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The present state of the problem of the identification of kinetic models and the principal methods of solution are described.
The principles of the estimation of the constants for non-linear kinetic models are examined and the properties of the result-
ing estimates are specified. Methods for the determination of the adequacy of single-response models, the statistical signifi-
cance of their individual components, and the accuracy of the estimates of kinetic parameters are analysed. The Bayes
methods and probability ratios, used in tests of hypotheses concerning the mechanism of a complex chemical reaction, as

well as methods for the determination of the causes of a possible inadequacy of kinetic models and procedures for the specific
construction of an adequate model are described. The importance of an active design of a kinetic experiment for the effective
solution of the problem of the identification of models is demonstrated.
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1. INTRODUCTION chemical substances with specified properties. The problem
of the identification of kinetic models is also of practical

importance, because both rapid and effective incorporation

The problem of the identification of kinetic models is one
of the most important in any branch of chemistry—physical,
organic, and biological. The reason for this is, in particu-
lar, that the solution of the problem in many respects deter-
mines the state and level of development of the theory of
reactivity of the chemical compounds, which makes it pos-
sible in its turn to predict the course of various processes
and to establish pathways for the specific synthesis of new

of new processes in industry and the planning of individual
chemical industries are impossible without the determination
of the nature and dynamics of a clLemical reaction and, the

more detailed the investigation of the kinetics of the chemi-
cal reaction, the more precise are the results of all subse-

quent industrial predictions. However, despite its import-
ance for the determination of the mechanism of the chemical
reaction, this problem has still not been ultimately resolved.



100

At the present time the rapid development of computa-
tional mathematics, computer technology, and the cybernetics
of chemical engineering processes has led to fundamentally
new possibilities for the solution of the problem of the iden-~
tification of kinetic models. In recent years a number of
theoretical studies have been carried out in this field'™S on
the development of methods for the identification of kinetic
models and, particularly, statistical methods for the design
and analysis of experiments, tests of hypotheses concerning
the mechanism of the given chemical process, the establish-
ment of an adequate kinetic model, and an accurate estima-
tion of its parameters. The application of these methods
leads to fundamentally new possibilities for the study of com-
plex physicochemical phenomena, since it becomes possible
to discover effectively finer details of the reaction mechan-
isms than in determinations by traditional classical methods.

To simplify the description of the relevant data, the gen-
eral solution of the problem of the identification of the kinetic
model for a complex chemical reaction has been divided in the
present review into four consecutive stages.

1. A system of hypotheses concerning the chemical reac~
tion mechanism, which must be tested against the corre-
sponding experimental data, is put forward. Each hypo-
thetical mechanism is represented by a set of elementary
reactions (states).

2. Using the available information about the chemical sys-
tem investigated, sometimes taking into account the selected
criterion of optimum conditions, one constructs a "starting"
experimental design; the constants for the kinetic models
are estimated from the results of measurements.

3. Estimates of kinetic constants obtained at this stage do
not usually satisfy the essential requirements as regards
accuracy and are therefore revised with the aid of consecu-
tive methods for experimental design.

4. One constructs a consecutive design for a discriminat-
ing experiment in such a way that in each single observation
the competing models exist under certain critical conditions
(from the standpoint of their descriptive power). The suit-
ability of a particular model is decided on the basis of the
agreement with experimental data. This leads to the selec-
tion of a single model which reflects the given experiment
better than any other; the reaction mechanism correspond-
ing to this kinetic model is assumed to be the most fully
representative of the structure of the chemical reaction.

11. THE CONSTRUCTION OF A SYSTEM OF COMPETING
HYPOTHESES CONCERNING THE REACTION MECHANISM

The role of the first stage in the overall scheme for the
solution of the problem of the identification of kinetic models
is exceptionally important. Practice shows that the experi-
menter cannot as a rule choose correctly, on the basis of
intuitive considerations, a sufficiently complete system of
competing hypotheses, particularly when one is dealing with
multistage reactions.

When a multistage chemical reaction takes place, there
are both qualitative and quantitative changes in the compo-
sitions of the reactants owing to the redistribution of their
constituent atoms and individual molecular structures, which
remain unaltered in the process (such atoms and molecular
structures are referred to as atomic varieties). All chemi-
cal reactants can be represented by integral associations of
atomic varieties. In view of the necessity to satisfy the law
of conservation of mass in the reacting system, it is possible
to develop a formalised method for the construction of a sys-
tem of competing hypotheses, based on the stoichiometric
analysis of the reacting system.
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The problem of the stoichiometric analysis of the reacting
system can be formulated as follows: it is assumed that the
initial reactants, intermediates, and reaction products, which
are referred to as molecular varieties MB(i = 1,2,...,N) are
known (or postulated) from theoretical tonsiderations and
also from physical measurements. It is necessary to deter-
mine the possible chemical reactions Rp(r = 1,2,...,Q),
among the N molecular varieties MB and to construct a sys-—
tem of competing hypotheses concerning the reaction mechan-
ism. In order to solve this problem, each of the N chemical
reactants MB is brought into correspondence with an M-di-
mensional veector a; = (i, ..., a§j,..., )T and each of
the @ reactions #%p is brought into correspondence with an

N-dimensional vector By = (Bpy,...,Bpis..., 8pN)T 513
B u A
Mi=2 oy, (L1)
=1
y B
R =" B Mi, (1.2)
=1
where o ;; are non-negative integers, MA(j = 1,...,M) are

atomic varieties, and Bp; are rational numbers, referred to as
stoichiometric coefficients. It is assumed that any molecular
variety having a positive stoichiometric coefficient is a reac-
tion product and a molecular variety with a negative stoich-
iometric coefficient as an initial reactant’.

N N
To chemical reactions ® , = 2BuMP=0 and %’ = yp.M2=0
(=1 =1

are identical for any rational y. Hence it follows that, for
any chemical reaction, the ratio of stoichiometric coefficients
is of decisive importance. Among the overall set of reactions
{ # } the reactions #i(I = I;,...lp) are assumed to be
independent, provided that there are no non-zero multi-
pliers y;(I = ll,...,lR) such that

‘R

2 ’yzﬂ 1= 0

=l
Evidently the total number of independent reactions is deter-
mined by the rank of the matrix of stoichiometric coefficients
B = {Bj;} for the set of reactions { %}

The reaction #p,, occurring among the molecular varieties
M?, vee ,M*’z, is defined as stoichiometrically simple if no reac-

tions of the specified set { #,} takes place between the molec-
ular varieties.
A number of useful relations can be derived from Eqns.(1.1)

and (1.2). On substituting Eqn.(1.1) into the Eqn.(1.2), we
obtain
N M A M N \‘
R =" B S oy M} =S (2 ﬁr:a;,)M;? =0.
i=1 J=1 j=1 \i=1 .
Consequently
N
S‘ 5:—;’0611 =0
po : (1.3)
forallr = 1,...,Q; j = 1,...,M. Or in a matrix form,
we have
BA=0, (1.4)
where A = {oj} is the molecular matrix and B = {8} is the

matrix of stoichiometric coefficients. One should note that
this system of equations characterises none other that the law
of conservation of matter in the reacting system.
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Since the elements of the molecular matrix A are known, any
of the possible reactions can be obtained by solving the homo-
geneous linear system of equations (1.3), which is called the
fundamental system of equations (FSE); the converse asser-
tion is also valid, namely each solution of the FSE represents
a possible reaction. Suppose that the rank of the maxtrix
Aisu A+ Then the maximum number of independent reactions
which can occur in the given reaction system is, according to
the Gibbs rule, ug = N — Up.

In order to calculate the stoichiometric coefficients 8. .. for
the independent reactions, we shall find in the molecular mat-
rix A a minor A of rank up and shall correspondingly reindex
the columns and rows of the matrices B and A so that the
indices of the rows of the minor of A vary from 1 to u, inclu-

sive. Eqgns.(1.3) can then be written in the following form:
up N
r=1, ..., ug,
Brivyy = — briaij,
where B;(i = 1,...,up) are the required unknowns and b,

are stoichiometric coefficients whose values are specified
arbitrarily. Any solution of Eqns.(1.5) is specified to within
linear combinations of a parameter b,;. The solution is
referred to as a basis solution if the parameters bpj are cho-
sen in the following way.

0, if is=us+r
bn’ =38 4=
uatrd [1, it i=uatr. (1.6)
Egns.(1.5) are then transformed as follows:
5 N
2 ﬁrﬂi,’ = 2 Gqu,iOCi,'- 1.7

i==1 P=upt

It is easy to show that each basis solution of the FSE defines
a stoichiometrically simple reaction. Consequently, if all the
basis solutions have been determined, all the stoichiometrically
simple chemical reactions possible in the given reacting sys-
tem have been thereby found. In order to find all the basis
solutions, it is necessary to solve the FSE subject to the lim-
itations defined by Eqns.(1.6) for each non-singular minor
of A rank up. Naturally, the stoichiometrically simple reac-
tions determined in this way will be linearly dependent. From
the set of stoichiometrically simple reactions obtained, one
rejects reactions which are absurd from the standpoint of
chemical theory and one introduces individual supplementary
elementary reactions, which cannot be determined with the
aid of the above procedure without a significant increase in
complexity but which evidently follow from the set of stoichio-
metrically simple reactions (usually the number of such sup-
plementary elementary reactions does not exceed 1-2).

To achieve further clarification, consider the following
example. Suppose that one investigates a reaction system in
which the following elementary reaction takes place:

L+M=2I'+M,

Where I,, I', and M are respectively the iodine molecule, the
iodine atom (a radical species), and a neutral molecule. The
procedure described above defines the stoichiometrically sim-
ple reaction

I==2I".

Knowing that the iodine atom is formed in the gas phase when
I, collides with a neutral molecule, it is possible to formulate
the first reaction on the basis of the second.

One must note that the procedure under consideration is
relatively ineffective if the reactants in elementary chemical
reactions are isomeric and stereoisomeric molecules.

The determination of the pcssible mechanisms of the pro-
cess on the basis of the set of elementary reactions (stages)
obtained reduces to the selection of the corresponding sets
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of stoichiometric numbers'*. The numerical values of the
latter are not arbitrary and are subject to a series of limita-
tions. Thus the sum of the equations for the elementary
chemical stages, multiplied by the stoichiometric numbers of
the corresponding stages, should yield the overall reaction
(the final equation)'5”*%, Consequently if the stoichiomet-
ric analysis showed that the S elementary reactions involving
I intermediates and P reactants and reaction products, then,
for example for a single-pathway reaction there exist S stoi-

~chiometric numbers vy satisfying Eqns.(1.8) and (1.9):

N
S Brev,=0,s=1,..., 1, (1.8)
r==1

N
S‘J Bls\’r == bs', S’ = ], ..

r=1

o P (1.9)
where bg' is the stoichiometric coefficient of the s'th reac-
tant or product in the final equation.

Naturally any set of stoichiometric numbers {vp} satisfy-
ing Eqns.(1.8) and (1.9) corresponds to a specific reaction
mechanism. Since there are usually more stoichiometric
numbers than independent linear equations (1.8) and (1.9),
there exist large sets of hypothetical single-pathway reac-
tion mechanisms. The necessary limitations can be obtained
by resorting to additional a priori information about the
reaction system, for example, the occurrence of a specific
limiting elementary reaction or a sequence of specific stages’®.
The extensions to the case of multipathway reactions are
self-evident.

For each hypothetical mechanism of a chemical reaction,
one constructs the corresponding kinetic model. The methods
of construction of such models have been fairly satisfactorily
developed*®*® and will not therefore be considered in the
present review,

111. ESTIMATION OF THE CONSTANTS FOR KINETIC
MODELS

The kinetic models obtained, which consistof systems of
differential, algebraic, or differential-algebraic equations,
contain unknown constants, which must be estimated from
experimental data. In those cases where one employs
empirical models or theoretical kinetic models linear in terms
of the parameters, the methods of linear regression analysis,
which have been developed in detail, are used to obtain
point and interval estimates of the parameters. The theory
of linear regression analysis has been described in a number
of monographs?®”2%,

However, the vast majority of the models are non-linear in
terms of the parameters and the procedure for their estima-
tion is much more complex. We shall consider it in greater
detail. Suppose that m kinetic models for each of the m
kinetic hypotheses Mj (j = 1,...,m) can be put in the form

dn

() N
A = 0 (e 0); 4P =D e or YD = [ (rw 0) e (2D

T
where f(axy, &) = n{(0) + [ ¢(&,, gpdt, t is the reac-

tion time, 6; the pj—dimensionairovector for the space of
unknown parameters, xy the g-dimensional vector of the
space of the controllable variables, g, the error in the irre-
producibility of the observations, and u the number of the
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experiment. For simplicity, we shall confine ourselves ini-
tially to the analysis of single-response models; the gen-
eralisations required for the multiresponse models are self-
evident.

In kinetic studies involving the estimation of unknown
parameters for the model, the method of maximum probability
is most widely used. When it is employed, one normally
assumes in addition that the form of the distribution density
of the errors of the observations is known. The unknown
parameters of the probability distribution density can then
be estimated together with the unknown parameters of the
models. However, joint estimation of the parameters as a
function of the distribution density and in terms of the
kinetic model is significant only for single-, two-, and at
most three-response models, since otherwise the search for
the estimates of the constants correlated with one another
would be prosecuted in the space with a very large number
of dimensions, which precludes a solution even with the aid
of a third generation computer. .

We shall now assume that the estimates of 8] have been
obtained in some way for the model Mj; Eqn.(2.1) can then
be written as in the following form:

e =y — P (x4, 8}), (2.2)

where ei(}) are estimates of the experimental errors ¢, for
the given ei* and M;.

Suppose that n experiments have been carried out. We
shall denote by P(gy, ¥) the distribution density of the
probabilities of a random quantity and by P(e, §) the joint
distribution density of a random vector € = (g,..., en)T,
where VY is the vector of the space of the distribution density
parameters containing, in particular, the mathematical
expectations and variances of the reproducil_)ility. The func-
tion of the probability of the selection of L(I),(eti , ¥vH,
obtained as a result of the substitution of el(}) rom Eqn.
(2.2) in the expression for P(eg, y), has the following form:

L(l) (e‘;' ¢+) — p(e(i), ‘lp"'). 2.3)
For independent random quantities ey (u = 1,...,n), we
have
n
0 a+ _ + +
LP (6], %) = TT P(eu (8), 9. (2.4)

U=1

According to the method of maximum probability, the best
estimates of parameters are those attributing the maximum
probabilities to the observations obtained in reality. Con-
sequently, the problem of the estimation of the parameters
reduces to the determination of the values of e,?‘ and ¥~,
which satisfy the condition

L@, v*) = max L' (€], ¥*). (2.5)
oyt

The specific form of the function LU )(ei,w) depends on the
distribution density of the probabilities of €. In particular,
if the random quantities ¢, (u = 1,...,n) are independent
and normally distributed with a zero average and known
variances o, then,

LY@, v*) =

1 12 e~ M8
exp | — L W= &S
p( 2 ©(2.8)

n s Pl ]
(@) (ﬂ_ o:)

Uu
u=1

Then the estimates obtained using the principle of maximum
probability are equivalent to the estimates minimising the
weighted sum of squares (the estimates obtained by the
method of least squares):
) (aX . ) 1+ P e.(,l) (07)’
[} (0,)=r:xln® (0,)=m1*n$_‘j —_—

7 8 u=1 %

2.7
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For unknown but equal variances of the observations,
Eqn.(2.7) transforms into

n
F? (8) = min F (6) = min 3} (el (71" (2.8)
) )

i i =t

We may note in conclusion that, for normally distributed
errors of the observations, the estimates obtained by the
methods of maximum probability and least squares 8; are
identical,, They have a number of optimum properties if the
models f(’)(i:, 8;) are linear in terms of the parameters
regardless of whether or not the quantities ¢y, (u = 1,...,n)
are normally distributed?*:25,

For multiresponse kinetic models , the probability function of
the selection of LU)(e]* , ¢+) for independent normally distri-
buted errors of the observations can be written as follows:

LP®F, %) =T] P(ed O], ¥*) =
u=1

Q Q n
= (@ det ()" exp [“% SN eyze';?] = @9
k=1i=1 u=1
= (@) %2 det (2% exp [ 1/, Sp (37 A (9],
where el(})(e;) =Yu~ f(j)(xu' 6;') = [9191)(9;), ces ,el(l%.

'(ei)]Tyu is a @-dimensional vector of the measurements,

f(] (x, 6;) a Q-dimensional vector function—the kinetic
model of t‘le chemical reaction corresponding to the hypothe-
sis Mj, L = {gy;} the variance-covariance matrix of the
measurements, T the transposition index, and

n
AN = P @) el 6))7; = = (o).
u=1
According to the method of maximum probability, the esti-

mates of §;* for known I maximise L(”(e;, v"), provided
that they minimised quantity

SSP (8F) = Sp (A (8])) = min Sp [Z71 (4(8})].  (2.10)
[

If the matrix I ! is diagonal, then Sp[z‘lA(eI-+ )1 is the
weighted sum of the squares of the residues. Evidently,
for @ = 1, Eqn.(2.10) is identical with Eqn.(2.7).

On the other hand, if the variance—covariance matrix of
the errors of the observations I is unknown a priori, then,
it has been shown?® with the aid of the Bayes ion approach
to the estimation of the pframeters that the estimates of the
maximum probability of 6. are ob'iained by minimisation with
respect to the parameter det A(e]- ):

SS, (8)) = det A (8) = min det A (8]).
or
i

It has been noted?’ that, in order to eliminate the possible
errors, one includes in Eqn.(2.11) only responses which are
linearly independent. The authors?’ quote the required
mathematical procedure for the determination and elimination
of linearly dependent responses.

Inmany instances, particularly for non-normal distributions
of errors of observations, the use of the principle of maxi-
mum probability leads to relations characterising the close-
ness of the calculated and experimental data other than
Eqgns.(2.7), (2.8), (2.10), and (2.11). In particular, if the
error has a Laplace distribution, it is necessary to use the
method of least moduli for single-response situations and the
corresponding relation.

n n
$8,087) = | (@) | =minS) |eu(8))]-
u=1 8;’ u=1
Evidently, the determination of estimates of the maximum
probabilities does not by itself guarantee that an adequate
model will be obtained; the latter is tested additionally

(2.11)

(2.12)
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against statistical criteria governing the agreement with
experimental data?®2°,

IV. TEST OF THE ADEQUACY OF THE KINETIC MODELS

The principal methods for testing the adequacy of kinetic
models, most widely used in experimental research, are
based largely on the procedures of variance analysis and the
analysis of residues.

The varl?gce analysis of models is used to compare the dif-
ferences ]’ = yy — f()(xy, ) with the quantities ¢,
characterlsmg the error of the measurements. By means of
such a comparison, it is possible to establish both the overall
adequacy of the model and methods for its further simplifica-
tion, by rejecting the statistically insignificant individual
terms of the model or its kinetic parameters.

For this purpose, one calculates the sums of squares

n n A(I-)z n (j)z
SS(1) = 3 yiand SS(2) = ¥ fy = 3 fy
u=1 u =1 u=a:1

characterising respectively the scatter of experimental data
and the scatter of the responses calculated on the basis of
the model. The differences e{j’ - il (1), called resi-
duals, constitute a measure of the mablhty of the model to
describe accurately the experimental data. Evidently, if
the model tested is true, then the residues are in fact the
estimates of the errors of the measurements. Hence the
overdll measure SS(3) of the discrepancy between the model
and experimental results can be put in the form

5S(3) = z (Y — PR
In the literature SS(1) is called the overall sum of squares,
S8(2) is called the sum of squares due to regression, and
SS(3) is referred to as the residual sum of squares. Then

SS(1)=S8S(2) +SS(3),
which is a direct consequence of the properties of the method
of least squares.

In variance analysis a single degree of freedom is assigned
to each individual measurement of the response. Conse-
quently, when n experiments are set up, the overall sum of
squares SS(1) for a single-response situation has n degrees
of freedom: SS(3) has n — pj degrees of freedom and SS(2)
has pj degrees of freedom [pl is the number of parameters
of the model with the aid of which one calculates SS(2)].

When several replicate measurements are made for identical
experimental conditions, the sum of squares SS(4) =

n N
S (u— ¥ wherey = 3y, /N contains all the nec-
u =1 u=1

essary information about errors of the measurements, since
it is proportional to the variance o2 ox The quantity

P
=é Gu— P —3) (G — 1)

equal to the difference between SS(3) and SS(4), therefore
defines the measure of the inability of the test model to
reflect the experimental results, i.e., in other words, the
sum of squares SS(5) characterises the degree of inadequacy
of the model.

If fi replicate experiments have been carried out for each
of the q different experimental conditions, then the sum of
squares SS(4) has i — 1 degrees of freedom (one degree of
freedom is used to estimate y), while the sum of squares
S5(5) has n — pj — q(fi— 1) degrees of freedom; the latter
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number is defined as the difference between the number of
degrees of freedom of the residual sum of squares and the
sum of squares gf the errors of the measurements.

The sums of squares arising from different sources define
the average squares after division by the corresponding
numbers of degrees of freedom. Since the average square
of the error of the measurements is an estimate of the vari-
ance of the errors of the measurements, evidently the ade-
quacy of the model can be determined in terms of the ratio
of the average square of the inadequacy of the model to the
average square of the error of the measurements (the F-sta-
tistic). If this ratio is large (at least much greater than
unity), there is good reason to suppose that the model
tested does not reflect the experimental results.

The F-statistic is defined as the ratio of the sum of
squares of independent normal random quantities and the
test of the adequacy of kinetic models actually reduces to a
test of the validity of the inequality

SS{EYn—p; —q(n— 1) ~ ~

SO G — 1 <Faln—pj—qn—1,q(n—1)
for a level of significance o specified beforehand. The F
statistics for the specified level of significance o and the
numbers of degrees of freedom in the numerator and denom-
inator have been tabulated and published?*2%,

To illustrate the application of the procedures of variance
analysis in the determination of the adequacy of kinetic mod-
els, we shall consider the results of a kinetic study of the
isomerisation of pentane®°”%2, The authors tested two reac-
tion mechanisms and obtained two corresponding competing
kinetic models. The parameters of the models were esti-
mated from experimental data and variance analysis was car-
ried out to test the adequacy of the models. The principal
results of this test are presented in Table 1, which shows,
in particular, that the first model reflects adequately the
experimental results, while the second is at the "limit of
adequacy". The latter does not permit either the adoption
of the second model with confidence or its rejection as inade-
quate. Further statistical tests of the second model are
therefore necessary.

The procedure described above for the testing of the ade-
quacy of the model nevertheless does not guarantee a statis-
tical significance of its individual terms. Consequently it is
necessary to carry out a more detailed analysis of the compo-
nents of the model, which is achieved by a direct extension
of the methods of variance analysis. For this purpose, one
carries out an additional expansion of the sum of squares, due
to regression, into a series of components. To simplify the
analysis, one then usually calculates the sums of squares due
to the general regression model and the simplified model in
which one term of a group of terms is rejected. The differ-
ence between these two sums of squares is the sum of
squares characterising the influence of the tested component
of the kinetic model. Since it is known that, for adequate
models, the average square of residues characterises the
variance of the reproducibility, the condition

S5(6)/SS(5) >Fa(l, n—py), (3.1)

where SS(6) is the average square due to the tested compo-
nent of the model and SS(5) the average square of the resi-
dues, determines the significance of the tested component.
Evidently such tests must be carried out for all the terms
(components) of the kinetic model®®,

An example of such analysis of the significance of one of
the terms of the first kinetic model for the isomerisation of
pentane is presented in Table 1, which shows that, in view
of the considerable difference between the average squares
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of the overall and simplified models, inequality (3.1) holds:
consequently the tested term is significant and must be
retained in the model.

Table 1. Results of the variance analysis of kinetic models
of the isomerisation of pentane.

Ratio of F statistic
Source of scattering | Sum of No. of degrees| Average average
squares of freedom squares s
squares 9594 o759
_First model

Overall 763.54 24 — — — —
Regression 754.29 4 188.6 — — —
Deviation from 9.25 20 0.462 — — —
regression equation

(for the model)
Inadequacy of the 8.58 17 0.528 5.9 8.7 14.3

model
Deviations of repea- 0.27 3 0.090

ted observations
Elimination of one 123.2 1 123.2 1370 246 985

constant of the

model

Second model

Overall 288940 24 — — — —
Regression 268496.8 4 6724.2 - — —
Deviation from 1997.20 20 99.86 — — —

regression equation

(for the model)
Inadequacy of the 1964.56 17 115.5 10.62 8.7 14.3

model
Deviations of re- 32.65 3 10.88

peated observations

Finally, we may note that the results of the variance analy-
sis permit a conclusion only about the overall suitability of
the model or the significance of its individual terms. Never-
theless a model can be inadequate even if criteria such as
the Fischer criterion show that the model is consistent with
experimental data. It is therefore necessary to carry out a
more detailed test on the models by the method involving the
analysis of residues. .

The residues e, = yy = £ (g, 8j), being random
quantities, are known to have a fully defined probability
distribution function. In the majority of cases encountered
in practice this is a normal distribution function with a
mathematical expectation of zero and a variance O;X . Evi-
dently the determination of the adequacy of the kinetic model
on the basis of any one characteristic of the distribution
function (for the Fisher criterion , this characteristic is
Orzwn—add) cannot give a complete guarantee of the adequacy
of the model. In view of the foregoing considerations, in
a combined test of the agreement between the kinetic model
and experimental data, one must employ either entirely the
probability distribution function, which requires a large
number of experiments, or its principal characteristics.
Among these the following may be noted?*:3+ 36,

1. Analysis of the normality of the distribution. For this
purpose, one plots histograms for the distribution of the
normalised appearance frequencies of the residues on a func-
tion of their numerical values. Such histograms should cor-
respond approximately to the normal distribution law. The
hypothesis of the normality can then be tested in terms of
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difference statistics, Together with this hypothesis, addi-
tional tests are also carried out of the hypothesis that the
mathematical expectation of the selective distribution is
zero, which is done using both graphical methods and the
methods of linear or non-linear regression analysis.

2. Analysis of the absence of non-random components in
the residues. The first stage of such analysis is carried
out by plotting and investigating the graphical dependence
of the residues on the predicted responses, which makes it
possible to establish a correspondence between the model and
experimental data. In particular, the results of variance
analysis carried out for the first kinetic model of the iso-
merisation of pentane, indicate a complete adequacy of the
model, while the plot of the residues (Fig.1) shows clearly
that the overall adequacy of the model is achieved as a result
of the balancing of the residue ey for low and large responses
when the latter vary consistently, with increase of their

values. Consequently the first model must be rejected as
inadequate.
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Figure 1. Dependence of the residuals on the predicted
response.

Analysis of the graphical dependence of the residues on
the predicted responses makes it also possible to obtain
additional information about the validity of a number of ini-
tial statistical postulates in terms of the characteristics of
the errors of the measurements, particularly in terms of the
validity of the condition of a constant reproducibility vari-
ance in the selected experimental region (Fig.2). If, for
example, the scatter of the residues in such plots increases
or decreases monotonically, then evidently the variance of
the reproducibility error is a variable quantity. In this
case the parameters of the models must be estimated by the
method of least squares with variable weighting factors or,
in order to maintain the constancy of the variance o?, the
dependent variable n = fU)(x, @ j) must be transformed.

Plots of the residues against the controllable variables and
time and of the estimated parameters against the controila-
ble variables make it impossible to obtain similarly important
information about the possible latent inadequacies in the
model, which are established by observing trends in the
residues relative to the levels of independent controllable
variables. A detailed study of such relations permits a
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qualitative analysis of the agreement between the competing
models and experimental data and enables one to outline
ways for the elimination of possible inadequacies.
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Figure 2. Dependence of the residuals on the predicted
reaction rate w.

The establishment of the adequacy of multiresponse mod-
els involves a more complex procedure and requires the use
of a large amount of experimental information, because, in
contrast to the case of the single-response model, one has
to test the hypothesis of the equality of two covariance mat-
rices I, and I and not the equality of two variances. Here
I, = A(e,-)/(n - pi), where n is the total number of mea-
surements , pj the minimum number of experiments necessary
for the estimation of the kinetic parameters, A(g =

n n,

S eu(gey(8pT, and I = F Yy Yy NTin-1) =

u =1 u=1
A,/(n,—1) is the selective covariance matrix of the measure-
ments, where y,,...,¥n, represent the reselection of the vol-
n;
S yu/na.
u= 1
To test the hypothesis that

ume n, and y =

use is made of the T, statistic?®:

1 . A(el)-l-ﬁ. \‘1— k]
r=gle—ms|n () )+

of AG)+A N7
eus[3(55E) )

(3.2)

where I is a unit matrix with dimensions @ x Q and Q is the
dimension of the observations vector yy(u = 1,...,n,).
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Assuming that the hypothesis is correct, the distribution of
the T, statistic, expressed as a linear combination of x? dis-
tributions with different degrees of freedom, assumes the
following form for large selections:

P(To<x) = Py mt [ (RQU4Q° + 90 + 4) — 120(Q + 1 +
+4Q(Q + 3Q 4 Pjre £ £ {— PRI6Q* + 130+ 9) + 16Q(Q + 1)* +
+3Q (2@} + 5Q + 5} P + o 25 +2)QQ+ 1) Praa+
+L1—PQEE+3— NP+ 0, (3.3)
where

~ ntng—p;—1 n-dng—p;—Il
p: .

v mo=n oy — pp—1, P=P(X}<)
n—p; ng—1
with f = @Q(Q + 1) degrees of freedom.

Consequently, if the observed quantity T,, treated as a
measure of the deviation from the zeroth hypothesis, is not
significant according to distribution (3.3), one adopts the
hypothesis that Z, = L.

V. DESIGN OF PRECISION EXPERIMENTS

The estimation of the parameters of kinetic models must
usually satisfy the essential requirements of accuracy in
order that the model constructed should have a sufficient
predictive power making it suitable for the design, opti-
misation, and control of processes. It is therefore as a
rule necessary to carry out an additional consecutively
designed experiment in order to revise the parameters.
Numerous studies of this problem*®”>*® have been limited mainly
to linear models; much less attention has been devoted to
non-linear models. It is therefore quite natural that the
problem of experimental design for the estimation of the
parameters of non-linear models has so far not been ulti-
mately investigated and the methods employed for its solution
constitute in essence a generalisation of experimental design
methods for linear models.

The procedure used to devise a strategy for consecutive
experimentation is determined by the specific tasks of the
kinetic study at the given stage. Among these, the follow-
ing are the most important: (1) estimation with a specified
accuracy of the single parameter or subvector of the space
of parameters, which is necessary, for example, to confirm
the reaction mechanism or to characterise the individual
stages of the chemical reaction; (2) the minimisation of the
correlation coefficients between two parameters or a group of
parameters. The correlation coefficients have an apprecia-
ble influence on the rate of convergence of the iterative
methods for the estimation of parameters and on the extra-
polated properties of the models obtained; (3) estimation of
the vector of the space of parameters in the models.

For the solution of such problems, it is sufficient to ana-
lyse certain functionals of the information matrix as well as
its individual elements and submatrices. Thus it is sug-
gested that the determinant of the information matrix
A = det XTX, whose square root is inversely proportional
to the volume V, . of the confidence ellipsoid, be used as
a functional characterising the accuracy of the estimates of
the parameters of single-response models®®. Indeed,

P 1
Vee = C[ (&)= c£2__, (4.1
(det XT xy'/+

=1 ¢
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w%ere AP = 1,...;p) are the eigenvalues of the matrix
X1X: '

)

Xnzxp = (xlll} = {a,(xu' 9 }

8,

C is a constant which depends on the dimension p of the
space of parameters, and B a constant which depends on the
reproducibility variance o2, the number of degrees of free-
dom n - p, and the level of significance o.

The problem of experimental design in the selection of the
statistic A involves a consecutive determination of experi-
mental conditions such that the maximum decrease of the vol-
ume of the confidence region (and the corresponding maxi-
mum increase of det XTX) is observed. The experimental
design cycle is continued until the parameters reach the
required degree of accuracy. Naturally, since the model is
non-linear in terms of the parameters, they must be re-esti-
mated after each new experiment.

There have been numerous modifications of the Box-Lucas:
criterion for various practical situations, in particular:

(a) For multiresponse models in the absence of a priori
information about the parameters*’:

Q @Q
A =T3S ot (XD xP, (4.2)

fe fem

where A is the information matrix of the Q- response system;

{3

X‘"=(xf.')}=[m} G=1,...Ql=1...p0\
8,

i, 1, and u are indices which determine the number of the

response, the parameter, and the experiment.

~ (b) For multiresponse models in the presence of a priori

information about the parameters*!:

Q Q
&=3 o (XY X"+,

fmy fam1

(4.3)

where Q is the covariance matrix of the estimates of the para-
parameters, known beforehand before the formulation of the
refining experiments:

(c) For the estimation of the specified subset of parame-
ters*?:

A, = det (Vyy — YoV ua V),
XX = [Ynyn] ,

ViV

(4.9)

where Y,, is a submatrix with dimensions s x s of the mat-
rix XTX with dimensions p x p and 8 is the number of esti-
mated parameters (s < p).

Further generalisations have been made*¥** for discontin-
uous measurements, for the simultaneous design of models
of m(m > 1) experiments, and for the design of an experi-
ment characterised by a variance matrix, which depends on
the experimental conditions.

Criteria of type (4.2)—(4.4) are known as determinant
criteria. Box"® analysed the principal advantages and dis-
advantages of determinant criteria and discussed many of
their properties. Their practical employment, particularly
for the estimation of parameters in multiresponse models and
in carrying out a small number of experiments, has demon-
strated their exceptional effectiveness even in fairly complex
cases"®.
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However, the structure of kinetic models is as a rule such
that the estimates of kinetic parameters are highly corre-
lated with one another, as a result of which the functions
characterising the agreement between experimental and cal-
culated data show the presence of "ravines" in the space of
parameters in the vicinity of the minimum, which hinder
point estimates of the constants. The determinant criteria
greatly decrease the volume of the confidence ellipsoid
without, however, altering the correlation coefficients and
hence without correcting the "ravine" situation.

In this respect the shape criteriat, maximising the mini-
mum eigenvalue of the information matrix XxTX, are prefer-
able, since they tend to impart a greater sphericity to the
confidence region by minimising the length of the major
half-axis of the confidence ellipsoid. One should also note
that the practical employment of the shape criterion makes
it possible also to achieve an increase of the determinant of
the information matrix because

P
det XX = T]
=1
where Ai(i = 1,...,p) are the eigenvalues of XTX; an
increase of the minimum eigenvalue entails an increase of
det XTx. Consequently the two statistics are not entirely
independent.

The efficiences of the above criteria have been com-
pared“”"%, It has been shown for a number of examples that
the determinant criterion decreases the volume of the con-
fidence region mainly as a result of its compression along the
minor half-axes of the hyperellipsoid, which are significantly
smaller, as regards order of magnitude, than the major half-
axes. On the other hand, the shape criterion tends to make
the joint confidence region spherical. However, a true
sphericity cannot be attained, mainly owing to the different
sensitivities of the model to a change in the parameters and
the limited dimensions of the experimental region.

(4.5)

.

Table 2. The results of the design of a refining experiment.

Qtandard | Doterminant criterion Shape criterion
Constants to be | Estimates of | 9SVIBtOn | coiimates ;‘:vni:;::\ estimates :,::i::i‘;
3
estimated . | the constants V o | of — of —
t | vonstants ]/ %% | constants V Oy
After the starting experiment After 23 refining experiments
ky 4.61 1.16 2.89 0.09 2.97 0.06
b, 92.29 24.41 57.47 1.94 58.94 1.56
kg 16.04 4.22 9.23 0.54 9.24 1.07
Ry 33.89 8.58 18.88 0.86 21.24 1.50
Correlation 1 0.99 0.98 0.99 1 0.980.560.66 1 0.960.130.11
matrices of 0.99 1 0.97 0.99 0.981  0.480,60 0.961 0.060.02
the estimates 0.98 0.97 1 0.37 0.560.481 0.46 0.430.061 0.01
0.99 0.99 0.37 1 0.660.600.461 0.110.020.011

To illustrate the foregoing considerations, we shall exam-
ine the following example*’. In the study of the enzymatic
hydrolysis of sucrose'* a kinetic equation [Eqn.(4.6)] was
obtained in which the kinetic constants were estimated:

kikyg

_ (4.6)
1+ byl - ks g+ Rigg

Ry'=

+ The shape criterion is referred to in the literature as
the E-criterion of the optimum nature of the design and
the determinant criterion is referred to as the D-criterion.
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where R%ig the rate of consumption of sucrose and Cgs Cgs
and Cy are the concentrations of sucrose, glucose, and fruc-
tose respectively. Their initial concentrations were used
as independent controllable variables. Fig.3 illustrates the
starting experimental design as well as the conditions of 23
experiments designed additionally on the basis of the deter-
minant and shape criteria. The results of the interpreta-
tion of these experiments are presented in Table 2, which
shows that the shape criterion makes it possible to estimate
more accurately the constants k; and k, than k; and k,.

cg, M

e, M
cg, M
0.2 ———p=—(4,12,10,20,24, 28)

s
b 0.
- J{_/L L I t o
P 0.2 0.3 103, M
// (15,19, 23,21)
/
/
0.2 — — ———(11,14,18, 22,26, 30)
Ct, M
cg, M
0.2
o———— ¢ =~e—(27)
¢ (12) |
J :(/l/, 17,20.24)
-0
|4 i | 1{
0.1 0.2 /e M
J— —1——- ————————— ' (30)
ar (8,9,10,11,13,15, 16,18, 19,
21,22,23,25,26,28,29)
0.2
ce, M
Figure 3. The starting experimental design (a) and the

condicdons of additional planned experiments determined
from the determinant criterion (b) and the shape criterion
(c). The coordinates of the points in Figs.3a—3c corre-
spond to the initial concentrations of fructose, sucrose, and
glucose (cg, cg, and cg) in the periodic action reactor. The
numerals in brackets are the crdinal numbers of repeated
experiments carried out under the conditions indicated by
the arrow.
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This is apparently because, among the set of the constants
estimated, k; and k, exhibit a greater parametric sensitiv-
ity. On the other hand, analysis of the pair correlations
of the estimates shows that the correlations are significantly
greater in absolute magnitude for the determinant criteria.
Consequently, overall, when one considers a given specific
example, the shape criteria is preferable.

The results of the comparison of these criteria*’ are not
general and one should not expect to obtain analogous results
in all cases. The results depend greatly on the type of
kinetic model, on the specific numerical estimates of the con-
stants and their parametric sensitivity, and on the length of
the intervals corresponding to the variation of different con-
trollable variables. The choice of a particular criterion is
therefore determined by the aim of the kinetic study and
also by the overall balance of the time allowed for the exper-
iments and for the necessary computer calculations.

Naturally the experimental design which is optimum in
relation to a given criterion may be significantly non-opti-
mum in relation to any other. It is therefore useful to
characterise the optimum properties of the design using not
one criterion but a broad class of fundamental criteria. It
is frequently convenient, by analogy with statistical theory
of acceptable solutions, to allow a diminution of the optimum
properties of the design in relation to the selected criterion,
improving significantly at the same time the optimum pro-
perties of designs estimated on the basis of other criteria.
Consequently, instead of using specific criteria, it is desir-
able to devise a single complex criterion.

Kiefer*® suggested that the family of functionals of the
information matrix be used to estimate the extent to which the
designs approach an optimum:

o 1/k
D) = (7 Sp 8t N = o ) x;k} ,

O, @ = Jim @y (£) = {det A (B)}, 4.7

Doy () = lim Dy @) = max ("},

which include three of the most general criteria of an opti-
mum, A,D, and E, obtained, in particular, when k = 1,0,
or », The properties of the family of functionals (4.7) have
been analysed in detail by Kiefer; he interprets many of
them as different characteristics of the dimensions of the
confidence ellipsoid.

There are self-evident examples where the family of func-
tionals ¢ (k = 0,1,...2) may not correct particular dis-
advantages of the design procedures. However, the employ-
ment of ¢} is undoubtedly useful in most cases in character-
ising the properties of designs. Here one should note that
the efficiency of the procedure used to design the refining
(precision) experiment for models non-linear in terms of
parameters will depend also on the initial parameters being
estimated, which need to be refined, and hence also on the
starting experimental design.

Practice has shown that, as a rule, the intuitively selected
starting experiments in the possible region of experimenta-
tion lead to unsatisfactory (degenerate or almost degenerate)
experimental designs; we may note that a virtually degener-
ate experimental design# can lead in many instances to incor-
rect results. It is known®%* that the strategy for the

# A non-degenerate experimental design is understood to
be one whose information matrix determinant is significantly
non-zero.
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starting experimentation depends both on the specific type of
model and on the numerical values of its parameters. The
dependence of the strategy on the first factor is significantly
greater, so that the design of starting experiments is desir-
able even in those cases where the experimenter has a priori
extremely approximate estimates of the model parameters.
Naturally, in the complete absence of a priort information
about the parameters, the traditional approach, in which the
experiment is designed intuitively, is the only one possible.

We shall consider the situation where there is some a priori
information about the parameters and the cost of a single
observation is fairly high, so that one needs to construct an
exact D-optimum experimental design for a number of experi-
ments N, specified beforehand, which exceeds only slightly
the number of parameters p to be estimated. In the latter
case the theorem of equivalence for locally optimum exact
designs does not hold and only the following system of
inequalities is valid:

det (x, &,) <<det (x, en) << 1\7+l1p:_p' (4.8)
where €'y and ey are respectively the experimental designs
minimising the response variance d(x. eN) and maximising
the determinant of the information matrix M(ey). Under
these conditions, the procedure used to construct locally
optimum exact designs for single-response models can be
carried out in the following particular way:

(1) p kinetic parameters 6 are specified for the kinetic
model being tested (-1

(2) the design EN) = (x,...,xy) with det M(ey) #+=0is
chosen in the experimentation region G.

(3) the c%{xditions for the (N + 1)th experiment, maximis-
ing dy(x, eN-)), are calculated;

(4) the design ES)+ 1 = EN(*

(5) on the basis of the el(qlz design, the E}(ql) design, for
which the determinant of the informatioh matrix is a maxi-
mum, is found by consecutive sorting in the (N + 1)th
N-point design.

In the sth step of the construction of the exact design the
inequality

Uxy ‘1 is formulated;

det {M (2{9)} > det {M (elt~)} (4.9)
always holds, provided that
- Np
supd (¥, &) = d () > o - (4.10)

The construction of the design is repeated until it is found
that, for a specified value of § at some step,

Np
N—+1—p

dEef) < +3
for all k > s.

The procedure examined above converges fairly rapidly to
the exact locally optimum design. Thus five interactions
are usually sufficient for the construction of the exact
design.

One should note that the most significant factor determin-
ing the optimum strategy for the starting (and subsequent
refining) experiments involves the determination of the num-
ber of constants in the kinetic model capable of being esti-
mated. To a first approximation, it is equal to the rank of
the information matrix M( eN) of the gy design; the rank
depends both on the numerical values of 6 and on the exper-
imental design e¢N. The number of constants capable of
being estimated is then usually less than the total number of
parameters of the model, because some of them are deter-
mined in the form of certain combinations, for example,
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because of the use of approximations postulating a quasi-
stationary reaction or a quasi~equilibrium in the rapid stages.
The total number of parameters does not include those whose
statistical insignificance has been established by methods of
variance analysis in testing the adequacy of the kinetic mod-
els.

In the consecutive design of refining experiments one must
maximise, together with the selected criterion for an opti-
mum design, also the rank of the information matrix in order
not to lose information about the numerical parameters and in
order not to reach incorrect conclusions in selecting a kinetic
model adequate for the process.

VI. DISCRIMINATION BETWEEN MODELS

Before the concluding stage of the determination of the
probable mechanism of a chemical reaction, it is usually found
that several kinetic models are consistent with the available
experimental data and the problem of discrimination between
them therefore arises. There exist two main methods for
testing kinetic models—the method of the probability ratio
and Bayes' method. Although they are in many respects
similar, nevertheless there are fundamental differences.

The method of the probability ratio®? is effective in test-
ing kinetic hypotheses, particularly when the probability
function is know, i.e. when the density of the distribution
of the errors of the measurements and the numerical param-
eters of both the kinetic models and of the distribution func-
tion are known. The probability ratio

wy=L/L, (5.1)

then serves as a measure of the advantage of the ith model

compared with the jth model. Evidently, if ujj > 1, then

Li > Lj end the experimental results are therefore better

reflected by the ith model than by the jth model. For

u;; > 10 and even more so for u;; > 100, there exists suf-
ficient evidence in support of the ith model.

However, the parameters 6i and 6, on which the probabil-
ity ratio uij(ei, 8j) depends, are usually unknown. One of
the possible ways of eliminating "interfering" parameters
consists in the employment of estimates of maximum probabil-
ity as a function of the probability ratio

wij (07, 0F) = méiix L (9,-)/rx:)?x L;®)). (5.2)

In this case uij(e?‘, 8) represents the ratio of the prob-
abilities for two indivic‘ually best models. When the param-~
eters estimated from the experimental data are not known
beforehand, interpretation of the probability ratio and a
decision in favour of a particular model become much more
arbitrary. For the same number of parameters of the mod-
els, the probability ratio ui,-(ei. 6,’), for which preference is
given to the ith model compared with the jth model, is selected
in the range from 10 to 100.

If u;;(8;, 8;) includes the vectors 8; and 6j of different
dimensions, the model containing a greater number of param-
eters is usually found to be superior in the test. This find-
ing must be taken into account in testing kinetic hypotheses.

If the number of tested hypotheses is greater than two
(m > 2), they are checked in pairs for all possible pairs.
However, it is better to employ the general probability ratio®?

L;®)

m 1/m
(T[ Ly (9/:)>

4 \k=1

u; = (5.3)
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as the criterion. As described above, in this case the pth
model is thought to have been proved best in the tests if the
values of uj (Gj=1,...,p—1,p +1,...,m) do not exceed
0.01 - 0.1; here it is assumed that up > 0.1.

It is nevertheless most useful to employ the criterion (5.3)
in a consecutive procedure for the determination of the best
kinetic model, the essential features of which are as follows.
The experiment is carried out consecutively until the prob-
ability ratio for one of the models, for example the Ith model,
is in the range 0.01-0.1; the lth model is then discarded
and the number of models is reduced by unity. Tests are
continued until only one model remains and is adopted as
most consistent with the experimental data.

The Bayes ion approach to the solution of the problem of
discrimination between models is based on the Bayes theo-
rem and a subjective interpretation of the a priori informa-
tion. In the Bayes ion approach the solution of the dis-
crimination problem begins with the determination of the
a priori distribution density of the probabilities P(Mp),

j = 1,...,m, constructed for a set of m competing hypothe-
ses M;. It is specified on the basis of previous experimental
studies or literature data and constitutes a subjective inter-
pretation of the available information by the investigator.
The distribution density of the probabilities P(M;) is usually
discrete in view of the finite nature of the set of tested
hypotheses and its form has no influence on the result of the
final solution of the test of the hypotheses although both the
duration of the discrimination procedure and the number of
necessary experiments depend on its selection.

Since it is difficult to construct the loss function corre-
sponding to the adoption of an incorrect solution, one usually
maximises the a posteriori distribution density of P(M; ly),
which is determined from the results of the experiment y and
from the a priori distribution density of P(Mi) on the basis
of Bayes' theory:

_PuiMpP@)

P 1Y) = =5 (5.4)

= 7P (¥ | M) P(M)),

where P(y [M;) is the distribution density of the selection
obtained on the assumption that the hypothesis is valid and
P(y) is the partial distribution density of the selection. The
proportionality constant y in Eqn.(5.4) is determined from
the condition that the sum of the a posteriori probabilities is
equal to unity for all the models.

If the probability function P(y|8;, Mj) contains "interfer-
ing" parameters @j, the latter must be excluded from con-
sideration by averaging the function P(y [91, Mj) over all
possible values of ei:

P(y|M) =y [P(»]6; M) P(0; M) d8,;, (5.5)

where P(8;|M;) is the a priori distribution density of the
parameters 6;. Similarly P( M]-) is selected from the avail-
able information about the values of © ;.

We may note that, when the Bayes ion approach to the
problem of discrimination between the hypotheses is used,
the parameters 8§; are regarded as random quantities with a
certain probability distribution density.

There exist several ways of achieving the Bayes ion
approximation in practice for the solution of the problem of
discrimination between models which are non-linear in terms
»f the parameters. The most general is based on the
:xpansion of non-linear models in Taylor's series in the
ipace of parameters in the vicinity of earlier estimates of 6]'.
lestricting the treatment to only the firs: terms of the
:xpansion, we then have

2= X; (0, )+ =, (5.6)
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where d] = (dil""’djn)T’ d]-u = yu—f(j)(xu, e;), and

u = 1,...,n are indices characterising the number of the
experiment. ej- = (8i1,... ,e,.p]-) is the vector of the space

of parameters with the dimensions pj x 1, € = (g,.. .,sn)T
for the vector of the reproducibility errors, and X; =
{xy}} a matrix with the dimensions n x pj whose u, I-th ele-
ment can be put in the form

i — {Lf""__erl}

ul a6, (5.7)

BFOI,
It is assumed in addition that (1) the vector of the repro-
ducibility error € is a normal random vector with a zero vec-
tor of mathematical expectations and a covariance matrix I,
i.e. € = N(0,2), and (2) the a priori distribution density of
the probabilities of © i is also normal with the vector of means
6; and a known covariance matrix Qj with the dimensions
pj * pj.
It is readily seen that, for the given assumptions, the ran-
dom vector d; is distributed normally with E dj = x,-(e,-—e;‘)

and the covariance matrix Dd; = X;2X;T + I, where E is a
symbol representing the mathematical expectation. Eqn.(5.5)
then becomes

1 ~ .
exp {— Y 4, — X, — ej.)mx,sz,x} + 3 d,— X, (6;— epj}

Py |Mp= . (5.8)

(@Y™ [dei (x;e AT+ bAVRE

Although Egn.(5.8) was derived without using Egn.(5.5), it
is fully equivalent to the latter®2,

The a posteriori probabilities of the validity of the hypoth~
eses are calculated from Eqn.(5.4). Consequently, we have

Py = —DPLIM)
SR P MY Py [ Mp)

(5.9)
At a specific step in the experimentation process one assumes
that the Ith model has withstood best the tests among the set
of competing models if P(M;|y) assumes values fairly close to
unity.

Analogously the Bayes method of selecting the best solu-
tions can be used to estimate the kinetic parameters. In this
case the a posteriori distribution of the parameter 6 isalso
determined from the Bayes theorem:

P(y|8)Pi8) P(y|8)P8)
P@;ly) = FPIOT i TR
1gp(y\e[)me,)ﬂei

(5.10)

where P(y) and P( 91-,) are the partial distribution densities of
the random vectors y and 6j. As before, P( 6;) contains the
initial information about the values of 6j. If P(y|8) and
P(8;) are the normal distribution densities of the probabil-
ities, then P(ej |y) is the conventional a posteriori distribu-
tion density of the parameters ejy, which is also normal with

E 0) = (X]ZX; + Q") (XTEX8] + Q;*6)) (5.11)

and with the covariance matrix

D®)) = [(X[21X; + QY™

In kinetic studies on complex chemical systems the confir-
mation of the reaction mechanism frequently requires the
estimation with a specified accuracy of only some of the con-
stants in the overall set, for example, in order to be able to
compare subsequently their values with the constants
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obtained from earlier independent measurements. Conse-
quently, one has to estimate only a subvector of the vector
of the parameters 6]-, the a posteriori distribution density of
which is equal to the partial a posteriori distribution density

of the subvector of the parameters relevant to the given case.

For normal p(8;|y), the latter is also normal with the vector
of mathematical expectations equal to the corresponding sub -
vector of the specified parameters of the vector E(ej) and
with a covariance matrix made up of the elements D(6;)
located at the intersections of the columns and rows of the
corresponding specified parameters.

We may also note that the use of the a posteriori distribu-
tion density of the kinetic parameters as a characteristic of
the accuracy of their estimates yields incomparably more
informetion about the parameters than the point and interval
estimates, which is a characteristic advantage of the Bayes
ion approach.

The Bayes ion procedure for testing kinetic hypotheses,
discussed above, which provides for the linearisation of the
kinetic models with respect to parameters, is correct only
when the models tested for consistency with experimental
results are linear in terms of the parameters and the funda-
mental statistical postulates, concerning the nature of the
distribution density of the errors of the measurements and
the validity of the employment of the methods of regression
analysis, are correct. The application of such procedures
in order to discriminate between models which are signifi-
cantly non-linear in terms of the parameters is legitimate
only when the non-linear models can be fitted fairly satis-
factorily by linearised models.

In order to improve the reliability of the Bayes methods,
which involves the linearisation of the kinetic models, it is
necessary to improve in the first place the linearisation pro-
cedure itself. This can be achieved, in particular, by a
suitable selection of the estimates of 6; in the vicinity of
which the models can be fitted by a truncated Taylor series.
It is usually desirable to employ as such estimates the esti-
mates of the maximum probability or estimates which are
respectively equal to the vector of the mathematical expec-
tations of the a posteriori distribution density of the param-
eters.

Another method for improving the linearisation procedure
consists in a preliminary reparametrisation of the models and
their reduction to a form which no longer involves a signi-
ficant non-linearity. The kinetic models transformed in this
way are more covenient for subsequent linearisation. Thus
it has been shown in relation to a number of examples®* that
the direct application of Bayes discrimination methods to
non-parametrised models leads to contradictory results,
while preliminary reparametrisation of the competing models
eliminates the possible errors. The algorithms proposed
for the reparametrisation of kinetic models were in many
respects analogous to the algorithms of Box et al. ®® and Box
and Tidwell®®, which were developed to replace dependent
and independent variables in regression equations.

One should note that reparametrisation makes it possible
to increase appreciably not only the reliability of the Bayes
procedures for discrimination between models but also the
accuracy of the calculation of the variance matrices and
hence the confidence intervals and confidence regions for
the estimation of the parameters®’.

A method for the testing of kinetic hypotheses, which does
not involve a procedure for the linearisation of models and
employs the kinetic models as such in the selection of solu-
tions, has been proposed®®. In this method the continuous
region of parametric space for each competing model, in
which the best estimates of the model parameters are sought,
is covered by a finite set of discrete points equidistant from
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one another. An a priori probability P(ej |M;j) is assigned
to each lj—th parametric point 8 and the expression for the
a posteriori probabilities of acceptable hypotheses (5.9) is
replaced by its discrete analogue
5
PM) Y PO, IMYPy16;, M)
P(M;y) = — = , 512

SUPMYS, PO, IMYP(y 16, M )

I=1

i=1

where s; is the total number of parametric points 6] cover-
ing the region of the parametric space for the ith model.
The a posteriori probabilities

P8, | M)P(y10,, M)

P(etl»l)’) = ”
m t

S S POLIMIP 2y, M

i=1l=1

(5.13)

are estimated from the selected y and the a priori probabil-
ities P(§y (Mj). In the next step of the test of competing
kinetic models, i.e. before setting up a new series of exper-
iments and before a new selection of y, the a posteriori
probabilities P(8y; |y) and P(Mj|y) are assumed to be a priori
probabilities and the cycle of investigations is repeated until
the a posteriori probability P(My |y} of a kth model is close
to unity; the kth model is assumed to be most consistent
with the experimental results.

The practical application of the method proposed by
Hsiang and Reilly®® presupposes the obligatory use of mod-
ern high speed computers with a large memory. Indeed, if,
for example, the kinetic model contains five parameters and
each parameter has ten discrete values, then 10° values of
the probability function must be stored in the computer
memory. Consequently the method®® is effective, owing to
the so called "dimensional curse", only in those cases where
the number of parameters in the competing models is small
and the preliminary estimates are known with a sufficiently
high accuracy, which makes it possible to select a fairly
narrow range of the possible variation of the parameters and
in testing the hypotheses one can confine the treatment to a
small number of discrete values of the kinetic parameters.

In conclusion we shall examine a useful discrimination
method based on the xZ criterion®®; the method cannot be
in essence classified as a Bayes method or as a probability
ratio method. The fundamental idea of the method under
consideration is that the ratio of the weighted sum of the
squares of the residues to the corresponding number of
degrees of freedom for single-response models is an undis-
placed estimate of the reproducibility error only for the true
kinetic model; for all the remaining models the estimate is
displaced. The method tests the homogeneity of the esti-
mates of the reproducibility variances for all the competing
models using the Bartlett distribution:

m m
Un 523 p, — X pylnsf
i=1 i=1
m
1 1 1
N L
iy | 2
- N
> 75,

2%

(5.14)

where m is the number of competing models, siz the estimates
of the reproducibility variances calculated for the ith model,
Pg. the number of degrees of freedom of the estimate, and 52
thé average estimate of the reproducibility error. If, on
testing m hypotheses, it is found that xé exceeds the tabu-
lated value, the model yielding the maximum variance of the
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reproducibility error is rejected. The number of hypo-
theses is reduced by unity and Xé is recalculated.

When this criterion is used to solve the problem of dis-
crimination between hypotheses, one should bear in mind that
xé is extremely sensitive to the deviation of the data from
normality and requires the statistical independence of the
estimates of the variance against which the hypothesis of
homogeneity is tested. It is frequently impossible to estab-
lish to what extent such hypotheses hold. However, prac-
tical examples of the use of the Xé criterion in chemical
research have demonstrated its effectiveness and reliability*®

VIl. DESIGN OF DISCRIMINATING EXPERIMENTS

In the procedures described above tests of kinetic hypoth-~
eses were used to discriminate between models in relation to
the results of an experiment, particularly a passive experi-
ment. However, the efficiency of testing procedures greatly
increases if the experiment is carried out actively. The
problem of the design of discriminating experiments, in con-
trast to that of the design of precision experiments, is char-
acterised by the absence of uniformity in the criteria
employed.

However, they can be subdivided into two categories: the
first includes criteria based on various measures of informa-
tion and the second includes empirical criteria®®:°3,

In kinetic experimental studies the entropic criterion, used
as a measure of the information entropy S, is most frequently
employed among the criteria of the first category. The infor-
mation entropy can be defined as follows for all P(M) =+ 0
G =1,...,m):

S=—S| P(M)InP W),

=1

(6.1)

where P(M;) is the a priori probability of the suitability of
the M;-th lllypothesm. If P(M;) = 0 for a certain value of i,
the product P(M;) In P(M;) is set equal to zero.

Evidently, if P(My) = 1 for the kth model, then P(Mp) =10
for] =1,..., k-1, k +1,...,m. ThentheentropyS
assumes the smallest of the possible values, which is zero.
On the other hand, for equal P(Mj) =1m(G = 1,...,m),
the value of S reaches a maximum. Consequently S charac-
terises a measure of the information obtained about the test
system and an increase of the amount of information is
accompanied by an obligatory decrease of entropy.

Since in research it is desirable to reduce to the maximum
extent the degree of uncertainty in the ideas about the chem-
ical system, one should endeavour to pass from a non-infor-
mative situation [P(Mj) =1i/m, j = 1,...,m; the information
is scanty and it is impossible to give preference to any one
model] to the most informative situation [P(M )y =1,

i =1, , k-1, ,k+1,...,m; thereis sufflclent infor-
mation to demonstrate in the "statistical sense" the validity
of the kth model}. For this purpose, in the region G, cor-
responding to the experimental conditions, one must carry
sut only experiments which reduce the entropy S to the
maximum extent.

In order to establish the conditions for such experiments,
3ox and Hill®® proposed two single-response models based
n the criteria D(x), which determine the upper limit of the
1xpected decrease of entropy in the design and formulation
f the experiment at point x in the experimental region G:

m

(0} — o))
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(3% + o} {o? + of)

B = (et )
o -tof )
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where x is the vector of the space of independent controll-
able variables, 7;(x) the response at point x predicted on
the basis of the ith model, o2 the variance of the reproduc-
ibility error, and oiz the variance of the predicted response
i.

In terms of the D(x) criterion, an experiment x* which
maximises D(x) i.e. for which the conditon

Xy —
D(x )_Teaé‘D(")' (6.3)

holds, is most convenient. The entropie criterion®® has
been extended® to multiresponse models. Subsequently
Reilly®? again improved the D(x) criteria by divising an
algorithm for the direct calculation of the expected decrease
of the entropy S.

Another important measure of information used in dis-
crimination between models is a function of the general prob-
ability ratio. In this case the equality of the generalised
probability ratios corresponds to the minimum amount of
information about the system of hypotheses, while the maxi-
mum difference between them corresponds to the maximum
amount of information. Hence it follows directly that, for
the attainment in the course of the selection of the solution
corresponding to the most favourable informative situation,
one must design the experiment in such a way that the
expected average increment in the sum of the logarithms of
the general probability ratios from experiment to experi-
ment is maximised!?:5%

mo+

=3 ‘f fing; (N ++ 1) — Ine; (MIP; (Ynsr | ) d Yuey =

j=1-c0

AL (Xs1)

—_ [J S Sp (R S) (B4 St —-mSpl+

2m j=1 k=1

(6.4)
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where D;(N) is the covariance matrix of the estimates of the
constants of the jth model calculated on the basis of N exper-
iments, P; (y + 1|ac ) is the distribution density of the
(N + 1)th result ofb{he measurement of the response at the
point Xy , { predicted on the basis of the jth model, L (N)
the general probability function given by

nN/i—p,/a

(2m) {_ 3 [

2
x (g — i) W) — ]]

L,

(F[ Lkuv))m

R=1

det 3V/3 det D, (N)7* n
LiN) = —— L___.¢ 2 g’s

1 s==1

-.Mz
X

-

e

4y (V) =

= XiD: T
s; = XiDj(NXT, X

i i an n x p; matrix with a general element
Gy _ ..M i)

of the type x.1) = an,ly 4 1/38, 7D %he n x 1 vector
of the predicted values of the response based on the jth
model, ¥ = {ol } the covariance matrix of the measurements,
"' = {o"S}, and the indices j, i, and r characterise respec-
tively the numbers of the model, the parameter, and the
response.

Application of criterion (6.4) to the solution of a number of
practical problems in chemical kinetics demonstrated its
effectiveness and reliability®*®%. In particular, the use of
criterion (6.4) in tests for consistency with experiment of
two competing hypotheses about the mechanism of the toluene
disproportionation reaction on zeolite catalysts showed that
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two consecutive experimental designs are sufficient to demon-
strate the superiority of one hypothesis. A similar situa-
tion arises in discrimination between multiresponse models,
while for single-response models the necessary number of
discriminating experiments is usually significantly greater.
Fig.4 illustrates graphically the function of the general
probability ratio AL obtained in calculations of the conditions
for the first discriminating experiment. The large number
of extrema and "ravines"” in the plot of the function AL
against controllable variables indicates computational diffi-
culties in the solution of problems involving discrimination
between multiresponse models non-linear in terms of param-
eters. One should note that discriminating experiments
are usually located at the boundary of the region of possible
experimentation.

on 026 038 050

Viop dm®min™!

Figure 4. Variation 6f the response surface of the function
of the probability ratio AL with controllable variables—the
volume flow rates of hydrogen and toluene; the volume flow
rate of benzene was constant at 0.05 dm® min~1,

Other criteria for the design of discriminating experiments,
based on other measures of information, are also known.
Thus it has been suggested®® that the Kullbakov measure be
employed, while Borth®” suggested that one use the incre-
ment in the maximum a posteriori probability of the suitabil-
ity of models. The criteria have been compared and their
efficiences estimated®®. However, in practical kinetic
research the criteria proposed in the above investigations®®:¢’
have not so far been used.

All the criteria examined above®® make it possible to for-
mulate experiments in the experimentation region which per-
mit the establishment of competing models under critical con-
ditions from the standpoint of their descriptive power. One
then as a rule takes into account the uncertainty in the pre-
dicted responses; preference can be given to experimental
conditions characterised by small discrepancies in the pre-
dicted responses with small error corridors compared with
conditions accompanied by large discrepancies between the
predicted responses with large error corridors.

In practice the variances of the predicted responses are
calculated with much difficulty and in devising empirical

criteria they are therefore as a rule neglected. The C(x)
criterion is most widely used®’:
m m
C(x):E 2 l'li(x)—"li(x)l N (6.5)

=1 =41
as well as the B(x) criterion®®:

Bx) = S |PM)+PM)]| - | () — s ()|

i=1 j=i+1

(6.6)
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In applying criteria (6.5) and (6.6) the discriminating
experiments are usually located in a single adequately bounded
subregion o1 the experimentation region G. A complex cri-
terion, which provides, together with the maximisation of
C(x), also for the maximisation of the distance between the
new discriminating point produced by the design and all the
remaining points of the design found previously, has there-
fore been proposed’’. This principle has been realised in
practice’?.

There are now already numerous publications in which the
methods for the design and analysis of kinetic precision and
discriminating experiments have found practical applications.
Most of them describe real practical situations®'=371778
while others deal solely with situations simulated on compu-
ters. These publications describe mainly the results of
comparisons of different criteria and give estimates of their
efficiencies’s™ 8%~
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