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Coupled Chemical Diffusion of Ions and Electrons in Non-stoichiometric
Crystals

V.N.Chebotin (deceased)

The theory of the coupled chemical diffusion of ions and electrons in SUMUS unaer tne imiuence ot the gradient of the degree of
deviation from the stoichiometric composition is described consistently on the basis of the phenomenological and statistical-
thermodynamic approaches. Within the framework of the model of non-interacting defects, the behaviour of crystals with the
following types of disorder is examined: Frenkel', structural, Schottky, Wagner, impurity, and electronic disorder. Account
has been taken of the influence of the degeneracy of the electrons. The main principles of the experimental methods for the
determination of the coupled chemical diffusion coefficient are described and the experimental data are compared with the
theory.
The bibliography includes 85 references.
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I. INTRODUCTION

Studies of diffusion processes in solids have already had a
history extending over a century. Nevertheless, the theory
of these processes is still far from being perfect. Perhaps
the only exception is that of the simplest type of diffusion,
namely self-diffusion, characterising the rate of migration
of species in chemically homogeneous substances. Con-
siderable advances in this field have been achieved as a
result of the employment of radioactive tracers which are
chemically indistinguishable from the principal atoms of the
material investigated.

However, when a more complex phenomenon is tackled,
namely the diffusion of impurity atoms in a chemically
homogeneous substance (heterodiffusion), considerable
difficulties arise owing to the need to take into account the
correlation factors as a consequence of the different mobili-
ties of the main and impurity atoms, the formation of differ-
ent kinds of associated species, etc. Finally, the picture
becomes very greatly complicated when one considers diffu-
sion in variable-composition chemical compounds (chemical
diffusion), otherwise referred to as non-stoichiometric com-
pounds. In non-stoichiometric ionic compounds of the type
Μ1 +βΧΓ, where r is an integer and δ the degree of deviation
from stoichiometry, the excess content of cations and ions
leads to the appearance of excess quasi-free electrons in
the conductivity band or of electron holes in the valence
band. When a gradient of the deviation from stoichiometry
exists in a compound of this kind, the chemical potential
gradients of both the metallic and non-metallic components,
Μ and X, under the influence of which the cations and anions
diffuse towards one another, are also present under these
conditions. The local electroneutrality of the specimen is
maintained by the equivalent flux of electrons. Such a
process is usually referred to as chemical diffusion but this
term requires revision. Strictly speaking, the term "chemi-
cal" refers to any diffusion in the field of chemical potentials,
including the mutual diffusion of the components of non-ideal
solutions. In a narrower sense the phenomena considered
in this review will therefore be referred to as the coupled
chemical diffusion (CCD) of ions and electrons in a chemical
field, due to the deviations of the composition from stoichio-
metry (DCS), and in the electric field arising owing to the

difference between the mobilities of species of different
kinds.

The most important characteristic of CCD is the coupled
chemical diffusion coefficient D, which is determined by the
combination of the coefficients of the random diffusion of
the cations and anions, the mobilities of the electron carriers,
and the non-stoichiometry parameters. All these quantities
are related to the defect structure of the crystal in different
ways. For this reason, comparison of the CCD coefficient
in the DCS field with other transport characteristics makes
it possible to construct models of the disorder in crystalline
bodies at the atomic level, which is one of the most important
tasks of the modern solid state chemistry.

Chemical diffusion plays an important and in many cases
also a decisive role in real processes accompanied by solid-
phase chemical reactions: processes involving the formation
of complex compounds from simpler compounds (the oxidation
of metals and the solid-phase synthesis of materials) and the
decomposition of complex compounds into simpler ones (the
isolation of metals from ores, the purification of materials,
etc.) and processes in which matter and electricity are
transported in the elements of control systems (solid elec-
trolytes and electrodes in microionics and electrochromic
materials in optics) and in power plants (electrolysers and
galvanic cells, thermoelectric converters, the electrodes of
MHD generators, etc.) .

A distinctive feature of the CCD in the DCS field relative
to, for example, the self-diffusion of labelled atoms is the
extremely high effective diffusion coefficients. Thus,
whereas at 1000 Κ the self-diffusion coefficients are in the
range 10"15-10"8 cm2 s"1 for the majority of crystalline
bodies, reaching 10~s cm2 s"1 only in structurally disordered
crystals (superionic conductors), the coupled chemical dif-
fusion coefficient (CCDC) of ions, for example, in silver
chalcogenides, is 10"1 cm2 s"1. Such high values of the
CCDC ensure an intense transport of matter for an insig-
nificant driving force, i .e. for a small gradient of the degree
of DCS.

The present review is devoted mainly to a consistent
description of the theory of the CCD in the DCS field on the
basis of ideas described in a monograph. 2 The methods for
the measurement of the calculated quantities are also
examined and the measured transport parameters of a series
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of non-stoichiometric compounds are briefly discussed. The
author did not attempt to give a detailed survey of the
experimental studies and confined himself to the most reliable
data. A more complete bibliography can be found, for
example, in a number of other reviews. 3~6

composition of the specimen, the chemical potential of the
species μ^ is a single-valued function of the concentration
Nfc, we can express νμ/c in the form

I I . PHENOMENOLOCICAL EQUATIONS

1. General Expressions

For the non-correlated diffusion in solids, where the
movement of carriers of different kinds is independent, the
flux of charged species of type k in the chemical (concen-
tration) and electrical field is defined by the Wagner equa-
tion 7

Here the flux is measured as the number of species passing
per unit time through a unit surface in a coordinate system
rigidly linked to crystal lattice sites. The symbol κ^
denotes the partial specific electrical conductance of such
species, q^ is their charge, and Vufc and \7φ are respectively
the chemical potential and electrostatic potential gradients.
The following expression is equivalent to the above equation:

Jk,— kT
(2)

where Nk is the concentration (number of k species per unit
volume) and D^ the "random" diffusion coefficient of the k
species linked to their electrical conductivity κ^ by the
Nernst—Einstein relation: 2

kTx.k = q\NkDk . (3)

In contrast to E q n . ( l ) , Eqn.(2) contains no charge in the
denominator and is applicable not only to charged but also
to neutral species (atoms, molecules, and defects) with
qk = 0.

By virtue of their phenomenological character, Eqns.(l) to
(3) are equally valid for two different methods of describing
the structure of defective crystals and the set of current
carriers present in them. 2 ' 1 3 In the first case the systems
of structural elements, where the mobile carriers are assumed
to be atoms or ions, may be adopted as a basis. The cor-
responding random diffusion coefficients of ions and elec-
trons are referred to as macroscopic.1 3 Eqn.(2) is applic-
able both in the absence of correlation (for example, for the
direct intersite transport mechanism and probably in struc-
turally disordered phases), where the values of D^ for
atoms and ions are identical with their self-diffusion coef-
ficients D* measured with the aid of radioactive isotopes,
and in the presence of a correlation effect. In the latter
case, the quantity D^ in Eqn.(2) is linked to the self-dif-
fusion coefficient by the Heyven relation8 Dk = f^D^,
where ffc is the correlation factor. In the second case,
which is preferable in the statistical description of trans-
port, the mobile carriers are assumed to be the atomic and
ionic or electronic defects in the crystal lattice differing in
their nature and also in their charge and energy state. The
corresponding diffusion coefficients are referred to as micro-
scopic 2,13

2. Neutral Species

Neutral species diffuse only under the influence of their
chemical potential gradient 7 \ΐ]ζ and their diffusion is inde-
pendent of the electric field. Assuming that, for the known

where â . is the thermodynamic activity of the k component.
Then Eqn.(2) assumes the form of Fick's first equation
Jk = -DfcVJV̂ · with an individual chemical diffusion coefficient
(ICDC) of species of type k: 2

where the multiplier

iVj (1μΛ d In ak

~kf dNk d In ΛΑΑ

( 4 )

(5)

represents the so-called thermodynamic chemical diffusion
factor. In the case of substitutional solid solutions, where

= const, and dlnN^ can be replaced by d l n c ^ , where

is the atomic fraction of atoms of type k in the corresponding
sublattice, Eqn.(5) becomes identical with Darken's equa-
t ion. 9

Eqns.(4) and (5) belong to the set of principal equations
of the modern theory of chemical diffusion and the calcula-
tion of thermodynamic factors is the central task in the
latter.

3. Ions and Electrons. The General Case

The coupled diffusion of ions and electrons takes place as
a rule in an electric field, which is determined both by an
external source and by the charge of the moving species.
The field accelerates the movement of the less mobile charge
carriers and retards that of the more mobile ones. Accord-
ingly, in the general case the role of the electric field in
transport processes is just as important as the role of
chemical fields. Nevertheless, for further consideration,
it is convenient to introduce the concept of the individual
chemical diffusion coefficient of charged species of type k,
defined by the same equations (4) and (5) as for neutral
species. The definition of the diffusion coefficient D^, as
the ratio of the flux of species of type k to the chemical
potential gradient multiplied by Nk/kT subject to the condi-
tion that the electric field gradient is zero, follows from
Eqn.(2).

In the general case of the coupled diffusion of electrons
and several ions of the k type, their fluxes are linked by
the condition

where I is the electric current density in the specimen.
This makes it possible to eliminate the electric field strength
from Eqn.( l ) for the electron flux:

(6)

where σ = *e is the electronic conductivity and

the overall ionic conductivity.
Eqn.(6) is phenomenological in character and is therefore

applicable to systems containing mobile ions with any effec-
tive charges q^, including arbitrarily selected charges.
This factor is extremely important because the true ionic
charges in solids are frequently unknown. In the calcula-
tion of the transport characteristics of the system within
the framework of the phenomenological approach, it is more
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convenient to choose classical ions as the moving species
with the nominal charges q^ = tz-^e determined by the
valences of the corresponding elements z .̂. In this case,
it follows from the electro-neutrality condition for the

crystals eNe= 2 9*̂ A that the valence electrons at a con-

centration Ne, in excess relative to the stoichiometric com-

position —0] > participate in the transport regardless

of whether these electrons exist in a quasi-free state or are
localised at some donor or acceptor centres.

It is convenient to select the concentration of the excess
(of deficient) electrons as a measure of the DCS. For
example, in the case of a binary crystal MXr the quantity

(z1 and z2 are the valences of the metal Μ and the non-metal
X) determines the difference between the concentrations of
the cations and anions measured in terms of the number of
elementary charges per unit volume (equivalent concentration
multiplied by the Avogadro number). For the specified
overall composition of the specimen, the chemical potential
of both its components can be unambiguously related to N e .
In the absence of an electric current in the specimen, the
expression for the electron flux [Eqn.(6)] can therefore be
represented in the form of Fick's first equation Je= -
with an effective CCDC:

(7)

where

t,=

is the overall transport number of the ions, tt~al(y. + a)

the transport number of the electrons, and De and Dj are
defined by the expressions

e2 dNe 7 1 qke dNe

where \ie is the chemical potential of the electrons.
The physical significance of these quantities becomes

apparent on further transformation. We shall represent
the electronic conductivity by the sum of the conductivity
due to the movement of n- and ρ-type carriers (conductivity
electrons and holes): σ = ση + σρ. With the aid of the
Nernst—Einstein equation, we express the partial conduc-
tivities ση and Op in terms of the diffusion coefficients of
the conductivity electrons and holes:

where η and ρ are their volume concentrations. The partial
conductivities x/c °f i ° n s of the fcth type can also be
expressed in terms of their diffusion coefficients:

Taking into account the evident relation μβ = μη = -μρ,
where μη and μρ are the chemical potentials of the conduc-
tivity electrons and holes, and also the definitions specified
by Eqns.(4) and (5), we obtain the equations

d Λ ^

7Fe

Dn~- (8)

Hence it is seen that De is the effective CDC of the elec-
trons averaged with respect to n- and p-type carriers.
The weighting factors dn/dNe and -dp/dNe of the ICDC of
the electron carriers Dn and D p in Eqn.(8) determine the
contributions of the conductivity electrons and holes to the

overall DCS gradient. The coefficients (q/c/e)dNjc/dNe of
the ICDC of the ions D^ have an analogous significance, so
that Df is the effective CDC of the ions averaged with
respect to all the ionic species.

An equation similar to Eqn.(7) was first derived10 for the
coupled diffusion of cations and anionic vacancies in a struc-
turally disordered solid electrolyte. Since Grafov and
Ukshe10 used the relations of the thermodynamics of ideal
solutions, their equation contained the usual diffusion coef-
ficients of the corresponding species D/c instead of the
individual chemical diffusion coefficients Dfc. A more
rigorous derivation of Eqn. (7) taking into account thermo-
dynamic factors was achieved by the author of the present
review for the coupled diffusion of two arbitrary kinds of
charged species.x

A remarkable feature of Eqn.(7) is the close relation
between the electrical (t) and diffusional (D) characteristics
of the ions and electrons due to the self-consistent char-
acter of the electrochemical fields in the diffusion zone.
In the general case, this relation precludes the separation
in Eqn.(7) of the individual terms due to the electrical and
chemical fields. Such a separation becomes possible only
in the limiting cases at t -*• 0 or te •*• 0, which are considered
below.

Eqn. (7) can be conveniently used in the statistical calcula-
tion of the CCDC when the thermodynamic factors of the
ions and electrons are determined by specific microscopic
models of the disorder in the crystal. On the other hand,
in the phenomenological approach, these factors remain
undefined, because the chemical potentials of the ions and
electrons are not susceptible to direct measurement sepa-
rately . For this reason, within the framework of the
phenomenologica} theory, it is useful to resort to the chemi-
cal potentials of the neutral components Afc corresponding
to the k ions with the aid of the evident relation

Under these conditions, a simple and at the same time gen-
eral formula for the effective CCDC follows from Eqn.(6):

qtdH,k-Dk. (9)

As in Eqn. (8), the summation for Dj is carried out in this
case over all types of ions. The partial quantities D ĝ have
the significance of the CCDC for ions of the k type and
electrons and are expressed either in terms of the partial
conductivities of the k ions and electrons:

£*, = — (10)

or in terms of the transport number of electrons and the

macroscopic diffusion coefficients of the k ions:

_ d In a.

dlnNk

(11)

4. Ions of One Kind

In the simplest case where mobile ions of only one kind are
present and the concentrations of all the remaining ions are
constant, the electroneutrality condition is eNe = qfcANfc,
where Δ Ν ft is the excess content of the mobile ions relative
to the stoichiometric composition. In this case Eqn.(9)
assumes the simple form D = Dfce, which has two important
corollaries.



498 Russian Chemical Reviews, 55 (6), 1986

Firstly, for mobile ions of one kind the CCDC is expressed,
according to Eqn.(lO), in terms of quantities susceptible to
direct determination from independent experiments, which
leads to the possibility of a rigorous comparison of the
phenomenological theory with experiment. The derivation
of Eqn.(lO) for the case under consideration is due to
Yokota, 1X who used it to calculate the transfer of charge in
non-stoichiometric compounds of the type of silver sulphide
in which the charge carriers are electrons and cations.

Secondly, when mobile ions of only one kind are present,
Eqn.(ll) for the CCDC of ions and electrons differs from
Eqns.(4) and (5) for the ICDC of neutral atoms A?c only by
the multiplier fe and becomes identical with the latter for
te = 1, i.e. when the electronic conductivity predominates
(σ » κ ). In this case the coupled diffusion of ions of the
same sign and of electrons is formally equivalent to the
diffusion of the corresponding atoms. This conclusion is
entirely understandable. Indeed, when σ » χ , electrons
exist under virtually equilibrium conditions and can compen-
sate for the charge transfer by ions having low mobilities
without much difficulty. The diffusional jumps of ions
therefore lead to the same migration of substance as the
jumps of neutral atoms and the diffusion in electronic con-
ductors can be described with equal success in terms of the
movement of both atoms and ions in the mobile electron
medium. This factor is very important for the phenomeno-
logical theory of diffusion in solids with an intermediate
ionic-covalent character of the bond, for example, in
semiconducting compounds of the type A^lB^, where the
exact atomic mechanism of diffusion is usually unknown.

5. Ions of Two Kinds in a Binary Compound

We shall now consider a more complex case—the crystal of
a binary ionic compound MXr in which ions of both kinds are
mobile. By designating the parameters of the cations and
anions by the subscripts 1 and 2 respectively, we obtain
<?i = z i e a n c * <?2 = ~z2

e- For not unduly large DCS,
r = N2/N1 s Zilz2 and one can therefore formulate the Gibbs—
Duhem relation for the chemical potentials of the components
in the form z2du]yi + ζχάμχ = 0. Then, on substituting
Eqn.(10) in Eqn.(9), we obtain the following expression:

(12)

d 1η

din c,
(15)

Ζχβ^κ + σ) dN, r 2 e J (x+a) dNt

Substitution of Eqn.(ll) in Eqn.(9) leads to equivalent
relations:

dlnaM

dNe

d 1ηαχ

(13)

Eqns.(12) and (13) are analogous to the familiar Wagner
formulae7 which Wagner derived in connection with the
development of the theory of the oxidation of metals. t Like
Eqns.(9)—(11), they contain the absolute concentrations
of the mobile components, namely the numbers of species
per unit volume, as the variables.

Together with the relations quoted, an expression for D,
incorporating the relative concentrations (atomic fractions)
of the components, i.e. cx = N1/(N1 + N2) and c2 = N2/(NX +
N 2 ), is sometimes used in the literature. In terms of these
variables, Eqns.(13) assume the simple form

Dj' ; (14)

t in the second of Wagner's communications7 where the
concentrations were expressed in equivalents per unit volume,
the coefficient zx was omitted in the denominator of Eqn.(23c).

Eqn.(14) is formally identical with Darken's equation9 for
binary metallic alloys (more precisely for atomic substitu-
tional solid solutions—see also Chebotin,2 p.248). How-
ever, the partial coefficients D l e and D 2 e , corresponding
to the coupled diffusion of cations and electrons or of
anions and electrons, differ from the ICDC for neutral atoms
[Eqns.(4) and (5)] and from the CCDC [Eqn.(ll)] for the
diffusion of ions of the same size and electrons even under
conditions where te = 1, since in the case considered the
cations and anions are distributed in different sublattices
and N1 + Nz = const., so that dlnc^ Φ dlnN^.

All the equations quoted above were obtained by resorting
to some kind of model ideas concerning the microscopic
structure and the mechanisms of transport in solids. Their
character is therefore phenomenological and they can be
applied, in principle, to crystals with any types of disorder
and with any types of chemical bonding. The diffusion
coefficients of the components D^ and the thermodynamic
factors Ffc then play the role of phenomenological parame-
ters susceptible either to experimental determination or to
calculation on the basis of the microscopic theory. The
subsequent exposition will concern the solution of the latter
problem within the framework of the statistical-thermodyna-
mic theory of disorder in crystalline bodies.2

I I I . THE CHEMICAL DIFFUSION COEFFICIENT OF ELEC-
TRONS UNDER CONDITIONS WHERE IONIC DISORDER IS
DOMINANT

We shall consider below crystals with dominant ionic dis-
order—either with structural disorder, where the classical
ions are distributed among a large number of sites, or with
ionic point defects whose effective charges correspond to
the state of total ionisation. In all cases we shall neglect
the possibility of the capture of electrons or holes by any
electron-donating or electron-accepting centres. All the
excess valence electrons are then present in the conduc-
tivity band and the missing electrons (holes) are in the
valence band, DCS being defined as the difference between
the volume concentrations of the conductivity electrons and
holes:

N.=n-p . (16)

The activities of conductivity electrons and holes, an and
dp, are linked by the following equation according to the
Law of Mass Action:

In an + ln ap=2 In Kt , (17)

which corresponds to the intrinsic ionisation reaction of the
crystal, Κχ being the reaction equilibrium constant. On
differentiating Eqns.(16) and (17) with respect to Ne and
on substituting the derivatives dn/dNe and dp/dNe in
Eqn.(8) taking into account the definition of the thermo-
dynamic factors for conductivity electrons Fn = d In ctn/d In η
and the analogous expression for holes, we find

(18)
n/Fn + p/F.

Hence it is seen that, when one type of electron carrier
predominates, the CDC for electrons (De) is identical with
the ICDC for these carriers, i.e. with Dn for n/Fn » p/Fp
and with Dp for p/Fp » n/Fn.

The dependence of D e on the degree of DCS in the region
of comparable concentrations of electrons and holes can be
readily determined by assuming that in this region the
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electrons are non-degenerate as a consequence of the small-
ness of η and p . Eqn.(17) then assumes the simple form

np = Kl (19)

corresponding to the Boltzmann statistics and the solution
of Eqns.(16) and (19) with subsequent substitution in
Eqn.(8) yields the following results:

D. = V, Φη + DP + (Dn - Dp) N, (Nl + 4K*)-'·] ·

The parameters, Dn, Dp, Fn, and Fp for electrons and
holes are determined from the electrophysical properties of
the crystal. Thus the random diffusion coefficient of con-
ductivity electrons is linked to their mobilities un by the
Einstein relation eDn = kTun, while the thermodynamic
factor is equal to the ratio of the Fermi—Dirac integrals
whose orders are 1/2 and -1/2: 1 2

Φ κ (η)

φ-κ (η)

χ>ά>

exp (χ — η) + 1
(21)

where
η-(μ.-£.)/ΑΓ

is the reduced Fermi energy and Ec the energy of the bottom
of the conductivity band. Analogous relations hold also for
holes.

100

30

JO

J h

10" 10

Figure 1. Dependence of the thermodynamic factor for
conductivity electrons on their concentration.

Since Φ^ίτΐ) is equal to the ratio of the concentrations of
the electronic defects (n or p) to the effective density of
states in the corresponding band N* = 2(2wn*kT)3/2h~3

(where m* is the effective mass of the electron in the con-
ductivity band and h the Planck constant), Eqn.(21) makes
it possible to calculate directly the thermodynamic factor
Fn (or Fp) as a function of the relative concentration of
carriers n/N* or p/N*. The result of this calculation,
carried out with the aid of tables of Fermi-Dirac integrals, 1 3

is presented in Fig. l for conductivity electrons; the result
is analogous for holes. As can be seen from this plot, the
electron gas can be regarded as virtually non-degenerate
for n < 0.1 Ν*, where Fn s 1. When the degeneracy is
marked, i .e. n > 10 N*, the thermodynamic factor can be
defined to a satisfactory approximation by the formula

We shall establish several further useful relations between
the electronic conductivity, the thermodynamic factors, and
the CCD of electrons. We introduce an auxiliary quantity—
the average macroscopic diffusion coefficient of electron
carriers:

D _ nDn + P°p kTa

(20) a n c * define a n effective thermodynamic factor for electrons
with the aid of the relation D e = FeDe. Comparison of the
last equation with Eqn.(18) yields the expression

(23)

Hence it is seen that the quantity Fe is unity in the
absence of degeneracy and is equal to Fn or Fp when
degeneracy obtains -(for n/Fn » p / F p and p/Fp » n/Fn

respectively). Expressing De in terms of De in Eqn.(22),
we obtain

kTFe
(24)

1. Structural Disorder

More than 300 solid-phase compounds belonging to a com-
paratively new class of crystal structures with properties
which until recently appeared to be unique have now been
synthesised. Their distinctive feature is the structural
disorder of one of the components (silver, copper, or alkali
metal cations and in certain alkaline earth metal or lantha-
nide halides at high temperatures, also the halide anions),
statistically distributed among a large number of sites,
several times greater than the number of ions. 1> l t*~18 As a
result, the disordered component resembles an ionic liquid,
i.e. its transport properties are similar to those of solutions
or fused electrolytes. The electrical conductivity of these
compounds is 10~2 - 10"1 Ω"1 cm"1 even at room temperature,
and, as a consequence of the high degree of disorder of the
sublattice of only one of the components, the electrical con-
ductivity of the crystal is unipolar. In the best solid elec-
trolytes with structural disorder, also referred to as super-
ionic conductors, the electronic component of the conduc-
tivity is negligible. 19>2° At the same time there exist a
number of structurally disordered compounds which possess,
together with the ionic component, also a considerable elec-
tronic component of the conductivity due to the deviations
of their composition from stoichiometry.2 1 '2 2

As a consequence of the unipolar ionic conductivity of
structurally disordered phases, the effective CDC of the
ions in them is identical with the ICDC of the disordered k
component. On the other hand, the latter is independent
of the concentration of any species according to the theory
of diffusion in solids2 (p.243) and is defined by the
expression

(25)

where [Vfc] is the fraction of vacant sites in the k sublat-
tice, ν the vibration frequency of the ions, r 0 the length
of the elementary Jump, and 1)% the height of the potential
barrier separating neighbouring sites.#

#It is easy to demonstrate that Eqn.(25) remains valid also
when, as a consequence of the closeness of the allowed sites,
each ion blocks s > 1 sites, so that the fraction of vacant
sites is 1 - S N ^ / N L , where NL is the total number of
allowed sites.
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Eqn.(25) reflects the following significant factor: if the
k sublattice contains ions of one kind only and vacancies,
then the ICDC of these ions is the same as in systems with
an unlimited free volume, i.e. with [Vfc] -»• 1, which are
described by Einstein's diffusion theory. This result is
important; it shows that an increase in the chemical dif-
fusion coefficient owing to the increase in the thermodynamic
factor occurs only for the upper limit of the quantities
defined by Eqn.(25), specified by Einstein's theory.

We shall now proceed to the discussion of the CCDC of
ions and electrons defined by the phenomenological Eqn.(7).
Using Eqns.(3) and (25), we shall express the ionic con-
ductivity in terms of the CDC of the ions: kTx = q2^]^·
• fV^JDj. Taking into account also Eqn.(24), we find from
Eqn.(7) for [Vfc] Β 1

(26)

For not unduly large DCS, where η + ρ « N^, the second
term in the numerator in Eqn.(26) may be neglected. This
is equivalent to the neglect of the second term of the
phenomenological Eqn.(7), which is now formulated in a
simplified form:

25 = *,·£), . (27)

We obtained Eqns.(26) and (27) for a crystal containing
in the structurally disordered sublattice ions of only one
kind k. It is easy to demonstrate that the above estimate
of the second term in Eqn.(7) is at least qualitatively valid
also for solid solutions containing ions of two or more kinds
in the disordered sublattice. 2 S In this case ij in Eqn.(27)
should be understood as the total transport number of the
ions.

The smallness of the second term in Eqn.(7) compared
with the first has a definite physical basis associated with
the high concentration of vacant sites Ny in structurally
disordered crystals. Since Νγ = Nfc » |A/e |,. in most cases
the relative changes in the concentrations of both ions and
vacant sites actually attained remain negligibly small com-
pared with the relative changes in the concentrations of
electrons. By virtue of this relation, the intrinsic dif-
fusional flux of ions in structurally disordered compounds
is negligible and ions move virtually only under the influ-
ence of the internal electric field, which is directed in such
a way that it diminishes the electron flux to a fraction t\ of
their intrinsic diffusional flux.

Since the mobilities and hence also the diffusion coeffi-
cients of the conductivity electrons and holes in solids are
usually of the same order of magnitude, the dependence of
De on the degree of non-stoichiometry (Fig.l) is compara-
tively weak. For this reason, according to Eqn.(27), the
character of the dependence of D on Ne is determined mainly
by the change in the transport number of the ions. The
corresponding curves have a maximum near the stoichiometric
composition (for Dn = Dp when the composition is exactly
stoichiometric) and descend monotonically on either side of
the maximum.

2. Fully Ionised Point Defects

We shall now consider a binary ionic crystal in which pair
combinations of ionic point defects predominate for the stoi-
chiometric composition: the Frenkel and Schottky defects
or impurity atoms with effective charges corresponding to
their complete ionisation. In this case the effective charges
for the defects are determined by the valences of the cor-
responding components and amount to1»2»21* +zxe and -z2e for
the interstitial cations and anions, -zxe and +z2e for the

cationic and ionic vacancies, and Lqf = qf - q^ for the
impurity centres formed by the substitution of the k ion by
an impurity ion /. Classical examples of crystals with
impurity disorder are provided by the solid solutions AgCl +
CdCl2 (Aqf = +e, compensating defects—cationic vacancies),
ZrO2 + CaO (hqf = -2e), and ZrO2 + Y2O3 (Aqf = -e, com-
pensating defects—anionic vacancies).

In the general case the ionic conductivity of a binary com-
pound, both pure and in the presence of impurities, can be
determined by the interstitial cations and anions and also by
the cationic and anionic vacancies. For this reason, the
ionic conductivity of the k component is expressed, accord-
ing to the Nernst-Einstein relation, in terms of the diffusion
coefficients of these defects:

= q\ {NkiDkl (28)

where the subscripts ki and Vk refer to the interstitial ions
k and the vacancies in the k sublattice. According to the
microscopic model of the transport of defects, their dif-
fusion coefficients are determined by expressions of the
type of Eqn.(25): D = vr 2exp (-U/kT) and, in terms of
the approximation of non-interacting defects, are indepen-
dent of their concentrations and hence also of the DCS.
On the other hand, within the framework of the phenomeno-
logical description of diffusion, the ionic conductivity of a
binary compound is expressed in terms of the macroscopic
diffusion coefficients of ions

Dh, kTx,,=qkW>Dh.

Comparison of this relation with Eqn.(28) leads to the
familiar expression for Dfc in terms of the microscopic
characteristics of the system:

NkDh~NklDkl+NvJ)y>, (29)

Furthermore, if there is a local equilibrium between ionic
point defects in the crystal, then their concentrations are
related by the expressions for the chemical potentials of
the ions (at no unduly high concentrations):

μ* = μ« + *Γ1ηΛ/*ι = —μν* —AtriniVv* , (30)

where μ° and μ ° are the standard chemical potentials of

the ions and vacancies in the k sublattice. By virtue of
the Gibbs—Duhem relation, the following equation is then
valid :

In addition, the concentrations of the defects are linked by
the electroneutrality condition for the crystal:

( 3 2 )N, = zx (NMi - Nvn) + *a (tfvx - ,

where Nf is the constant volume concentration of the
impurity ions.

On differentiating Eqns.(30) and (32) with respect to N e

and on substituting the derivatives in Eqn.(8), taking into
account Eqn.(29), we obtain the expression for the average
CDC for the ions:

(33)

Here the summation has been carried out over the principal
cations and anions and the contribution of the impurity ions
to the transport was assumed to be negligible.

The exact dependence of Dj on the DCS can be obtained
by solving simultaneously for the concentration of the defects
one of the equations of the Law of Mass Action [Eqns.(30)
and (31)], which corresponds to a dominant disorder, and
the simplified equation for the electroneutrality condition
[Eqn.(32)J. It is readily seen that in the case of intrinsic
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ionic defects (Frenkel or Schottky) the solutions are
analogous to Eqn.(20) for the CDC for electrons in the
absence of degeneracy and the corresponding plots of Dj
against Ne are similar to those in Fig. l . In particular,
for high DCS, where one kind of ionic defect predominates,
the Dj curves approach asymptotically the diffusion coeffi-

i . or D in the presence of ancient of the given defect:

excess of the metal and D ^ or Ογχ in the presence of an
excess of the non-metal.

In the case of the impurity disorder, the excess charge of
the impurity is compensated by one specific kind of intrinsic
ionic defect. For this reason, according to Eqn.(8), Df is
identical with the ICDC of the corresponding ions D^ and,
according to Eqn.(33), has a constant value equal to the
diffusion coefficient of the compensating defect ( D ^ or
Dvk) over a wide range of Ne.

Comparison of the results with Eqn.(29) shows that, in
transport by point defects, the CDC for the ions exceed
appreciably, usually by several orders of magnitude, the
corresponding values of their macroscopic diffusion (self-
diffusion) coefficients. The accelerating effect of thermo-
dynamic factors, which increase D up to the Einstein values
D/ά or Dyfc' * s ^ *his case manifested even more distinctly
than in the case of structural disorder.

On comparing Eqns.(28) and (33), we also obtain a
relation between the ionic conductivity of the binary crystal
and the CDC for the ions:

kTx = e* [zl (ATMI + iVVM) + 4 (<VX1 + JVVx)I Dt . (34)

Together with Eqn.(24), this relation makes it possible to
express the transport numbers of the ions and electrons in
terms of the corresponding CDC and to determine the CCDC
for the ions and electrons in accordance with Eqn.(7):

l<Wn

[z\ ( JVVM) + z* (JVXI + , (n + p) De

(35)

The instances of not unduly high DCS, where the term
η + ρ in the numerator in Eqn.(35) can be neglected com-
pared with the concentrations of the ionic defects, are of
special interest. The solutions thus obtained will be
analysed in detail in the next Section; here it is sufficient
to note that the above simplification is equivalent to the
formulation of the phenomenological Eqn.(7) in the abbre-
viated form (27). The physical significance of this simplifi-
cation is the same as in the case of structural disorder: the
gradients of the chemical potentials of the ions are negligible
compared with those for electrons and ions move virtually
only under the influence of the electric fields.

IV. COUPLED CHEMICAL DIFFUSION COEFFICIENTS OF
IONS AND ELECTRONS IN CRYSTALS WITH DIFFERENT
DEFECT STRUCTURES

1. The Wagner Disorder. Neutral Defects

We shall refer to the Wagner disorder by the term combined
ionic-electronic disorder in which the electroneutrality con-
dition assumes one of the following simplified forms:

η = ζΝ&: η = ζΝ\\; ρ = ζΛ&; ρ = ζΛ$« . (36)

Here the effective charge on the dominant ionic defect ζ can
assume any integral value ranging from unity to one equal
to the valence of the corresponding component zj<;. The
special case of the Wagner disorder, corresponding to the
total ionisation of the defects (ζ = z0 satisfies the formal
treatment developed in the previous Section and can be

described with the aid of Eqn.(35). We shall discuss
below the cases of an arbitrary degree of ionisation of
defects (ζ < zjj), including the case of dominant neutral
defects.§

We shall now re-examine the binary compound MXr; we
shall assume that in the most general case it contains inter-
stitial cations and anions as well as cationic and anionic
vacancies with arbitrary integral effective charges ζ ranging
from zero (neutral defects) to z ·̂ (fully ionised defects).
Assuming that the concentration of the impurity is negligibly
small, we can formulate the electroneutrality condition in the
following form:

Ne = zl

c=o
2 (A#x - (37)

In conformity with the last equation, the overall flux of
electrons in excess of the stoichiometric composition is
described by the expression

Λ = z x 2 ( 4 u - Λ Μ ) - z 3 2 V ™ - J ^ x ) •

According to the Wagner equation [Eqn.(2)], the fluxes of
defects are proportional to the gradients of their electro-
chemical potentials, the electrochemical potentials of the
defects being linked to the chemical potentials of the atoms
and electrons by the obvious relations

μΜΪ = μΜ — ζμ«; μίΓΜ = —

μχϊ = μχ -t- ζμ«; μνχ = — μχ — ζμ« ·
(39)

Furthermore, in the case of the Wagner disorder, the con-
centrations of the electron and ion carriers in the crystals
are comparable according to Eqn.(36). On the other hand,
since the mobility of the conductivity electrons and holes as
a rule exceeds by several orders of magnitude the mobility of
the interstitial ions and vacancies, such crystals always
have a predominantly electronic conductivity. On this
basis, we put σ » κ . The electric field gradient V φ is then
determined from the condition that the electrochemical
potential of the electron is constant (νφ = Δμβ/β) and we
obtain from Eqn.(38)

kTJ,

z,

—z2 2 (^»c
Ί μ χ 1

(40)

The coefficient of VJVe is the CCDC for the ions and elec-
trons D multiplied by fcT. Taking into account the Gibbs-
Duhem relation in the form

where ρ A

άμΜ = —άμχ = — ^—dlnpx>, (41)
*2 2z,

is the partial pressure of the non-metal in the

surrounding medium, we obtain the following expression
for D:

D = - l·' SL (42)

C=o

§ Although the diffusion of neutral defects is not associ-
ated with the separate movement of electrons, the formal
treatment employed here remains valid also for such diffusion,
provided that we put q^ = 0 in the Wagner equation
[Eqn.(2)].
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Eqn.(42) is a generalisation of the formula obtained26 for
bivalent metal oxides with the Wagner disorder involving
interstitial cations or cationic vacancies with arbitrary
degrees of ionisation.

The reciprocal of the derivative in Eqn.(42) will be
expressed in the following form taking into account Eqn.(37):

dNe

d l n p x

-

C=o

d In

d In p x din ι

Under the conditions of the Wagner disorder, the concentra-
tions of all the defects are power functions of the partial
pressure of the non-metallic component X2: the quantities
NVM and Ν χι are proportional to pj^m, while JVMj and Νγχ

are proportional to Py 1 " 7 7 . The values of the parameter m

can be readily calculated by the Kroger-Wink method27 for
a specified simplified form of the electroneutrality condition
and those for the dominant defects can be obtained by direct
experimental determination. 2 8 Taking into account this
relation, we obtain finally

Α Σ 4 Σ
£> =

(43)

;=o

A special case of this formula was obtained in our earlier
study in connection with the description of the coupled
diffusion of oxygen ions and electrons in vanadium oxide
compounds. 2 9

2. Electronic Disorder

When electronic disorder of the intrinsic type is dominant,
the concentrations of electrons and holes are equal and iden-
tical with the ionisation constant Kj - η = ρ s foj. When
disorder of the impurity type predominates, the concentra-
tion of electrons is equal to the concentration of donors
Nd - η = JVd or the concentration of holes is equal to the
concentration of acceptors Nj± ~ Ρ — Ν A · The concentra-
tions of defects in these formulae can be calculated for each
specific type of disorder predominating under the conditions
of the stoichiometric composition. The corresponding
expressions for the CCDC, which are valid over a wide range
of concentrations of defects, include only the deviation from
the stoichiometric composition Ne and also some of the equi-
librium constants (the intrinsic ionisation constant Kf and
the defect formation constants K-p for the Frenkel defects,
KAF for the anti-Frenkel defects, and K<j for the Schottky
defects) or the impurity concentration Nf. As an example
one may point to a study 3 0 in which the CCDC for ions and
electrons in a uni-univalent ionic crystal with Schottky
defects and dominant electronic conductivity, corresponding
to a non-degenerate state, was calculated.

We shall not formulate here the exact expressions for
D = D(N e) in view of their cumbersome nature and we shall
confine ourselves to the analysis of simplified solutions to
which the above expressions reduce in certain limiting cases
of interest for practical application. All these expressions
can be divided into two groups depending on the dominant
type of conductivity in the crystal.

(a) Case where the ionic conductivity is dominant ( κ » σ,
tj s 1). This case obtains in solid electrolytes within the
electrolytic region1 where the DCS are comparatively small

and the concentrations of the electronic carriers (n + p) can
be neglected in Eqns.(26) and (35) compared with the con-
centrations of the ionic carriers. For both structurally
disordered compounds and for crystals with point defects,
intrinsic or impurity, the relation D = De follows from
Eqn.(27) under these conditions. From the standpoint
of physics, this implies that the electrons move solely under
the influence of the gradient of the chemical potential; on
the other hand, ions have virtually constant chemical poten-
tials and move solely under the influence of the electric
field.

This result is analogous to that well known in the electro-
chemistry of solutions for the diffusion of charged species
present at low concentration in the supporting electrolyte.7·3 1

In the present case, such species are conductivity electrons
or holes and the disordered ions form a conducting back-
ground, which fully screens off the influence of the electric
field. This factor is widely used in the study of electron
transport in solid electrolytes, in particular in the experi-
mental determination of the mobilities of electrons and
holes . 2 0 ' 3 2 ' 3 3

(b) Case where the electronic conductivity is dominant
(σ » κ ; te = 1). We shall consider initially crystals with
structural disorder and with fully ionised point defects for
not unduly high DCS where one can neglect the term η + ρ
in the numerators of Eqns.(26) and (35) and the first terms
incorporating Di in their denominators by virtue of the con-
dition σ » κ . Further simplifications are possible in the
following limiting cases.

I. Small DCS. For compositions close to the stoichio-
metric, where |JVe | « K/, the concentrations of conductivity
electrons and holes are approximately the same and equal to
the intrinsic ionisation constant Kj; the electron—hole gas
is non-degenerate. The concentrations of the ionic carriers
in this region are also approximately constant and are deter-
mined either by the crystallography of the compound (struc-
tural disorder), or by the formation constants of the domi-
nant ionic defects Kp, KAF> and Kg (intrinsic ionic dis-
order), or by the content of the heterovalent impurity Nf
(impurity ionic disorder).

In the case of structural disorder, Eqn.(26) for the CCDC
is simplified to the expression

£* = - ^ - Ζ λ (44)

Simplified expressions can be obtained from Eqn.(35) for
various types of dominant point defects. Having used
Eqn.(29) to replace the microscopic diffusion coefficients
Dfci and Dyfc in these expressions by the macroscopic coef-
ficients Dfc for all types of dominant ionic disorder, both
structural and point disorder, we obtain a single formula
for small DCS:

£> = (45)

II. Intermediate DCS. This includes very high degrees
of DCS where \Ne\ is large compared with the intrinsic
ionisation constant Kj but small compared with the charac-
teristic concentration of the disordered ions (N ·̂ for struc-
tural disorder and the largest of the quantities Kp, KAF >
Kg, or Nf in the case of fully ionised point defects). In
this region the electronic carriers consist virtually of con-
ductivity electrons only or holes only, so that their total
concentration is specified by the DCS: η + ρ = | N e | . On
the other hand, the concentrations of the ionic defects are
the same as in the previous case. Simplified solutions for
the CCDC taking into account Eqn.(29) can be represented
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in a single form expressing D in terms of the macroscopic
diffusion coefficients of the ions:

503

(46)

The relative DCS is in this case designated by δ :
δ = Ne/z1Nl = Ne/zzN2· In the absence of degeneracy
of electrons, Fe = 1 and Eqn.(46) becomes identical with
the familiar Wagner formula. 7

Together with the two approximations considered, Eqn.(35)
permits yet another approximation corresponding to the
Wagner disorder under the conditions of the total ionisation
of the defects. The solution for this situation constitutes
a special case of the solutions examined below.

III. Large DCS. In this range of DCS the relation
\Ne | s η + ρ is retained and in addition the quantity \Ne

exceeds the concentration of the ionic point defects char-
acteristic of the stoichiometric composition, i .e . the largest
of the constants Kp, KAF> Kg, or Nf. This case corre-
sponds to either the Wagner disorder, characterised by one
of the electroneutrality conditions [Eqn.(36)], or the neutral
defects K.xof V* (an effective zero charge has come to be

Ι Λ.

designated by the oblique cross χ) . In both cases the DCS
is determined by Eqn.(37). Simplified expressions for the
CCDC follow directly from Eqn.(43), provided that one term,
corresponding to the dominant defect, is left in its numera-
tor and denominator.

The parameter m for the dominant defects can be readily
calculated, taking into account the possible degeneracy of
electrons, by differentiating Eqn.(39) with respect to
In ρ γ , having first transformed du with the aid of the

relation d l n a e = F n d l n n = -Fpdlnp and taking into account
Eqns.(36) and (41). Then one obtains the values of m1 =
2z2( ζΡβ + I ) / * ! for the dominant cationic defects 1

o r VJ=~
j or Υχ—

^

and m2 = 2( ζ F e + 1) for the anionic defects Xj or χ
both charged and neutral. In both cases Eqn.(43) reduces
to simple expressions, namely under the conditions of the
Schottky disorder to

I and in the case of the impurity vacancy disorder to

When Eqn.(29) is taken into account, the above solutions
reduce to the general formula

ιβι
(47)

For F e = 1, this formula was obtained by Childs and
Wagner.31* The unity added to the numerator (47) compared
with Eqn.(46) is due to the fact that in this case the ions
move not only under the influence of the electric field but
also as a result of the gradient of their chemical potential,
which is related to the variable concentration of defects.

Despite the formal similarity of Eqns.(46) and (47), they
determine significantly different dependences of D on the
degree of DCS δ. Thus, when F e = 1, the coefficient Dfc
in region II is constant and, according to Eqn.(46), D is

in region III the quantity Dj
and, according to Eqn.(47),

inversely proportional to
is directly proportional to
D is constant.

The qualitative form of the dependence of lg D on δ is
represented in Fig. 2 for a crystal with fully ionised Schottky
defects, which are converted into Wagner defects for high
v a l u e s o f | δ | w h e n K $ » Κ χ a n d D V M > D Y X • T n e m a x i m u m

value of lgD is attained for the stoichiometric composition.

The characteristic values of δ = iKg/N^, for which solu-
tion II [Eqn.(46)] is converted into solution III [Eqn.(47)J,
are shown on the abscissa axis. For crystals with Frenkel
defects, analogous relations are obtained; for the struc-
tural disorder, the difference consists in the fact that the
simplified solution III is not obtained and the horizontal
sections on the plots of lgD against δ are not attained even
for the maximum value of Ι δ I.

Μ

Figure 2. Dependence of the coupled diffusion coefficient D
on the degree of non-stoichiometry of a crystal with Schottky
defects in the absence (curve 1) and presence (curve 2) of
degeneracy of the electrons.

When electronic disorder is dominant, Eqn.(44) also
simplifies markedly, but only one term corresponding to
atomic defects with the maximum concentration is left in its
numerator and denominator. One then obtains D s Ddef—
a result which is formally identical with solution II for the
case where neutral defects with ζ = 0 predominate. Such
agreement is entirely understandable, because under condi-
tions where the electronic disorder predominates the gradient
of the chemical potential of the electrons is negligible.
Under the conditions of electronic equilibrium, this also leads
to a low electric field strength, since the ionic defects move
only under the influence of the intrinsic chemical potential
gradient.

An especially important feature of the results obtained is
very high values of CCDC compared with the self-diffusion
coefficients of the ions. Indeed, even for high degrees of
DCS, the coefficients D are of the same order of magnitude
as the diffusion coefficient of the dominant ionic defects and,
as the stoichiometric composition is approached, they
increase still further in inverse proportion to [ ό | in the
region of moderate DCS (region II ) .

The large number of limiting solutions for the CCDC
greatly hinders the interpretation of the experimental data
even as regards fundamental characteristics such as the
effective activation energy. For crystals with ionic point
defects, this quantity has the simple significance of the
height of the potential barrier U to ion jumps only in region
III. Since the values of D in region I can vary as a function
of the transport numbers of the ions from D e for t{ s 1 to
z*N,D/2K. for t. « 1, in this region the effective activation

energy has indefinite values or totally loses its significance.
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Thus, according to Weppner,36 D in the β-modification of
silver sulphide increases with temperature in accordance
with the usual exponential law only in the region of fairly
high values of δ ; for the stoichiometric composition, this
relation is reversed partly owing to the decrease of the
mobility of the electron carriers with temperature.

V. EXPERIMENTAL DETERMINATION OF CHEMICAL DIF-
FUSION COEFFICIENTS

majority of the investigations have been carried out with
ZrO2, β-Α12Ο3, Agl, and CuBr specimens satisfying the
above requirement over a fairly wide range of temperatures
and compositions of the gaseous medium. 3 8~ 1 ( 2 The auxiliary
electrode, which is reversible with respect to the electrolyte,
serves as a source of ions, which are supplied to the test
specimen via the electrolyte, and also ensures the measure-
ment of the chemical potential of the electrochemically active
element at the electrolyte/specimen boundary.

1. Theoretical Principles

The majority of the methods for the experimental deter-
mination of chemical diffusion coefficients in solids used
nowadays are based on the study of the relaxation of the
concentration profile in the diffusion medium under the
influence of some kind of external perturbation—an abrupt
change in potential, current, or composition of the ambient
atmosphere. 6>3<* The problem is as a rule reduced to the
solution, subject to appropriate initial and boundary condi-
tions, of the phenomenological equation of Fick's Second Law:

— = D div v# s=
dt

(48)

where the effective CDC is assumed to be independent of
the concentration in the experimental range. On the basis
of the observed dependence of the concentration Ν on the
coordinate χ and the time t, the response of the system to
the perturbation, i .e. the time variation of the measured
quantity (current, potential, weight, or electrical conduc-
tivity of the specimen) is calculated. The effective CDC
is found by comparing the theoretical and experimental
results.

In the case of the coupled chemical diffusion considered
in this review, the flux of electrons in a non-stoichiometric
crystal is described by the expression

Je = I — (49)

where the first term corresponds to the contribution of
these electrons to the electric current I which has passed
through the specimen. The material balance condition
3JVe/9i = -d ivJ e converts Eqn.(49) into a differential
equation, which is converted into Fick's Second Law
[Eqn.(48)J for constant te and D. Thus the principal
approximation in the problem reduces to the assumption of a
low degree of inhomogeneity of the diffusion medium, for
which the relative change in JVe or 6 is small compared with
unity (so that the kinetic parameters χ , σ, tf, te, and D can
be assumed constant). This requires in its turn the use
in experiments of weak perturbations to stimulate the diffu-
sion process.

Investigations during the last decade have shown that
electrochemical methods using galvanic cells with solid elec-
trolytes are most convenient and reliable. 6 > 3 7 - t t l We shall
therefore concentrate attention on them in the present
review.

In the electrochemical method the principal element of the
measuring· circuit is a cell of the following type:

auxiliary
electrode

solid
electrolyte

test
specimen

inert
electrode. (50)

The solid electrolyte must exhibit unipolar ionic conductivity
with respect to one of the ions forming part of the composi-
tion of the test compound, so that the electric current
passing through the cell can serve as an exact measure of
the change in the composition of the test specimen. The

2. Potentiostatic Method

In this method6'38'1'0"'*6 the test specimen is first maintained
under equilibrium conditions so that its composition becomes
homogeneous throughout its thickness. Then, at a time
ί = 0, a potential Δφ, different from the e.m.f. Ε of the cell
at equilibrium, is applied to this cell. The potential differ-
ence at the boundaries of the test specimen with a length
L, given by φ |je=o ~ <t>\x=L> where φ|χ=0 is the potential at
the electrolyte—specimen boundary and φ\χ=ι the potential
at the specimen—inert electrode boundary, amounts to Δφ - E.
This quantity must be sufficiently small so that it is possible
to neglect the concentration dependence of the transport
number te and the diffusion coefficient D and also the over-
potential (the additional potential jump due to the slow charge
transfer through the electrolyte/specimen interface and the
ohmic losses in the electrolyte and the specimen). Further-
more, the cell must be constructed in such a way that there
is no transport of ions through the lateral surfaces of the
specimen and through its end surface opposite to the elec-
trode. This is usually achieved by constructing the cur-
rent lead at the right-hand end of cell (50) from an inert
material (platinum, graphite) while the right-hand side of
cell (50) is placed in an inert atmosphere. In subsequent
calculations it is also assumed that the current, which
during the short time interval after the application of the
potential Δ φ to the cell transports a certain amount of elec-
tricity consumed in altering the charge of the double layer at
the interfaces, is likewise small.

Under these conditions at time ί = 0, a concentration of
excess electrons Α/<χ>» different from the initial concentration
No and corresponding to equilibrium in relation to the new
potential, is established in the layer of specimen adjoining
the electrolyte (x = 0). The subsequent relaxation process
is effected by the coupled diffusion of ions and electrons
through the specimen, as a result of which the concentration
of electrons throughout the bulk of the specimen tends to the
finite value Noo. Since this process involves a continuous
supply of the corresponding amount of ions from the auxiliary
electrode through the electrolyte, the electric current flow-
ing through the cell is a measure of its rate. In its experi-
mental aspect, the potentiostatic method therefore reduces
to the measurement of the current as a function of time.

The current density in the cell is determined from the con-
dition that there is no electron flux at the boundary between
the specimen and the electrolyte. According to Eqn.(49),
this gives rise to the boundary condition

t,!=eDVNT. when .r=0 . (51)
At the specimen—inert electron boundary, the flux of ions
is zero and the current passed through the system is
wholly due to electrons (/ = -eJe and, in conformity with
Eqn.(49), the second boundary condition is obtained in the

(52a)tJ=eDVXt when x—L .

The authors of the above studies used the simpler boundary
condition at χ = L in the form

VAr,(Z.)=0, (52b)
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which is valid, as can be seen from Eqn. (52a), for small
ionic transport numbers ίχ.

In the subsequent exposition, we shall also confine our-
selves to the boundary condition (52b), which is applicable
to materials in which electronic conductivity predominates.

Thus, in the case of the one-dimensional diffusional
problem, i.e. for plane-parallel boundaries of the specimen
located at χ = 0 and χ = L, it is necessary to solve Fick's
Second Law 3N/3t = D32N/3cc2 subject to the initial condition
N(x, 0) = No and the boundary conditions Ν | x = 0 = Noo and
( 9 N / 3 X ) X = L ~ 0 (here and henceforth the subscript e is
omitted in the symbol Ν denoting concentration).

The solution has the form"*7'1*8

tf (x, f) = „-#..) ψ (*,/) .

The function

(2/i-r I)'1 n-Dt

2n+ 1

(53)

(54)

assumes the following limiting values: ψ(0, Ο) = 0 ,
ty(L, 0) = 1, and ψ(χ, °°) = 0. Depending on i, this func-
tion can be synthesised in two limiting cases.

1. Short times (i » Lz/D). At the beginning of the pro-
cess the effective length of the diffusion zone 2(Dt)^2 is
small compared with the length of the specimen L and the
diffusion can be described by the solution for a semi-infinite
medium: ψ(χ, t) = erf [x/2(Di)1^2]. Hence, according to
Eqn.(51), we obtain the following expression for te = 1:

/ Ξί e (N«, — 'Vo) (pint)y' (55)

Consequently the CCDC can be determined from the slope

of the experimental I—t~ll2 line, provided that the differ-

ence between the final and initial concentrations Nm ~ No is

known. This difference can be expressed in terms of the

total amount of electricity passed through the specimen

before the attainment of equilibrium: Q = Ve(Nco ~ Ν0),

where V is the volume of the specimen. However, this

method is associated with the integration of the current with

respect to time and can lead to a major error as a conse-

quence of the slow decay of the current in the range of its

values close to the limit of the sensitivity of the measuring

apparatus.
The coulometric titration method developed by Wagner1·9 5 1

and used widely nowadays in research practice is much more
convenient for the determination of the difference between
the final and initial concentrations of electrons in the speci-
men Noa - No. In this method a cell of type (50), for
example

electrolyte I
Μ Pt (56)

is also used. A definite amount of electricity is passed
through the cell, after which it is allowed to stand for a
time until the attainment of a homogeneous value of δ over
the entire length of the specimen; for each fixed value of δ ,
the cell e.m.f. Ε is measured. The Ε = Ε(δ) curve plotted
in this way is a calibration curve and is used to determine
the unknown value of δ from the measured e.m.f. Further-
more, the e.m.f. of cell (56) is equal to (μ° - \i )/ze,

where μ° and μ are the chemical potentials of the atoms Μ
Μ Μ

in the metallic electrode and in the compound M1+(5Xr.
Graphical differentiation of the £(δ) curve therefore makes
it possible to determine directly the thermodynamic factor

d In a M

d In JVM

d£

d6
(57)

which can be used to calculate D from self-diffusion data in

accordance with Eqn. ( 4) .

2. Long times (t > LZ/4D). In this case Eqn. (54) for
ψ(χ, t) is fitted by the first member of the series and we
obtain the following expression for the current (to within

2e ( - Νο)
6 ΧΡ(--Ίζ9 ' (58)

Eqn.(58) describes the In |ί | - t straight line. D can be
determined from its slope.

Using the potentiostatic method, Rickert and Weppner, "*5

determined the CCDC in non-stoichiometric wustite FeL_,5 = 0
in the range 0.06 i δ i 0.13 using all the three methods
described. The discrepancy between the data obtained by
different procedures does not exceed 30%, indicating their
adequate reliability.

Relations similar to those described above are also obtained
for the cylindrical geometry of cell (48) in which the test
substance is first fused within a solid electrolyte tube.1*1

In this case the overall solution of Fick's second equation is
expressed in terms of Bessel functions, but for short times
it is identical with Eqn. (55).

3. The Galvanostatic Method

This method, which is fairly simple as regards apparatus,
has been widely used by many investigators. 6 > u > 3 8 - l l 6 ' 5 2 > 5 3

Its theory has been developed by Yokota11 for compounds of
the type of silver sulphide exhibiting cationic and electronic
conductivities. However, his equations proved valid for
any binary ionic compound and we shall therefore quote the
general relations.

Figure 3. Cell with electronic (a) and ionic (£>) electrodes
for the determination of the CCDC by the galvanostatic
method: 1) inert electrodes; 2) electrolyte; 3) electronic
probes; 4) ionic probes.

We shall consider cells of two types, illustrated sche-
matically in Fig.3. Cell α has electrodes made of platinum,
graphite, or another inert material which is permeable to
electrons only. Cell b is fitted with more complex electrodes,
containing a layer of solid electrolyte impermeable to electrons
and reversible with respect to the ions Mz+ or Xz~ forming
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the given binary compound MXr. Such electrodes can con-
sist, for example, of the combinations Μ |MZ+ with a cation-
conducting electrolyte or X2, Pt \XZ~ with an anion-con-
ducting electrolyte. (O 2, S 2, etc. can be used as the
substance X2 generating the anions.) Furthermore, each
cell can be provided with a pair of electronic or ionic mea-
suring probes playing the role of the corresponding elec-
trodes .

If a direct electronic or ionic current is passed through
the cell, concentration polarisation, associated with the
presence of a DCS gradient, arises in it. The potential
difference between like probes serves as a measure of this
polarisation; the method consists of the measurement of the
potential difference between the probes as a function of
time when the direct current is switched on or switched off.
The corresponding theoretical relations have been obtained
from the solution of Pick's second equation for a specimen
2L long and are compiled in the Table. ψ(ί) denotes the
function

( 5 9 )

=£s-^brK p[-
which varies in the range from Ψ(0) = 1 to Ψ(°°) = 0.

Time variation of the potential difference between the probes
φ(0) - φ(£) = φ(ί,) - φ(2Ι,) in Yokota's method when the
direct current is switched on and off.

Electrodes

Electronic

Electronic

Ionic

Ionic

Probes

ionic

electronic

ionic

establishment
of polarisation

IL

IL

"IT [1 - tev (01

• tf(L)~9(2L)

decrease of
polarisation

— /,*(/)

IL

Different workers have used cells which constituted
various simplified versions of Yokota's cell and have made
measurements under conditions where the current was either
switched on or switched off. Experimental curves are
usually analysed by comparing them with the corresponding
approximate expressions for the function Ψ(ί).

1. For short times t « L2/D, one can use the solution for
a semi-infinite medium:

a 1-2 (60)

When the partial electrical conductivity is unknown, the
CCDC can be determined from the slopes of the φ - t 1 ' 2

linear plots in accordance with the formulae in the Table.
2. For long times, only the first term of the infinite

series (59) is retained:

and the CCDC are found from linear plots in terms of the
corresponding semilogarithmic coordinates in the same way
as in the potentiostatic method.

A pulse method which is a version of the galvanostatic
method, has been used. 6>51*>55 This method involves the
measurement of the potential difference between the probes
when short d.c. pulses, whose duration is small compared
with L2/2D, are passed through the specimen.

t . The Gravimetric Method

In this method, proposed by Bruce Wagner,3I·»56»57 the test
specimen is maintained in an atmosphere with a fixed pres-
sure of the non-metallic component ρ until the attainment

X2

of equilibrium. At time t = 0, the pressure ρχ changes
abruptly to a new value. Under these conditions, the con-
centration of electrons at the end-faces of the specimen for
x = 0 and χ = 2L changes from No to a new equilibrium
value Nm, which is established throughout the entire
specimen after a time. The change in electron concentra-
tion, which is unambiguously related to the change in the
stoichiometry of the specimen, corresponds to the dissolution
or removal of the non-metallic component from the test speci-
men and hence to a change in its mass.

Evidently the distribution of concentrations in a plate with
a thickness 2L, which is permeable to the non-metallic com-
ponent on either side at χ = 0 and χ = 2L, is identical with
the distribution defined by Eqn.(53), which is calculated
under conditions where plates with a thickness L are
permeable on one side. Integration of Eqn.(53) with respect
to the thickness of the plate permits the calculation of the
change in the mass of the specimen as a function of time:

- rr = 1—Ψ(0 . (62)

The values of D are determined from the slopes of the
experimental Μ - t1'2 curves for short times (t < 0.32L2/D)
and lg |Mco - Μ |—t curves for long times (f > 0.14L2/D) in
conformity with the asymptotic formulae (67) and (68), the
error of the solutions not exceeding 1%.58 Furthermore,
there exists a region 0.14 < Dt/L2 < 0.32 in which the two
solutions overlap. The error, associated with the repre-
sentation of the specimen as an infinite plate does not exceed
1%, provided that the thickness of the plate is much smaller
than its length and width.

For specimens in the form of a 2α χ 2b χ 2c rectangular
parallel-piped, the approximate solution corresponding to
long times (|M - Mo | £ 0.5 |Moo - Mo |) is described by the
formula56

Μ»— Μ _ j > 1 2 _ Γ π»Ρ/ / 1 • 1 . 1 \ j

while for spherical specimens with a radius R the solution is
given by the formula59

iSgl" " a J.«xpf-iSg (64)

(61)

For specimens in the form of an infinite cylinder, the solu-
tion is expressed in terms of Bessel functions and in the
general case requires numerical analysis. 6 0

The solutions quoted above have been obtained on the
assumption of the instantaneous attainment of the equivalent
concentration of charge carriers on the surface of the
specimen. When the reactions on the surface are slow, the
solutions include the corresponding rate constants. 3I|>61>62

An important disadvantage of the gravimetric method is its
relatively low sensitivity and the associated necessity for the
use of comparatively large changes in the composition of the
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specimens, which leads to the breakdown of the condition
that D is independent of the degree of DCS and ultimately to
a considerable uncertainty in the measured values of D.

5. The Conductimetric Method

This method presupposes the same experimental conditions
as the gravimetric method, but differs from the latter by a
higher sensitivity (for a suitable disposition of the electrodes
and measuring probes). 34>56»63>61* ΐ η this method the aver-
age electrical conductivity of the specimens serves as a
measure of the changes in concentration. It is assumed that
the mobility of the current carriers and the effective charge
of the diffusing defects remains constant. Under these
conditions, the electrical conductivity varies linearly with
the concentration of the excess component Ν, i .e. a = AN +
const . , 5 8 ' 6 ' so that the solutions are obtained from Eqns.(62)-
(64) by the simple replacement of Λί by σ and the experi-
mental σ—t relations are analysed in the same way as in the
gravimetric method. If ionic defects with different effective
charges are involved in the diffusion, the proportionality
between the electrical conductivity and the mass of the speci-
men breaks down and measurements of these quantities lead
to different values of D. 2 6

6. Other Methods

Apart from the relaxation methods described above,
mention should be made of the method based on the kinetics
of solid-phase reactions'*"6 '3 '*'6 5 '6 6 involving the measurement
of the rate of growth of the solid phases in processes
involving the oxidation of metals, for example, Fe -*• FeO, or
of lower oxides (chalcogenides) to higher oxides (chalcoge-
nides), for example, FeO ·> Ρβ3Ομ -»• Fe 2O 3. It is then
assumed that the reaction product (scale) forms a compact
non-porous layer in good contact with the metal or lower
oxide and the oxidation reaction proceeds under diffusional
conditions. According to Wagner's theory, 7 in this case
the change in the thickness L of the layer of scale is
described by parabolic time law L 2 = 2Kpt with the constant
Kp = $Dd& s £>Δδ , where Δ δ is the total change in the
degree of non-stoichiometry along the thickness of the scale,
which is independent of time. Wagner66 also proposed
equations for the calculation of the effective CCDC for the
formation of multiphase reaction products under diffusional
conditions.

Together with the direct measurements of the thickness or
mass of the layer of scale as a function of time, in the study
of oxidation kinetics one uses also electrochemical cells in
which one of the reactants is supplied to the reaction zone
by passing a current through a suitable solid electrolyte.
For example, in the cell1*0'1*1

(—) Pt 1 Ag | Agl | Ag,S | NiS | Nf
Pt(+) (65)

the electrolyte Agl is used to transfer silver ions from Ag2S
to metallic silver; the layer of the NiS scale grows as a
result of the diffusion through it of nickel ions and electrons
as well as the sulphur liberated in the electrolysis of the
auxiliary layer of Ag2S. The cell e.m.f. then serves as a
measure of the chemical potential of sulphur in Ag2S and
hence of the Gibbs free energy of the sulphidisation of
nickel. Since the current density is a direct measure of
the rate of growth to the layer of scale dL/di in the parabolic
increase of the thickness of the layer, the following time
relation should be observed:

(66)
υ U( υ

where F is the Faraday and ν the equivalent volume of the
scale.

The main disadvantage of the method of solid-phase reac-
tions is the fact that the values of D determined from the
measured Kp for known Δ δ are averaged over the entire
range Δ δ . In principle, the dependence of D on δ can be
found by differentiating the values of Kp obtained for dif-
ferent cell e.m.f.'s with respect to the corresponding values
of δ at the NiS |Ag2S boundary. However, since this
involves considerable experimental difficulties, the method
of solid-phase kinetics is used mainly for the rough estima-
tion of the CCDC.

D, cm2s

0.3

0.1

0

ΰ.2

0.1

- \

- \
\

o.s 1 1.5
10*6

Figure 4. Dependence of the CCDC in the Ag 2 ( 1 + 5 )S (a)
and Ag2(1+($)Se (b) cubic phases on the excess content of
silver δ at 200 °C. Circles—experimental values; 5 3 curves—
calculation: 1) according to Eqn.(4); 2) and 3) according
to Eqn.(46) for Fe = 1 (curve 2) and Fe calculated from the
data in Fig.2 (curve 3).

Finally, we may mention the method involving the study
of the permeability of solids to gases . 6 7 · 6 8 In this method,
the difference between the partial pressures of the non-
metallic components ρ is established on the two sides of

A 2

a membrane of the test substance and the time variation of
the pressure in a calibrated volume as a result of the dif-
fusion of X2 through the membrane is recorded. If the
concentration of the gas within the membrane at the inlet
is higher than at the outlet and the concentration at the
outlet is equal to the initial value, then the pressure at the
outlet begins to increase when a time τ = L2/6D has elapsed
since the establishment of the pressure difference (L is the
thickness of the membrane) and subsequently varies linearly
with time. The determination of D therefore reduces to the
measurement of the intercept τ made by the experimental
linear ρ —t plot.
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7. Experimental Data

(a) Silver and copper chalcogenides. The most reliable
CCDC data as a function of the degree of non-stoiehiometry
have been obtained for silver 3 6 ' 5 3 and copper 6 9 ' 7 0 sulphides
and selenides. The high-temperature cubic phases of these
two compounds have a structurally disordered cationic sub-
lattice and exhibit a mixed cationic-electronic conductivity
of n- and p-types respectively. In terms of their electronic
properties, they belong to the class of degenerate semi-con-
ductors .

Fig. 4 illustrates the results of the direct measurement of
D for the Ag2(i+(5)S and Ag2(1 + ($)Se cubic phases for dif-
ferent excess (δ > 0) contents of silver. 5 3 The continuous
curves 1 were calculated5 3 from the phenomenological formula
(4) using the experimental random diffusion coefficients of
silver and the thermodynamic factor found from measurements
of the e.m.f.'s of a galvanic cell. We calculated curves 2
and 3 on the basis of a statistical theory, in accordance with
Eqn.(46), which for the compounds considered has the
simple form D = FeDj±g/ δ , derived for the first time by
Fomenkov. 7 1 Curve 2 corresponds to the non-degenerate
state of the electrons ( F e = 1). Curve 3 takes into account
the degeneracy; the values of Fe ~ Fn have been found
from the data in Fig. 2, using the ratios of the effective mass
of the electron to its real mass, m*/m0 = 0.21 and 0.17,
obtained by averaging the literature data 7 2 " 7 5 for the
sulphide and selenide respectively.

104£>, cmV

8

6

4

2

0

8
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2 h

0
1 2 δ Η 5 6

-10Zt

Figure 5. Dependence of the CCDC in the Cu2(1+ (5)S (a)
and Cu 2 ( 1 + ( 5)Se (b) phases on the copper deficit at 400 °C.
Circles—experimental values; 6 9 > 7 0 curves 1—3 were calcu-
lated in the same way as the corresponding curves in Fig.4.

Fig.5 presents analogous data for the Cu2(i+(5)S and
Cu 2 ( 1 + ( 5)Se cubic phases characterised by deficiency of
copper in relation to stoichiometry (S < 0). The circles

represent experimental values of D. 69>7° In the calculation
of curves 1—3 for the stoichiometric sulphide and selenide,
the values Dcu = 6 χ 10~6 and 8.5 χ 10~6 cm2 s"1, which
agree within the limits of experimental error with the cor-
responding D* for radioactive isotopes, 7 7 ' 7 8 were

adopted. The effective masses of holes m*/m0 = 7.6 and
4.6 were taken from Konev et al. 7 9

Figs.4 and 5 indicate a satisfactory agreement of the
experimental data with the values and relations derived
from both the phenomenological and statistical theories,
allowance for the degeneracy of the electronic states when
| δ | > 10~3 and 10~2 for silver and copper chalcogenides

respectively being important in the latter case. A satis-
factory agreement with both theories has also been obtained
for the (Cu1_0CAgx+(5)2S and (Cu1_ccAgx+(5 )2Se cubic solid
solutions containing both an excess and a deficiency of the
metal and showing maxima on the £>(δ) curves in the
vicinity of the stoichiometric composition.23

The results of the study of the impedance of the
Pt |6-Ag2(1+(5 )S boundary as a function of the excess con-
tent of silver in 3~Ag2/1+<5 \S, which is a non-degenerate
η-type semiconductor, merit attention. 8 0

A readily measurable Warburg impedance, comparable to
the resistances of the traditional elements of the equivalent
circuit of the cell, was observed. The temperature depen-
dence of the logarithm of the Warburg constant, obtained
from the experimental impedance hodographs for a fixed
δ = 5 χ io~5 and the same relation calculated subject to an
assumption concerning the CDC of the ions and electrons1

are almost parallel. The experimental and theoretical
values are linked by a constant multiplier of ~0.08, which
may be due to the effective area of contact of the solid
phases; one can therefore speak of a satisfactory agree-
ment between the theory and experiment in this case also.

(b) Oxides. The majority of the experimental data for
oxides have been obtained for a large and frequently not
measureable difference between the δ values. The depen-
dences of D on δ or ρ , which is of greatest theoretical

O2

interest, have been investigated for an extremely limited
range of compounds.

Reliable data are available for nickel monoxide with a
deficiency of the metal, which exhibits Wagner disorder. 8 1

These data demonstate the constancy of the values of D at
900—1200 °C over a fairly wide range of oxygen partial pres-
sures (from 1 to 10~5 atm). Analogous results have been
obtained for a cobalt single crystal, 5 6>8 2 where D is indepen-
dent of ρ at 900-1300 °C in the same pressure range.

U 2

These results are in good agreement with the expression
obtained for D in the case of the vacancy mechanism of the
diffusion of cations in the absence of degeneracy of the
holes: 3I*

The validity of Eqn.(67) for COi-gO has also been con-
firmed by Fryt et a l . 3 5 At the same time Morin's results
for COi-gO at 1000 °C 8 3 demonstrate some (approximately
by a factor of 2) increase of the chemical diffusion coefficient
D in proportion to pi/1* when ρ (aim)1/1* changes from 0.2

U 2 u 2

to 1. The values of C C o , calculated by E q n . ( 6 7 ) , are then
close to 2, while the effective charge of the dominant cationic
vacancies, determined from the dependence of the electrical
conductivity on ρ is unity at the same oxygen p r e s s u r e s .

U 2

According to the author, 8 3 this discrepancy is associated
with the anomalies in the mobility of the vacancies, in partic-
ular with the dependence of their mobility on ρ in the

region where the phase ex i s t s .
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The available information about the dependence of CCDC
on δ or ρ for other oxides is not only scarce but fre-

quently contradictory. As an example, one may refer to
the results of experiments by different investigators on
wiistite Fe-^gO, 3 Ι ^ 5 > 5 7 which differ by factors amounting to
hundreds for the same temperatures and values of δ and the
dependences of Don δ obtained by different methods exhibit
even qualitative differences. Apparently the main cause of
such discrepancy is the complexity of the defect structure of
wiistite, in particular its tendency to form extended multi-
clusters which are not reproducible between different
experiments. 2 ' 5 The significant deviations of the defects
in wustite from ideal behaviour are indicated by the
observed linearity of the dependence of the logarithm of the
activity of oxygen on δ instead of the expected logarithmic
relation. "*5

A considerable variety of the dependences of lg D on lg ρ
U 2

has been observed for vanadium oxide compounds.2 9 The
results for the diffusion of oxygen in VO2 and of sodium in
Na1/3V2O5> demonstrating the constancy of the coefficient D
within certain ranges of values of ρ , are consistent with

°2
the solutions (see Table) for the dominant electronic dis-
order . On the other hand, for the diffusion of oxygen inV 2 O S , Na-L/jV^Os
on the lg£>—lgp

and Ca3Fe3.5V1.5O12, the horizontal sections
plots are altogether absent and the slopes

of their different sections vary from 1/6 to 1, while the
theory described can explain only slopes equal to 0 and ±1.
The cause of this discrepancy is probably to be sought in
the formation of extended defects of the type of shear
planes.2 '8 1* This hypothesis is supported by the observed
linear dependence of the partial free energy of oxygen on
δ 8 S and also by the low mechanical strength of vanadium
oxide compounds and by their tendency to split into separate
layers.

oOo

Summarising the above discussion, one may conclude that
the joint employment of the phenomenological theory and the
statistical-thermodynamic theory based on the model of non-
interacting ionic defects can yield much information about
the dependence of the CCDC on the degree of CDS or the
pressure of the non-metal in the gas phase. The degener-
acy of the electrons exerts a significant influence on the
CCDC. However, despite the major advances made with the
aid of the model of non-interacting defects, its possibilities
are apparently close to being exhausted.

The discrepancy between the conclusions derived from the
theory and experiment for some of the systems investigated
necessitates an increase in the complexity of the existing
models, in the first place the allowance for the interaction
of ions or point defects and also for the involvement of
models of extended defects. It is quite evident that
appreciable progress on these lines can be achieved by com-
bined theoretical and experimental studies of both static
and kinetic characteristics of solids at the atomic level using
microscopic working models of the defect structure and of
the mechanisms of the elementary transport steps.
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