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The Structure of the Electronic Excitation of Molecules in Quantum-
chemical Models

A.V.Luzanov

Methods for the analysis of the excited states of molecules and their electronic distribution are examined. The advantages of
using procedures based on transition density matrices are noted. The application of the delocalisation numbers of the transition,
reflecting the multiconfiguration nature of the electronically excited state, the excitation localisation numbers, providing a
quantitative measure of the localisation of the transition in a particular molecular fragment, the interfragment charge transfer
numbers, the atomic excitation energy indices, indicating the fraction of the molecular excitation energy which can be assigned
to a given atom, etc., all of which have been introduced recently, are discussed. The structural-chemical factors favouring the
isolation of the excitation of a single fragment are considered.
The bibliography includes 99 references.
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I. INTRODUCTION

The theoretical and applied aspects of molecular spectro-
scopy have been closely related for a long time to quantum-
chemical studies on the excited states of molecules. The role
of theory in the interpretation of spectroscopic experiments,
which are so common in modern physicochemical research
techniques, still remains important. The experimental diffi-
culties in the direct estimation of the parameters of the elec-
tronic structure, which determine the real behaviour of
molecular systems, are not the only explanation. In this field
many fundamental concepts follow naturally primarily from the
theory which permits, in principle, the understanding of all
the details of the behaviour of the electron shell in any of its
states and sometimes even in states which are not observed.

Such claims do not imply in any way that all the fundamental
problems of the theory of molecules have already been solved.
The obstacles to the determination of detailed electronic-
nuclear wave functions are generally known. However,
intensive use of approximate quantum-chemical models has
undoubtedly played a positive role in the understanding of
the excited state by workers in the field of spectroscopy as a
tangible feature with a specified internal structure, which can
be inferred from the corresponding wave function. The
latter is usually represented by a fairly complex set of the
coefficient c^/ of the expansion of the molecular orbitals, the
coefficients dpi of the configurational interaction, etc.
Unfortunately, the abundance of numerical data frequently
conceals from the investigator the very structure for the
investigation of which the entire computation has been under-
taken. Furthermore, the idea of the delocalisation of elec-
trons, which is natural for quantum mechanics as a whole,
at one time in the past made it impossible for chemists to see
the familiar autonomy of the fragments of complex molecules.
In this connection, many theoreticians attempted, while
retaining the quantum-chemical rules of construction, to
interpret excited and other electronic molecular states in
terms of the more readily understood terms of localisation,
charge transfer, etc.1"6 However, in this field, which is so

important for the understanding of the nature of the elec-
tronic spectra of complex molecules, rigorously proved
criteria or quantitative characteristics had not been devel-
oped until recently. In the present review an attempt is
made to consider the tendency, established in recent years,
to carry out such analysis on the basis of a structural-chemi-
cal interpretation of the excited states of molecules.

I I . THE INTERACTION OF THE CONFIGURATIONS AND THE
TRANSITION OPERATORS IN THE THEORY OF ELECTRONIC
SPECTRA

The methods used hitherto in calculations on large organic
molecules and in the interpretation of their spectroscopic
properties have been discussed in detail in monographs7"12

and in a review13. Here we shall consider only compara-
tively new methods of calculation using the transition density
matrix, which will prove to be the main instrument in the
version of the analysis of the excited states to which we shall
give preference.

The wave function j $ > of the ground state of the molecule
must be constructed with obligatory allowance for the elec-
tron-electron interaction. In the Hartree-Fock model,
which has served as a standard hitherto, this is achieved by
representing | $ > in terms of a determinant of occupied
molecular spin-orbitals |<f>i>, ... |<J>j>, ...|<J>jy>. Then,
according to the Brillouin theorem11*, any determinant |$,vn>,
obtained from |$>by replacing a self-consistent spin-orbital
|<j>i>by a vacant spin-orbital |<j>p>, has zero matrix elements

of the Hamiltonian H with the ground state | $ >:

M, (1)

where M is the dimension of the spin-orbital basis set. Con-
sequently the set of all the functions | $j->-p> can be regarded
as a basis set of N electronic functions on which the space
of all possible excited states |$*>has been superimposed
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and, by virtue of Eqn.( l) , the fulfilment of the natural con-
dition of "excitation" is guaranteed for the latter:

After finding the self-consistent orbitals of the ground
state, it is easy to achieve a configurational mixing of the
type

( 2 )

( 3 )

which yields an approximation to the excited state made con-
sistent with the Hartree—Fock description of the ground
state | $ >. The configu rational coefficients dpj as well as
the excitation energy A are then found from the secular
equations for the configurational interaction matrix
||<$i-».p |H |$y-».q>||. This model of the excited state will be

called the Tamm—Dancoff model, as is usually done in modern
investigations of molecular theory (see, for example, Refs.
15—17) and the theory of the nucleus 1 8. The semiempirical
version of this model for iT-electron systems is associated
with the familiar studies by Pariser, Parr, and Pople and is
also referred to as the PPP model, which has been discussed
in detail7-1 1 '1 3.

PPP calculations on the electronic states of organic mole-
cules are widely used at the present time, which is also due
to the relative simplicity of the relevant computer programs 1 9 ' 2 0.
Subsequently, in many instances, particularly for triplet
energy states, attempts have been made to improve the
results of the calculation by including higher doubly excited

$i^.p> configurations,2 1"2 3 and even triply excited configu-

rations21*.
New approaches based on the application of the transition

density matrix have been used 2 5 " 2 9 . An equation for the
Hermitian transition density matrix D in terms of the Tamm-
Dancoff approximation, convenient for computational purposes,
has been formulated26. Its spin-orbital generalisation can
be represented2 9 with the aid of the operator modulus of the
Fock operator f and a projected antisymmetrised potential of
the Coulombic interaction of the electrons gA (12):

( 4 )

N
where p = I I ^i> < : <J>i I is the density matrix of the ground

M
Hartree—Fock state , and PQ = ><<j>p | = 1—p isE_,, + 1 |j>p><<j>p

a matrix projected on to vacant one-electron states. The
superoperator n, which generates another operator by acting
on an operator D in accordance with the rule

( 5 )

is introduced by means of these quantities.
The fundamental equation of the Tamm—Dancoff model can

then be formulated in terms of the equations for the eigen-
values of the superoperator ft, each eigenvector of which
plays the role of a transitional matrix D of an excited state.
The eigenvalue of the superoperator n is the excitation
energy A:

n (D) = W. ( 6 )

The transition matrix D permits a representation of the type
N M

D = S S №*l<Pp>OP<l + &l<Pi><qvl). (7)
i=lp=N+l .,,

where dpi can be regarded as the configurational coefficients
of the excited state |$*> of the type of Eqn.(3).

In the construction of |$*> condition (2) is not the only
possible requirement, particularly since the approximation
to the ground state | $ > does not as a rule satisfy the exact
Schrodinger equation. For example, in the method based
on the equations of motion without an explicit construction of
a wave function for the ground state more accurate than the
Hartree-Fock function it is possible to take into account,
particularly in the calculation of the oscillator strengths, the
correlation effects in the excited states which are not
included in the Tamm-Dancoff method30. However, the lack
of explicit wave functions or correct density matrices corre-
sponding to them precludes in this instance a well-founded
analysis of the excited states. Another approach to the
construction of |<l>*> can be devised on the basis of a self-
consistent perturbation theory, various aspects of which
have been discussed 1 1 ' 2 9 ' 3 1.

The general relations of the quantum-mechanical perturba-
tion theory contain the so-called energy denominators, which
in the case of a perturbation of the ground state have the
values of the excitation energies. Indeed, for the first
correction | 6 $ > to the wave function | 0 > arising from the
perturbation 6H, one can write (£ is the energy of the sys-
tem and I a unit operator)

(ff-E)|M>>=-(/-|<D>(<D|)fi//|<D>. (8)

Here H — E is the excitation operator with the eigenvalues
\~E* — E. After reducing formula (8) to one-electron
quantities, the operator H—E is transformed into the super-
operator A and the correction |6$> is replaced by the one-
electron transition operator corresponding to the N-electron
Hermitian operator |6$><$ | + |$><6$|.

The explicit form of the superoperator A for singlet states
has been obtained26. Its relation with the random phase
approximation, which constitutes a special case of the method
of equations of motion, has been discussed32'33: on this
basis, the theory of spin perturbations has been developed31*
and a perturbation theory has been devised for open shells
in the unrestricted Hartree-Fock method35. The spin-orbi-
tal definition of A is similar in form to the formulation of the
superoperator 11(5), but the potential u(12) is now replaced
by the half-sum i[u(12) +v(12)], where v(12) is a correlation
operator describing particle—hole pair interactions of the
electrons in the |<fp>and |ij>j> states:

The operator v(12) is encountered in calculations on the
correlation interaction, since it is in fact responsible for the
mixing of | $ > with the doubly excited configurations, for the
superposition of |$*>(3)on |$i->p>, etc.29 '36 The presence

/•*-q
k->r

of an additional term of this kind in the expression for A
therefore indicates an indirect, average allowance for the
correlations in relation to the Tamm—Dancoff approximation,
although the number of variational parameters (the coeffi-
cients dpj) is the same in the two instances. At the same
time, for the functions ]$*>, constructed with the aid of A,
the explicit wave function parameter remains in the form of
the same operator D, which carries all the necessary informa-
tion about the excited state, constituting a superposition of
singly excited configurations (3). As a result of this, the
analysis of |$*> for the n and A versions can be carried out
in the same way.

The A matrix had previously been introduced in a different
form by Thoules37 in connection with the introduction into
the self-consistent field theory of the concept of stable and
unstable solutions which do and do not require respectively
a local minimum in the Hartree-Fock energy E. A stable
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solution arises only for a rigorously positive quadratic form
made up of local second derivatives of E with respect to the
parameters for small deviations from the self-consistent solu-
tion. The matrix of this quadratic form, which corresponds
to the variational derivative 62E/6p2, is the same as the
supermatrix A, and its eigenvalues A, which appear as energy
denominators in the perturbation theory, are therefore at
the same time stability numbers of some kind for the Hartree—
Fock model.

It has been suggested that in the case of closed electron
shells the stability numbers for spin-free distortions of |$>
be identified26 with the singlet excitation energies and that
in the case of triplet states the Tamm—Dancoff description be
retained, which can be justified to some extent by taking
into account the tendency not to change the spin properties
of a triplet wave function29. However, it is easy to find all
the spectroscopic series (singlet—singlet, triplet—triplet,
transitions, etc.) solely with the aid of stability numbers,
adopting in each case the lowest state of the specified multi-
plicity as the ground state for the given series.

Such calculations can be most simply carried out with the
aid of the unrestricted Hartree—Fock method, as suggested
by the present author and Umanskii35'38. For example, with
the same parametrisation, it is possible to calculate satis-
factorily the singlet—singlet transitions in many aromatic
molecules with the aid of singlet stability numbers; the
energy of the So -> To transition can be found from the differ-
ence between the total energy of So and the energy of the To

state calculated by the unrestricted method (the unrestricted
method yields as a rule the same value for So as the restricted
method), while the energy of the triplet-triplet absorption
is identified with the triplet spin-free stability numbers of
the self-consistent state To (see Table 1).

Table 1. The Hartree—Fock stability numbers corre-
sponding to the singlet and triplet transitions (in eV).

Compound

Naphthalene
Anthracene
Pyrene
Perylene

3.90(4.0)
3.44(3.5)
3.25(3.4)
3.56(3.4)

4.48(4.4)
3.45(3.3)
3.57 (3.6)
3.06(2.8)

2.87(2.6)
1.82(1.8)
2.04(2.1)
1.64

'•si-3-B,g

3.18(3.1)
2.83(2.9)
2.43(2.4)
2.51 (2.6)

4.11
4.09
3.27(3.0)
2.91(4.4)

Note. The experimental data are given in brackets8 '11.

I I I . THE CONFIGURATIONAL-ORBITAL ANALYSIS OF
EXCITED STATES. THE SPECIAL ROLE OF NATURAL
ORBITALS

We shall now turn to the main problem discussed in this
review—the analysis of excited states described by the stan-
dard superposition (3) of singly excited configurations. In
the majority of studies involving specific calculations on
excited states the largest configurational coefficients dpi,
from which one can infer the degree of configurational inter-
action39"^1, are usually quoted. This type of representation
of the excited state is in certain respects (for example, as
regards the cumbersome nature of the formulation) inapt and
non-universal.

A form of the representation of $*, which is independent
of the explicit form of the occupied and vacant orbitals
employed, can be regarded as universal in the given instance.

In fact, these orbitals can be chosen quite arbitrarily not
only as canonical molecular orbitals, i . e . as the eigenvectors
of a single-particle Hamiltonian (the Fock operator /"), but
also as the eigenvectors of any other operator which commutes
with the density matrix of the ground state p. This implies
that the occupied orbitals |<f>j>can be mixed with one another
in an arbitrary fashion but their orthonormalisation must be
retained ( i . e . unitary transformations are carried out). The
vacant orbitals |<f>n> can also be subjected to a unitary t rans-
formation to the same extent. It is important that such
transformations of the orbital set do not cause an overall
alteration of the excited state $*, but the configuration
coefficients dpi and the individual configurations $j->n are
then considerably distorted. Consequently the coefficients
dpi do not yield an invariant description of the structure of
the excited state (3) in the general case.

It is natural to attempt to isolate from all possible sets
{dpi} an optimum set, which has the fewest members among
all those permissible. The maximum number of configurations
$i-+p, when all dpi are non-zero (the least desirable situation
from our point of view), can be found readily: it is equal to
the product of the number of occupied orbitals N and the
number of vacant orbitals M—N. As a rule the number of
spin—orbital basis functions M is equal to or almost equal to
twice the number of electrons 2JV. With increase in the size
of the molecule, i .e . with increase of N, the maximum possible
number of configurations N(M—N) sJV2 therefore increases in
accordance with a quadratic law. It is found that there
always exists a set of orbitals which the number of con-
figurations is significantly smaller than and does not exceed
the number of electrons in the system, i .e . varies linearly
with N. It has been shown1*2 that the most compact set of
this kind is the set of natural spin—orbitals of the excited
state $*.

In the general case the natural orbitals of a certain state
are the eigenvectors of a one-particle density matrix Pi of
this state1 1 . In terms of the Hartree—Fock approximation,
Pi = p, so that the spin—orbitals \<pi> are natural for any set
of occupied molecular orbitals. The Tamm—Dancoff approxi-
mation (3) is characterised, in accordance with the work of
Luzanov17 and Mestechkin and Gutyrya27 , by a density
matrix p1 of the type

p* =- p + D2 (p© — p). (9)

The definition of the matrix D in form (7) makes it possible
to find the identity Dp = P Q D , whence it follows, taking into
account p2 = p, that the occupied and vacant orbitals can be
selected from the very beginning in the form of natural orbi-
tals of the excited state investigated, because

PJP = PPJ-

The natural orbitals are at the same time the eigenvectors of
the matrix D2.

This type of natural orbital will be designated by |<J>a>, if
N

it is occupied in the ground state $ , i .e. p = l_ \<$>a
><!ba\ anc*

by |(j'jv+a> ^ t n e natural orbital is populated only in the
excited state. The matrix D then assumes the following form
in terms of the basis set of the natural orbitals introduced1*2:

D= (10)

where the quantities da are the new configurational coeffi-
cients in the expansion of <3>* in terms of (natural) configura-
tions :

(11)
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Here $a+w+a is formed as a result of the substitution of the
natural occupied spin orbital | <\>a> in the main determinant $
by the vacant orbital |<f>jv+a>. It follows from Eqns.(lO) and
(11) that the number of natural configurations never exceeds
the number of electrons N; the transition to natural orbitals
therefore sharply reduces the number of excited configura-
tions and significantly simplifies the analysis of $*, which can
now be concentrated on only N values of da and not on N2

coefficients dp j . This reduction of the number of configura-
tions (without a change in the overall wave function $*) is
clearly illustrated by the scheme of transitions in Fig.l.

2'
i

i

1 i

1

2'-

MO natural orbitals

Figure 1. Decrease of the number of configurations on
passing to natural orbitals of the excited state.

Fig.l shows that, in the representation of the natural orbi-
tals, all the cross-configurations l-> 2', 2->- 1', etc. are
missing; the excitation is described by the set of only the
"diagonal" one-electron transitions l-»- 1', 2-> 2' , etc. with the
amplitudes d1; d2, etc. The numbers di, . . . , da, . . . , dj\/
are obtained from the matrix of the old configuration coeffi-
cients d = |!dpi || by a kind of diagonalisation of this generally
rectangular matrix, so that the number of non-zero terms of
expansion (11) is equal to the rank rSN of the matrix d:

| < D . ) = (12)

The number r is also an invariant characteristic of the
matrix d, which remains constant in all the transformations
of the basis set. In certain simple cases the rank of the
matrix d is easily calculated and can yield direct information
about the true nature of the configuration interaction.

As an example of this kind, we shall consider an excited
state in which all the configurations $i->.p are represented
with the same weighting factor determined by the normalisa-
tion:

In this connection it is desirable to have a simple numerical
characteristic which would indicate the number of significant
configurations which cannot be reduced by any transforma-
tions. The average rank r of the matrix d, in which each
natural configuration $a->^+a is included in proportion to its
weighting factor d^, can be used as such a quantity. An
explicit expression for the average rank has been obtained28'1*'*:

(14)

and a series of simple inequalities for Sp D1* guarantees that
the number F is between unity and the usual rank r of the
matrix of configurational coefficients:

l<r<;. (15)

The natural nature of inequality (15) justifies the term
"average rank" for the quantity defined by Eqn.(14). With
the aid of Eqn.(14), it is easy to calculate the average rank
of state (13) and to show that in this case r = 1.

On passing to configurations with a regular spin symmetry,
the matrix D is replaced by the spin-free matrix Do and the
average rank is always proportionally doubled as a result of
the spin multiplier ( |a( 1)3(2) >+ |3(l)a(2)>)//2 used in the
construction of the singlet and triplet configurations. It is
therefore convenient to introduce the spin-free rank K,
which has been called1*1* the delocalisation number, defined by
the relations

(16)

where r0 is the rank of the matrix of the corresponding spin-
free configurational coefficients, which does not exceed the
number of spin-free occupied or vacant molecular orbitals.

We shall calculate, for example, the delocalisation number
of the excited state Blu of the TT-electron shell of the benzene
molecule, where, in accordance with the study of Mestechkin
and Gutyrya27, we have in terms of the basis set of atomic
orbitals,

A =
\y i i
l y l
1 1 y

( 1 7 )

Here the first block refers to the set of atoms in the 1-, 2-,
and 3-positions and the second refers to the remaining atoms;
y is the parameter of the configurational mixing equal to —2
for the Huckel solution, to —1.620 for the singlet, and to
-2.818 for the triplet. Calculation by Eqn.(16) yields

(17')

(13)

It would appear that this is the extreme case of the maximum
possible configuration interaction. Subject to condition (13),
the matrix d assumes the following form:

d=

1 1 . . . 1
1 1 . . . 1

1 1 . . . 1

Evidently its rank is unity. Consequently the outwardly
widest superposition (13), with the aid of which the idea of
the delocalisation of transitions has been illustrated1*3, can
be reduced to only one determinant by a unitary transforma-
tion of vacant orbitals and orbitals occupied to different
extents!

Table 2. The delocalisation numbers of the transitions
corresponding to the a-, p- , and (B-absorption bands.

Molecule

Naphthalene
(Naphthalene)2+
Anthracene

(Anthracene)2+

a

2.09
1.51
2.17
1.50

p

1.34
1.19
1.19
1.12

p'

1.68
1.57
1.66
2.36

P

2.01
1.56
2.02
1.57

Molecule

Perylene
Aniline
Benzonitiile
p-Aminobenzo-

nitrile

a

2.11
1.61
1.97

1.86

p

1.13
1.38
1.42

1.21

p'

5.15
1.82
1.85

2.14

H

2.84
2.00
2.00

1.82

For the Huckel solution, we obtain the natural value K — 2
and, when account is taken of the electronic interaction, we
have K( ^ ^ = 2.04 and <( 3B1U) =2.94. As a result of
symmetry, all the remaining iT-transitions in the benzene
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molecule correspond strictly to two configurations, since the
matrix relation DQ = 4DJ holds for them. Taking y to infinity
in Eqn.(17'), we obtain the maximum possible delocalisation
number K = 3 for Eqn . (17).

The delocalisation numbers for the lowest transitions in a
series of conjugated hydrocarbons have been found"*1*
(Table 2). Table 2 permits the following conclusions. All
the lowest transitions involve a small number of configura-
tions, the number of natural configurations not exceeding
five. In uncharged systems the p band (the B^u state)
corresponds as a rule to virtually only one configuration,
while the a and 3 bands (the B+u states) correspond to at
least two configurations. This is consistent with the
familiar qualitative picture of the transitions used for alter-
nant systems'*5 (Fig. 2).

z'- 2'- J_

*(&lu ) x *1~

Figure 2. The principal one-electron transitions involved
in the formation of the lowest excited states of alternant
hydrocarbons.

For ions and substituted aromatic hydrocarbons, the
alternant property disappears and the degree of delocalisation
of these states diminishes. Table 2 also shows that the
second transitions involve a higher degree of delocalisation
compared with the first transitions of the same symmetry,
i .e. the expansion of the set of configurations has a greater
effect on the second and higher transitions than on the first.

One should note that the delocalisation numbers character-
ise not only the multiconfiguration nature of the excited state
but also the degree of deviation of the excited state from the
ground state. Indeed, the sum of squares of the changes in
the charges and bond orders on excitation, which is the same
as the quantity Sp ( p1 — p)2 = Sp D1* = 1/K, can serve as a
characteristic of this deviation. Therefore, the higher the
delocalisation number K, the smaller the overall changes
undergone by the molecular system as a result of the given
excitation. In particular, those spectroscopic properties
which are caused by changes in the electron density at the
atoms (dipole moment, the influence of the substituent, etc.)
should have the greatest influence on transitions with low
delocalisation numbers. From this follows, for example (in
conformity with the available experimental data1*6), a higher
sensitivity to chemical substitution of the virtually one-con-
figuration p bands than that of the two-configuration a and 3
bands. These factors can apparently also account for the
greater polarisability of the excited p states, observed in the
calculations'*7, compared with the a states of aromatic hydro-
carbons .

IV. THE METHOD OF EXCITATION LOCALISATION
NUMBERS

While the degree of delocalisation of the transition is more
in the nature of an "internal" than a purely theoretical
characteristic necessary for the complete understanding of

the structure of the wave function of the excited molecule,
the localisation of the electronic transition plays a direct role
in the interpretation of spectroscopic and certain other
physicochemical experiments. The possibility of a real
localisation of the excitation at individual fragments of the
molecule is closely related to the additivity of a series of
molecular properties described by the usual perturbation
theory.

Suppose that the excitation is each time sufficiently local-
ised at a particular group of atoms A. Then a certain
observed property of the molecule, modelled as a second-
order effect of the perturbation theory (polarisability, dia-
magnetic susceptibility, etc.)

can be represented by the sum of the contributions in terms
of the fragments into which the molecule has been subdivided
and in which each excitation $Sj.a^is significantly concentrated.

From the standpoint of the molecular orbital theory, it is
to be expected that both occupied and vacant orbitals will in
this case also be localised at individual atoms and bonds,
which necessarily leads to the localisation of all possible
transitions. Such localisation of orbitals is indeed possible
but by no means obligatory. It can occur, as a rule, in
saturated systems and this feature has been demonstrated by
Lennard—Jones and coworkers for saturated hydrocarbons
with a high degree of symmetry, while in the general case it
has been demonstrated by Ruedenberg and coworkers"* (see
also Bazilevskii1*8).

However, in conjugated systems the additivity of proper-
ties of the type #(2) does not obtain, which indicates the
impossibility of identifying all transitions with local transi-
tions. This means that the localisation of the IT orbitals is
less extensive and the interaction of approximately localised
orbitals cannot be neglected1*'5'13. Therefore in the case of
7T systems it is difficult to expect the concentration of exci-
tation at individual bonds. Nevertheless, in many instances
large molecular fragments can be responsible for particular
transitions. This factor has been frequently noted by
spectroscopists12'1*952 and required a theoretical interpreta-
tion. A logical quantum-chemical analysis must therefore
extract directly from calculated data information about the
localisation of transitions characterised by a readily calcu-
lable quantity. Until recently such a characteristic was not
available and investigators usually confined themselves to a
qualitative observation of the local nature of the transitions
on the basis of the form of the molecular orbitals, provided
that these orbitals had been localised beforehand (to the
extent that this is possible)53'51*, or on the basis of the
charges and bond orders, etc.1*0'55

The abandonment of the traditional orbital analysis and its
replacement by the study of the transition density matrix D
enabled Luzanov et al.1*2 to put forward a logical quantitative
characteristic of the localisation. We shall consider in
greater detail the fundamental ideas of the above study1*2 and
the subsequent investigations56"60. As usual, we shall adopt
the sum of squares of the moduli of the expansion coefficients
c^i of the orbital |<j>j> in terms of the atomic orbitals \xil

>'
referring to the fragment A investigated, as a measure of the
degree of localisation of the molecular orbital. This quantity
will be formulated thus:

U (q>,) = (18)

assuming for simplicity that all the quantities are real.
If we are dealing with a one-electron transition of the type

$i-+p, then the localisation of the excitation of the fragment
A can be naturally regarded as equally legitimately associated
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with the localisation of both the occupied orbital
vacant orbital ,>, i . e .

U = j (LA (cpP)).

and the

(19)

The coefficient 1/2 was introduced so that the sum of LA and
Lg, where B is the remainder of the molecule, was unity.
The localisation number LA introduced in this way represents
the degree of involvement of the fragment A in the resultant
excitation. If the molecule has been divided into a number
of fragments larger than two, then a set of localisation num-
bers {Lj±}, corresponding to the number of fragments,
appears; these are also limited by the natural normalisation
condition

' (20)

where the sum with respect to A is the sum with respect to all
the fragments into which the molecule has been subdivided.
In the limiting subdivision of the molecule into atoms, atomic
localisation numbers L^ arise, which we shall also refer to as
the excitation indices. It is evident that

(21)

The scheme described is in principle fairly natural and is in
fact convenient for the analysis of one-configuration excited
states.

We shall now consider the possible ways of extending it to
the case of multiconfiguration excited state of type (3). A
generalisation of the numbers LA , which would take into
account, with the aid of Eqn.(19), each configuration $j-vp
in proportion to its weighting factor dJ^, becomes immediately
apparent, namely

(22)

However, the numbers defined by Eqn.(22) suffer from a
significant defect—they are not invariant relative to the
transformation of the basis set of occupied and individually
vacant molecular orbitalst. It is possible to eliminate this
ambiguity by changing Eqn.(22) to the basis set of natural
orbitals, which at the same time significantly simplifies
Eqn.(22):

' ' (22')

Using the explicit form [Eqn.(10)] of the Hermitian transition
density operator D in terms of the natural basis set, we find
an alternative form of Eqn.(22):

U = (23)

Eqn.(23) does indeed exhibit the required invariance, because
the transition operator D is, like the matrix p for the ground
state, a fundamental invariant of the excited state (3). The
requirement that LA should be positive and the normalising
condition (20) are satisfied automatically, because the matrix
D2, has been defined as a non-negative quantity and the nor-
malisation of $* yields Sp D2, = 1.

t Numbers of the type defined by Eqn.(22) have been
introduced by Ohta et al.61 to describe the localisation of the
transition.

If each atom supplies several orbitals of different types
(ir, a, etc.) to the valence shell, then the summation in Eqn.
(23) must be carried out with respect to all the valence orbi-
tals of the atoms of the fragment A. Accordingly, in calcu-
lating the excitation index of the atom L^, it is necessary to
sum the elements D2 for all the orbitals of each atom.

The choice of the quantity defined by Eqn.(23) as a mea-
sure of localisation was proposed by Luzanov et al.1*2 on the
grounds of other considerations. Namely, the localisation of
the excitation was described in terms of the operator modulus
of the change in the density matrix on excitation:

| A p | = | p ' l - p | = l(pi —P)2J' (24)

which is exactly identical with the D2 matrix in the Tamm—
Dancoff model. The numbers LA therefore automatically take
into account the changes in both the charges and bond orders
on excitation. In this connection, we may note that the
employment in estimating the degree of localisation of the
transition of only one of the above components, for example,
only the changes in the charges, is not justified and the new
quantity introduced on this basis59 is not well founded.

With the aid of the quantities LA in the form defined by
Eqn.(22'), one observes immediately the fundamental role of
the natural orbitals also in the localisation problem. Suppose
that the excitation is almost fully localised at the fragment A,
i .e. LA s 1. Then, by virtue of the normalisation property
Ed^= 1, we must have LA($a->N+cJ = 1- Consequently
^ A ^ a ) =LA(<t>N+a) s 1; *n other words, if the excitation is
localised at a certain fragment, then the natural orbitals of
the excited state are also localised at this fragmenthl. The
natural orbitals as it were draw the excited electron cloud
precisely to those sections of the molecule where the given
excitation is largely concentrated. As regards the Hartree—
Fock molecular orbitals, this claim is generally speaking
invalid, so that the analysis of the degree of localisation of
molecular orbitals can yield a distorted idea about the true
nature of the distribution of the excitation.

A higher degree of localisation of natural orbitals compared
with the molecular orbitals is manifested particularly clearly
for the nIT*-states, where, as a consequence of the usual
smearing of the n orbitals, the molecular orbital method can-
not explain the experimental localisation of the excitation in
the sections of the molecule adjoining the heteroatom which
has an unshared electron pair12'1*9. The localisation num-
bers, defined by Eqn.(18), of the lowest vacant IT* molecular
orbital and the natural orbital TT^O, to which the electron of
the unshared pair is transferred on excitation, are given
below:

The numbers were taken from Luzanov and Pedash60. Evi-
dently the degree of localisation of the natural orbital at the
carbonyl group is a factor of two greater than the corre-
sponding quantity for the TTX molecular orbital and reaches
90%. The use of the quantity defined by Eqn.(23) for car-
bonyl compounds made it possible60 to estimate quantitatively
the degree of localisation of the nu* excitation at C=O, which
was found to diminish in a series of aromatic compounds
investigated with increase in the size of the TT system and
amounted to LQ=Q = 0.88—0.95. The decrease of the degree
of localisation of the HTT* transitions involving the carbonyl
group as the conjugated system expands had been observed
experimentally in a previous study62.
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It is significant that the determination of the numbers LA
from Eqn.(23) as well as the determination of the delocalisa-
tion numbers defined by Eqn.(16) do not require a special
construction of natural states. It is sufficient to construct
from the known configu rational coefficients dpj and the
LCAO-MO coefficient c ^ a matrix Do in terms of the atomic
basis set, the elements of which can be identified with the
quantities (n is the number of occupied molecular orbitals
and m is the number of atomic orbitals)

(25)

Then one determines the atomic (orbital) excitation indices
from the formula

° i2 (26)

and hence also the localisation numbers defined by Eqn.(21).
In the methods for the calculation of the electronic spectra of
molecules with the aid of the superoperators A or II discussed
in Section II, the matrix Do is usually calculated immediately
in terms of the atomic basis set simultaneously with A, so
that the computational stage (25) becomes superfluous.

V. ISOLATION OF TRANSITIONS AT INDIVIDUAL FRAG-
MENTS AND MOLECULAR STRUCTURE

The relative simplicity of the calculation of the localisation
numbers LA and the clarity which they introduce into the
interpretation of the electronically excited states permitted
the analysis of the localisation of excitations for many molecu-
lar structures of an arbitrary degree of complexity56"58'63.
With the aid of these calculations, it is natural to consider
certain structural-chemical features, the presence of which
favours the preferential concentration of excitation at an
individual molecular fragment. Experimental studies, which
stimulated such investigations, have been discussed in
detail12'"9-52.

Numerous calculations have confirmed the natural hypothe-
sis that a significant factor in the localisation of excitation
at an individual section of the molecule is the asymmetry of
the molecular structure. Indeed, for a combined system
A +B, the type A excitation operator is described by the
block supermatrix | |AAB,CDII> t n e diagonal blocks A^A,AA
and AgBBB of which characterise the excitation of the frag-
ments A and B respectively and the blocks AAB,AB a n d

'lBA,BA characterise states with charge transfer from A to B
and conversely, while the non-diagonal blocks A A A . A B ' e t c *
include the interaction between them. In the case of a weak
interaction between the fragments, the approximate solutions
(11) can be represented approximately by transitional
matrices of three types generated by the corresponding dia-
gonal blocks A :

D
[I 0 D A E

I DAB 0 (27)
As a result of th is , we have either L A = 1, or L B £ 1, or even
LA ~L B = 1/2 [see Eqn. (23)] .

The first two cases correspond to the concentration of
excitation alternately first in one and then in another frag-
ment, while the third corresponds to excitation throughout
the molecule, the first two solutions of Eqn.(27) being valid
only when the fragments are non-equivalent, i . e . when the
A t B system is asymmetric. On the other hand, if B is a
copy of A and the symmetry of the system is not below C2 ,
then solutions which have the correct symmetry are

0 DB

which evidently leads to a uniform localisation LA = L g = 1/2.
Asymmetry is in fact the physically well-founded s t ructura l
factor which distinguishes the so-called crossing conjugated
systems where investigators sought, not without justification,
quasi-autonomous excitation regions 5 1 ' 5 2 . We may note that
formally the same causes are responsible for the appearance
of localised excitations in a molecular c rys ta l , where the
absorption bands of individual molecules are observed instead
of exciton bands , but in the solid the asymmetry factors are
the local deformation of the crysta l , the presence of impuri-
t ies , and defects, etc.6if

Proceeding now to specific i l lustrations, we shall consider
initially the excited states of the styrene molecule Ph—CH=CH2.
According to estimates in the l i tera ture 5 6 ' 5 8 , one may claim
that the first transition involves mainly the phenyl group ,
since Lp n = 0.92, while the second transition involves the
molecule as a whole ( L p n = 0 . 6 4 ) . The same interpretation
follows also from experimental data which have been discussed
in detail in a monograph 50#.

An apt example of the s t ruc ture containing two equivalent
fragments which can be joined symmetrically and asymmetri-
cally is provided by the binaphthyl system Nh—Nh:

(28)

Evidently, for all transitions in the first molecule
= 1/2, while in the second it is most likely that

Specific calculations showed that, in the first excited
state of the asymmetric 1,2'-binaphthyl, we have L^h =0.63,
i.e. there is an almost uniform distribution of excitation, the
second transition involves mainly the 3-naphthyl group
(Ljvjni = 0.16), and, finally, the third transition is almost
entirely concentrated in the first fragment (L^K = 0.94).
Thus, in this example all three situations illustrated in
formula (27) are clearly manifested. Another asymmetric
structure is that of a-phenylnaphthalene, the values of Lp^
for the first three electronic excitations of which are respec-
tively 7, 15, and 88%. Finally, in the compound

OH—<^~\ <^~\—NH, (29~>

even a slight asymmetry (Ois almost equivalent to N) leads to
a sharp non-equivalence of the fragments in the first excited
state (a-band)—95% of the entire excitation has been
"collected" in the aniline fragment. These examples could
be continued.

However, for asymmetry to have an effect in the direction
indicated, it is necessary that the fragment should be weakly
coupled, which obtains when the fragments are joined in the
"minimal" manner, i .e. by only one bond (on dissociation of
this bond, the molecule breaks up into at least two compo-
nents). In the theory of graphs, such structures are
assigned to graphs with edge connectivity 1 (graphs with a
bridge). All the systems mentioned here belong to this type.
In such systems the requirement that the interaction between
the fragments is negligible compared with the overall inter-
action within the fragments, essential for the autonomy of
the fragments6, is readily fulfilled.

The 1,3-diphenylbutadiene molecule, where it is natural to
distinguish three sections

Ph—CH=CH—C=CH2

(A) |
Ph
(C)

(30)

# In contrast to the second band, the first band is hardly
displaced following chemical substitution in -CH=CH2.
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has a remarkable structure as regards the non-equivalence
of the fragments. The TT-electronic excitation for the first
two singlet transitions is very highly localised at the A +B
fragment (LA+B —0.959 and 0.999 respectively), while the
next two transitions are localised at the B +C fragment (0.997
and 0.892). These data were obtained by Luzanov et al.,1*2

while those for the keto-derivative of compound (30), called
a chalcone, were obtained by Sukhorukov et al.59 Example
(30) illustrates an additional structural-chemical factor
favouring localisation—the presence in the 7r-system of a
branch associated with the bridges of the graph, which in
chemistry is sometimes referred to as cross-conjugation.

When the edge connectivity of the graph exceeds unity,
rigidly bound systems of the type of condensed hydrocarbons
are produced. Even when the fragments are differentiated
within such molecules, the strong interaction between them
via two or more carbon—carbon bonds significantly weakens
the autonomy of the fragments on excitation. Nevertheless
some non-uniformity is manifested in the distribution of exci-
tation at the level of individual atoms. It has been shown57

that under these conditions it is convenient to employ atomic
excitation indices L^ for the analysis of localisation. For
example, in naphthalene and anthracene the following excita-
tion index diagrams correspond to the two lowest energy
transitions:

(31)

where the numbers in the upper half refer to the a band and
those in the lower half refer to the p band, the arrow indi-
cating the direction of polarisation of the transition. Com-
parison of the 1- and 2-positions of these molecules shows
that the difference between the polarisations of the transitions
of the a band (in the direction of the long molecular axis) and
the p band (in the direction of the short axis) leads to the
accumulation of excitation in the direction of polarisation.

However, for T—T transitions this tendency is non-obliga-
tory. For example, it has been reported38 that the 3B2u~*3Big
(in the direction of the long axis) and 3B2u-

y3Aig (in the
direction of the short axis) transitions in anthracene can be
represented by the following localisation diagram:

0.106 0.099

(32)

which shows that, despite the opposed polarisations of the
bands, the excitation is localised in the direction of the short
axis.

It has been suggested57 that the excitation indices L^ in
alternant systems be used to estimate the spectral shifts
(AA)M following the introduction of weak substituents X in
the u-position:

(AX),= K^LV. (33)

The spectroscopic substituent constant Kx was fitted on the
basis of data for the corresponding benzene derivatives,
where by virtue of symmetry L^ — 1/6. Conversely, it is
possible to find by Eqn.(33) empirical localisation indices
from the values of Lp in an arbitrary alternant molecule and
the previously determined substituent constants. For the
naphthalene a band, the empirical Ly are Lx = 0.081 and
L2 = 0.108, while for the phosphorescent ^ig-*- 3B2U transi-
tion we have L1 — 0.125 and L2 = 0.040. These figures agree
satisfactorily with the calculated values (0.091 and 0.109 for

3

Thus we can assume that diagrams of types (31) and (32)
make it possible to specify the substituent positions which
are most sensitive as regards spectral shift. In the singlet
case [formula (31)] one can therefore expect that the intro-
duction of a substituent in the direction of the polarisation
of the transition displaces the energy of this transition to a
greater extent than the energy of the perpendicularly
polarised transition. This rule, based on experimental
observations, has been discussed12'65 and has been extended
to a triplet-triplet transition65. Diagram (32) shows, how-
ever, that this conclusion is by no means entirely general.

The influence of the insertion of a substituent X in the
H-position in non-alternant molecules can be estimated merely
with the aid of the first correction to the excitation energy
Au^1). Successive calculation of A,^1) shows that one of
the main contributions to A^1) is the term Aq(i-(Aa)x> where
Aqy is the change in the charge on the atom \x on excitation
and (Aa)x * s the c n a n g e in the Coulombic integral under the
influence of the substituent X. In systems with a non-uni-
form distribution of charge both bathochromic and hypso-
chromic shifts can therefore arise1'6. For example, according
to Godfrey and Murrell66, reliable values of (AA)U for the
first excited state of azulene are available and are satisfac-
torily correlated with the calculated Aq,/6:

A\ (incm'l)

-1140 S20 -520

A similar correlation between hq^ and the values-of AJy1' cal-
culated exactly from the formulae of Luzanov et al.,67 on the
one hand, and the (AA)U for aromatic aza-hydrocarbons, on
the other, have been discussed by Vysotskii68. In this case
the excitation indices yield a distribution of excitation from
which it is possible to infer only approximately the most
reactive positions of the substituents in a given molecule
without specifying the direction, which is apparently deter-
mined by the sign of Aqu

56:

Excitation indices have found an unusual application in the
qualitative description of the intercombination transition
Si~~To. In the large molecules of aromatic hydrocarbons
the symmetries of the fluorescent and phosphorescent states
are the same. The spin—orbital coupling between these
states, involving the cooperation of specific molecular vibra-
tions, leads to the radiationless transition Si~~T0, which is
the main fluorescence quenching process in aromatic mole-
cules. An exact calculation of the probability of this pro-
cess is extremely difficult. In order to be able to draw
qualitative inferences, it has been suggested38 that one
introduce the excitation overlap structure factor^, which is
defined as the product of the excitation indices L)i(S0^Si) of
the fluorescent state Sx and the excitation indices L^iS^Ta)
of the phosphorescent state To as the quenching agent Sx:

?..->7Y>. (34)

the a band and 0.174 and 0.072 for the 2A
tion ).

lg

3B2U transi-

where the summation is carried out with respect to all the
atoms of the test system.

The factor 9* clearly reflects the likely assumption that the
spin-orbital coupling of the states Si and To is stronger the
greater the degree of involvement of each atom n simultane-
ously in the fluorescent and phosphorescent states. The
greater the factor 91, the greater the probability of the
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transition, and the lower the fluorescence quantum yield $^.
For molecules of a similar structural type, one may therefore
hope for a correlation between 9* and the reciprocals of the
quantum yields l/$y\ In the class of condensed aromatic
systems such correlation does in fact occur69:

Compound Tetracene Anthracene Pyrene Perylene

g> 0.271 0.121 0.091 0.088
1/cl̂ 9 0.58 0.38 0.17 0.13

In the case of a uniform distribution of excitations we have
9"= 1/m, in conformity with Eqn.(34), where m is the number
of atoms in the molecule. If such uniformity did actually
obtain, then, with increase of the size of the system, the
probability of the transition would fall and the fluorescence
quantum yield would increase. The non-uniformity of the
distribution over the atoms in the excited state is in fact
responsible for the greater overlap of the excitations and the
lower yield $f in tetracene (18 carbon atoms) than in the
anthracene molecule with 14 carbon atoms. The data for
polyphenyls show that9" is close to 1/m, since the decrease of
91 for these compounds is almost proportional to the increase
of the number of rings.

V I . ANALYSIS OF CHARGE TRANSFER IN THE METHOD OF
TRANSITION OPERATORS

In the discussion of the localisation of excitation in weakly
coupled systems two significantly non-equivalent possibilities,
reflected in Eqn.(27), were indicated: either the excitation
is localised exclusively at the fragment A or B or there is
excitation throughout the molecule, in which electrons, as it
were, oscillate between different parts (A and B) of the
molecule. Excited states of the latter type have come to be
called charge-transfer states. The transition to such an
excited state is as a rule characterised by a more pronounced
redistribution of electron density and by a marked increase
of the dipole moment (relative to the ground state) and hence
by distinct solvatochromic effects, which in fact makes them
attractive for spectroscopic investigation70 72.

Charge-transfer states can be realised in a virtually "pure"
form in excimers and charge-transfer complexes, whence
both the terminology and the methods of identification have
been taken73. Intramolecular charge-transfer is rarely
fairly complete and the need to estimate the relative contri-
butions of charge-transfer states led in its time to the
development of special computational methods differing from
the standard Pariser—Parr model. We have in mind primarily
the so-called "molecule in molecule" method, which was
initially developed by Longuet—Higgins and Murrell1'66 and
has found numerous adherents up to very recent times2'71*"77.
The essential feature of the method is that, having specified
a certain subdivision of the molecule into fragments A, B,
.... C and using the orbitals for the individual fragments,
one constructs the wave functions for the combined A +B +
... +C system. The basis set of N-electron functions
employed in this procedure consists of products, antisymme-
trised with the aid of the antisymmetrisation operator si,
comprising mainly the ground configuration ¥0 = C9?<J>A$B •••
$Q, where $A denotes the determinant made up of the occu-
pied molecular orbitals in the ground state in the fragment
A and of different types of locally excited molecular orbitals:

orbitals of only this fragment. In addition, all possible
charge-transfer configurations are introduced:

*FÂ B = ^O.tOi . . . Oc, . . ., OC->A =

<DC (35)

where the wave function of each fragment of the entire mole-
cule is replaced by a singly excited configuration or a super-
position of such configurations $j£ made up of the molecular

. . OC, (36)

in which the occupied molecular orbital of one fragment is
replaced by the vacant molecular orbital of another fragment.

In the basis set of the functions ¥0> {*A^ f*A+B 1 set up
in this way one diagonalises the overall Hamiltonian of the
molecule #A+B + .. .+C> t n e eigenvectors of which are identified
(on the basis of the increase of the energy) with the resultant
ground and excited states of the entire system. Since the
molecular orbitals of the fragments are not self-consistent
for the combined system, the resultant ground state com-
prises the locally excited states ^A and charge-transfer
states of the type ^ A + B ' apart from the ground configuration
Vo. Accordingly the excited states of the entire system
include a contribution from the ground configuration ¥0.
This factor leads to some inconsistency of the "molecule in
molecule" method for the analysis of the structure of excited
states in terms of the localisation of charge-transfer useful
to the investigator.

In the method of Baba et al.3 one begins with the Pariser—
Parr wave functions of the excited states obtained from self-
consistent molecular orbitals by the usual method of configu-
ration interaction (see Section II). However, the contribution
of charge-transfer states is estimated by a procedure similar
to that in the "molecule in molecule" method. Namely, having
selected for each fragment specific reference molecular orbi-
tals, for example, the self-consistent molecular orbitals of
these fragments, the coefficients of expansion of the func-
tions $* of type (3) for excited states in terms of the basis
set ^o^A'^A-^B^ a r e found by linear transformations of the
self-consistent molecular orbitals of the entire system into the
reference molecular orbitals of the fragments. Thus the
given method of analysis does not eliminate the difficulties in
interpretation associated with the method of Murrell and
Longuet-Higgins.

As a typical example of studies on electronic states in
terms of this approach, we shall consider data for the ground
and the lowest excited 7nT*-states of the aniline molecule78.
Charge-transfer states T^H ->Ph w* t n a n overall contribution
of 11.8%, reflecting the electron-donating function of the
amino-group when it is incorporated in the overall Tr-system,
are "imposed" on the ground state of this molecule. In the
first 7nr*-excited state the contribution of the above states
increases to 28.5%. In the second excited state the contri-
bution of ^NH2->Ph reaches 37.4%, but the ground configura-
tion f0 with a 6% contribution also appears. As a result, it
is difficult to understand how these figures reflect the charge
transfer proper on excitation, this being a consequence of
the lack of self-consistency of the reference molecular orbitals
of the individual fragments in relation to the entire system
made up of the given fragments. It is therefore difficult to
compare such contributions even for different excited states
of the same molecule. Apart from the cumbersome nature of
the methods described, the contributions obtained are not
invariant, because they depend on the form of the reference
molecular orbitals of the fragments.

We may also note studies53'51* where a set of orbitals local-
ised at atoms and bonds is used in the construction and
analysis of the Tamm—Dancoff excited state (3). However,
the approximate nature of the localisation of the molecular
orbitals, found by the Ruedenberg method or some other
procedure, permits only qualitative inferences, which, owing
to the lack of numerical characteristics, also hinder a com-
parative analysis of the excitations.

We shall now show how the problem of charge transfer is
solved in the method of localisation numbers described in
Section V. In order to extract the maximum amount of
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information, it is necessary to employ in this case, instead of
the Hermitian transition density matrix D, the overall one-
electron matrix T of the transition, which can be readily
expressed in terms of D, and the density matrix p of the
ground state, namely

x=Dp. ( 3 7 )

The excited state (3) can then be represented as the result
of the action of the operator (37) on the Hartree—Fock ground
state $ for each electron i:

The matrix elements T^V of the operator T in terms of the
atomic basis set can therefore be regarded as amplitudes of
the electron transfer from the atom v to the atom | j . Pro-
ceeding further to the spin-free quantities T0 and, putting,
as before, (T0)pv = T|iV> w e assume that the probability of a
jump of the excited electron from the atom u to the atom v is
characterised by the number

' ^ V = 2 T ^ . (38)

If we are interested in the probability IA-^B of the electron
transfer on excitation from the fragment A to the fragment B,
it is necessary to carry out a summation of the probability
defined by Eqn.(38) with respect to the corresponding atoms
(orbitals):

= 2 2 v (39)

The positive quantities defined by Eqns.(38) and (39) will be
called the charge-transfer numbers79'80. On the other hand,
if A = B , then Eqn.(39) is converted into the partial localisa-
tion number:

= 2 (40)

which describes the probability that the excited electron is
located in the fragment A, i .e. the probability of its local
excitation. In particular, for the local excitation of the atom
U we have l^ = 2 T 2

U = [ ( D O ) ^ ] 2 .
There exists a simple relation, established with the aid of

Eqn.(37), between the charge-transfer numbers defined by
Eqns.(39) and (40) and the localisation numbers defined by
Eqn.(23) and introduced previously:

I A = / A + 1 W ^ B + U ) , (41)

where B is a component of the overall molecule A +B in addi-
tion to A. If the molecule has been divided into a large num-
ber of fragments A + B + ... + C , then

L A =/ A + 1 / J ( /A-B + /B->A+- + 'A->C + /C-A). (42)

Thus the overall localisation of the excitation in a certain
fragment consists of the local excitation of the fragment
proper (the number 1A)» the charge transfer from the given
fragment to all the remaining fragments, and the reverse
transfer from all the remaining fragments to the given frag-
ment. This conclusion is quite natural, because charge-
transfer states involving simultaneously two fragments cause
a rearrangement, on excitation, of the electron shells of the
fragments and make a specific contribution, like local exci-
tations, to the overall distribution of the excitation in the
molecule.

An important feature of this approach is the fact that the
introduction of the transfer numbers defined by Eqn.(39)
eliminates the discrepancy, noted previously, between the
charge transfer arising following the appearance of states of
the type ^ A ^ B and the observed charge transfer (the change

in electron density AqA in the fragment or the dipole moment
of the molecule on excitation). Eqns.(9) and (37) permit the
claim that the following relation is valid for the molecule A + B:

A<7A = /B-A—/A^B, (43 )

while for the system A + B + ... + C we have

AgA = 2 (*B->A—/A-»B). (44)

Eqn.(43) implies that an increase of electron density in the
fragment A takes place only at the expense of states involving
charge transfer from the remainder of the molecule to the
fragment A, while states with electron transfer from A to the
remainder of the molecule merely decrease AqA • In other
words, the transfer numbers IA-*B anc* *B-»-A represent a kind
of virtual charges of opposite sign, which are induced in the
fragments following the excitation of the neutral molecule.

Thus AqA is a difference characteristic of the charge trans-
fer and in the general case it can therefore yield only indirect
evidence concerning the "charge transfer" nature of the
excited state. Only in the case of an absolutely strong donor
or acceptor does one of the components of Eqn.(43) disappear
(*B->-A f° r t n e donor and IA+B for the acceptor) and Aq^ is
equal to the contribution of the charge states (^A->B o r B̂-»-Â *

In alternant systems Aq^ = 0 for any fragment, since, in
conformity with the parity theorem, the excitation of such
systems does not cause any changes in the charge density27.
Hence follows also the finding that the charge-transfer num-
bers associated with transfer in opposite directions OA->-B and
*B-»-A) a r e the same. The contribution of the charged states
of alternant molecules can therefore be characterised by the
overall quantity ?AB = ^A-»-B' ana- *n t n e general case we have

/AB=/.^B + /B,A. (45)

A method based on the employment of only the transition
matrix D has been proposed80 for the estimation of the over-
all charge transfer defined by Eqn.(45). The results of the
calculation of ?AB by the two methods usually yields similar
values.

We may note that, by analogy with the theory of excitons,
locally excited states UAB = 0) can be naturally referred to
also as small-radius excitations while charge-excitations
involving the entire molecule OAB = D c a n be called large-
radius excitations.

We shall now consider the results of the calculation of the
charge-transfer numbers for specific hydrocarbon systems.
For the a-, p - , and $-bands of biphenyl, these quantities
have the following values:

a
43
14

p

31
38

P
5

90

Evidently the a-band is caused by the small-radius excitation
and can be identified with the benzene absorption band81, in
the p-band the contributions of the charged and locally
excited states are comparable, while the large-radius excita-
tion and hence the strongest linkage between the fragments
correspond to the g-band. Naturally the asymmetric intro-
duction of substituents into biphenyl leads to the removal of
"degeneracy with respect to localisation" for the a-band and
this results in the isolation of this excitation in one of the
benzene rings; as a consequence of the strong interaction
between the rings, the excitation involving the molecule as
a whole persists for the p - and g-bands. The example of
the 4-amino-4'-hydroxybiphenyl molecule [formula (29)]
examined in Section V is fully consistent with this interpre-
tation .

The similarity of the biphenyl a-band to the benzene band
is manifested by the fact that the atomic localisation indices
L^ can be inferred fairly accurately from the values of Ly
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for the corresponding band in the benzene spectrum, where
all the L|j are 1/6 by virtue of symmetry. Then, having
superimposed two diagrams of the benzene molecule and
having renormalised the resulting numbers to unity, we find
that all the LM should be close to 1/12 s 0.083. Direct
quantum-chemical calculation yields a diagram close to this
uniform picture:

In terphenyl the a-band is also of the benzene type, but
the central and lateral rings are not equivalent, since the
excitation can be regarded as the result of alternate benzene-
type excitation of two biphenyl fragments, or more precisely

(46)

The central ring therefore contributes to the resultant exci-
tation twice as much as the side rings, which can be repre-
sented by means of a scheme in which the indices L^, arising
in this description, are indicated on top and the values cal-
culated by Eqn.(25) are given below:

(47)
0.114 0.042 0,023

In the spectrum of the same molecule the p- and B-absorption
bands are characterised by charge-transfer number diagrams
similar to those for biphenyl:

The existence of a benzene-type a absorption band in the
spectra of polyacenes indicates the possibility of a structural-
chemical description of the corresponding excitation similar
to that in formula (46). However, owing to topological fea-
tures of such systems (marked edge connectivity), their
molecules cannot be subdivided into a set of non-intersecting
purely benzene-type fragments. Alternate excitation of
superimposed benzene rings therefore corresponds to the
a-band. For example, in naphthalene we have

which gives rise to a diagram of Ly indices of the type

where the numbers below are empirical values estimated by
Luzanov and Umanskii57.

In higher polyacenes benzene-type absorption arises as a
result of the alternate benzene-type excitation of the naphtha-
lene fragment migrating throughout the molecule. For
anthracene and tetracene, this has the following implication:

= * * * * = * * * *

Thus, despite the rigid connectivity, in condensed hydro-
carbons benzene-type absorption is also of a local type and
therefore constitutes a small-radius excitation.

The study of the charge-transfer numbers in non-alternant
molecules due to the charged states which lead to the
observed physical effects, because l^+B ^B+A *s °f special
interest.

As an illustration, we shall consider the results of the
calculation of the a- and p-bands of benzene derivatives.
For aniline and benzonitrile, the charge-transfer number
diagrams have the following form:

while for p-aminobenzonitrile we have

(48)

The absence in some of them of an arrow from A to B implies
that the corresponding charge-transfer number ?A-»-B = 0 .

It is noteworthy that the charge transfer at right angles
to the polarisation vector of the transition is smaller than in
the case where the fragments between which charge transfer
takes place are located on a line parallel to the polarisation
vector. The a-bands therefore correspond to a less polar
transition than the p-bands (cf. the numbers K in Section
II). In the same case, when the fragments are linear in a
molecule with a symmetry of C2y and higher, the charge-
transfer number for a band polarised at right angles to the
line of the fragments become rigorously equal to zero owing
to symmetry factors, for example, in the case of
for p-aminobenzonitrile.

The case of p-aminobenzonitrile is of additional interest,
because this compound contains electron-donating and
electron-accepting groups simultaneously. As a consequence
of symmetry factors, the long-wavelength band reflects the
situation where there is no charge transfer whatever between
the donor and the acceptor, while in the case of the p-band,
which is identified as the charge-transfer band for molecules
of this kind, the degree of charge transfer between the
acceptor and the donor is smaller than the degree of charge
transfer from the amino-group to the phenyl group and from
the phenyl group to the nitrile group. However, since the
change in the charge on CN following excitation is 0.28 and
that on NH2 is approximately —0.36, it may turn out that the
charge is mainly transferred directly from the donor to the
acceptor. Furthermore, diagram (48) shows that only one-
third of the entire charge Aq ĵfj2 is removed in this way.
The assignment of the corresponding band as one associated
with charge transfer between the donor and the acceptor is
therefore somewhat arbitrary, although the polar nature of
such transitions, which are large-radius transitions, is
significantly greater than that of the more localised small-
radius transitions giving rise to a-bands. Additional illus-
trations have been published elsewhere79.

Valuable information about the local nature of the transition
can be obtained by considering the fine structure of molecu-
lar spectra12. Since electronic excitation is from the zero-
point vibrational level of the ground state to the vibrational
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levels of the excited state, the absorption spectra should
exhibit progressions associated with the frequencies of the
vibrational spectrum of the excited molecule and their inten-
sity should be proportional to the square of the overlap of
the vibrational functions of the ground and excited states.
As a result of the concentration of the excitation in a certain
molecular fragment, progressions generated by the charac-
teristic vibrations of the given fragment in the excited state
are the most intense. In the luminescence spectra one then
observes the vibrational frequencies of the fragment in the
ground state (corresponding to the infrared spectrum),
because emission usually takes place as a result of the tran-
sition from the zero-point vibrational level of the excited
molecule to the vibrational levels of the ground state.

We shall therefore consider the excitation diagrams for
acridone, the spectrum of which has been studied in detail82.
In the first excited singlet and triplet states the partial
localisation and charge-transfer numbers yield the following
distribution of excitations:

(49)

The degree of polarity of the singlet transition, treated as
the sum of all the charge-transfer numbers IAB(A *B) is
more than 50%. In the lowest triplet state, many of the pro-
perties of which are closer to those of the ground state than
to the corresponding excited singlet state, the degree of
polarity is smaller (26%). The vibrational structure of the
phosphorescence spectrum makes it possible to determine the
characteristic frequencies in the infrared spectrum of the
benzene ring and the carbonyl group; in the latter they are
not dominant (in contrast to nir*-phosphorescence). Diagram
(49) agrees with these observations—the local numbers for
the benzene rings (0.33) prove to be much greater than for
the carbonyl group (0.07).

We may note that the relation between the charge-transfer
numbers and the fine structure of the band in the electronic
spectrum is not unambiguous. However, one can assume that
the individuality of the fragments under the conditions of
pronounced charge transfer between them is lost, so that,
other conditions being equal, the manifestation of the vibra-
tional structure of the excited fragments is hindered.

The intensity of the corresponding transition is related to
the polar nature of the excited state. Strictly speaking,
theory does not predict a parallel variation of the degree of
charge transfer and one can claim that, if I^B = 1» i-e- there
is complete charge transfer, then the intensity of the ir-band
becomes zero. Complete charge transfer does not usually
occur and the intensity of the transition is influenced by the
topology of the molecule, its size, vibronic effects, intermo-
lecular interaction, etc. In the systems considered above
charge-transfer bands arose for transitions polarised in the
direction of the long molecular axis. Their intensity is
therefore greater than that of the a-bands polarised at right
angles and related genetically to transitions of purely benze-
noid systems, which are prohibited by the alternant proper-
ties.

For short-radius excitations, it is possible to establish in
many instances definite relations between the parameters of
the molecular shape and the intensity of the transition83.

In conclusion we shall state an analogue of formula (22') for
charge-transfer numbers, namely, in terms of the basis set
of natural orbitals, we have80 x= Eu^ * I <t>N+a><<J>a I: conse-
quently, the charge-transfer numbers defined by Eqn.(39)

can be expressed in terms of localisation orbitals defined by
Eqn.(19):

*A^B = V, HaZ-A (<Po)
4 L J

This representation does not hold in terms of the basis set of
canonical molecular orbitals, although attempts had been made
earlier to use the corresponding quantities in order to esti-
mate the degree of charge transfer61.

VI I . DISTRIBUTION OF EXCITATION ENERGY AMONG THE
STRUCTURAL ELEMENTS OF THE MOLECULE

We shall now attempt to elucidate in what way selective
localisation of excitation is related to changes in the proper-
ties of the molecule in the electronic transition. Apparently
marked isolation of excitation in a single fragment implies that
all the changes in the molecular characteristic SB on excitation
are associated precisely with this fragment, i .e . the corre-
sponding physical quantity hSB —S6*-S^ is, as it were, local-
ised in a given limited region of the molecule. In this con-
nection the study of the spatial distribution of excitation
energy assumes particular interest.

There is much experimental evidence for the possibility of
the preferential concentration of the transition energy \ = E * -
E at individual bonds or in other structural elements of the
molecules9. In particular, the photochemical instability of
the fragment is attributed to the localisation in the latter of
a considerable proportion of the excitation energy84.

The first attempts to explain what should be understood in
terms of the spatial distribution of the electronic energy were
made by Tatevskii85. However, the method of analogies
which he used did not enable him to obtain any specific
results, since the distribution of energy proved to be simply
proportional to the electron density. This conclusion should
have been surprising, since the energy of the system is
determined not only by the one-particle density matrix, but
also by the two-particle density, which averages the Coulom-
bic interaction between the electrons in the calculation of E.

It must be emphasised that in the steady state the quantum-
mechanical system possesses the total energy E observed in
direct experiments as a unique quantity and the assignment
to an isolated region of the molecule of a proportion of the
energy localised in this region constitutes a non-trivial pro-
cedure with a controversial physical interpretation86.

Strictly speaking steady states in which one could observe
simultaneously with E also a local energy US (r) concentrated
at a point r do not exist in the general case in quantum
mechanics. However, in principle the operator corre-
sponding to the required energy density ^ ( r ) can be set up
on the basis of rules developed in the quantum field theory,
where such an operator is known as the density of the
Hamiltonian M ( r) .8 7 Then, by calculating the average
value of 3$ (r) for the states of the system under investiga-
tion, we thereby obtain the required information about the
spatial distribution of the energy in this state. The applied
aspects of this approach88 become evident if one takes into
account the fact that regions with a low energy density (as
a negative quantity) are most likely to exhibit the highest
reactivity and the concentration of excitation energy (as a
positive quantity) in the vicinity of specific atoms in the
molecule indicates an increased photochemical reactivity of
these atoms.

In order to calculate <g(r), we should determine the den-
sity of the Hamiltonian as a Hermitian operator ffl(r), having
the following form in terms of atomic units87:

& (r) = V.V*+ (r) . VT|J (r) + U (r) ̂  (r) $ (r) + V, J ^ (r) i|>+ (r'J g (r, r') i|> (r') t (r) d r',
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where 1'+(r) and T(r) are the electron generation and annihi-
lation operators, the function U(r) describes a one-particle
interaction potential, and the function g(r,r') describes a
two-particle interaction potential. In conformity with the
approach adopted here, the required energy density s (r)
is obtained by averaging se (r) with respect to the state
investigated | $ > in terms of a secondary quantisation repre-
sentation :

The total energy of the system E is obtained by integration
with respect to the entire configurational space:

E= f « (r) d3 r.

After introducing the spin-free single-particle density matrix
P ( r | r ' ) a n d the two-particle density matrix R(T1,r2\r1tT2i)"

(50)

R (<•:, r2 11-;, i g = «D K + (r,) t|>+ (r,) if (r^ x\: (T[) | <D> ,

we find a more detailed expression for the density:

+ *\ g (r, r') R (r, r' | r, r') tPr'. (51)

In the special case of a system of non-interacting particles,
only the first term remains in Eqn.(51) and, when a one-
particle system is investigated, we have

where cp(r) is the wave function of the particle. Even in
this simple case 8 (r) differs from the electron density E |<p
by the momentum J(<P*p2<p— |pcp | 2 ) , where p is the momentum
operator.

We shall now turn to the details of the general formula (51)
for a one-determinant description of the ground state of the
molecule in terms of the Hartree—Fock approximation. For
this purpose we express Eqn.(51) in a more convenient form
by introducing the Hermitian energy density operator s in
the specified state |$> described by the overall density
matrices of type (50) with the spin variables pi and p2:

% = V* ([/>, Pil+ - 1 / 2 [ p , [ p , P l ] _ ] _ + Sp [g ( 1 , 2 ) , p 2 ( 1 , 2 ) ]+ ) ,
(2)

where the onp-particle Hamiltonian h = Jp2 + U has been intro-
duced. It can be readily shown that the diagonal elements
8 in the coordinate representation <r |<?"|r'> coincide exactly
with the energy density (51) and Sp £ =E. In terms of the

_N . .
Hartree—Fock approximation, p i = p = £ |i x i|> where \i> is

i = i
the population of the spin-orbital of the ground state and the
two-particle density p2(l,2) is given by an antisymmetrised
direct product: p 2 d,2) = A2p(l)p(2). Hence we find
immediately the structure of the energy density operator in
terms of the self-consistent field approximation:

l+-[p,[p,p]-U, (52)

where f = h + 2G(p) is the Fock operator of the many-electron
system investigated and G(X) = SpA2g(l, 2)X(2).

(2)
The distribution of energy among the structural elements

of the molecule, primarily atoms and bonds, rather than the
local density s (r) is of direct interest for quantum-chemical
purposes. The corresponding index can be determined by
integrating <y(r) in the region A investigated and leads to
the replacement of # (r) by the quantities s^ = <X\x
in terms of the basis set of the atomic orbitals x^ > a r

A ueA w '

We shall now consider the special cases #„ in terms of the
self-consistent field approximation [formula (52)]. Firstly,
for neutral states of alternant hydrocarbons, one can show
that, in terms of the iT-approximation, the contributions of
momentum to <s ^ become zero whatever the multiplicity of the
electronic energy state. Furthermore, neglect of the inter-
electron interaction in an alternant molecule is known to
result in the Huckel model, for which we obtain, taking into
account $ =hp = ph, the following index of the localisation
of energy & at the atom u, expressed in terms of the spin-
free bond orders P^v : s^ — &7j^a» where a represents only

centres adjoining \i. This is clearly none other than the free
valence index of the atom to within constant terms. Thus
the energetic indices & ^ extend the reactivity index to the
case of the Hartree—Fock description of arbitrary molecular
systems.

In the light of the foregoing, it is not difficult to find the
excitation energy density X(r), which we defined naturally
as the difference between the densities in the ground «?(r)
and excited <^*(r) =<$*|,3#(r) |$*> states. We shall adopt
the superposition of all the singly excited configurations, for
which the density matrices have been obtained17, as a fairly
adequate approximation for the excited state $* in relation
to the Hartree—Fock ground state $. The final result of the
calculation of A(r) = S*(r) - ^f(r) leads to the following exci-
tation localisation operator:

I = - V4 ([/ + A, D2K]+ + \G(DY), DY}+ - [G(D), D]_ +
+ 2[G(D2F),PI+-[p, [p, D«K]_]_),

the diagonal elements of which are the same as A(r) in terms
of the coordinate representation, while combinations of the
matrix elements in terms of the atomic basis set of type g'A
are the same as the indices of excitation at atoms and bonds.
In the stability matrix method we have a similar expression
but without the second anticommutator (Y = 2 p - I ) .

As for the ground state, in the case of neutral alternant
systems in the TT-electron approximation the momentum con-
tributions to the diagonal elements S. in terms of the atomic
orbital basis set disappear. If we then again resort to the
Huckel model, then the spin-free operator Xo reduces merely
to a single anticommutator, which can be readily transformed
into a product:

Xo=—[A, X X

where the subscript 0 indicates a spin-free quantity here and
henceforth.

We shall consider in the same systems a one-electron tran-
sition from the \i> orbital to the corresponding, in terms of
alternant symmetry, vacant orbital \i'>, i .e. Do = ( | i x i ' | +
\i' xi 1)7/2, and, on the basis of the theory of parity, the
one-electron energy is &'i = —&ii . It is then easy to
observe that X0(i-n') =2| | f l- |D2 and if we now introduce the
energy localisation operator as the operator \0 normalised
with respect to unity and the corresponding localisation
indices

Lo= 1/UO, L%=

we observe in this instance (A = 2 [#j |) the identity of Lo and
the matrix D2..

Consequently the energetic localisation indices L? for the
diagonal transitions i + V in terms of the Huckel approximati
are identical with the localisation numbers

approximation
described

§ The Huckel energy indices (without momentum contribu-
tions) have been introduced" on the basis of intuitive con-
siderations .
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above. The inclusion of electronic interaction in terms of a
self-consistent scheme for alternant systems causes an insig-
nificant deviation of L? from L^. However, in systems with
an inhomogeneous charge distribution the excitation indices
calculated from the operator Lo differ appreciably from the
quantities defined by Eqn.(23).

For non-alternant systems, one fundamental difference
between these operators is clearly manifested. In contrast
to D2 and despite the evident normalising property Sp Lo = 1,
the operator Lo is not in the general case defined as a non-
negative quantity and its diagonal elements are therefore not
definite. The possible negative sign of <XM \LO | X U

> can,
however, be interpreted as evidence for the existence of
regions in the molecule which are not loosened on excitation
but are actually stabilised to an even greater extent than in
the ground state. This factor makes the localisation indices
obtained from the energetic criterion particularly informative
as regards the photochemical aspect.

The localisation numbers L^ (above) and the energetic
indices LJ[ (below) are given below for the p - and 3-bands
of anthracene

and biphenyl

The above diagrams show that, on excitation to the 1B 2 u
state, the transition energy is distributed fairly non-uni-
formly among the atoms in the molecule, being concentrated
in the 9- and 10-positions in anthracene (approximately 40%
of the overall value of A) and in the 4- and 4'-positions in
biphenyl (>30% of A). Data for the photodimerisation of
anthracene and the Diels-Alder photoaddition89 show that the
atoms in the 9- and 10-positions are indeed photochemically
active in anthracene.

An example of excitations for which positive and negative
values of L^ are possible is provided by the intense long-
wavelength transitions (p-bands) in non-alternant molecules-
ben zonitrile and aniline:

The negative values of LJ[ for the CN group indicate the
photochemical stability of the latter. At the same time, the
ring carbon atom closest to CN is greatly destabilised
(LQ =0.66) and the chemical reactions in the excited state
should therefore involve primarily this atom. In fact there
is a tendency towards the photoaddition of trimethylethylene
to ben zonitrile in precisely this position89. On the other
hand, in aniline the outer NH2 group is the most active sec-
tion of the excited molecule and this feature promotes the
experimentally observed photoabstraction of hydrogen from
the aniline NH2.

90 The different signs of L^ in these mole-
cules are consistent with the opposite directions of the
charge transfer in them.

The uniform distribution of the excitation involving the
molecule as a whole leads to smaller energetic localisation
indices than for excitation isolated in a fragment and hence
excited molecules which are photochemically more stable. In
asymmetric systems the charge-transfer states are of this
kind, as stated in Section V. In excited charge-transfer
systems the photochemical stability is therefore higher than
for local excitations91.

The data presented in this review permit the formulation
in a specific form of the quantum-chemical aspects of the
concept of the "structure of electronic excitation".

The "internal" structure of the wave function $* describing
the excited state, namely the existence of the most important
invariant elements of $* of the type of independent singly
excited configurations, the determination of orbitals which
impart to $* the simplest form, etc., was studied in the first
place. The search for such invariant elements inevitably
leads to natural orbitals of the excited state which are recon-
structed anew for each electronic transition from the usual
self-consistent molecular orbitals of the ground state. Analy-
sis of model (3) yielded an important and somewhat
unexpected conclusion—the greater the number of natural
independent configurations in $*, the smaller the changes
undergone by the molecule as a whole on electronic excitation.
This assertion shows how the internal structure determines
the characteristic features of the external excitation structure
in model (3). Our analysis of the external structure was
concentrated on the study of the distribution of excitation
in the direct structural-chemical sense (in atoms, bonds,
whole fragments, etc.), on the elucidation of the physico-
chemical consequences of the selective localisation of excita-
tion in fragments, on the determination of the relation
between the localisation of excitation and charge transfer,
etc.

The localisation numbers Lp^ and lp±, the charge-transfer
numbers fA->B' a n ( i t n e energetic excitation indices L^ are
all quantities arising in the method of transition density
operators, which have demonstrated, in our view, a certain
elegance and clarity in the interpretation of the external
excitation structure mentioned above, which is important
primarily for applied purposes.

The range of problems in the solution of which excitation
indices defined by Eqns.(23) and (26) are used continues to
be extended. An attempt has been made to apply the exci-
tation localisation numbers in the analysis of data on the
photoisomerisation of stilbene derivatives92. Studies have
been made on the use of the indices Lp± and Ẑ B f° r n e w

classes of molecules93"96. Different analytical methods for
excited states have been compared97 and definite advantages
of localisation numbers introduced by Luzanov and co-
workers1*2'80, compared with similar numbers introduced by
other workers59 '61, have been pointed out.

Further efforts to generalise the above numerical charac-
teristics of the wave function <S>* (more accurate than in the
initial model), adopted in this review (superposition of all
singly excited configurations), therefore merit attention. One
of the versions of such generalisation has been discussed by
the present author in a paper80, where it was suggested that
the generalised matrix D2 be constructed by analogy with
Eqn.(34) using the normalised operator modulus of the change
in the one-particle density matrix |p*— pi | on transition
from the ground state, not necessarily of the Hartree—Fock
type, to an excited state, which does not necessarily reduce
to approximation (3).

The internal excitation structure could be studied in a
manner similar to the entropic analysis of wave functions con-
sidered by Bochvar et al.98 In terms of the applied aspect,
the application of the method of excitation indices'*2'79 to non-
conjugated molecules is not of interest solely as regards the
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u-electron model, which has been used in all the computational 22.
studies quoted in this review. Such are apparently the
likely prospects for the development of the methods of 23.
description of the electronic excitation structure of molecules
discussed here. 24.

25.

26.

27.

28.

29.
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