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Thermodynamics of plane-parallel emulsion and foam films
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Abstract. Studies on the thermodynamics of plane-parallel thin
liquid films (emulsion and foam films) are surveyed. Various
approaches to the thermodynamics of planar non-interacting
interfaces in thick liquid films (Gibbs dividing surface method,
Rusanov’s method based on a layer with a finite thickness,
Hansen’s method) as well as the thermodynamics of plane-
parallel thin liquid films based on different models [membrane of
zero thickness, membrane of finite thickness, two interacting
dividing (as defined by Gibbs) surfaces] are examined. The
bibliography includes 56 references.

I. Introduction

The interaction between the particles of a disperse phase in
emulsions and foams takes place through thin layers—
microscopic liquid films (MLF) of the dispersion medium. This
interaction determines the stability and the structural-mechanical
properties of disperse systems.

Despite the strikingly non-equilibrium character of processes
involved in the formation and breakdown of MLF under real
emulsification and foam-formation conditions, equilibrium
thermodynamics can serve as a first approximation in the
description of the properties of such films, which is more
accurate the lower the rate of change of the external perturbing
influences compared with the rates of internal relaxation processes
(hydrodynamic and adsorption processes, surfactant reconforma-
tion processes on interfaces, etc.) in such films. The effects
associated with the non-equilibrium nature of the physico-
chemical processes can be described under such conditions as
excess effects compared with standard effects in equilibrium
thermodynamics. This guarantees that they are unambiguous.

The difficulty of the thermodynamic description of MLF
consists in the lack of a generally recognised definition of the
concept of interfacial interaction in the so-called transition region
in the film. The forces of the interaction between the surfaces of
the film in the transition region vary in magnitude and sign
(Figs. la and 15), vanishing on emerging from the film into the
bulk phase o of the Plato region of the film meniscus, where the
wedging pressure is zero (Fig. 1¢). No problems arise in describing
the interaction with the central part of the plane-parallel film
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because thermodynamic methods for plane-parallel liquid films
have been developed.!~1° But the thermodynamics of the transi-
tion region of the film have as yet been inadequately developed. In
particular, there is no generally recognised way of determining
and describing the disjoining pressure in the transition region of
the film, which leads to ambiguous and inconsistent estimates of
the interaction energy in this region of the film.

If the area corresponding to the transition region of the film
constitutes a small fraction of the plane-parallel region, then one
can neglect the contribution by the energy of the interaction of the
transition region to the overall interaction energy in such a film.
However, with decrease in the size of the MLF, the contribution to
the interaction energy in the transition region is appreciable and
cannot be disregarded. In the latter case, the thermodynamic
description of the interaction in the MLF is based on idealised
models. For example, the real film, having a complex profile in the
transition region, is replaced by a plane-parallel film with a
thickness Hr and a radius 7 and two lateral surfaces having a
constant average curvature and a constant interfacial tension.
The excess amounts of the thermodynamic quantities are then
referred to the contact (dividing according to Gibbs!!) line
separating the plane-parallel region of the film from the bulk
phase a. For example, the concept of the linear tension, which
represents the excess free energy of the film referred to a unit
length of the contact line, has thus arisen.!2-14

phase §

r 0 n
™~J__ transition region
t._ region of Plato meniscus

S
v
7\

phase B

Figure 1. Thermodynamics of liquid films (see text): (@) a symmetrical
microscopic liquid (emulsion or foam) film arises between two identical
flowing (liquid or gaseous) particles of a phase B in a liquid phase «; (b)ina
symmetrical liquid film one can distinguish a central plane-parallel region,
the transition region, and the region of the bulk-phase meniscus of the
phase a; (c) the disjoining pressure IT(H') isotherm in the transition region
(H = 2z s the local thickness of the film in the transition region).
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represents the excess free energy of the film referred to a unit
length of the contact line, has thus arisen,!2-14

At the same time, it is evident that the use of idealised
(reference according to Gibbs!!) thermodynamic models, which
isundoubtedly convenient in a formal thermodynamic description
of thin liquid films, does not solve the problem of calculating the
excess quantities arising under these conditions (for example, the
linear tension) in the films. It is therefore necessary to devise the
thermodynamics of the transition region of thin liquid films. Such
thermodynamics can be defined as a self-consistent and closed
system of concepts and relations between parameters character-
ising the interfacial interaction in the transition region of the film
(for example, the disjoining pressure) and other thermodynamic
parameters and functions.'3-15 The thermodynamics of the
transition region of the film reduces to the thermodynamics of
plane-paralle] films and the thermodynamics of free interfaces in
the appropriate regions where determinations are carried out.!$

Problems of the thermodynamics of plane-parallel liquid
films, which constitute the basis for the construction of the
thermodynamics of the transition region of the liquid
films,!3:16.17 are discussed in this review.

II. Thermodynamics of planar free interfaces

We shall consider briefly the principal definitions and postulates
of the thermodynamics of planar free interfaces, which in fact
constitute the thermodynamics of thick plane-parallel liquid films
where the interfaces bounding them do not interact by definition.
The thermodynamics of such surfaces, developed by Gibbs,!! has
been described in detail in 2 number of publications.?: 18-23

1. Description of the thermodynamic system
‘We shall consider, with reference to Fig. 2, a multicomponent two-
phase thermodynamic system with a volume V containing two
liquid phases, o and B (or a liquid phase B and a gaseous phase )
and a planar interface dividing them, whose area 4 = LI, where L
is the length and / the width. Under equilibrium conditions, the
temperature T as well as the chemical potentials u; of the ith
components (i = 1,2, ..., N; Nis the number of components) are
equal in all parts of the system under consideration. We shall
neglect the effect of the force of gravity, i.e. we shall assume that
the hydrostatic pressures P, and Pg in the macroscopic phases a
and B are the same and equal to P.

We shall postulate that the right-hand wall of the cell is mobile
and that it is acted upon by an external force f., which balances the
forces of the interfacial tension oo of the planar surface. If
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Figure 2. Thermodynamic system containing a flowing (liquid or gaseous)
phase B, a liquid phase a, and the interface.

necessary, the chemical potentials y; of the ith components can
be varied or kept constant with the aid of a material source v;.

2. Hydrostatic description of the interface

Within the framework of local thermodynamics (which is also
known as quasi-thermodynamics or microscopic thermo-
dynamics?!), one uses a hydrostatic description of the interface,
in which the latter is represented as an anisotropic continuous
medium in each microscopic volume for which the principal
thermodynamic relations hold.1%-19.21-27

Despite the artificiality of the concept of the interface as a
continuous medium with a thickness of ~1 nm, such
representation is internally consistent, i.e. it constitutes 2 non-
contradictory system of concepts and equations and, furthermore,
is extremely clear. In order to formulate the thermodynamic
equations, it is necessary to define the concept of the hydrostatic
pressure in the medium.

The components of the intermolecular interaction due to the
thermal motion of the molecules, short-range forces (Born
repulsion, hydrogen bonds), and long-range forces (van der
Waals attraction, electrostatic interaction between the electrical
double layers) are usually included in the pressure tensor.?8:2° The
mechanical equilibrium in the mixture is then fully determined by
this generalised hydrostatic pressure tensor and external (for
example, gravitational) forces. Sometimes only the short-range
intermolecular forces and thermal motion are included in the
pressure tensor, with the assumption that the long-range forces are
external with respect to the volume elements of the medium,39-32

The condition for mechanical equilibrium in the medium is
formulated as follows within the framework of local
thermodynamics:8 19 21,22,27,33

divP =0, 0

where P is the generalised hydrostatic pressure tensor. In an
isotropic medium, the tangential components of the pressure
tensor are zero. The normal components of the tensor are equal
to one another (Fig. 3a):

P =Py, =P,=P.

In a continuous anisotropic medium, with the aid of which the
transition region of the interface is modelled, the tangential
components of the pressure tensor are also zero, and the normal
components are

P.. = Px(z), Pex =P, =P1(2).

The qualitative dependence of the components of the pressure
tensor Pn(z) and Pr(z) on the coordinate z in the case of a planar
interface is presented in Figs. 35 and 3c. In the region of the bulk
phases a and B, these components are equal: Py = Pt = P. Inthe
transition layer with a thickness J, the component Py does not
change and remains equal to P, while Py(z) becomes negative and
greatly exceeds the compressive pressure P in absolute magnitude.
We may note that, in the case of a curved interface, the component

a b c
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—
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z Pyy ﬁ.—_.'::—_.;‘
=
0 P =
Y 0 Py Pr
x

Figure 3. Description of the interface in terms of local thermodynamics:
(a) different components of the hydrostatic pressure tensor in a system
containing an interface; () and (c) dependence of the components Py and
Pr of the hydrostatic pressure tensor on the coordinate z.
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Py does vary in the transition layer with a thickness 4 but remains
positive (i.e. the pressure Py remains compressive).

3. Fundamental equation of a system containing a planar free
interface

When the mobile lateral wall of the cell (see Fig. 2) moves by dx,
the area of the interface increases by d4 = /dx, and the external
force f. executes an amount of work

dW, = 0odA. @

The volume of the system ¥ may then change by d ¥ and the work
performed by forces external to the system is

dWp = —PdV. 3

Furthermore, as a result of adsorption on the newly formed
surface, the number of moles N; of the ith components changes
by dN; and the amount of work then performed is

dw, = uidN;. @
i
Thus the Helmholtz free energy of the system changes by
dF = -SdT+ Y _ pdN, — PdV + oo d4, ©)
7

where S is the entropy of the system. Eqn. (5) is called the
fundamental equation of a system containing a planar free
interface.

In the study of the mechanical equilibrium in the energy
properties of liquid films, it is convenient to operate with the
intensive variables T and y; instead of T and N;. Instead of the
Helmholtz free energy F, one therefore uses the grand
thermodynamic potential

Q=F-} wl,
i

whose differentiation and combination of the resulting expression
with Eqn. (5) yields the fundamental equation of the system under
consideration in the form

dQ = -SdT- ) Nidp — PdV +oodA. (6)

The following definitions of the interfacial tension g for a planar
free interface follow from Eqns. (5) and (6):
oF oQ

7 :52 T,V,N; =a

. )

T,V pi

4. Thermodynamic description of the interface
The interface is described on the basis of different thermodynamic
models. The Gibbs method of excess quantities, based on the
modelling of the interface by the so-called dividing surface, i.e. an
imaginary surface which has a zero thickness but is characterised
by a finite surface energy, entropy, mass, etc. has come to be most
widely used. This method is convenient also for thin liquid films.

The method based on a layer with a finite thickness, developed
by Rusanov!® 1 and Hansen,?* and subsequently developed in the
studies of Motomura,3® Markin, Volkov,?® and others, is
convenient for the description of the physicochemical properties
of adsorbed surfactant layers. On the other hand, this method is
not used for interacting interfaces in thin liquid films.

Brief characteristics of these methods are given below from the
standpoint of their possible extension to thin liquid films.

a. The dividing surface method

In this method, a real system with a volume V, containing an
interface with a thickness & (Fig. 4a), is replaced by anidealised
model consisting of two reference phases o and B separated by a
dividing surface of zero thickness and we have

V=VatVs, ®

where V, = Al, and Vp = Alg are the volumes of the reference
phases. The extensive parameters, the local densities of which
change sharply in the transition region, are represented by the sum
of the bulk-phase components and surface excess amounts:

S=Sy+Sp+Ss, ®
N; = Njg + Nj + Ny, (10
Q=0+ +Q,, an
where S, and Sp, Nix and Nig, and Q, and g are respectively the
bulk-phase entropies, numbers of moles of the ith components,
and grand thermodynamic potentials of the reference phases o and

B, while S, N, and Q; are the excess values of these quantities for
the reference phases referred to the dividing surface.

Fundamental equation for a planar free dividing surface. Having
substituted Eqns. (8)—-(11) in the fundamental equation for
system (6), we obtain

dQ = dQ, + dQg + dQ;, (12
where
dQy = —S,dT — Y Nudp; — PdVy, 13)
i
dQg = —SpdT - Y Ngdu; — PdV;, (14)
i
dQ, = —8,dT~ ) Nisdp; + 00 dA. as)
i

Eqns. (13)—(15) are fundamental for the reference phases a and §
and the planar dividing surface respectively. The Gibbs method of
excess quantities described here makes it possible to extract from
the fundamental equation for a system containing a planar
interface the so-called surface component, i.e. Eqn. (15), which
describes the thermodynamic properties of the dividing surface.
However, one should bear in mind that the excess amounts Ss and
Njs depend on the location of the dividing surface. The method of
establishing this location must be specially stipulated for an
unambiguous thermodynamic description of the dividing
surface. On the other hand, for constant 7 and y;, the interfacial
tension gy, defined by the relation

_o,
0|,

isindependent of the location of the interface, like the excess grand
thermodynamic potential £;. Indeed, bearing in mind that Qis a
homogeneous first-order function relative to the extensive
parameter 4 for constant intensive parameters 7 and p; and
applying Euler’s theorem to Eqn. (15), we obtain

oo

(16)

Q, = 0y A. 17
2 a b 2 c ,
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Figure 4. Illustration of the dividing surface (as defined by Gibbs) method
in the thermodynamics of a planar free interface: (@) open system-
containing an interface; (b) dependence of the component Py of the
hydrostatic pressure tensor on z; (c) result of the replacement of the
interface by a dividing surface.
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In this connection we may note that, by virtue of the invariance of
the function £ as regards the choice of the dividing surface, its use
for the thermodynamic description of the interface is preferable to
the use of the Helmholtz free energy, whose excess amount

Fs = 004 + Ny, (18)

depends on the position of the dividing surface.

The Gibbs — Duhem equation. On differentiating Eqn. (17) and
combining it with Eqn. (15), we obtain the familiar Gibbs—
Duhem equation for a planar free dividing surface:
dog = —S,dT - Y I'dp,, (19)
1
where S; = Ss/4 and I'; = Nis/A are the specific excess entropy
and excess number of moles (adsorption) of the ith component
referred to the dividing surface. If the procedure used to derive the
Gibbs-Duhem equation is applied to the grand thermodynamic
potential Q of a system containing a planar free interface [see
Eqn. (6)], we obtain the following expression:33

Adog = —SdT - ) Nidp; + VdP. 20)

Hydrostatic representation of the interfacial tension. Within the
framework of the ideas of local thermodynamics it is possible to
express the force f with which the system acts on a surface area
element A4 = z,zpl (where [ = 1) of a mobile wall (see Fig. 4a) by
the component P1(z) of the pressure tensor in terms of the relation
(Fig. 4b):

Za

f = J PT(Z) dz.
2

When the real system is replaced by an idealised system
containing two reference phases o and f and the dividing
surface, the corresponding force /4 (Fig. 4c) is

fid = JPdZ—O'o.

2p
The minus sign of oy reflects the direction of the action of the
interfacial tension.

The familiar Bakker formula37 for the interfacial tension of a
planar free dividing surface can be obtained from the condition for
the mechanical equivalence of the real and idealised systems, i.e.
from the conditions f = fid:

@n

22

o0 = j P~ Pr(2)]dz,

—00

23)

where the integration limits have been replaced by infinity,
bearing in mind that outside the transition region with thickness
é we have the equality Pr(z) = P.

The influence of pressure on the interfacial tension. According to
Gibbs,!! the derivative (0oo/0P )7 represents a volume decrement
associated with the specific expansion of the interface. Such
interpretation of the go(P) relation apparently follows from the
Gibbs— Duhem equation [Eqn. (20)], which can be transformed
into

I 1—¢ Iy 1—%) +
ma l—p1p2 mpl—prpm

S
dO'o = —ZdT—‘ (

N
Ty myo —pamap | Ty nip — o1y )
+3 (2 42 —ri)dw, (24

;(nla 1—pip2  nmp 11—, ) dwis (24)

by eliminating the intensive parameters y; and u, (it is assumed
that the components i = 1 and i = 2 correspond to water and oil
molecules), where n;y = Niof/ Ve and m;p = Nip/Vp, @1 = nip/nie,
and @2 = nafnzp. If one considers a two-component system in
which the two components are immiscible, for example with
nig = 0 and ny, = 0, then we obtain from Eqn. (24):38

80'0

()
—| =-{—+—).
oP | R Hap
If the dividing surface has been chosen in such a way that
either I'y = 0 or I'; = 0, we obtain from Eqn. (25)
r, I,

T nap Mg

(25

999
oP

Since vi = 1/mq and v2 = 1/nag are the molar volumes of
components 1 and 2 respectively and the quantities I'y and I'; have
the dimensions mol m—2, the right-hand side of Eqn. (26) has the
dimensions m® m—2 and has therefore been interpreted by Gibbs!!
as a decrease in volume associated with the specific expansion of
the interface.

At the same time, one should note that, since the signs of I'y and
I'; are not known beforehand, one cannot say whether the
interfacial tension o will increase or decrease with increase in P.
This applies also to the specific change in the volume of the interface.

The experimental results obtained from measurements of
the go(P) relation are contradictory: a negative value
(000/0P)r = —0.07 A has been obtained® for the benzene-
water systems; a positive value (0o¢/0P)r ~ +0.025 A has been
found38-40-42 for the hexane —water system, and this decreased to
+0.01 A after the addition of tetradecanol to the system.35 It
follows from Eqn. (23) that, with increase in pressure, the inter-
facial tension should not change if the interfacial layer is liquid-
like. In this case, an increase in hydrostatic pressure is trans-
mitted in all directions without change, i.e. P and P1(z) increase
by the same amount, and the integral (23) does not change.

On the other hand, if the structure of the layer is such that it
exhibits ‘solid-like’ properties, the increase in ¢ with increase in
the pressure P is induced by the ‘shielding’ effect. Indeed, if it is
assumed that the increase in pressure d P is not transmitted at all to
the narrow transitional interfacial layer (Fig. 4), then the depth of
the minimum in the Pr(z) curve does not change and the external
force acting on the mobile wall from the right increases. In this
case, the derivative (0go/0P )r has the physical significance of the
thickness of the interfacial layer. If the interfacial layer is
structured but not so much that it can be regarded as ‘solid-like’,
then its effective thickness

aa'o
he= (ﬁ);

is less than 9.

In connection with the proposed interpretation of the
influence of hydrostatic pressure P on the interfacial tension 6o
we may note that the results of Motomura and coworkers3 40-42
agree with the conclusion that g should increase with increase in
P for a two-component system. It has been shown*? that in the
water —hexane - octadecanol system the interfacial tension oo
decreases with increase in P_and the decrease is fairly
considerable [(000/0P)r = —2 A] in the phase transition from
extended octadecanol monolayers to condensed (i.e. ‘solid-like’)
monolayers. This result conflicts with the proposed interpretation
of the influence of P on ay.

(26)

V)

b. The method based on a layer with a finite thickness

This methodS:18-1? is based on the replacement of a real system
with a volume V, containing a planar interface, by an idealised
system incorporating two phases, a and B, with volumes V§ = /.4
and V{B = Ig A respectively (Fig. 5a) and a layer with a thickness A¢
and a volume Vr = hr A dividing them, i.e.

V=Vt Vp+Vr (28)
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Figure 5. Illustration of the method of the finite thickness layer method in
the thermodynamics of a planar free interface: (a) open system containing
an interface; (b) dependence of the component Pr of the hydrostatic
pressure tensor on z; (c) result of the replacement of the interface by a layer
of finite thickness.

The extensive parameters S, N;, and ( are also represented by
sums of the corresponding bulk-phase components referring to
the reference phases & and B and of the excess amounts S, N;r, and
s referring to the volume V¢ of a layer having a finite thickness,
ie.

S8 =S¢+ Sp+Sn 29
N; = Nio + Nip + Nig, (30)
Q=0Q,+Q+ 8. 31

Fundamental equation of a layer with a finite thickness. Having
substituted Eqns. (28)—(31) in the fundamental equation for the
system [Eqn. (6)], we obtain

dQ = d, + dQg + d, (32)
where
dQy = —SedT— Y Nigdp — PdV,, (33)
i
dQp = ~SpdT - Nigdp — PdVp, (34)
dQs= —SrdT— > Nisdp; — PdVi + 09 dA. (35)

Eqns. (33)—(35) are fundamental for the reference phases o and p
and the layer with a finite thickness, respectively.

Hydrostatic description of the layer with a finite thickness. The
force f with which the real system acts on the mobile wall is
described by Eqn. (21). For the description of the force /¢ with
which the idealised system, containing a layer with a finite
thickness hf, acts on the same surface element of the wall, one
has to refine the concept of the layer. If the layer is assumed tobe a
formation uniform along its thickness and characterised by
constant volume densities of the thermodynamic quantities, for
example, the entropy

St
St Vf 3 ( )
and the number of moles of the ith component
Nis
AL 37
nl Vf ? ( )

but anisotropic as regards mechanical properties [for example, the
layer is extended by the operation of the pressure P{. = P,, = P,
(Fig. 5¢)], then the force 4 can be formulated thus:

L] Ta Zo
fié= Jsz+ Jp;dz+ Jsz,

zp B Ta

(38)

where 1, and 1p are the coordinates of the upper and lower
surfaces of the layer with hr = t,—13. Taking into account
Eqn. (23), we obtain from the condition for the mechanical
equivalence of the systems f = fid

Prfrhf = th — 0p. (39)

Having substituted Eqn. (39) in Eqn. (35), we find the
fundamental equation for a layer of finite thickness:

dQr = —S;dT - Nirdp; — PAdhe — PL hrdA. (40)

i

If it is assumed that a layer uniform with respect to its
thickness and having a volume V% is a liquid phase, then the
hypothesis that its properties are anisotropic is unjustified (an
isotropic pressure P operates in the liquid phase). In this case, we
are forced to consider two dividing surfaces*? to which the excess
pressure P is referred, assuming that the pressure in the layer is
isotropic and equal to P. We may note that the excess amounts of
the other thermodynamic quantities are referred to a layer with a
thickness %, i.e. only the excess pressure, which we shall call the
interfacial tension oy, is referred to two dividing surfaces.

For this representation of a layer of finite thickness, the force
acting on a surface element of the mobile wall is

7

fid:Jsz—ao.

Za

(4D

From the condition for the mechanical equivalence of the systems

f = f9, we obtain an expression for g which agrees in form with
Eqn. (23). However, in this case it is implied that both dividing
surfaces are equivalent as regards mechanical properties (unless
the difference between them is specially stipulated), i.e. it is
assumed that

o) = O + O0p, 42)

where g9y and ogop are the interfacial tensions of the dividing
surfaces of finite thickness.

Hansen's method. Hansen* proposed a modified finite thickness
layer method for the description of systems with a planar
interface. He used the model of a layer containing a liquid phase
and two dividing surfaces which are placed in such a way that the
degrees of adsorption I'y and I'; of the components, which are
solvents for phases a and P respectively, are zero. The distance
between such dividing surfaces with the coordinates ¥ and rg is

=1, — 1.
By applying to Eqns. (33)—(35) the procedure used to obtain
equations of the Gibbs — Duhem type, we obtain

N
sqdT + nyedpy + nag dps +Zniadﬂi =dP, (44)
i=3
N
spdT +mpdur +npduz + ) mipdu; = dP, (45)
i=3

Sy H H
—dog = ZdT+ Tonpdp + 10 e dpy+
N
Nif H
+ ; ~ i~ dP, (46)

where niq = NiofVa, tip = Nip/Vp, nis =
and sqp = Sap/Vas.

Nif/Vf, Vf = A‘L‘H,
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Assuming that nyy = mg and nar = 124, which is equivalent to
the conditions I'y = 0, I'; = 0, and @1 = mp/Aia, P2 = N2/,
we obtain from Eqns. (44)—(46)

dog = —sear+ 1= 200 —#2) 1w gp
1 -1

N : : — .
_ Z [Fi _ w1{fix ‘PZn;B) + ‘PZ(”IB ) dui, @7)
— — P12
where I'; = Nig/A, and s¢ = S/A.
In the case of a two-component system, the following relation
follows from Eqn. (47):

(1= e)(L=2) 5gp
1L — 12

For immiscible components (for example, for component 1,

forming phase «, and component 2, forming phase B) and when

account is taken of the conditions ¢1 = ¢2 = 0, Eqn. (48) is

converted into

dog = —ssdT + <1 dP. 49)

In this case,343% the distance between the dividing surfaces, for
whichI'y = 0and I'; = 0, is

n_ %0

oP |,

which agrees with the result obtained by Good and Buff.3® The

expression obtained agrees with the conclusion reached by
Gibbs,!" who noted that the derivative (0oo/0P)r characterises

dog = —s¢dT + 48)

(50)

the distance between the two equimolecular surfaces. Having
compared Eqn. (50) with Eqn. (26), we obtain
He_ D2 I . G0
n2lr =0 Ma|r,=0

In the case of a three-component system (for example, water ~
oil —surfactant) subject to the additional condition that the oil and
water are immiscible, Eqn. (47) gives rise to the following
relation:34.3%

dog = —ssdT — 'y dus + MHdp. (52)

In this representation, a layer with a thickness t* is filled solely
with component 3 (i.e. the surfactant) and can be regarded as a
phase. Attention must be drawn to the fact that the quantity ¥,
defined by Eqn. (43), may be negative (even in the absence of a
surfactant or for a constant u3), whereupon the concept of a layer
with a finite thickness tH and filled with the surfactant is not quite
so clear. In particular, it has been found*? for the water — hexane —
octadecanol system that o diminishes from 35 to 25 mJ m—2 with
increase in P from 0.1 to 50 MPa for a constant mole fraction of
the surfactant in the oil x3 = 2.21 x 103, Since the chemical
potential us changes with increase in pressure, Motomura3>
suggested that one goes over to the variables T, P, and x3 (the
mole fraction of component 3 in one of the phases) by replacing u3
in Eqn. (52) by x3 in accordance with the relation

dys =%ﬂ—;dT+%%dP+g%zdx3. (53)
Then instead of Eqn. (52), we obtain at a constant temperature T

dog = (1:" - r;%) dP—-T; Z—Zdn. (54)
If the solvent is ideal in relation to the surfactant, one can write?’

ps = p3(T, P) + RTn x3, (55)
and instead of Eqn. (54) we have

dop = (‘rH —TI; %%)dP — RTT3dInx;, (56)

where 41 is the standard value of the chemical potential ys, i.e. its
value at x; = 1. Since 843 /0P can be interpreted as the volume of

one surfactant molecule v3 ~ 10—2° m? and the adsorption I's is
~10~¢ mol m~?, the product I'3(3uJ/0P) in Eqn. (56) increases
from 0 to ~1 A with increase in x3 from 0 to the value
corresponding to a surfactant monolayer on the interface.

If the thickness of the layer ¥ does not change as x3 increases,
then the quantity

T ? =7 H_ I, aa% = %

T,x3
should diminish with increase in x3, which was observed by
Motomura and coworkers’>»4°-42 for tetradecanol and
octadecanol. However, for a water-soluble surfactant (NaDDS)
78 does not vary with increase in x3,*! which may indicate the
simultaneous increase in tH in Eqn. (57). Furthermore, an abrupt
decrease in 1 from positive (~ +0.2) to negative (~ —0.2) values
at a certain critical pressure P has been observed for octadecanol,
which has been attributed3*-4! to a phase transition within the
surfactant adsorption layer.

Thus the finite thickness layer method, in particular Hansen’s
method improved by Motomura,>> permits certain definite
conclusions concerning the structure of interfacial (adsorption)
layers. On the other hand, the mechanism of the influence of
hydrostatic pressure P on the interfacial tension oy is not entirely
clear. For example, it follows from Eqn. (49) that a layer with a
thickness tH is ‘solid-like’ (if one uses the ideas of local
thermodynamics), i.e. an increase in pressure in the bulk phase is
not transmitted to the mobile wall in contact with this layer
(Fig. 2). The interfacial layer with a thickness t™ as it were shields
the wall from the external pressure and an increase in pressure dP
leads to an increase in interfacial tension by dop = t¥dP. The
decrease in 6o with increase in P proves to be difficult to express in
terms of local thermodynamics, since it is not clear why an
increase in pressure leads in this instance to a marked decrease in
the depth of the minimum on the P1(z) curve (Fig. 3), which is
greater than the increase in P in the system.

(57

II1. Thermodynamics of plane-parallel thin liguid
films

1. Definition of a thermodynamic system incorporating a thin
liquid film
We shall consider a system (Fig. 6) incorporating a plane-parallel
liquid film with an area A fixed on a rigid frame which can be
moved without friction by an external force f;.1% 1344 The film is
in mechanical equilibrium with the flowing (liquid or gaseous)
phase B surrounding it and the liquid phase o from which it is
formed. The chemical potentials u; of the ith components are
equal in all the phases of the system and in the film. The external
force f. is balanced by the tension of the film y. A force fy is applied
to the left-hand piston. With its aid, the pressure P, within phase a
in this piston is controlled. The chemical potentials (the numbers
of moles of the components) can be varied with the aid of a
material source v;.

An open subsystem with a volume ¥ (Fig. 6) (containing phase
B and the film element) in thermal, material, and mechanical
equilibrium with the system considered above is examined
simultaneously.

2. Fundamental equation of a system containing a thin liquid
film

If the variable parameters of the system are the temperature 7, the
volume of the system V, the area of the film 4, and the number of
moles N; of the i th component, then the fundamental equation for
such a system can be written in the form#9:10,13,45

dF = —SdT - PgdV+ Y pudN; + ydA.
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In terms of the variables T, V, u;, and A4, the fundamental
equation for the system becomes!3 16, 46,47

dQ = —SdT— PydV -y _ Nidu; +yd4, (58)
where 2 = F — 3" p;Nj is the grand thermodynamic potential and
Fis the Helmholtz free energy of the system.

3. Membrane model of a thin liquid film
By analogy with Gibb’s approach!! to the thermodynamic
description of free interfaces, Deryagin and coworkers!:?
developed the thermodynamics of thin liquid films using a
membrane of zero thickness as the reference thermodynamic
model of the film. They determined the excess thermodynamic
quantities relative to this membrane.

Within the framework of this model, the volume of the system
¥V is equal to the volume of the reference phase B, i.e. ¥p = ¥, and
one assumes arbitrarily that

N;=N;p+ Nis, (59

S = Sp + Sk, (60)

where N;p and Sp are the number of moles of the ith component
and the entropy of the reference phase B, and N;¢ and Sy are the
corresponding excess values of these quantities for the reference
phase referred to the membrane. The free energy of the system Qis
also expressed by the sum

Q=0+, 61

where Qg and Q¢ are the free energy of the reference phase p and
the excess free energy referred to the membrane, respectively.

The fundamental equation (58) for the system is written in the
form

dQ = dQy + dQy, (62)
where
dQp = —SpdT — PpdVp — > Nipdp; (63)
is the fundamental equation of t}:c reference phase pf and
dQr = —8¢dT =) Nirdp; +yd4 ()
i

is the fundamental equation for the membrane.

a. Hydrostatic pressure in a thin liquid film

A thin liquid film cannot be regarded as a phase because, as within
the transition region of the interface, intensive thermodynamic
parameters (such as the pressure and the densities of matter,

=] |
— |z
e,
liquid film
Mo,
T .
\

\open subsystem

Figure 6. A closed system incorporating a flowing (liquid or gaseous)
phase B and a plane-parallel liquid film formed from the liquid phase a.

fe

internal energy, entropy, etc.) change sharply within it
perpendicular to its plane. Within the framework of local
thermodynamics,?6~2%47-48 thin liquid films are represented as
an anisotropic medium in each microscopic volume of which the
fulfillment of the principal thermodynamic relations is postulated.
In particular, the fulfillment of the condition for mechanical
equilibrium [condition (1)] is postulated, whereas in an isotropic
medium the tangential components of the hydrostatic pressure
tensor P are zero, while the normal components Py, P,,, and P,
are equal to the hydrostatic pressure P in the isotropic medium.
As in interfaces (Fig. 3), the tangential components within the
liquid film are zero, while the normal components (Fig. 7a) are

Pxx =Ly = PT(Z), (65)

P, =Py=P. (66)

In the case of a plane-parallel thin liquid film, the pressure
tensor component Py is independent of the coordinate z. Within
curved thin liquid films of constant thickness, the pressure Py
varies, remaining nevertheless compressive (positive).

b. Film tension

In the membrane approach, the film tension vy is understood as the
specific excess pressure Pr(z) (per unit length) relative to the
isotropic hydrostatic pressure Pg in the reference phase p acting in
the direction tending to reduce the film area:’.% 26-29,45.47,48

+o00 +00
== [ (pete) - pyjdz = - j (Pr(z) - Puldz, 67

where the integration with respect to z is carried out in the region
of the inhomogeneity of the film and the minus sign before the
integral is selected in conformity with the definition of the film
tension as the force tending to reduce the length of the film.

Fig. 7b shows that in the membrane approach the plane
bounding the system on the right is acted upon by the pressure
Pg directed to the right and the film tension y directed to the left.
These forces are balanced by the force of the pressure Pp acting on
the plane from the right and by the external force £ directed to the
right. Thus the specific force (per unit length of the film) is equal in
magnitude to the film tension y.

The following definition of the film tension follows from the
fundamental equation (64):

7= 2 (68)
84 |, r ’
a0

Y=354 . (69)
04|, 1.v,

a z b 2

PT(Z) : Pﬁ PB Pﬂ
B s 2

Figure 7. The membrane model of a liquid film: (a) equilibrium in a
section of the vertical plane of the film holder acted upon by an external
force f. and the hydrostatic pressure Py from the right and by the local
pressure Pr(z) from the direction of the film on the left; (b) result of the
replacement of the film by a membrane of zero thickness.
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This actually means that the film is stretched when the piston
comprising the cylinder containing phase a is stationary (the
volume of phase B is then also kept constant).

4. The model of the film based on the concept of two dividing
surfaces
The thermodynamics of thin liquid films, based on this idea, was
first worked out by Rusanov’-%8 and was subsequently
developed in a number of other studies.5 7.9 16,17, 4447

In this model, the thin liquid film is represented by a thin layer
of the reference phase o with a finite thickness H, separated from
the external reference phase P by the dividing surfaces (as defined
by Gibbs) (Fig. 8). The volume of the open subsystem V'is equal to
the sum of the volumes of the reference phase p and phase a from
which the film has been obtained:

V=Vsg+V,. (70)

Under these conditions, V, = Vi and dV, = —dVp (if
V = const.) and the following relation also holds:

dVy=dVy,=AdH + HdA. 71

The grand thermodynamic potential of the system € is now
formulated as the sum

Q=05+ Q,+0,, (72)

where Qp and Q, are the free energies of the reference phases B and
o respectively and €; is the excess grand thermodynamic potential
for the reference phases B and a referred to the two dividing
surfaces.

The fundamental equation for the system is written in the form

dQ = dQp + dQ, + d@,, (73)
where the fundamental equations for phases B and a are
respectively

dQg = —SpdT— Y Nigdui — Pgd¥j, 74)

dQy = —S5dT =Y Nigdp; — Py dVy, (75)
i

where P, is the pressure in phase o, which is the reference phase for
the film:

S=Sp+ 8.+ Ss, (76)

N; = Nip + Nia + Nis. 7

Here S, and N, are the excess entropy and the excess number of
moles of the i th component respectively for the reference phases p
and a relative to the two dividing surfaces.

a 2 b z
P’r(z)-r Py Py PﬂE Py
= o(H) E
B = I p, Py
i fe H fe
— === o p, l
------ = H |
PJ o(H) =
Py

Figure 8. Illustration of the model of the liquid film based on the concept
of two dividing surfaces in the film: (@) equilibrium in the film holder acted
upon by P1(z), Pg, and f;; (b) result of the replacement of the film by an
idealised model comprising two interacting dividing surfaces and a layer of
phase o having a thickness H.

The fundamental equations for two interacting dividing film
surfaces is obtained from Eqns (58), (70), and (73)—(77):13.16.47

dQs = ~8,dT— ) Niydp; — (Py — Po)dVy +ydA.  (78)
i

Taking into account Eqn. (71) as well as the definition of the
disjoining pressure2®. 29

I = Pg— Py, 9

and the definition’ 3 17-44 of the interfacial tension o(H ) in a film
with a thickness H, i.e.

v =20+ IIH, (80)

the fundamental equation for interacting dividing surfaces was
obtained: '

dQ, = -8,dT - ) Nidp — 14 dH + 20dA. €3]

i

a. The disjoining pressure in a liquid film
According to the formal definition, the disjoining pressure IT in a
film?%-2° is equal to the difference between the hydrostatic
pressures in the two reference phases ff and o under the conditions
of the equilibrium between the film and these phases. Since, as
shown above [see Eqn. (66)], the normal component of the
pressure P, = Py in the film is equal to the pressure Pg in phase
B, Eqn. (79) can be rewritten in the following form:

II=Px—P,, (82)

which corresponds best, according to a number of
workers,5 7-8.20.28,29 1o the physical significance of the disjoining
pressure.

There exist two points of view on the interpretation of the
physical significance of the disjoining pressure II. One group of
workers® 28.29,45,49,50 ynderstand the disjoining pressure as the
manifestation of forces of the ‘second kind’,28- 295! which arise in
the region of the mutual overlap of the “surface forces of the first
kind”, i.e. two interfacial discontinuity surfaces (dividing surfaces
according to Gibbs). The disjoining pressure is then represented
as a pressure acting within the bulk of the film and existing, as it
were, independently of the dividing surfaces of the film. The
dividing surfaces are assumed not to interact with one another, so
that the interfacial tension remains constant in magnitude as the
film thickness diminishes and is equal to oy (i.e. to the interfacial
tension of the boundary of the bulk phases). The reference
pressure in the film (the Gibbs reference pressure) chosen in
some investigations®#% 0 is not the hydrostatic pressure P, but
the hydrostatic pressure Pp. It has been shown!6 that this choice of
reference pressure leads to the appearance of a pressure gradient in
the transition region of the film and to difficulties in the
determination of the disjoining pressure in this region.

The second group of workers!®13,14,16,17,44,52-54 50 the
concept of the disjoining pressure as a specific force (per unit
area) of the interaction between the dividing surfaces in the film.
The chosen reference phase and pressure in the film are o and P,
respectively, so that a pressure gradient does not arise in the
transition region of the film.16

The interfacial tension 6(H ) corresponding to this concept of
the pressure is a function of the film thickness H. The following
expression for the disjoining pressure arises from the fundamental
Eqn. (81):

(83)

where @ has the significance of the excess free energy of the
interacting dividing surfaces in a film with a thickness H. The
function IT(H ) is called the isotherm of the disjoining pressure in
the film. Despite the fact that the film thickness was chosen
arbitrarily, the disjoining pressure is independent of the choice of
the parameter H, i.e. is invariant for a fixed physical state of the
film (is determined by the parameters T, y;, Py, and Pg).
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b. The interfacial tension in a thin liquid film

According to the definition, the interfacial tension ¢ [Eqn. (80)]
depends on the choice of the positions of the dividing surfaces in
the film (i.e. on the parameter H) for a fixed physical state of the
film. If the film tension y and the disjoining pressure IT are
invariant and independent of the parameter H for the constant
T, ui, Py, and P, then ¢ depends linearly on H:

Ao} =~ - I{H}, (84)

(the braces denote that the parameter H varies virtually for a fixed
physical state of the system).

The interfacial tension ¢ is by definition the specific (referred
to unit length) excess pressure Pr(z) from the reference phases
and o compared with the isotropic pressures Pp and Py in the
reference phases relative to the dividing surfaces® ® 1% 16 (Fig. 8):

—H/[2 +H/2
20(H) = — J [Pr(2) — Pp]dz — J [Pr(z) — Py] dz —
s _H/2
- | 1pr@) - Prlaz. 89)
+H)2

If the film thickness really increases, which may be indicated
by a decrease in the difference between the hydrostatic pressures
II = Pg— Py (for Pg > P,), thenit follows from Eqn. (67) that the
film tension y also varies and tends to yo, corresponding to the
condition IT = 0. Then, according to Eqn. (80), the interfacial
tension also tends to its limiting value oo corresponding to the
absence of interaction between the dividing surfaces and we have
Yo = 200. As was to be expected, under these conditions the
interfacial tension in such a thick liquid film is independent of the
position of the dividing surfaces.

¢. The specific free energy of the interaction in the film

For a real increase in film thickness from a certain value H to
infinity for constant parameters 7, u;, and A, the disjoining
pressure executes an amount of work which is given by the
following expression according to the fundamental Eqn. (81):

[e o]

B (o0) ~ u(H) = —A | () a1 (36)
H
Having put
A = ) — 95() ®87)

A bl
where AQ(H) is the specific (referred to unit surface area) free
energy (grand thermodynamic potential) of the interaction
between the dividing surfaces in a film with a thickness H, we
obtain a relation which is valid for constant T, y;, and A4:

o0

AQ(H) = j II(H)dH. (88)
H
By putting
S, = 24s,, (89
Nis =24l (90)
we can rewrite the fundamental Eqn. (81) in the form
dQs = —245,dT—24Y Iidp;— HAdH+20d4, (1)
i

where s; and I'; are the specific (referred to one of the dividing
surfaces of a film with a thickness H) excess entropy and number
of moles of the i th component respectively and I'; is referred to as
the adsorption of the ith component on the film surface.

When the surfaces in the film are really moved apart an
infinitely great distance, the disjoining pressure IT tends to zero
and we obtain the following expression for free non-interacting
surfaces in a plane-parallel film when account is taken of
Eqn. (91):

dQ) = —24s0dT - 24 I7 dp; + 20, dA4, (92)

H
where the superscript 0 means that the corresponding quantity
refers to a free planar surface.

By integrating the fundamental Eqn. (91) with respect to the
film area A for constant T, u;, and H, we obtain6

Qy(H) =20(H)A. 93)

If the film thickness is infinte in such integration (the case of non-
interacting planar dividing surfaces), we have from Eqn. (92)

Qy(c0) = 20,4. (94)

An important relation of the thermodynamics of plane-parallel
thin liquid films arises from Eqns. (86)—(88), (92)—(94):16
AQ(H) =2A0 =20(H) — 200 = J IH(H)dH.
H

%)

We recall that the definition (95) is valid for constant parameters
T, u;, and A. Taking into account the relation between the grand
thermodynamic potential 2 and the Helmholtz free energy F, i.e.
Q = F—Y N;u;, we obtain the following relation for the constant
parameters indicated above:

AF(H) = Ao(H) — 23 ATy(H)w, (96)
where
and

ATi(H) = I'i(H) ~ I'((00), (9%

Here I';(c0) and Fy(c0) are the adsorption and the Helmholtz free
energy of the non-interacting surfaces. Furthermore, the
following relation holds:'6

o0

AF(H) = J H(H)d4 -2 Z AT (H)p. 99

d. The Gibbs—Duhem equation for a plane-parallel thin liquid film
On differentiating Eqn. (93) and combining the result with
Eqn. (91), we obtain!>!6 the Gibbs—Duhem equation for
interacting dividing surfaces in a thin liquid film with a
thickness H:
2o = ~25dT -2 Iidy; - 1 dH, (100)
7
which is converted into the familiar Gibbs — Duhem equation for
free (non-interacting) planar surfaces:!!-23
dog = —s2dT - > IPdp,. (101)
i
Evidently the disjoining pressure II(H ) and the interfacial tension
o(H) are linked by the relation

_ Oc(H)
1(H) = Z—aH ra) (102)

which follows from Eqn. (100) and is also known as the Gibbs—
Duhem equation for a plane-parallel film.
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In thermodynamics based on the membrane approach, the
Gibbs—Duhem equation

dy = —s5;dT - Z Ty dp;, (103)

i

is obtained from the fundamental Eqn. (64) in the same way as
Eqn. (100), i.e. by integrating Eqn. (64) with respect to A for
constant T and p; as well as P, and Pg and subsequent
differentiation and simultaneous solution with Eqn. (64). Here
= A’ g = "A_‘y
are the specific (referred to unit area of a membrane of zero
thickness) excess entropy and number of moles of the ith
component.

We may note that sy and [';¢ differ from the corresponding
excess amounts s; and I'; defined by Eqns. (89) and (90).

st (104)

5. The film model based on the concept of a membrane of
finite thickness

In the approach based on the concept of the film as a membrane of
zero thickness, the film thickness naturally cannot be regarded asa
thermodynamic parameter of the system. This approach can be
used for the description of those experiments in which the film
thickness H is not measured and the pressure in the reference
phase « is also unknown.

If the change in the volume of the system d ¥ can be measured
experimentally with adequate accuracy (Fig. 6), then, for a known
film area A4, it is possible to determine the effective film
thickness H*. When the temperature 7" and the chemical
potential p; of the ith components are kept constant, it is of
interest to examine two situations.

1. If the hydrostatic pressure in phase p as well as the external
force f, are kept constant then, following an increase in the film
area A by d4 when the film is acted upon by f, the volume of the
system increases by dV, while the effective film thickness can be
determined from the relation

H*=dvd4 .

The volume of the system then changes largely as regards the
volume of phase o from which the film has been formed.

2. If the force f, is constant (i.e. the pressure in phase « is
constant although unknown) and the film area is likewise
constant, then an increase in the pressure in phase B canlead to a
measurable decrease in the volume of the system by an
amount dV. This makes it possible to determine the change in
the effective film thickness dH * from the relation dH* = dV/4.
Furthermore, in the latter case it is possible to determine the
change in the film tension y, which is interpreted as the influence of
the external pressure on the mechanical (energy) properties of the
film.

We may note that in both cases it is assumed that the
composition of phase o within the film and the constant pressure
P, are assumed to be unknown and the variable parameters are the
pressure Pg, the temperature T, the chemical potentials y; of the
ith components, and the film tension y which is equal to the
force fe.

The film thermodynamics, based on the model of a membrane
with a finite thickness, is constructed on the basis of the
fundamental Eqn. (58) and the volume V of the open subsystem
is represented by the sum

V=Vs+ Vi, (105)

where Vp is the volume of the reference phase B and Fris the
volume of the film which can be found by varying the volume of
the reference phase B during the formation of a film having an area
4 for constant parameters T, u;, Pg, and P,

a. Fundamental equation for a membrane with a finite thickness
Having put the fundamental Eqn. (58) for an open subsystem
containing a plane-parallel thin liquid film in the form

dQ = dQg + d2},

having retained the previous form of the fundamental equation
[Eqn. (63)] for the reference phase B, and using for the membrane
the expression

dQ; = -81dT -3 Nipdy; — PydVi +vd4, (106)

i

(St and N; are the excess entropy and the number of moles of the
ith component of the reference phase p on a membrane of finite
thickness), we obtain the following equation defining the tension
of a film of finite thickness:

Y a0

04 Tpi Ve .

We may note that the excess entropy and the excess numbers of
moles of components in Eqn. (106) differ from the corresponding
excess amounts which enter into Eqn. (64) because the volumes of
the reference phases B are different in the two cases.

107)

b. The Gibbs— Duhem equation for a membrane of finite thickness
Having integrated the fundamental equation for a membrane of
finite thickness [Eqn. (106)] with respect to the extensive
parameters Vrand A for constant intensive parameters T and y;,
we obtain

Q= —PiVi+44.

After differentiating the resulting equation and combining the
result with Eqn. (106), we have

Ady=-5;dT - Njdy; + VedPy. (108)
Introducing the effective film thickness
A
H*= 1 (109)

and also the effective specific surface excess entropy and excess
number of moles of the ith component, i.e.

AT *
* _2f * __ tVif
sf_A Fi_A’

which differ from the corresponding values defined by Eqn. (104),
we obtain the Gibbs—Duhem equation for this case in the form

(110)

dy=—sfdT- Y I'jdu+H"dPp. (111

c. Frumkin’s equation
We may note that the effective film thickness H*, defined by
Eqn. (109), can be obtained from Eqn. (111):

&y

H*=_— .

an T,p¢
It differs from the film thickness defined as the distance between
two equimolecular (as defined by Gibbs) surfaces for which
I'y = 0(I' is the adsorption of the solvent on the film interface)
or in other ways (for example, as the distance between two tension
surfaces, etc.).

Using the definitions of the disjoining pressure [see Eqns. (79)
and (82)] and taking into account the fact that for a constant
pressure P, the relation dPg = dII holds, one can rewrite
Eqn. (112) as follows:>

(112)

2
H =L . (113)
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The relation obtained is known as Frumkin’s equation in a
differential form. !0 45
Integrating Eqn. (111) with respect to IT for constant T and y;,
we find (in terms of our notation)
o0
y=7"+H*I + J MdH.
Ht

(114)

Assuming that 9, the film tension at IT = 0 (i.e. in the case of an
infinitely large H*), can be replaced by 20¢ (where oy is the
interfacial tension of a free planar surface), Eqn. (114) can be
rewritten thus:45 55

vy =200+ H*IT + JHdH.
Ht

(115)

This expression is known as the integral form of Frumkin’s
equation.

We may note that Eqn. (115) was derived for the special case
corresponding to the special selection of the film thickness defined
by Eqn. (190). In contrast to this, on taking into account
Eqn. (95), Eqn. (80) can be written in the form

o0

—y=200+HH+JHdH,
H

(116)

and is valid for any choice of the positions of the dividing surfaces
in the film and it is therefore more general than Eqn. (115).

The introduction into consideration of the disjoining pressure
IT in the approach based on the concept of the film as a membrane
of finite thickness is equivalent to the formal replacement of the
pressure Pg by IT in the fundamental Eqn. (106) for the membrane.
Such replacement was natural in the approach based on the
concept of two dividing surfaces in the film [see Eqn. (78)],
because the reference phase o with a pressure P, was introduced
into consideration in order to calculate the excess thermodynamic
parameters relative to the dividing surfaces. On the other hand, in
the case of a membrane of finite thickness, where the excess
thermodynamic parameters are calculated relative to the entire
membrane, the pressure P, is assumed to be unknown (although it
is kept constant with the aid of an external force f,—see Fig. 6).
The disjoining pressure IT in Eqn. (115) is also unknown because it
was determined with an accuracy to within a constant quantity.

Thus the replacement of Py by the disjoining pressure IT in
Eqn. (106)%45 is, strictly speaking, illegitimate. On the other
hand, the Gibbs—Duhem equation, derived on the basis of a
weaker condition, namely that dPg = dII, is more rigorous, like
Frumkin’s equation in the differential form (113), which follows
from Eqn. (111) written in the form*?

dy=—sfdT—> Ijdu+H*dIl. 117

1

The discussion concerning the definition of the disjoining
pressure in thermodynamics, based on the concept of a film as a
membrane of finite thickness, was taken up by a number of
workers.% 314445 One of the considerations was the problem of
the choice of the reference pressure for the film: de Feijter et al 4
used P, as the reference pressure, Toshev and Ivanov% 45 chose Pg.
Whereas for plane-parallel films the choice of the reference
pressure is insignificant, since it leads formally to the same
Gibbs—Duhem equation for the film, it has been shown'® that in
the case of the transition region the second approach leads to
difficulties associated with the need to take into account the
hydrostatic pressure gradient in this region of the film.

IV. Conclusion

The above analysis of studies in the thermodynamics of plane-
parallel liquid thick and thin films showed that three main
approaches to the construction of such thermodynamics have
now been developed.

The first approach, based on the thermodynamic film model
as a membrane of zero thickness, developed by Deryagin and
coworkers,!? relates the excess free energy (grand thermodynamic
potential) of the system Q, referred to the membrane, to variable
thermodynamic parameters: the temperature 7, the chemical
potentials y; of the i th components, and the film area A4:

dQr = —S§dT - Zﬁ,»fdp,- +vdA,

where S; and N are the excess entropy and the excess number of
moles of the ith component of the reference phase B (Fig. 7),
referred to the membrane, and y is the film tension.

The Gibbs—Duhem equation for constant T, y;, and Pg
assumes the form

dy=—ssdT - Tiudpu,
i

where sr and I';r are the specific (referred to unit area of the
membrane) excess entropy and excess numbers of moles of the i th
components.

The membrane approach is convenient when a description of
the mechanical and energy behaviour of thin liquid films, whose
thickness is not measured experimentally, is required.

The second approach is based on the concept of the film as a
membrane of finite thickness6:7-%45-56 and relates the excess free
energy £f to the variable parameters 7, p;, and A and also to the
film volume V¢, which is assumed equal to the apparent change in
the volume of the system (Fig. 7) on formation of a film with an
area A for constant T, u;, Pg, and Py [see Eqn. (106)]:

dOp = -81dT- > N du + H* dPy,
i

where the excess amounts S; and N 7t differ from the
corresponding excess amounts in Eqn. (64).
The Gibbs — Duhem equation is written in this case in the form

dy=—s5;dT - Zl',ffdm + H* dPg,
i

or, if Py = const., then, taking into account that dPg = dII, it is
formulated as follows:

dy=—s;dT - I'fdw+ H* dII,

where H* = Vi/A is the effective film thickness.

This approach is convenient when the experimental
determination of the mechanical properties of a liquid film is
accompanied by the measurement of the volume of the system
containing the given film.

The third approach is based on the concept of two dividing
surfaces in the film®~5® and relates the excess grand
thermodynamic potential of the film €, to the variable
parameters T, u;, A, and the film thickness by the equation

40, = -5,dT- Y Niydp — TAdH + 20 d4,
i

in which the interfacial tension o in a film having a thickness H is
related to the tension y by the expression
20 =y —1IIH.

The corresponding Gibbs — Duhem equation is

2o = —25,dT—~2 Iidu — I1dH.
i
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The specific excess amounts ss and I'; are referred to one of the
dividing surfaces of the film.

This approach is convenient when the experimental
measurement of the mechanical properties of the film is
accompanied by the simultaneous measurement of its thickness
at a known pressure P, in phase a.

Thus the use of a specific approach to the description of the
thermodynamic and mechanical behaviour of plane-parallel
liquid (emulsion and foam) films is determined and limited by
the possibility of the experimental measurement of the liquid film
thickness and the pressure in the reference phase o from which the
film has been formed. The approach based on the concept of two
dividing surfaces in the film is optimum when it is extended to the
transition region in liquid films within the limits of which the
disjoining pressure varies sharply both in magnitude and in sign.
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