determine the
degree of degeneracy and symmetry of the allowed states
and the probability of quantum transitions (selection rules).

At the same time, group theory simplifies the quantitative
calculation considerably, since it makes it possible to
obtain effective equations for calculating the matrix ele-
ments of the physical quantities being sought.

In the present review, attention is paid to both aspects
of the application of the apparatus of group theory. The
construction of the basis functions of irreducible repre-
sentations by means of projection operators is examined
in detail. This method makes it possible to standardise
this procedure completely, and does not require the solu-
tion of systems of equations or the introduction of intuitive
considerations for the selection of independent functions,
as is often suggested in many quantum-chemical hand-
books.

Particular attention is paid in the present review to the
construction of the eigenfunctions of the operator of the
square of the total spin S2. In the case where spin is
preserved, the antisymmetric total wavefunction, which
is an eigenfunction of the operator S2, can be represented
as a linear combination of the products of coordinate and
spin functions, transforming as the conjugate irreducible
representations of the permutation group. This makes it
possible to develop effective methods for classifying the
molecular states obtained in a specific quantum-chemical
calculation, that is to find the allowed types of point sym-
metry and the corresponding values of the electron spin
(see Section V). The secular equation of the variational
problem breaks down into secular equations for each
molecular multiplet.

For calculating the properties of a molecule which are
independent of spin interactions, it is sufficient to know
only the coordinate wavefunction, the permutation sym-
metry of which is related unambiguously to the value of
the total electron spin. This approach was proposed by
the author of the present review1'3 (the method of coor-
dinate wavefunctions) and independently by Matsen4'5 (spin-
free quantum chemistry). The use of coordinate wave-
functions instead of Slater determinants makes it possible
to obtain closed equations for the matrix elements of the
Hamiltonian in states with a definite value of the spin S.
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Section VI of the present review gives these expressions
for the case of the configuration of non-orthogonal orbitals.
The equations for the configurations of orthogonal orbitals
are obtained as particular cases of the general equations.
These equations are subsequently used (Section VII) to
derive self-consistent field spin-projected equations for
the case of an arbitrary molecular configuration containing
both closed and open shells.

In addition to the traditional point groups, and also
permutation groups, in recent years use has been made of
unitary groups6"9. The final section of the present review
describes an approach to the calculation for many-electron
systems based on the use of the apparatus of unitary
groups, and discusses its possibilities.

II. SYMMETRY GROUP OF THE SCHRODINGER EQUA-
TION. CONSTRUCTION OF THE BASIS FUNCTIONS OF
IRREDUCIBLE REPRESENTATIONS

All applications of group theory in quantum mechanics
are based on the result obtained by Wigner10 in 1927, often
called Wigner's theorem: the wavefunctions belonging to
a given energy level transform as a representation of the
symmetry group of the Schrodinger equation, that is as a
representation of the group whose operations leave the
Schrodinger equation invariant.

The Schrodinger equation of an isolated quantum-mecha-
nical system is invariant with respect to the operations of
the following groups:

a) the group of displacements in space of the system as
a whole; the irreducible representations of this group
are characterised by the value of the momentum of the
system,

b) the group of orthogonal transformations in three-
dimensional space, consisting of rotations about any axis
passing through the centre of gravity of the system, taken
as the origin of coordinates, and inversion with respect to
the origin of coordinates; the irreducible representations
of this group are characterised by the values of the
angular momentum of the system and the parity of the basis
functions,

c) the group of permutations of identical particles; the
characteristics of the irreducible representations of a
permutation group will be discussed below.

If the system is placed in an external potential field,
the symmetry groups of the Schrodinger equation are as
follows:

a) the symmetry group of the external field,
b) the group of the permutations of identical particles.
In the adiabatic approximation, the motion of the elec-

trons in a molecule can be regarded as taking place in the
external field of stationary nuclei situated in equilibrium
positions!. The potential field in this case exhibits the
symmetry of the point group of the molecule. Thus

t In a degenerate electronic state, the adiabatic approx-
imation becomes inapplicable. Symmetrical arrange-
ments of the nuclei now do not correspond to an energy
minimum (Jahn-Teller theorem). As a consequence of
electronic-vibrational interaction, instead of one minimum
for a symmetrical configuration of the nuclei, there
appear several minima for unsymmetrical configurations
of the nuclei. The potential surface becomes multi-
sheeted, and the nuclei undergo a complex motion over this
surface (see Refs. 11-13 for more details).

according to Wigner's theorem, the electronic wave-func-
tions of the molecule belonging to a given energy level
should transform as the irreducible representations of the
symmetry point group of the molecule and the permutation
group of the electrons. There are no restrictions on
possible irreducible representations of the point group,
but of the irreducible representations of the permutation
group of the electons, only the antisymmetric is realised.
This last restriction is usually called the Pauli principle.

To find the basis function of the representation I \a> of
a given point group G of order g it is sufficient to apply
the operator

w=f: r{? (#)*/?

to an arbitrary function i//o,

(D

(2)*£' = egfy0 = — 2 rf? (RY R^o.
S R

In Eqn. (2), lia)(R) denotes the matrix element of the
ik . >

representation T^a'(R) corresponding to the operation
R G. G; the summation is carried out over all elements
h of the group; fa gives the dimension of the represent-
ation.

It can readily be shown14 that for an arbitrary operation
Qe.G

(3)

For unitary representations

(4)

that is the functions xp\a> are transformed by the operations
ik

of the group according to the ith column of the irreducible
representation r(a>, and the set of fa functions i//(a)with

fixed index k forms the basis of the irreducible represent-
ation r ( a ) . Thus by changing the values of the index/? it
is possible to form/ a independent bases. This is rea-
lised if xpo does not exhibit symmetry properties with
respect to the operations of the group G. Otherwise, the
result of the application of the operator e(a) to it may

give zero. The operator e \a> converts the function xl(a>
ii ik

into itself. The operators exhibiting this property are
called projection operators. For these, the following
operator equation is applicable:

e)i en = En . (5)

The procedure for constructing the bases of irreducible
representations by means of characters15'16, usually
employed in quantum chemistry, does not make it possible
to distinguish the basis functions in the case of multiple
irreducible representations. Eyring, Walter, and
Kimball15 put forward a method for separating independent
basis functions by solving a system of equations. Streit-
wieser16 states that it is necessary to use intuition to solve
this problem. The method using the projection operators
(1), however, makes it possible to standardise completely
the procedure for finding the bases of irreducible repre-
sentations, and intuition is not required.

The effect of the operation R on the original non-sym-
metrised bases is found from simple geometric consider-
ations. The original basis is broken down into separate
sets in such a way that the functions belonging to a given
set are transformed only into one another by the operations
of the group G. These representations obviously cannot
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be broader than the regular one, so that the number of
times it contains an irreducible representation r(Q) is not
greater than its dimension fa. This feature makes the

ocedure for constructing the basis using the operators
®> unambiguous, since there a r e / independent sets of

operators e)!®> differing in the value of the index k. The
matrices of the irreducible representations of all the point
groups and permutation groups 7r3—7T6 required in order to
use Eqn. (2) in specific calculations are given in a book
by the author of the present review14, which also gives
examples of the construction of basis functions.

The procedure for constructing basis functions, based
on the method of projection operators, can be examined
for the simple example of a system of four equivalent
atoms situated at the corners of a square a, b, c, d. It
is assumed that an orbital of the same type is given on
each atom:

This atomic configuration is invariant with respect to
the operations of the point group D4. The four orbitals
<Pa> <Pb, <Pc, (p<i form the basis of a four-dimensional
reducible representation r of the group D4. The char-
acters x^(R) of this representation are equal to the
number of orbitals remaining invariant on application of
the corresponding operation R of the group D4:

R E C> 2C4 2£/a 2Ut
%T(R) 4 0 0 0 2

The representation r is readily broken down into the
irreducible representations of the group D4 using the
character tables of the irreducible representations r ( a ) of
the group D4. According to the theory of representations,
the number of times the representation r ( a ) appears in
the breakdown of the representation F is given by the
equation

ay*> = — / j X (K) V ' (K) • /o\

This givesj
T^Ay + Bt + E. ( 7 )

The basis functions of the irreducible representations
appearing in the breakdown (7) are constructed by applying
the appropriate operators eO?) to any of the orbitals. To

be specific, the orbital <pa can be taken. The following

$The point above the equality symbol indicates that
this is not a literal algebraic equation; the representa-
tions in the right hand side of Eqn. (7) are contained in the
representation F.

are the orbitals into which the orbital <p
by the eight operations of the group D4:

is transformed

R
R<Pa

U?
<P&

Character tables are sufficient for constructing the basis
functions of the one-dimensional representations Ai and B
To construct the basis of the two-dimensional irreducible
representation E it is necessary to know its matrix ele-
ments. The matrix elements for the irreducible repre-
sentations of the group D4 are given below:

Ay
B,

—1
—l

C]
1

j

j

. i

y(l) ry(2) 7y(l)

1 1 1

-fU'ML, — 1

Since each representation T\a' appears once in the
breakdown (7), in this example multiple representations
do not appear. To construct the basis of the representa-
tion E, it is sufficient to use either of the two sets of
projection operators: (e$, e2

E) or
the following normalised functions:

i§). This gives

= j (<Pa

= — (<pfl —

+ <Pc

— qv

V2
1

V2

Because of the importance of permutational symmetry
in the quantum theory of many-electron systems, it will
be considered separately.

III. PERMUTATIONAL SYMMETRY

In the theory of the permutation group14 '17 '18, it is
shown that each irreducible representation of the permu-
tation group of JV objects, denoted t N , can be associated
with one of the partitions of the number JV into integral
positive t e rms (partition numbers). These t e rms are
arranged in descending order:

+ . . . + xSm) = M, }
(8)

The number of non-equivalent irreducible representations
of the group 7TN is equal to the number of such partitions.
For example, for JV = 3 there are three partitions:

3, 2+1, 1 + 1 + 1. (9)

The partitions (8) and (9) are represented effectively by
so-called Young diagrams, in which each number Xw is
associated with a row consisting of a number of squares
equal to x(i). Thus for JV = 3, in accordance with Eqn.(9),
three Young diagrams are possible:

The Young diagrams will subsequently be denoted by the
symbol [A]=[A(1)A<2)...x(m)]; the existence of several
rows x(i) of identical magnitude, for brevity, will be
denoted by the power of Xw. Thus the Young diagrams
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represented above are denoted by the following symbols:
[3], [21], [I3]-

The Young diagrams characterise the symmetry of the
basis functions with respect to permutation of the argu-
ments. A Young diagram consisting of one row corre-
sponds to a function symmetrical with respect to all its
arguments; a Young diagram consisting of one column
corresponds to a function antisymmetric with respect to
all arguments. All other Young diagrams characterise
intermediate symmetry types. There are rules which
make it possible to find the matrices of the irreducible
representations of the group 7TN using only Young diagrams.
These rules are particularly simple in the case of the
so-called standard orthogonal representation (the Young-
Yamanouchi representation14'17). The matrices of the
standard representation for A = 3 are given below. In
this case there are three irreducible representations, two
of which are one-dimensional; r[3 '(P) = 1, and r ( l 3 |(P) =
(-l)P, where p is the parity of the permutation. The
representation r [21 ' is two-dimensional, and is given by
the following matrices:

The basis functions of the irreducible representations
are found by applying the projection operators (1) to the
non-symmetrised function <t0, which can be taken in the
form of a product of orbitals or geminals, or in any other
cluster form. In the case of a permutation group, it is
more convenient to use, instead of the operator (1), the
so-called Young ope rat or 11

]' (P) P, (ID

where J\ is the dimension of the representation F . The
right hand side of Eqn. (11) differs from the right hand
side of Eqn. (1) by a factor which is chosen in such a way
that the action of co1 . on the orthonormalised productrt L

$0 of one-particle functions gives a normalised function.
For representations characterised by single-row !A ]

or single-column [1N] Young diagrams, the operator (11)
is the ordinary symmetrisation or antisymmetrisation
operator:

Vm ?; ' (12)

VN\^ 13)

It is possible to find basis functions

LL "9, (14)

§ The matrices of the orthogonal representation satisfy
the condition:

rr,(P-') = r,r(P) . ^ 1 0 )

1! The operator (11) should not be confused with the
operator of symmetrisation with respect to the rows and
antisymmetrisation with respect to the columns of the
Young diagram, which is also often called the Young
operator17'18.

= -4=-{2fpa(l)
V 12 l

for the irreducible representations of the group 7T3 in the
case where $o is a product of orbitals. For the represent-
ation r'21 ' it is possible to construct two independent basis
sets. This is due to the fact that the 3! functions P«i>o in
this case form the basis of a regular representation of the
group 7r3, and in the breakdown of the regular representa-
tion, the number of times each irreducible representation
appears is equal to its dimension. Use of the explicit
form of the matrix elements I121 ' gives:

( I > w = - L { 9 a (1) 9 6 (2) 9 r (3) + 9a (2) 96 (1) 9 , (3) +
V 6

+ 9a (3) 96 (2) 9c (1) + 9a (1) 96 (3) 9c ( 2 ) + 9 « (2) 96 (3) 9c (1) + 9 . ( 3 ) <H (1) 9c (2)}

<HU>1 = r ^ {9a (1) 96 (2) 9c (3) - 9a (2) 96 (1) 9c (3) -

- 9 « (3) 9ft (2) 9 . (1) - 9 a (1) 96 (3) 9c ( 2 ) + 9 « (2) 96 (3) 9 , ( l ) + 9« (3) 96 (1) 9 , (2 ) } ,

(2) 9 , ( 3 ) + 2 9 « ( 2 ) 9 i ( l ) < M 3 ) -

- 9 a (3) 9 6 (2) 9 c (1) - 9 a (1) 9 6 (3) 9 c (2) —

- 9 a (2) 9 6 (3) 9 c (1) - 9 a (3) 9 6 (1) 9 c ( 2 ) }

= j {— 9 a (3) 9 6 (2) 9 c (1) + 9 a (1) 9 6 (3) 9 c (2) -

- 9 a (2) 9 6 (3) 9 c (1) + 9 a (3) 9 6 (1) 9 c (2)},

= j {— 9 a (3) 9 6 (2) 9 c (1) + 9 a (1) 9 6 (3) 9 c (2) +

+ 9 a (2) 9 6 (3) 9 c (1) - 9 a (3) 9 6 (1) 9 c (2)}

1 - -^=r { 2 9 a (1) 9fc (2) 9 f (3) — 2 9 a (2) <pb (1) 9 , (3) +

+ 9 a (3) 9 6 (2) 9 c (1) + 9 a (1) 9 6 (3) 9 c (2) -
I - 9 a (2) 9 6 (3) 9 c (1) - 9 a (3) 9 6 (1) 9 c (2)}.

IV. CONSTRUCTION OF ANTISYMMETRIC WAVE-
FUNCTIONS WHICH ARE EIGENFUNCTIONS OF S2.
"SPIN-FREE QUANTUM CHEMISTRY"

Although the introduction of the concept of spin has
made it possible to explain the chemical bond, electron
spins do not take direct part in chemical bond formation;
the interactions responsible for chemical bonding are
purely electrostatic in character. The coordinate and
spin variables in the electronic wavefunction are sepa-
rated, and the function can be represented as the product
of coordinate and spin wavefunctions. The fact that the
energy of a system of electrons depends on the value of
their total spin S is due to the existence of a unique cor re -
spondence between the permutational symmetry of the
coordinate wavefunction and the value of the spinS.

The electronic wavefunction of a molecule should satisfy
three symmetry conditions:

1) the exclusion principle, that is it should be antisym-
metric with respect to permutation of the electrons;

2) it should belong to one of the irreducible representa-
tions of the group of rotations in spin space, that is it
should be an eigenfunction of the operator S2;

3) it should belong to one of the irreducible representa-
tions Ta of the symmetry point group of the molecule.

States of a molecule characterised by definite S and T'a

are usually called electronic molecular multiplets, and
denoted 2S"+ 1

r(«).
To find a function satisfying the third condition, it is

sufficient to use the operator ev?' defined by Eqn. (1).

For the first two conditions to be fulfilled, instead of using
the cumbersome procedure involving the construction of
appropriate linear combinations of Slater determinants, it
is convenient to use the apparatus of the permutation group.
The representation of the complete wavefunction in the
form of the product of coordinate and spin wavefunctions,
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symmetrised with respect to the irreducible representa-
tions r1^1 of the permutation group, makes it possible to
satisfy the first two conditions automatically. For this
purpose, the coordinate and spin Young diagrams should
be dual with respect to one another, that is one should be
obtained from the other by interchanging rows and columns.

The representation T[X] ([X] is the Young diagram dual
with respect to the diagram [X]) is conjugate with respect
to the representation r'^1, and this means that their
matrix elements are related by the expression

where p is the parity of the permutation P.
It will be shown that the function

(15)

where <|>r ' is a many-electron coordinate function, and

fi^1 is a spin function, is antisymmetric with respect to

the simultaneous permutation of the space and spin vari-
ables. An arbitrary permutation P €. n-^ is applied to
Eqn. (16). From Eqn. (4) it follows that

'X, u.o r

From the definition of the conjugate representation (15)
and the properties of orthogonality of the matrices of the
representation T'^1, it follows that

lN] = -J=S [2 r£]

which it was required to prove.
The symmetrised coordinate function <±[^] is con-

structed, as described in the previous section, using
Young operators. For a non-symmetrised function 4>0
consisting of the product of A different orbitals, it is
possible to obtain f\ independent functions 4 '^ ' which
break down into/A basis sets, corresponding to different
values of the index t.

The spin function &L J is obtained analogously by

applying the Young operator a ^ ' to the product of the
r f

one-electron two-component spin functions xa , which are
spinors19:

Q o ^ . . . a w = Xa, (1) X a , ( 2 ) ...XaN (N). ( 1 8 )

The set of 2^ quantities fieri... crN form a tensor of rank
JV in two-dimensional spinor space. On rotation of the
system of coordinates, a 2^-dimensional representation
of the group of the rotations is induced in the components
of Eqn. (18). This is broken down into irreducible parts
by the application of the Young operators to the function
(18) (see section 4-2 in Ref. 14). The spin functions
obtained

(19)

for a fixed set ai...crN, transform as an irreducible rep-

resentation of the permutation group r [ A 1 , and for a fixed
r^they transform as an irreducible representation £)(S) of
the group of three-dimensional rotations, thaMs the num-
ber of independent functions (19) with a fixed r is equal to

2S + 1 (this explains the absence of the index t from the
left hand side of Eqn. (19); to find one of the /^ basis sets
corresponding to the representation D&, it is sufficient to

select any fixed / for which the application of cur '̂ to
£2ai...(TN does not give zero).

The spin variables for an electron take only two values.
Since an antisymmetric function becomes zero when the
variables coincide, the spin Young diagrams for electrons
cannot contain more than two squares in a column, that is
the spin diagram [X] contains not more than two rows. If
the projection of the spin of the electron in one square of a
column of the spin Young diagram is 1/2, the projection of
the spin of the electron in the other square should be equal
to -1/2, that is the spins of these electrons are paired.
It is obvious that a contribution to the total spin of the
system will be made only by unpaired spins, the number of
which is determined as the difference in the rows of the
Young diagram (XU) -V2)). Thus the value of the total
spin corresponding to the function (19) is defined unambig-
uously by the spin Young diagram fx] and is equal tot:

•v2), (20)

where Xw is the length of the ith row, and the value of the
projection of the spin is determined from the equation

Ms = 2 a,. (21)

Thus for example for three electrons, two independent
spin functions, transforming as the representation r '21 ' of
the group TT3 and describing the state with S = 1/2 and
iWg = 1/2, are found by applying the Young operator

a)'211 to J2i i i =a(l)a(2)l3(3). Since the matrices of the
JJ-f 2 ,2 ,"2 V V

representation r '2 1 1 are related to the matrices of the
representation r '2 1 1 (Russian page 1033) by Eqn. (15), it
follows that

Qj^j = -4=- [- « (1) P (2) a (3) + p (1) a (2) a (3)],

Q& = ~yf № (!) « (2) P (3) - «(1) P (2) a (3) - p (1) a (2) a (3)].

In quantum chemistry, the term covalent structure is
used to describe a configuration of atoms with one valency
electron on each atom, characterised by a definite way of
combining the spins of the valency electrons to give the
total spin S. The number of such ways determines the
number of independent covalent structures with spin S.
In classical textbooks of quantum chemistry, it is deter-
mined by the so-called Rumer rule1 5. Since a configura-
tion of valency electrons is in fact a configuration of
singly-filled orbitals, the wavefunction describing it can
be written in the form

X f\ (22)

t This unique correspondence between the Young
diagram and the total spin applies only to particles having
a spin of 1/2. For particles having s > 1/2, several
values of S may correspond to the permutational symmetry
of the given Young diagram. Thus if the spin of the
particle s = 1, the diagram31 corresponds to values of the
total spinS = 1, 2, 3.
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where the subscript / numbers the independent states, the
number of which is equal to the dimension f\ of the
irreducible representation T1^1. The expression for f\
is written in terms of A and S 14:

n(N <J\ - f -n (N, S) = tx ~ N\{2S+\)

T + S + T T - S 1
(23)

This is also the equation for the number of covalent struc-
tures. For example, in the case of the singlet state for
the six 7T-electrons of the benzene molecule, there are
five covalent structures (corresponding to the three
Kekule structures and the two Dewar structures); for the
triplet state, ft(6,1) = 9.

In problems not involving spin interactions, it is suf-
ficient, for a complete description of the system, to give
only the coordinate wavefunction. The "memory" of
spin is preserved, since it is contained in the permuta-
tional symmetry of the coordinate wavefunction. Thus
for a description of covalent structures it is sufficient to
give the coordinate functions 4>'V found from Eqn. (14).

The use of coordinate wavefunctions is also convenient in
more complex cases (see subsequent sections). This
"spin-free quantum chemistry", as already noted in the
Introduction, was first proposed in papers by the author
of the present review1" and Matsen '5 . This approach
has been widely used in recent years20"28.

It should be noted that calculations using the complete
wavefunction in the form (16) are equally convenient in
those cases where characteristics of the molecule associ-
ated with spin are being dealt with. This applies partic-
ularly to the calculation of spin density

.2 9 , 3C
In the case

of the calculation of spin-orbital interactions, since in
non-relativistic theory these calculations are carried out
using perturbation theory, it is again convenient to take
the wavefunctions of the zeroth approximation in the
form (16).

V. QUASI-DIAGONALISATION OF THE SECULAR
EQUATION. DETERMINATION OF ALLOWED MOLECU-
LAR MULTIPLETS

Most procedures in present-day quantum-chemical
calculations are based on the one-electron approximation.
In calculations taking account of the possible realisation
of different orbital configurations in the system, the
problem of solving secular equations of very high order
arises (the order of the equations is determined by the
number of many-electron states considered). The total
number of states in an A-electron system with allowance
for all configurations in a basis of to orbitals is equal to14

l~k\ (2ft)!
n(k,N) = ^ j = ( - ^ r ^ r - (24)

Thus the order of the secular equation obtained is very
large, even for small systems. Thus for six electrons
and six orbitals, n(6,6) = 924.

If however the states of the system are described by
wavefunctions belonging to bases of irreducible represen-
tations of the symmetry group of the Hamiltonian, the
secular equation is quasi-diagonalised. It follows from
the Wigner-Eckart theorem14 that if the function ib(a)

i \ ikbelongs to the Mh basis of the representation F\a> of the
symmetry group of the Hamiltonian 36, then

where 6ik is the Kronecker symbol (6 ii = 1, 6ik = 0 for
i + k). The diagonal terms relating to the same irredu-
cible representation are equal. All the non-diagonal
terms become zero, except the matrix elements with
functions from different bases, transforming according
to the same column i; the double bar in the matrix ele-
ment indicates that it is independent of the number i of the
basis function.

Thus the original secular equation breaks down into
equations relating to separate irreducible representations.
The order of the secular equation corresponding to the
representation r(Q/) is equal to the total number of times
r(QI) appears in the breakdown of the reducible represen-
tation induced by the original set of variation functions.

Since the Hamiltonian of a molecule is invariant with
respect to permutation of the electrons, in the construc-
tion of the wavefunction from Eqn. (16) the secular equation
breaks down into blocks, each of which corresponds to a
definite irreducible representation F t ) u of the permutation
group. As shown in the previous section, the represen-
tation F1^1 is related unambiguously to the value of the
total electron spin of the system S.

Further diagonalisation of the secular equation takes
place in the construction, from functions corresponding
to a definite value of S, of linear combinations transform-
ing as the irreducible representations r(a> of the sym-
metry group of the Hamiltonian, that is in the construction
of the eigenfunctions of the molecular multiplets 2S + 1p(o)
This is achieved by applying the operators e(a> to the

ik
functions y

ik
The variation problem reduces to the

solution of the secular equation for each multiplet.
Thus before carrying out the variation calculation it is

appropriate to find all possible molecular multiplets for
the given problem and the orders of the corresponding
secular equations. This problem can be examined for the
case of a system of A equivalent atoms, on each of wbi.cU
one degenerate orbital u?W is given, where a is theb r m , a b '
number of the atom, and I and m the orbital angular
moment and its projection on the z axis respectively. It
is assumed that the number of electrons is equal to A,
The total number of non-symmetrised coordinate states,
described by functions of the type

(2C)

is obviously equal to (2/ + 1)N. The construction, from
the functions (26), of the basis of the representation
unambiguously related to the spin 5 is carried out by
applying the Young operators u>[/}' to 4>W , The order

v* & & F rt mi... mjsf
of the reducible representation induced in these functions
is f\ (21 + 1)N. To find the characters of this representa-
tion, the operation of the symmetry point group (this
operation, given at the origin of coordinates, is denoted s )
is applied to the function rt m}...mN

The application

of & to the configuration of localised orbitals reduces to
the permutation P of the centres of the orbitals and the
operations of the point symmetry Ft in the atomic system
of coordinates. For the operation 3S, this corresponds
to the permutationP withthe cyclic structure {ryi21/'2....v1''^ i,
where v{ is the number of cycles of length i, the equation
for the character being sought can be written in the form'1

] 3t | ̂ ' O = (k IM 1 k' T\ (25)
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where x^CO i s the character of the irreducible represen-
tation D(l)(R) of the group of orthogonal transformations
of three-dimensional space corresponding to the operation
of the point symmetry R.

When orbitals of different types are given on the atoms,
it is possible to have several covalent configurations,
differing in the permutations of orbitals between identical
atoms. A contribution to the character is made only by
those configurations which are transformed into them-
selves by the operation 3?. The number of such con-
figurations will be noted r(3?). The equation for the
character has the following form:

= %m (P) [X('° (R)]Vl [X(W (R2))v° ... ). (28)

The orbital momenta l[ for the atoms appearing in a
given cycle should coincide, otherwise the character
becomes zero. If all the atoms are equivalent, and l\ are
identical, it follows that T(5R) = 1, and Eqn. (28) becomes
Eqn. (27).

The breakdown of the representation with the charac-
ters (28) into irreducible representations r(°0 gives the
allowed types of point symmetry. The corresponding
values of the electron spin S, according to Eqn. (20), are
determined unambiguously by the form of the spin Young
diagram
diagram

dual with respect to the coordinate Young
This is a consequence of the fact that a unique

correspondence exists between the irreducible represen-

tations U[
2^

] of the unitary group U2, induced in the spin
functions fi1^1, and the irreducible representations D^) of
the group of rotations R3.

14 The method for finding the
allowed molecular multiplets can be represented sche-
matically as follows:

(
(29)

An example is provided by a system of three equivalent
atoms, with point symmetry C3V, where p orbitals are
given on two of the atoms, and an s orbital is given on the
other:

A .A. .A.
Three covalent configurations are possible. The state of
the system with S = 3/2 can be considered. This corre-
sponds to the spin Young diagram [A] = [3]. The permu-
tational symmetry of the coordinate wavefunction in this
state is characterised by the Young diagram [I3]. The
group C3V contains three classes of operation. For the
identity class E, all three configurations make a contribu-
tion to the character, that is T(E) = 3. Each of the
operations of the class av leaves one of the configurations
invariant, so that T(CTV) = 1. On application of the
operation C3, the configurations are converted into one
another, that is T{CZ) = 0. The permutations correspond-
ing to the operations of the point group have the following
cyclic structure:

E C3 oo

{I'} {3} {12} .

F r o m Eqn . (28) and the equa l i ty T ( C 3 ) = 0, it fol lows tha t

X11"1 (£) = X[1>] ({ls});x° (E) [X(1) (E)f T (£),

Xtl>] (C3) = 0,

X'1'1 (av) = XCl<] ({12}) X(o) (av) X
(1) (oj = £) T (OO).

Since moreover x
(0)(£) = X(°Vv) = *» XU>№) = 3, and

X[13|({l2}) = - 1 , the characters of the reducible repre-
sentation are:

27 0 — 3 .

Breakdown of this representation into the irreducible
representations of the group C3V gives the allowed quartets
and their multiplicity 34Ai, 64A2, 94£. The maximum
order of the secular equation corresponds to the term 4E
and is equal to nine.

The use of the methods of group theory also makes it
possible to solve a more general problem, namely to find
the allowed molecular states which can be formed from
given atomic states. The solution of this problem was
first given by Kotani32 and was subsequently generalised
for the case of complexes of impurity ions in a crystal33'34.
Kotani's method, however, requires the tedious calculatior
of the spin factor. The present author35'36 showed that
the determination of the allowed states of a system is
simplified considerably by breaking down the complete
wavefunction into coordinate and spin functions (16). This
approach was used as a basis for the development of
general methods for classifying the states of many-elec-
tron systems for given states of the sub-systems31'37.
In these methods, the permutations of the sub-systems
reduce to the permutations of particles between the sub-
systems. For systems in which the number of particles
A? ̂  10, this is no longer effective. Since in the given
problem the internal structure of the sub-system is not
important, it is more natural to regard each sub-system
as a single whole. This approach was developed in
Refs. 38-41. The essential features of the method pro-
posed in Ref. 39 will be described briefly.

A many-particle system consisting of n many-particle
sub-systems, which may be atoms, ions, combinations
of ions (ligands), etc., can be considered. From the
viewpoint of the transformational properties of the wave-
function of the system of interest, each of the sub-systems
can be regarded as a single particle having spinSa-
Depending on whether Sa is integral or half-integral, the
sub-systems obey Bose-Einstein or Fermi-Dirac statis-
tics, and the total wavefunction of the system is symmetric
or antisymmetric with respect to permutations of the sub-
systems. The wavefunction of the system, which exhibits
regular permutational symmetry, can be represented in
the form

where

Vh

[X] for boson sub-systems,
[X] for fermion sub-systems,

(30)

[A], as in Eqn. (16), is the Young diagram dual with respect
to the diagram [A].

The coordinate function with symmetry corresponding
to the Young diagram [A] is constructed by means of the
Young operators from the coordinate functions of the sub-
systems, each of which belongs to a given irreducible
representation r ( a a) of the local symmetry group of the
sub-system Ga- The group Ga may be either the group
of orthogonal transformations in three-dimensional space
O3 = R3xCi (the sub-systems are assumed to be free) or
a symmetry point group (the sub-systems are considered
in an external field, usually a crystal field). The expres-
sion for the character of the reducible representation
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induced in the coordinate functions of the entire
1O

system, is analogous to Eqn. (28):

[X] = x t M (P) [X( (31)

The breakdown of the representation (31) into irreducible
representations gives the allowed types of point symmetry.
To determine the corresponding values of the total elec-
tron spin of the system S, it is necessary to break down

the representation UlX] of the unitary group U ,

induced in (2Sa + 1)-dimensional spin space in the functions
filAI, into the irreducible representations of the group R3.
In contrast to the case where Sa = 1/2, when there is a
unique correspondence of the representations U^] and
Z)(S), in the case where S a > 1 a single Young diagram can
correspond to several different values of the total spin S.
Tables of these quantities are given in Appendix 3 of
Ref.14.

Thus the procedure for finding the allowed multiplets
can be represented schematically in the form

U\•[»•]

D(S)
(32)

Since with the exception of the case where S a = 1/2 the
Young diagram [A] can correspond to several values of S,
the procedure (32) is carried out systematically for all
allowed Young diagrams of n squares, after which the
sums of identical terms are taken.

An expression can readily be obtained for the charac-
ters of the reducible representation containing all terms
of a given multiplicity. As shown in Refs. 38-41, the
equations for the characters can be derived in terms of the
coefficients of the plethysm of the unitary groups intro-
duced by Littlewood42. On the other hand, the same
equations are expressed in terms of the 3nj symbols of
the group of three-dimensional rotations. As a result, it
is possible to obtain a relationship between the coefficients
of the plethysm and the 3nj symbols39"41.

This method has been generalised for the case of spin-
orbit coupling, and examples have been given for various
specific systems39"41.

VI. CALCULATION OF THE MATRIX ELEMENTS OF THE
HAMILTONIAN IN A STATE HAVING A DEFINITE TOTAL
SPIN

The representation of the eigenfunctions of the operator
S 2 in the closed form (16), instead of the linear combina-
tions of Salter determinants, makes it possible to obtain
equations for the matrix elements of a Hamiltonian not
depending on spin43 for the case of an arbitrary configura-
tion of non-orthogonal orbitals. The coefficients in these
equations include explicitly the dependence on spin, since
they contain the matrix elements of the irreducible
representation T l A ) , unambiguously related to S. The
expressions for the configurations of orthogonal orbitals
usually employed are obtained as particular cases.
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It is possible to give the corresponding equations for
the configuration of singly-filled non-orthogonal orbitalsi:

K: <Pi<P2 • • • f>N> (<Pa191) = SabH=0, (33)

used in the spin-projected method of "different o r b i t a l s for
different spins". The non-symmetrised coordinate func-
tion of this configuration can be denoted 4 0:

Asa consequence of the non-orthogonality of the orbitals,
the symmetrised coordinate function ^'V, obtained by

applying OJ [^' to 4-0, must be normalised:

O™ = Nt (K) co^J00 (K). (34)

It can readily be shown44 that the normalisation factor

t is given by the following equation:

= ^ W (P) <<D0 (K) 1 P®o (K)) =

(35)

The index t numbers the different states, differing in
the way in which the spins of the individual electrons are
combined to give the total spin S. The number of such
states is equal to /^. The average value of the Hamilto-
nian for the configuration (33) and a particular choice of
ways of combining the electron spins was obtained by
Goddard20 using the apparatus of the permutation group,,
The equations in Goddard's paper are very complex, how-
ever. Gerratt23 (see also Ref. 44) obtained much more
compact expressions for an arbitrary way of combining the
spins. Since the Hamiltonian of a molecule is the sum of
one-electron and two-electron operators

= 2 /< + 2 (36)

expressions can be given for the matrix elements of the
operators F and G. These matrix elements can be repre-
sented as follows:

(Kt\F\KO™ = N\

Nf {Ka, Kb) =

f] (K)2 M?]№. *»)U (37)
a,b

®o (Ka) | P'(D0 (Kb)}, (38)

p'

where K& is the configuration obtained from the configura-
tion A' by removing the orbital ^ a ; the permutation iĵ a
moves the electron of the orbital cpa into the orbital <p^ in
the function $>0(K); the permutations P' belong to the group
7TN _ i, obtained from 7î  by removing the electron ea;
a n d / a b = (^a'/K^b) i s t n e one-electron matrix element.

(Kt\G\Kt)w = j (K) N*

^ 7 J (Kac, Kbd) g

"PHC) <<D0

(39)

(40)

t To avoid confusion, it should be emphasised that the
subscripts a and b number the orbitals, and are not
related to the numbering of the atoms, that is the orbital
(pa may denote either an atomic (if the valency scheme
method is used) or a molecular orbital, including contri-
butions from all the atoms.
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In Eqn. (39), yac = 1 - 6ac, which corresponds to the
single filling of the orbitals of the configuration K. The
permutation P^aic moves the electrons from the orbital

bd
Va t o <Pb and from cpc to cp^; the permutations P" belong
to the group n^ _2> obtained from n-^ by removing the
electrons ia and %c. The two-electron matrix element is

)
For antisymmetric coordinate states with [X] = []

corresponding to the maximum value of the spin, it can
readily be shown that Eqns. (37) and (39) become Lowdin's
familiar equations45 for the one-determinant wavef unction
constructed on non-orthogonal spin-orbitals:

*Mv (41)

where detlsj^lajr, is the minor of the determinant de t | s m n |
obtained by deleting the ath row and the 6th column.

Equations as simple as Eqns. (41) and (42) are obtained
only for the case of maximum spin or for a one-determi-
nant wavef unction, not corresponding in general to a defi-
nite value of S. For an arbitrary spin, it is necessary to
use Eqns. (37)-(40). The calculation of the non-orthogo-
nality coefficients J V ^ 1 ^ , ^ , ) a n d -^ t? '^ac '^bd^ i S m o s t

complex. These coefficients are related to one another by
the simple expression

«J7 (Aa, Ai) = 2.,
d

which is fulfilled for any c * a.
analogous to Eqn. (43),

ac, Kbd) =

. KM) ** (43)

The following equation,

e, Kbit) S.f. (44)

is fulfilled for any e * a, c. The symbol Vabc =

" 6ab ) ( 1 " " °bc>- T h e

are determined from equations analogous to Eqns. (38) and
(40):

0 (Kace) I P"'®o(Kbdl)X (45)

Analogous quantities can be determined for the configu-
ration with four "separated" orbitals, etc., including the
limiting case corresponding to the "separation" of all A"
orbitals of the configuration:

N& (Kac,..,, Kb*,..,) = fg (P%fc\ (46)

It is convenient to use the chain of recurrence equations
(43)_(46) for the computer calculation of JV^1. For this

it is sufficient to give the matrix of the overlap integrals
and the matrices of the transpositions Tl ^' (Pj j + J, since
all other permutations are expressed in terms of the
products of transpositions of this type. Here it is neces-
sary to take account of the fact that the form of the coef-
ficients Nlr] remains unchanged for identical permutations
of the indices in the two configurations appearing in the
argument.

In the case of a configuration of orthogonal orbitals, the
expressions for the matrix elements are simplified con-
siderably. An arbitrary configuration of orthogonal
orbitals

K: c p W • • • <C. 2 n"= N> <*« I *»> = *"*•

can be considered. Expressions can be obtained for the
matrix elements, diagonal with respect to configuration,
of the operators F and G. The matrix element of the
operator F is independent of the symmetry of the state

(48)

For the operator G, an elegant result is obtained: the
entire dependence on spin is included in the coefficient of
the exchange integral:

(Kt\G\ KOW = aj7 2 ' Tlanb [dj (49)

The prime of the sum over a denotes that the sum is taken
only over doubly-filled orbitals. The coefficients of the
exchange integrals are equal to the matrix elements of the
transposition Pab between the orbitals. If the orbitals
cpa and </?b are doubly filled, it is possible to take as Pab
any permutation of the electrons between the orbitals <pa

and (fb, since for these permutations, r lMP ,) are
identical.

For brevity, the following symbols are introduced:

^ab, gab.bol— Pai-

Eqns. (48) and (49) make it possible to represent the matrix
elements of the Hamiltonian ^ = F + G a s a sum of two
terms. The first contains the one-electron and Coulomb
integrals, and the second is the sum of only exchange
integrals:

where

Q = 2 n»fm + S ' a a a + S n°nt>a<*<

' l - ' = 'C1 Tl tlhT - (Pab) B,iAtt £j it "
a<b

(50)

(51)

(52)

The non-diagonal elements of the energy matrix contain
only the exchange integrals with coefficients which depend
on the spin of the state. Since a contribution to the spin
is made only by unpaired electrons, the coefficients of the
exchange integrals can be determined in the group of the
permutations of not all but only the unpaired electrons.
For this purpose, the configuration if must be represented
in the form K0Klf putting the doubly filled orbitals first
(configuration Ko), and then the singly filled orbitals (con-
figuration Ky). The Young diagram characterising the
symmetry of the configuration Ki is obtained from the
Young diagram [A] by removing the m upper rows (m is the
number of doubly filled orbitals), and is denoted [x(m^].
In the equation given below, the letters a and b are used to
denote the orbitals of the configuration Ko and the letters
c and d the orbitals of the configuration Ki. Thus by
making use of the properties of the standard representation
of the group of permutations14 for the spin-dependent non-
diagonal elements of the Hamiltonian (52), it is possible to
obtain the following expression:

a<b
(53)

In molecular calculations, the number of singly filled
molecular orbitals is usually small. The matrices
r ' ^ P a k ) for all transpositions of the groups 7r3—7T4 and the
transpositions of the type Pj? i + i of the groups T75-7T6 are
given in the Appendix to Ref. 14, and the matrices of all
the transpositions of the groups 773-7r6 are given in the
expanded edition of the book by the present author46.
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VII. SPIN-PROJECTED SELF-CONSISTENT FIELD
EQUATIONS

In the valence bond method and in the simple molecular
orbital method, the one-electron functions are assumed to
be known. It is possible, however, in the one-particle
approximation, to formulate the many-electron problem
without imposing previous restrictions on the one-electron
functions. This approach, first proposed and developed
for the atom by Hartree47 and Fock48 (see also Slater's
paper49), is usually called the Hartree-Fock or self-
consistent field (SCF) method.

The derivation of the equations which must be satisfied
by the one-electron functions being sought is based on the
variation principle

£ = f W3eWdV = min (54)

with the additional condition

1, (55)

but only the determinants of the one-electron functions
are allowed as competing functions. Since for arbitrary
* the variation principle (54) and (55) leads to the Schro-
dinger equation (see for example Ref. 19), the best func-
tion of this type is found by solving the variation problem
with a deter minantal wavefunction.

In molecular calculations, the term Hartree-Fock
equation is usually employed to describe the SCF equations
obtained in the description of the system by a single
determinant with doubly filled orbitals. This determinant
corresponds to the spinS = 0, and describes the ground
state of most molecules. The derivation of the Hartree-
Fock equations can also be carried out without relating it
to the deter minantal representation of the wavefunction.
As noted above, all the properties of a molecule which are
independent of spin interactions are described by giving
only the coordinate wavefunction. In fact, the derivation
of the SCF equations requires only an expression for the
average value of the energy in the state being considered.
By partitioning the total wavefunction into coordinate and
spin functions, expressions of this kind were obtained in
the previous section for an arbitrary configuration in a
state with a definite value of the spin S. This makes it
possible to derive the SCF equations in the general case
and to obtain all particular cases from them, without
deriving these equations separately for each state being
considered, as has to be done when operating with wave-
functions in the form of linear combinations of determi-
nants.

With allowance for Eqns. (48) and (49), an expression
can be written for the average energy in a form symmetri-
cal with respect to the indices a and b:

E = (K) = (P<*) ft*].

(56)

For a = b, rlh] (P J = 1

(na% a =j= b,

1 1 a=b.

F o l l o w i n g Roo thaan 5 0 , i t i s

o p e r a -possible to introduce Coulomb a^ and exchange
tors, defined by the relationships

aj (0 <pa (0 = [$ <Pj(/) <P» (!) gift Vf] <V» (0.

Pft (0 q>a (0 = [J <P* (/) <P« (/) su d Vt\ % (0.

(57)

It can readily be verified that the operators a^ and ̂3
are Hermitian, that is they satisfy the relationships§

(58)

The operators (57) make it possible to write the Coulomb
and exchange integrals as one-electron integrals:

= {(fa | CCb | <Pa) = (<P* |

The following expression is obtained for the average
energy E (56) with allowance for Eqns. (59):

E = 2 na (<pa | f j q>fl> + i- 2 p (na, nb) <cpa | ab + if1 (Pa*) & | q>«).

(59)

(60)

Thus the solution of the variation problem (54) and (55)
involves the determination of the set of orbitals <p& mini-
mising the energy (60), with fulfilment of the conditions
for orthonormalisation of the orbitals

<<Pal<P6> = 8a6- ( 6 1 )

This problem can be solved by the Lagrange method, and
reduces to the determination of the unconditional extremal
value of the function

J = S T 2 P ("
2 ft

>, (62)

where eab represents the Lagrange factors. For this it
is necessary to find the first variation of the functional J.
When taking the variation with respect to cpi and cp^, it is
convenient to use the equivalence of the two forms in which
the Coulomb and exchange integrals (59) can be written.
Allowance for the Hermitian character of the operators/,
ab, and ^ makes it possible to represent the variation in
the form

2 P ("a

+ 2 < / *P- I n"f+2 P ("a> nb) ["*/
\

to|q>a\-2<6(P«le«»<P*>-(63)

/ a.b

By equating 5J to zero and making allowance for the inde-
pendence of the variations 6<pa and 5cp£, it is possible to
obtain two complex-conjugate systems of equations, which
are equivalent if the matrix of the Lagrange coefficients is
Hermitian:

e*a = <£ft. (64)

The requ i red set of minimis ing orb i ta l s should be a so lu-
tion of the in tegro-di f ferent ia l equat ions

MaVa = 2 ebaVb, a= 1,2, ... N — m
b

with the one-electron Hamiltonian

(65;

Sta = naj + 2 P (na, nb) [a, + itf1 (Pab) %]. (66)
b

The system of (tf - m) equations (65) and (66) contains
(N - m) unknown functions cpa (f°r the configuration of
singly filled orbitals there are h functions, and for the
configuration Ko with all doubly filled orbitals there are
N/2 functions) and (N - mf unknown Lagrange factors

§ It maybe remembered that ^ j\j/*a\^pdV.



560 Russian Chemical Reviews, 48 (6), 1979

It must therefore be supplemented by an additional (A/ -mf
equations. Multiplication of Eqn. (65) by cpfc and integra-
tion with respect to the whole of space give

cpfl). (67)

In practice, it is more convenient to use the more sym-
metrical form of writing the Lagrange factors:

(68)

Eqns. (65) describe the state of an arbitrary molecular
configuration with value of the total spin S . In this gen-
eral case, each orbital < â has its own Hamiltonian <9&a;
the coefficients €ba do not have a definite physical signif-
icance.

For a closed electron level, when all the orbitals are
doubly filled, Eqns. (65) are simplified. This state corre-
sponds to the spin S = 0, and the orbital Young diagram
[X] = [2m], Since r | 2 n i(Pab) = -1/2 (see Ref. 14),

na. = nb ~ 2, and a^ and 3̂̂ , are equivalent for a = b, it is
found that all orbitals of the configuration Ko satisfy the
single equation

(69)

(70)

It can readily be shown (see Ref. 50) that the operator (70)
is invariant with respect to an arbitrary unitary trans-
formation of the orbitals. If the transformation which
diagonalises the Hermitian matrix of the Lagrange factors
(68) is used as unitary transformation, Eqns. (69) can be
transformed to a problem in the eigenvalues of the opera-
tor Mr,

&C<№a = 2eoq> a. fJI)

The factor 2 in front of e a is introduced so that e a has the
significance of the energy of the electron in the orbital <pa\.
By separating the analogous factor from the operator ~ 0

(70), it is possible to obtain the familiar Hartree-Fock
equation for a closed level

= e a (p a , (72)

(73)

The orbitals satisfying the Hartree-Fock equations (72)
are eigenfunctions of the same Hamiltonian. From this
it follows immediately that: a) the self-consistent orbitals
corresponding to different eigenvalues of Eqn. (72) are
orthogonal to one another; and b) the orbitals correspond-
ing to a given eigenvalue transform as the irreducible
representations of the symmetry group of the Hamiltonian
(if there is no accidental degeneracy). ̂  The operator 3&o
consists of the one-electron operator f, the symmetry of
which is determined by the equilibrium configuration of

11 The need to introduce the factor 2 for the interpreta-
tion of (fa, as the one-electron energy is related to the fact
that when taking account of the bonding conditions by means
of the Lagrange factor in Eqn. (62), the summation was
carried out only with respect to the orbitals, without
allowance for the multiplicity of the filling. Thus in the
SCF equations, represented in the form of the eigenvalue
problem of the one-electron operator * a ( O , e a charac-
terises the total energy of all the electrons in the orbital
<pa, that is, for doubly filled orbitals, the energy of two
electrons.

the nuclei, that is it coincides with the symmetry group of
the molecule, and the sum of the Coulomb and exchange
operators, which depends on the orbitals. The last sum,
as noted above, is scalar with respect to the operations of
the unitary group, and hence to the operations of its point
sub-group. Thus the symmetry of the Hamiltonian coin-
cides with the symmetry of the operator /, and the solu-
tions of the Hartree-Fock equation should transform as
the irreducible representations of the symmetry point
group of the molecule.

It is obvious that

(74)

If the sum of the energies e a over all electrons, is now
taken, it is found that

aj>
( 7 5 )

On the other hand, the total energy of the electrons for the
configuration Ko being considered, according to Eqn. (50),
is

(76)

that is the sum of the one-electron energies is greater
than the total energy of this system by an amount corre-
sponding to the energy of interaction of the electrons.
This is related to the fact that in the summation with
respect to all the electrons, the interaction of each pair of
electrons was included twice. It may be noted that it is
because the total energy is not equal to the sum of the one-
electron energies that the filling of the orbital states does
not always take place in order of increasing e a , since the
term containing the interaction

may compensate the loss in energy, obtained by the
"irregular" filling of the orbitals.

The expression for the total energy (76) can also be
written in the additive form:

£<> = 2 (2f°° + 2 (2a°b ~ M = 7J 8<" (77)

(78)

that is the electronic energy can be represented as the sum
of appropriately renormalised one-electron energies.
This explains why, with an appropriate selection of param-
eters in some semi-empirical calculations, it is possible
not to take explicit account of electron interactions (for
example in the Hiickel method).

VIII. THE USE OF THE APPARATUS OF CONTINUOUS
GROUPS IN QUANTUM-CHEMICAL CALCULATIONS

The mathematical apparatus of unitary groups can be
used not only for the classification of states38" '51 but also
directly in the calculation of the matrix of the
Hamiltonian6"9'59'60. Its application is based on the fol-
lowing features.

A many-electron wavefunction can always be expanded
in a series with respect to products of orthonormalised
one-electron functions (spin-orbitals). This expansion is
accurate when account is taken of all configurations in the
complete (infinite) set of one-electron functions. Practical
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calculations are naturally based on a finite set; its order
is denoted 2q. These 2q orthonormalised spin-orbitals
can be regarded as the basis unit vectors of a 2<7-dimen-
sional vector space. The complete many-electron wave-
function is constructed from the products of iV vectors of
this space, and is an antisymmetric tensor of rank A* in
the space of 2q measurements. In the original one-elec-
tron basis it is possible to construct a model Hamiltonian
for which a given many-electron function is not an approxi-
mate but an exact eigenfunction. In the representation of
secondary quantisation, the model Hamiltonian has the
following form:

where the operators for the generation
«k of an electron in the state k

S M ? a ' + T S Sk,m.inaiamanat, ( 7 9 )
k.l kl.m.n

and annihilation
^ satisfy the

fermion commutation relationships:

[a,, a*]+ = 6k!, K - a+]+ = [a*, a,]+ = 0. (80)

For the operators/i and gij, which do not depend on spin,
the matrix elements are

fkl = Sa^o/oA, gkm.ln = &okofi<Jmongab,cd, (81)

when the one-electron and two-electron matrix elements
/ab and gab cd a r e defined in the orbitals cp^, and not in
the spin-orbitals ^.

If the matrix elements (81) are not calculated, but are
found from the comparison with experimental data,
Eqn. (79) is a semi-empirical model Hamiltonian. Thus
in the Pariser-Parr-Pople Hamiltonian

(82)gab.cd =

and in the Hubbard Hamiltonian

gab.cd — (83)

Using the anticommutation relationships (80), it can
readily be shown that the commutator

Ka<> ama^~ = b'<natan ~ 6*^0.'. (84)

Eqns. (84) coincide with the commutation relationships for
the infinitesimal generators of the unitary group, defining
the structural constants of the corresponding Lie alge-
bra6'17:

[Ekl, EmnL = S;m£fal — 6fcl£m;. (g 5)

Thus the operators a£ and ci[ are algebraically equivalent
to the infinitesimal generators E^i of the unitary group,
and can be identified with them.

Since

the Hamiltonian (79) can be expressed in terms of the
generators £kZ- Thus

(86)

(87)

As noted above, a. many-electron wavefunction is an
antisymmetric tensor of rank A in the space of 2q mea-
surements. Since the Hamiltonian is assumed to be
independent of the spin variables, the total wavefunction
can be broken down into coordinate and spin functions, and
the coordinate wavefunction is defined in the space of q
measurements. For unitary transformations of space,
the coordinate wavefunction transforms as the tensor
representation of the group Uq. The representation

breaks down into the irreducible representations JjQ1 on
symmetrisation of the tensor in accordance with a Young
diagram of A squares14'52. As early as 1950, Gel'fand
and Tseitlin53'54 determined the canonical basis for the
irreducible representations of the unitary group, in which
there are simple equations for the matrix elements of the
infinitesimal generators of the unitary group, Since the
Hamiltonian (87) is a polynomial of second degree in the
generators E^i, the problem of calculating the matrix
elements using the Gel'fand-Tseitlin basis becomes very
simple.

A similar approach was proposed by Matsen6, and
realised by Paldus8 for computer calculation in the approx-
imation of the configuration interaction method. The
program compiled is very efficient. Thus for a six-elec-
tron problem and the Pariser-Parr-Pople Hamiltonian,
the time required on an IBM 360/75 computer for calcu-
lating the complete matrix of the configuration interaction
for singlet states (order of the matrix 175 x 175) or triplet
states (order of the matrix 198 x 198) is less than 1 s.8

The use of an anlogous approach for calculating atomic
states was proposed by Patera55 and Harter9'56. In a
central field for an orbital momentum of the electron
I ^ 2, the problem of the additional quantum numbers
identifying the state arises, since the same value of the
total orbital momentum L may be encountered several
times in a configuration14'57. For the one-level configur-
ation ZN, the space of the orthogonal orbitals has the
dimension 2/ + 1. In unitary transformations of this space,
the many-electron coordinate function transforms as the
tensor representation of the group of unitary transforma-
tions U2/+ 1. The Gel'fand-Tseitlin basis separates the
irreducible representations Ul

2}
]
+ 1 and corresponds to the

reduction in the chain 0- groups U2/ + 1 <= U2Z => U2Z -1 =>
... => Ui. This reduction ensures that a complete set of
quantum numbers is obtained for all many-electron states.

However, although the wavefunctions in the GeTfand-
Tseitlin basis are eigenfunctions of the operators S2, Sz,
and Lz, they do not correspond to a definite value of the
orbital momentum L. This leads to large orders of the
secular equations. This is not a problem for modern fast
computers, but for carrying out analytical calculations,
the generally accepted procedure for calculations using the
Racah technique appears much more convenient. There
therefore does not seem to be sufficient basis for the
opinion, put forward by Harter and Patterson9, that the
method of calculation using the apparatus of unitary groups
should completely replace the Racah method. A more
detailed comparison of the two methods is given in a
review58 of the book by Harter and Patterson9.
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