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I. Introduction

The use in investigations of only Euclidean geometry, which
describes objects with integer dimensions, restricts the possibility
of adequate description of real (both natural and artificial) objects
because it leaves numerous objects with fractional (fractal)
dimensions beyond the scope of consideration. The properties of
such objects can be described using fractal geometry.1, 2

Frequently encountered natural and synthetic polymers
belong to the class of fractal objects. A polymer consists of long-
chain macromolecules. Owing to this structure, polymers possess
properties differing from those of other classes of solids. The most
important parameters characterising a macromolecular chain are
length and rigidity.3 ± 5

The structure of a vitreous polymer is thermodynamically
unstable. Thermodynamically nonequilibrium processes result in
the formation of fractal structures.6 A classical example support-
ing this statement is a fractured surface of a polymer. It has been
found experimentally that the fractal properties of a fractured
surface do not depend on the thermodynamic state of the solid.7

This is due to the thermodynamically nonequilibrium character of
the fracture process.8 In the syntheses of polymers in solution
(which is themost widely used variant 9) themain structural unit is
a macromolecular coil, which is known 10 to be a fractal. To
describe an object in terms of Euclidean geometry, only one

parameter, namely, the Euclidean dimension d, is needed, whereas
description of fractal objects requires at least three parameters: the
dimension d and the Hausdorff and spectral (fracton, ds) dimen-
sions.11 Thus, the question of whether or not the methods of
fractal analysis should be used to describe the structure of a
macromolecular coil and a polymer is not a matter of researcher's
choice but is dictated by the requirements of correct approach to
the problem.{

The methods of fractal analysis and the models of irreversible
aggregation provide a new understanding of the processes of
synthesis and provide results which are difficult to obtain (or
cannot be obtained) by other methods. All the foregoing has
stipulated the scope of this review the purpose of which is to
summarise the results of the use of fractal approach to the
synthesis and analysis of the structures and properties of vitreous
polymers.

II. Fractal analysis of the polymer structure

1. A model and the structure of a macromolecular coil
In order to develop a physically substantiated description for
processes such as flocculation, polymerisation, etc., various irre-
versible aggregation models, based on the physical pattern of
formation of larger objects from smaller ones, have been devel-
oped.15 ± 18 The necessity of usingmodels of this type in this review
is due to the fact that the processes they describe result in the
formation of fractal objects.

The fractal dimension of amacromolecular coil in solution (D)
is determined by two types of interaction: interactions of the coil
elements with one another and solvent ± polymer interactions.19

These types of interaction have been considered in detail.20 In
particular, the D value was found to depend on the chain rigidity,
characterised by the Kuhn segment length (A). Linear D(A)
dependences have been found for flexible-, semirigid- and rigid-
chain polymers (Fig. 1). An increase in the chain rigidity (an
increase in A) is accompanied by a decrease in D; this implies
transition to less compactmacromolecular coils.10, 21 TheD values
obtained by extrapolation toA=0 are different. The lowest value
is obtained for rigid-chain polymers, which reflects the difficulty
of formation of macromolecular coils in this case.22

For flexible- and semirigid-chain polymers, the D(A) plot at
A=0 extrapolates toD=2, which corresponds to the dimension
of the coil in a Y-solvent.20 Thus, only a hypothetical absolutely
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flexible macromolecule (A=0) can have an ideal conformation in
a good solvent. In real polymer chains (forA>0, i.e. actually, for
an isolated macromolecular coil), this conformation can be
attained by choosing a solvent which would counterbalance the
effect of excluded volume.19 A similar extrapolation to A=0 for
rigid-chain polymers gives D ^ 1.67. This corresponds to the
dimension of a coil in a good solvent.10 However, it should be
noted that for these polymers, Y-conditions can be created when
the index in the Mark ±Kuhn ±Houwink equation a= 0.5 (or
D= 2). For instance, Y-conditions for polyarylate have been
attained 22 at a=0.8, which is equivalent to D^1.67 in con-
formity with the equation

D=
3

1� a
(1)

Thus, different D values obtained for the above classes of
polymers by extrapolation of the D(A) plot to A=0 can imply
different criteria for the attainment ofY-conditions.

Two alternative analytical expressions have been
reported 20, 23 for evaluation of D as a function of the molecular
characteristics of a polymer, C? and S (C? is the characteristic
ratio, which is a measure of the statistical chain flexibility 24 and S
is the cross-section area of the macromolecule)

C?=
D

3�2ÿD� �
4

3
, (2)

D=27 4

�
2

C?S

�1=2

. (3)

TheD values determined from Eqns (2) and (3) were found to
be in good agreement with those determined using Eqn (1).20

The polymer ± solvent interactions, which also influence theD
value of a macromolecular coil in solution, can be characterised in
several ways. One way is to use the Huggins constant kH, which
reflects the extent of polymer ± solvent interaction.24 The equation
derived in terms of this approach shows the variation of D as a
function of molecular massM of the polymer 22

D=
3lnM

lnM� ln�7:14kH ÿ 1� ÿ lnkZ ÿ lnkH
, (4)

where kZ is the constant in theMark ±Kuhn ±Houwink equation.
TheD(kÿ2H ) dependence obtained experimentally 20 shows that

both an increase in the rigidity and improvement of the thermo-
dynamic quality of the solvent with respect to the polymer result in

higher kH. This in turn, decreases both kÿ2H andD. The correlation
limits of D(kÿ2H ) correspond to the range 1.5<D<2.286; hence,
this correlation can be used for predicting the structure of a
macromolecular coil in dilute solutions.

Yet another parameter used to characterise the polymer ±
solvent interaction is the difference between the solubility param-
eters of the polymer and the solvent.25 The plot for the variation of
D of polyarylate vs. the solubility parameter of the solvent used in
the synthesis of the polymer has a dome-like shape, typical of this
type of dependence (Fig. 2, curve 1); this confirms the increase in
D (an increase in the compactness of the macromolecular coil)
following deterioration of the thermodynamic quality of the
solvent.

The fractal dimension of a macromolecular coil D can serve
simultaneously as ameasure of volume interactions of this coil: for
a coil in a Y-solvent, D equal to 2 implies the absence of these
interactions (the interaction parameter e=0),D<2 corresponds
to repulsive interactions (e>0), and D>2 means attractive
interactions (e<0). A simple procedure for the determination of
D is based on the equation 26

D=

 
5�Z�
�Z�2=3Y

ÿ 3

! 
3�Z�
�Z�2=3Y

ÿ 2

!ÿ1
, (5)

where [Z] and [Z]Y are intrinsic viscosities of the polymer dissolved
in an arbitrary solvent and in aY-solvent, respectively.

By virtue of fractal analysis, one can gain some useful
information, in addition to the data onmolecular hydrodynamics,
from the same experimental data.27 This statement is illustrated
below by some examples.

The fractal dimensionD characterises the degree of `openness'
of the fractal structure Ð the lower D, the more efficient the
penetration of particles into a fractal cluster (the more `accessible'
is the cluster for a reaction).28 This is expressed analytically as
follows:29

Q! t (37D)/2, (6)

where Q is the degree of conversion of a polymer and t is the
current reaction time.

Equation (6) is the main scaling relation used to describe
polymerisation kinetics.30 ± 37 It is noteworthy that the process
cannot take place for Euclidean coils (compact globules) because
for them, D= d=3 and Q=const. It is clear than in the general
case, Eqn (6) should also contain diffusion parameters and the
initial reactant concentrations.

An aspect related directly to the problem of macromolecular
coil structure considered here is the dependence of aggregation
processes on the concentration of aggregating particles c (initial
concentration c0) in some space.38 If the density r of a cluster
(macromolecular coil) decreases during the growth down to the
density of the surrounding medium (the polymer ±monomer
solution), one type of universality of diffusion-limited aggregation
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Figure 1. Fractal dimensionD of a macromolecular coil vs. length of the

Kuhn segment A for flexible- and semirigid-chain (correlation coefficient

0.82) (1) and rigid-chain polymers (correlation coefficient 0.85) (2).
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Figure 2. Fractal dimension D of a macromolecular coil for polyarylate

vs. solubility parameter ds of the solvent used in the synthesis (1) and vs.

reaction time t (2).
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(DLA) is replaced by another type, namely, the particle ± cluster
aggregation switches to aggregation according to the Eden
model;39 subsequently, growth of the macromolecular coil ceases,
having reached the critical radius Rc.37 This variation of r is
possible only for fractals because their density depends on the
radius of gyration Rg, which is the critical radius for them 37

r!bRDÿ d
g , (7)

where b is a proportionality factor.
In the case of Euclidean objects, D= d and r=const. The

transition between the classes of universality considered in terms
of the DLA model is preceded by yet another transition, namely,
the cluster ± cluster aggregation is replaced by the particle ± cluster
aggregation; this markedly decreases the rate of the reaction but
does not stop it.40

In terms of the cluster ± cluster DLA, the synthesis of a
polymer can be described using the relation 40 ± 42

Rg!
�
4c0kT

3Z0m0

t

�1=D

, (8)

where k is the Boltzmann constant, T is temperature, Z0 is the
initial viscosity of the medium, t is the reaction time, andm0 is the
mass of a unit.

An increase inD implies an increase in the degree of branching
of a macromolecular coil.22 This statement is illustrated by
calculation of the spectral dimension ds, which characterises the
degree of connectivity of a fractal. The ds value for a swollen
fractal with allowance for the effect of excluded volume can be
estimated from the following equation:43

D= ds
d� 2

dÿ 2
. (9)

Note that for linear polymers, ds=1, while for branched
polymers, ds=1.33.42, 43 The coil structure formed during the
synthesis largely determines the molecular mass of the polymer
formed. As D increases, the coil becomes more compact and the
density of the coil diminishes.44 The main models suitable in this
case include the formation of a close packing of macromolecular
coils, the appearance of an entanglement network, and the
description of the self-acceleration effect with allowance for the
concept of free volume. According to each of these models, the
increase in the viscosity in the monomer ± polymer system is the
main reason for the formation of a macromolecular coil.45

To describe the limiting regimes of the dynamics of the growth
of aggregates in a reaction vessel with the initial monomer
concentration c0, the characteristic length scale x was intro-
duced,46 which determines the qualitative transition from a fractal
object to a non-fractal object

x! c
ÿ1=�dÿD�
0 . (10)

The former regime is realised for Rg 55 x, for a coil density
much greater than the density of the medium in the reaction vessel
and for the aggregate size (the degree of polymerisation for a
macromolecular coil) N; it can be written that 46

N(c0, t)! (c0t)D/(2+D7d). (11)

The latter regime is observed when Rg 44 x, the densities of
the aggregate and the medium in the reaction vessel are nearly
equal, and

N(c0, t)! c
�1� d�=�dÿD�
0 t d. (12)

The relationship between N and Q in terms of the irreversible
aggregation models can be elucidated using the main scaling
relation (6) and relation (8), in which all the parameters, except
for c0, Z0 and t, are assumed to be constant,

Q! c
�Dÿ 1�=2
0 Z�5ÿD�=2

0 N�3ÿD�=2. (13)

The resulting equation can be used to estimate the dependence
ofQ on t for the two regimes considered above. All these depend-

ences are non-linear and imply an increase in the reaction rate with
an increase in t, that is, a self-acceleration effect.

A possible reason for self-acceleration is interpenetration of
macromolecular coils compressed to theY-size with the formation
of a stable network of molecular entanglements.47, 48 In some
cases, under certain conditions of synthesis, in particular, for low
c0 and Z0, the absence of self-acceleration is assumed.45

It should be noted that the above variant for the calculation of
Q(t) does not take into account the exhaustion of the monomer
during the reaction. Exhaustion of the monomer appreciably
decreases the reaction rate. In other words, the effects of self-
acceleration and exhaustion of the monomer act in the opposite
directions. When c0 values are low, the latter effect can suppress
the former one.

An important process occurring during the synthesis of
polymers is gelation; traditionally, it attracts considerable atten-
tion. However, there are several definitions of the gelation point
and severalmethods for locating it on theQ(t) curve. For example,
the gelation point is found as the point in which the solution starts
to exhibit some properties of a solid (elasticity, fragility, etc.).48 In
polymer syntheses, transition from the initial stage of polymer-
isation to the self-acceleration stage is referred to as gelation
point.49 The concept of gelation point used in polymer physics
implies the point where the cluster which tightens the system (and
extends from one system edge to the other) is formed.36 Kolb and
Herrmann 50 calculated the gelation point on the Q(t) curve in
terms of an approach based on the DLA models. Different
approaches and different definitions of gelation cause uncertainty
in its interpretation.

If the gelation effect is interpreted as the formation of a cluster
tightening the system, the parameters describing this system
change substantially.36 Thus the velocity u of the migration of
clusters (macromolecular coils) with mass m is assumed to be 50

u=ma, (14)

where a is a scaling index.
At the point of gelation, the sign of a changes from negative to

positive. Thismeans that below the gelation point, smaller clusters
are more mobile, whereas after the gelation point, the tightening
cluster has the highest mobility.

Statistical geometric characteristics of the system also change
in the gelation point. It has been shown both theoretically and
experimentally 36 that D values of about 1.6 ± 2.1, typical of a
macromolecular coil in a solution, increase to*2.5 (see Ref. 21),
which is a value characterising a Witten ± Sander cluster.15 In
terms of the cluster ± cluster DLA, the time dependence of Rg is
written as 51

Rg! t1/z, (15)

where the index z is related to D and a by the expression

z=D(17 a)7 (d7 2). (16)

Polymeric systems are often described using the size distribu-
tion function of clusters (macromolecular coils). In the physical
chemistry of polymers, this function is defined as the molecular-
mass distribution (MMD) function. The fractal dimension D
provides little information on aggregation (polymerisation); this
is a static value which does not describe the aggregation dynamics.
In addition, D characterises the geometric properties of only one
cluster (macromolecular coil) and cannot be used to describe sets
of clusters in the system. For this purpose, one has to study the
cluster size distribution function ns(t), where ns is the number of
clusters consisting of s units at time t.52

The description of the cluster size distribution in the cluster ±
cluster DLA model has been analysed.40, 50, 52, 53 This model is
completely suitable, for example, for the description of polymer-
isation of polymethyldiammonium chloride (PMDAC). The D
value of this polymer, estimated to be 1.65 using Eqn (1), is a
typical fractal dimension of aggregates formed during the clus-
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ter ± cluster DLA.37 In view of this fact, the molecular mass
distribution of PMDAC is described using the function 52

ns(t)!s72tz. (17)

Let us consider methods used to estimate the parameters
appearing in relation (17). The ns(t

0) values for the gelation point
are found from the experimental MMD curves, Wi(N), in the
following way. It is assumed that N= s and the part of the
polymer corresponding to si is roughly equal to the total weight
proportion of the polymer fractionWi. By dividingWi into si and
by multiplying the ratio by the maximum degree of conversionQi,
we obtain the ns(t

0) value. The index z is found from Eqn (16). In
terms of the DLA model, the diffusion coefficient Ds is usually
represented, by analogy with Eqn (14), in the form51, 52

Ds! s a. (18)

In view of the definition of Ds (see Ref. 54), it can be easily
found from Eqn (18) that

a!7ln Z0 . (19)

It was shown 51, 52 that a determines the pattern of the MMD
function. For a<70.5, dome-shaped distribution curves having
a maximum were obtained, and for a > 70.5, the curves decay
monotonically. The MMD curves for PMDAC are also dome-
shaped. If we assume the equality sign in relation (19), a would
vary from 71 to 73, which completely complies with the
experimental MMD curves. The position of the MMDmaximum
Nmax is determined by the relation 55

Nmax!
ÿa
1ÿ a

. (20)

An increase in c0 results in an increase in Z0 as well as in a and
Nmax.

Figure 3 presents the variation of ln(s2ns) vs. ln(stz) for
PMDAC samples synthesised at different c0. It can be seen that
all experimental points fit in one curve. This is the most important
result which confirms the legitimacy of using irreversible aggrega-
tion models for the description of polymerisation.

The general curve shown in Fig. 3 can be used to predict the
kinetics of MMD as a function of t. For this purpose, the s=N
value is first specified and the stz value is determined for an
arbitrary t. After that, the corresponding s2ns value is found using
the plot in Fig. 3 and then Wi is calculated. The same calculation
should be repeated for a different s, and so on.

The relationship between the structures of the macromolecu-
lar coil and a solid polymer and its influence on the glass transition
temperature Tg have been analysed in relation to a series of
vitreous amorphous copolymers Ð aromatic copolyestersulfono-
formals (APESF). Transition to the condensed state implies a
change in the environment of a macromolecular coil; the solvent

molecules surrounding the coil are replaced by similar coils. This
changes the fractal dimension of the coil 44 and, correspondingly,
the fractal dimension of the polymer structure as a whole.56

To derive an analytical expression representing the relation-
ship between the structure and properties of polymers, a definite
quantitative model of the structure is required. The cluster model
for the structure of the amorphous state of polymers was used for
this purpose.57 This model is based on the concept of local (short-
range) order. The proportion of segments densely packed in the
clusters jcl is a parameter of order, which is related to Tg by the
following expression:58

jcl ^ 0.03(Tg7T)0.55, (21)

where T is the testing temperature.
Within the framework of the cluster model, the glass ± liquid

transition is regarded as the thermofluctuational decomposition
of clusters at T=Tg.59 Fractal concepts are interrelated with the
cluster model; the relationship between the main characteristics of
these models is given in the form 60

df= d76

�
jcl

SC?

�1=2

, (22)

where df is the fractal dimension of the supermolecular (super-
segmental) structure of the polymer

df= (d7 1) (1+ m), (23)

where m is the Poisson coefficient.
The S values for the sulfone and formal fragments which

constitute APESF were assumed to be 35 and 23 �A2, respec-
tively,48 and S values for copolymers were estimated using the
condition of additivity. The C? values were calculated from the
equation 60

C?=
df

d�dÿ df� � 4=3
. (24)

Using Eqns (21) ± (24), one can calculate Tg proceeding only
from the structure of the macromolecular coil in solution, which is
characterised by D, and from the molecular parameter S. The Tg

values calculated by this procedure are in good agreement with
experimental values; the discrepancy between them does not
exceed 4% (Fig. 4).

2. Hierarchy and evolution of dissipative structures in
polymers
In recent years, principles of synergetics of nonequilibrium
systems and fractal analysis have been used to study the relation-
ship between the structures and properties of vitreous
polymers,61 ± 64 because an amorphous polymer is a thermody-
namically nonequilibrium system.
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Ð 3
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1 2 3 ln(stz)

ln(s2ns)

Figure 3. Generalised MMD curve as the function ln(s2ns) vs. ln(stz) for

PMDAC synthesised at c0 of 1.0 (1), 2.5 (2), 4.0 (3) and 5.0 (4) mol litre71.
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Figure 4. Glass transition temperature Tg vs. the content of sulfone

fragment. The curve corresponds to experimental results and the points

are calculated values.14
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The main feature distinguishing polymers from other classes
of solids is that they consist of long-chain macromolecules.
Therefore, it is natural to assume that the structural hierarchy of
polymers (including network polymers) should be based on their
molecular structure. In recent years, the characteristic ratio C?

has been usedmore andmore frequently as amolecular parameter
to describe the properties of polymers, instead of some other
characteristics such as a/s (a is the chain `thickness' and s is the
chain rigidity).65, 66 According to Boyer andMiller,67 this is due to
the fact that s has greater uncertainty thanC?. Indeed, s depends
on the bond angles in the macromolecule, while C? depends on
the bond lengths, which are normally determined much more
precisely than the bond angles. Without objecting to the legiti-
macy of this conclusion, we believe, nevertheless, that the reasons
for the wide use of the parameterC? are much more fundamental
(see, for example, a number of studies 60 ± 64, 68 ± 71). This can be
demonstrated in relation to the epoxy polymers based on bisphe-
nol A and cured by diamine (EP-1) and anhydride (EP-2). For
example, to estimate the Bragg interval dB for these polymers,
wide-angle X-ray diffractometry has been used.71 The resulting
value was used to determine the diameter � (and, hence, the cross-
section area S) of the molecule, simulated by a cylinder, from the
following relation:

�& 1.22 dB. (25)

Subsequently, using the empirical relation 71

Tg& 129

�
S

C?

�1=2

, (26)

where Tg is expressed in Kelvins and S is expressed in �A2, one can
calculate the C? values for epoxy polymers.

The behaviour of a solid subjected to mechanical treatment is
determined by the processes of formation (disintegration) and
evolution of dissipative structures (DS), which ensure the opti-
mum mode of dissipation of the supplied energy.60, 72, 73 This
general statement is valid for all polymers. Polymers have local
order, which occurs as DS.74, 75 However, direct application of the
fundamental principles of thermodynamics and statistical physics
of nonequilibrium systems to the investigation of the deformation
of materials of a particular class is often difficult or even
impossible without the knowledge of a definite quantitative
model for the structure of this material. In the case of amorphous
polymers, the cluster model is suitable for this purpose.57, 74

A specific feature of theDS formed in polymers is the existence
of a universal hierarchy of space scales (structural levels), which is
also reflected in the hierarchy of linear dimensions of the struc-
ture.60, 63 Even elastically isotropic solids are characterised by at
least three independent length scales, l1, l2 and l3, which are related
to one another 73

l1 = a, (27)

l2 = aL0, (28)

l3 = aL0Li, (29)

where a is the minimum scale, L0 and Li are automodelling
coefficients.

When choosing these length scales as applied to polymers, one
should reject the atomic-size level because a polymer consists of
long macromolecules. Therefore, the bond length in the macro-
molecular backbone l0, which is of the order of several angstroms,
should be taken as the minimum scale a for polymers.62, 76 Then
the next (segmental) structural level would be determined by the
length of statistical segment lst, which is found from the equation

lst= l0C?.

Hence, provided that l1= l0, it can be written for this
structural level that 77 ± 79

L0=C?.

The next structural level for polymers is the topological level,
the parameters of which are determined by characteristics of the
network of macromolecular entanglements (`loops') in linear
polymers or the network of chemical cross-links in cross-linked
polymers. The characteristic length for this level is the distance
between the entanglement points or chemical cross-linking points
Rs

Rs=18

�
2Vcl

F

�ÿ1=3
, (30)

whereVcl is the density of the cluster network of entanglements, F
is the cluster functionality.

If the equality L0=C? is retained for the subsequent struc-
tural levels, Eqns (27) ± (29) for polymers can be written in the
form

l1= l0, (31)

l2= lst= l0C?, (32)

l3=Rs= l0C
2
? . (33)

Figure 5 shows the dependence of Rs vs C
2
? . Splitting of the

plot into two straight lines is due, first, to the great scatter of the
published data 62, 76, 80 and, second, to different approaches to the
interpretation of the l2= lst value.62, 81 Nevertheless, the fact that
Rs is proportional to C2

? confirms that C? is the automodelling
coefficient for the transition of the scale of DS dimensions from lst
to Rs.

Figure 6 illustrates the relationship between the Rs values
calculated from Eqns (30) and (33). Aharoni 76 noted an increase
in Rs following an increase in the chain flexibility (increase in C?)
for a large number of linear polymers

0

4.0

8.0

Rs /nm

40 80 C 2
?

Ð 1

Ð 2

Ð 3

Figure 5. Distance between entanglements (chemical cross-linking

points) vs. characteristic ratio for amorphous vitreous (1), amorphous-

crystalline (2) and cross-linked (3) polymers.79
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Figure 6. Relationship between the distances between entanglements

(chemical cross-linking points) Rs calculated from Eqns (30) and (33) for

amorphous glassy (1), amorphous-crystalline (2) and cross-linked (3)

polymers.79
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Rs^ 10C?. (34)

A similar relation holds for cross-linked polymers

Rs^ 5C?. (35)

Thus, the C? value, which is correlated withRs, appears to be
controlled by the polymer topology, which can be varied by
varying the cross-linking density ns.

Polymers are characterised by one more, specific length scale;
this is the section of a macromolecule between entanglement
points or chemical cross-linking points Ls, which can be deter-
mined from the equation

Ls=
Fch

2Svs
, (36)

where Fch is the functionality of a chemical cross-linking point
(Fch=4).14

Figure 7 shows the variation of Ls vs. C3
? , which can be

approximated by a straight line passing through the origin of
coordinates. The Ls/C

3
? ratio has the order of l0.62, 76 Hence, for

this structural level, typical of polymers,C? can be accepted as the
automodelling coefficient.82 ± 84

Let us consider the evolution of DS in network polymers
during deformation. It has been shown 74 that plastic yield in
amorphous polymers occurs exactly in clusters, the yield point
being dependent only on the density of the cluster network of
entanglements (nen), i.e. on the number of closely packed segments
in unit volume of the polymer. Yield can be regarded as the loss of
stability of clusters in the field of mechanical stress, while cold
flow is the deformation of a devitrified loosely packed matrix in
which the role of chemical cross-links is played by the cluster
network of entanglements.85 This interpretation permits one to
specify the structural changes occurring during deformation of
network polymers in terms of the percolation cluster
model.60, 72 ± 74

As noted above, the DS formed (or existing) in a solid
subjected to deformation are distinguished by a universal hier-
archy of structural levels.86 Balankin 87, 88 suggested that the
hierarchical structure of the DS in a solid is based on a funda-
mental feature, i.e. shear stability, which stipulates the difference
between the characteristic space scales of the regions of local-
isation and dissipation of energy `pumped' into the solid on
external treatment. The characteristic scale of the regions (ls) in
which excess energy is dissipated is proportional to the shear
modulus G. Since, in terms of the cluster model, these regions can
be associated with clusters, it is expedient to use the characteristic
size lst as ls. Figure 8 illustrates the relationship between G and lst,
which is approximated by a straight line that passes through the
origin of coordinates. This confirms the legitimacy of using lst as ls.

With allowance for the above interpretation of cold flow and
for Eqn (30), the distance between the clusters Rcl should be
accepted as the next level in the hierarchy of structural levels. The
characteristic size of the regions of localisation of the `pumped-in'
energy is

le!B� 4

3
G, (37)

where B is the bulk modulus.73 The possibility of equatingRcl and
le is verified in the following way. The ratio of the space scales of
the DS of adjacent structural levels, Li and Li+1, is expressed as
follows:73

Li�1
Li

� le
ls
�
�
B� 4

3
G

�
Gÿ1 � Li. (38)

It is clear that themultiplication of the ratio [B+(4/3)G]/G by
ls, which is equal to lst, gives le. The Rcl value can be estimated
using Eqn (30).

The dependence of le on [B+(4/3)G] also proved to be linear
(Fig. 9), which implies that the parameter le can, in principle, be
used as the characteristic size of the regions of localisation of the
pumped-in energy. However, this assumption can be ultimately
confirmed by comparing le and Rcl. A correlation between these
parameters has been found;60 it was shown that Rcl regularly
exceeds le by*0.8 nm. This relationship between le andRcl can be
interpreted by virtue of the cluster structure model for an
amorphous polymer (Fig. 10).89 Evidently, the decrease in Rcl by
*0.8 nm, which is roughly equal to lst, means that the pumped-in
energy does not spread throughout the whole polymer bulk but is
localised only in the loosely packed matrix because a cluster with
the characteristic size lst is excluded from consideration. Compar-
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Figure 7. Length of the section of a macromolecule between entangle-

ments (chemical cross-linking points) Ls vs. characteristic ratio C3
? for

amorphous glassy (1), amorphous-crystalline (2) and cross-linked (3)

polymers.79
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Figure 8. Relationship between the length of statistical segment lst and
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samples cured at a hydrostatic pressure of 200 MPa.78
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ison of the le value and the difference Rcl 7 lst (Fig. 11) confirms
this conclusion. Hence, the structural characteristics le and Rcl 7
lst, estimated within the framework of the cluster model and
regarded as the space scales of the DS of adjacent levels [see
Eqn (38)], allow one to estimate the automodelling coefficient for
the mechanical deformation of a network polymer Li, which is
equal to the fractal dimension Df of the regions of localisation of
excess energy in a plastically deformed medium. In a first
approximation, the Df value can be expressed in terms of the
Poisson coefficient m in the following way:72

Df=2
1ÿ m
1ÿ 2m

. (39)

The relationship between the dimension Df and the automod-
elling coefficientLi for the network polymers under consideration
is illustrated in Fig. 12. It can be seen that both the magnitudes

and the patterns of variation for these parameters coincide. Thus,
plastic yield and cold flow of network polymers are adequately
described in terms of the thermodynamics of nonequilibrium
processes and the cluster model of amorphous polymers provides
a correct description of the structure of network polymers. It is
also evident that clusters are identified as DS.

Similar results have been obtained for film samples of a linear
polymer Ð polyarylatesulfone.90 Using Eqn (38) and the ratio 14

Ls

lst
�
�
Rs

lst

�D

, (40)

it can be shown that

Li=Df&
�
Ls

lst

�1=D

. (41)

Figure 13 shows that the Ls values estimated from Eqns (36)
and (41) are in good agreement with each other. This implies that
the sections of a macromolecule between entanglements and
between clusters also obey (are controlled by) the DS hierarchy.90

In view of the foregoing, it can be suggested that the
automodelling coefficient Li in Eqn (38) is equal to C?. Then
this equation assumes the form

B

G
� 4

3
� C? . (42)

The B and G values can be expressed in terms of Young's
modulus (E) and the fractal dimension of the polymer structure df
in the following way:91

B=
E

d�dÿ df�
, (43)

G=
E�dÿ 1�

2df
, (44)

where d = 3.
Using Eqns (42) ± (44), one can estimate quantitatively the

relationship between the molecular parameter C? and the fractal
dimension df.92

2df
d�dÿ 1��dÿ df�

� 4

3
� C? . (45)

The dependences of df found from Eqns (23) and (45) for
various classes of polymers are presented in Fig. 14. It can be seen
that the results are in good agreement with each other. It is
noteworthy that the methods of calculation are completely
independent Ð Eqn (23) employs the results of mechanical test-
ing, while Eqn (45) is based on published data for C?.92
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Figure 10. Parameters of the cluster structure model for an amorphous

polymer.
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The evolution of DS induced by various types of treatment of
the polymer has been considered.64, 93, 94 Figure 15 shows the
dependence of the cluster functionality F on the curing agent :
oligomer ratio (Kst) for epoxy polymers in deformed and non-
deformed states. The most characteristic distinction between the
plots being compared is the substantial increase in F after the yield
point. The simultaneous decrease in Vcl and increase in F upon
deformation of polymers up to the yield point 63, 64 implies
decomposition of unstable clusters characterised by relatively
low F to leave only stable clusters with large F.95 The decay of
unstable clusters induces mechanical devitrification of the loosely
packed matrix; this explains the plastic behaviour of the polymer
in the plateau of forced rubber-like elasticity (cold flow).96, 97

The opposite situation is observed during heat ageing, namely,
the local order (Vcl) increases and themolecular mobility of chains
is suppressed (D decreases).94

Experimental evidence for the fractality of the cluster struc-
ture (or DS) has been obtained using wide-angle X-ray diffraction
analysis.98 ± 100 The integral intensity of the amorphous halo Icl
can be regarded as a measure of distributed particles (clusters),
while its half-width can be taken as a measure of their effective
size; the relationship between these values is illustrated in Fig. 16

in relation to EP-1. The I ÿ1cl (lcl) dependence presented in the
logarithmic coordinates is readily transformed into the form 98

I ÿ1cl ! l dfcl , (46)

where df ^ 2.70.
This type of dependence is typical of fractal structures; it can

serve as experimental evidence confirming the fractality of the
polymer structure. In addition, the df value is in good agreement
with the fractal dimensions found for other epoxy polymers (see,
for example, Ref. 69).

A fundamental description of the process of polymer fracture
which includes the dilaton concept 101 ± 103 as a constituent has
been proposed.104 The dilaton model assumes the formation of a
negative density fluctuation, dilaton, the length of which is
determined by the free path of phonons Lf. In this case, the
overload factor w on the bonds being ruptured depends on Lf and
on the interatomic distance aat:101

w � Lf

aat
. (47)

The Lf values found for oriented polymers are about 10 nm
and w are about 30 ± 40.103 However, for nonoriented polymers, it
was found that w 4 1, i.e. Lf 4 aat. These dilatons were called
`degenerate' (practically, this means that phonons have no free
path).105 ± 107

The use of the fracton concept 28 provided a fundamental
interpretation for this seeming contradiction. Fractons are vibra-
tional excitations localised on a fractal. Since the chain section
between entanglements or cross-links is a fractal, a phonon
localised on this section becomes a fracton. Localisation of a
phonon means that it has no free path; this accounts for the fact
that w4 1.

During orientation of a polymer, the chain section in question
is stretched; finally, it becomes straight. In this case, its Hausdorff
dimension is equal to the topological dimension

D= dt=1 (48)

and the fractal behaviour switches to the Euclidean behaviour: the
phonon becomes delocalised and acquires some free path con-
trolled by the structure of the oriented polymer. Now w>1. Thus,
the dilaton concept is actually a specific case of the fracton theory
(for D=1).104

The following relationship between the parameters w and D
has been obtained:104

w ^ D72. (49)

An increase in the molecular mobility (increase inD) results in
stress relaxation on the non-oriented polymer chains (w< 1).108

Since characteristics of fractal analysis are general, the rela-
tionship between the structures of different aggregation (physical)
states of the polymer can be established. For example, a macro-
molecular coil (cluster) in solution and the polymer structure in
the condensed state are fractals with the dimensions D and df,
respectively.44, 109 This fact can be used to predict the structure of a
solid polymer even at the stage of synthesis.110 ± 112 The D value,

2.9

2.5

2.1
0 5 10 18 23C?

df

Ð 5
Ð 6

Ð 7

Ð 1
Ð 2
Ð 3
Ð 4

Figure 14. Fractal dimension of the structure df of polymers vs. character-
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(1) linear polymers, impact testing; (2) linear polymers, calculation of df
from the data of Ref. 60; (3) cross-linked epoxy polymers; (4) super-high-

molecular-mass polyethylene produced by solid-phase extrusion; (5) poly-
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with allowance for the effect of excluded volume, is determined by
Eqn (9). For linear polymers, it should be accepted that ds in this
equation is equal to 1.43 Transition to the condensed state is
accompanied by the change in the environment of a macro-
molecular coil; a coil becomes surrounded by similar coils instead
of solvent molecules. This results in the change of the fractal
dimension df for the condensed state 44

df=
ds�d� 2�

2
. (50)

For linear polymers, provided that ds=1 and d=3, it follows
from Eqns (9) and (50) that 111

df=1.5D. (51)

Equation (51) clearly demonstrates the relationship between
the coil structure in solution and the structure of the condensed
polymer.

3. Quasi-equilibrium state of polymers
Neither completely ordered nor completely disordered polymers
have been obtained to date. One reason for this situation is the
chain nature of polymer molecules (in particular, the formation of
loops during crystallisation).113 The tendency for transition to a
more equilibrated state in polymers is often attributed to an
increase in the degree of ordering.114 Therefore, it can be assumed
that processes in which this tendency is manifested (for example,
heat ageing, thermosetting, etc.) are subject to a competition of
two opposingmechanisms. An increase in the degree of ordering is
counteracted by the entropy of `stretching' of macromolecules.
When the thermodynamic forces of these mechanisms have been
balanced, the polymer reaches some quasi-equilibrium state.60

Perturbation of the balance in either direction governs the pattern
of changes in the polymer structure. In other words, under certain
conditions, a polymer can be transformed not only towards a
more equilibrated state but also away from equilibrium. Accord-
ing to its physical essence, the latter process can be called
`antirelaxation'. Some causes and consequencies of this process
are considered below in terms of the cluster model of the structure
of the amorphous state of polymers and cluster analysis.

Thermosetting of extruded specimens of polyarylate occurs in
the loosely packed matrix;112 therefore, the Df value should be
taken as the fractal dimension which determines the process in a
structural element (for example, in a tube). Figure 17 a shows the
variation of the thermosettingc as a function ofDf for extrudates,
which implies that the thermal shrinkage changes its sign when
Df ^ 3. This fact is very interesting by itself. In the case of
extrudates with Df>3, a less closely packed structure (having
greaterDf) is transformed during relaxation (thermosetting) into a
more closely packed structure (having smaller Df), which is,
therefore, closer to equilibrium. The behaviour of specimens
with Df<3 requires clarification. At the first glance, it seems
that asDf decreases and the structure changes,c=0 should imply
termination of thermosetting. However, this does not occur;
instead, c only changes its sign. This effect can be easily explained

by two specific features of the cluster model Ð arbitrary orienta-
tion of the cluster axes in space and connection of clusters by
`interpenetrating' chains, which are subject to the limitations of
the Gaussian statistics.97 This means that it is impossible to attain
a close packing of clusters, i.e. conditions of thermodynamic
equilibrium cannot be reached in an amorphous polymer. This
has been the reason for the introduction of the above-mentioned
concept of `quasi-equilibrium state',115 in which forces due to
which a polymer tends to a thermodynamic equilibrium and,
hence, to an increase in the degree of local ordering are counter-
balanced by entropy forces of the `interpenetrating chains'. The
last-mentioned fact can induce transition of an amorphous
polymer from a thermodynamically more equilibrated state to a
less equilibrated state. Experimental dependence of c on the draw
ratio l confirms this direction of the thermosetting process
(Fig. 17 b).

The most characteristic feature of the relationship between D
and df (Fig. 18) is the fact that the limiting valueD =1 is attained
at df=2.5 rather than at df=2. Recalling that the dimension D
characterises the mobility (deformability) of the section of a
macromolecule between chemical cross-linking points (entangle-
ment points) and D=1 implies the loss of molecular mobility by
this section. The quasi-equilibrium state corresponds to `freezing'
of the molecular mobility of polymer chains and, as a conse-
quence, to the transition to brittle fracture, which is realised at
Df<3.87 Since Df and df are related to each other as follows 87

Df=1� 1

3ÿ df
, (52)

it can be readily seen that df=2.5 corresponds to Df =3.
When examining the dependence of df on the relative portion

of the loosely packed matrix jlp in poly(methyl methacrylate),
high-density polyethylene, polycarbonate, and polyarylate
(Fig. 19), attention is drawn by the fact that for jlp=0 (the
hypothetical state characterised by full local ordering), the df
values are extrapolated to certain d 0

f values (which are different
for different polymers), exceeding the lower limiting value, equal
to 2. Using published data forC? (see, for example, Ref. 113), one
can calculate the theoretical d t

f values fromEqn (45) and compare
them with the limiting d 0

f value (see Fig. 19). The parameters d t
f

and d 0
f are well correlated (Table 1), which reflects the occurrence

of a quasi-equilibrium state. Using Eqn (45) and the relation

jcl=C? l0SVcl, (53)

the following limits can be identified: for C? > 3, a quasi-
equilibrium state cannot be attained at all; for C?=2±3, it may
happen that Df<3; the value df=2, corresponding to Df=2 is
reachable only for a polymer with C?=2. Analysis of the results
obtained in terms of Eqn (45) as well as the data given in Fig. 19
and in Table 1 show that Eqn (45) determines the minimum df
values possible for a given C? .
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Figure 17. Thermosetting c vs. the dimension of the regions of local-

isation of excess energy Df (a) and extrusion draw ratio l (b) for

polyarylate extrudates.
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This accounts for the discrepancies between the df values
found from relations (23) and (45) Ð the former gives the real df
value and the latter gives the minimum possible one.

The dependences of Df on the curing agent : oligomer ratio
(Fig. 20) for EP-2 specimens immediately after the manufacture
(curve 1) and after keeping at room temperature for 1.5 years
(physical ageing) (curve 2) show that during ageing,Df approaches
3, this effect being more pronounced for nonequilibrium systems
with a deficiency or an excess of a curing agent. The minimumC?

value for the epoxy polymer withKst=1.0 is equal to 3.38.71With
allowance for this fact, an estimate of the minimum Df value also
gave *3.38. This estimate is in good agreement with the exper-
imental Df value for the aged polymer (Df ^ 3.16).

The existence of the quasi-equilibrium state is also confirmed
by the temperature dependences of the density fluctuations
hDr/ri2 (Fig. 21), which diminish as the temperature rises and
tend to zero for T=0, which corresponds to an ideal structure.
However, there occurs a transition at temperature T * below
which hDr/ri2 deviates from the predicted pattern 116 and remains
constant as the temperature varies. The density fluctuations above
T * are supposed to be due to the local mobility of the sequences in
the polymer backbone but below T * this mobility becomes
`frozen'. This interpretation is fully consistent with the concept

of quasi-equilibrium state (D=1). The nature of the temperature
T * has been considered in detail.117

Thus, the introduction of the concept of quasi-equilibrium
state in polymers provides interpretation of some experimental
facts. The application of the cluster model and fractal analysis
makes it possible to specify the direction of the process of synthesis
and to estimate its main characteristics.

4. Fluctuation free volume in polymers
The properties of polymers are mainly related to the molecular
mobility and structure, which is determined by the degree of
ordering of macromolecules.118 Free volume, or, more precisely,
one of its components, fluctuation free volume, is one of the
parameters most suitable for phenomenological description of a
structure.119 As a rule, the fraction of the fluctuation free volume
ffv is estimated on the basis of polymer properties rather than from
structure characteristics. Within the framework of the cluster
model of the amorphous state of polymers,74, 120, 121 it has been
shown 57 that a microcavity of fluctuation free volume is formed
upon detachment (dissociation) of a segment from a region of
local order (cluster) and `collapses' upon attachment of a segment
to a cluster. If thismechanism is accepted, at least two aspects need
to be considered. One aspect concerns the energy characteristics of
the process. The cluster model for the structure of the amorphous
state of polymers postulates the thermofluctuational character of
local ordering, according to which the number of segments in
clusters diminishes as the temperature increases;122 this results in
the formation of new microcavities of the fluctuation free volume
(their nature has been considered in detail 123) and in an increase in
ffv. It is evident that the energy of thermal fluctuations is of the
order of kT; the energy of formation of a microcavity (eh) can be
estimated from the equation

eh= kTg ln
1

ffv
. (54)

Since the maximum ffv value expected in the vitreous state is
0.159 (according to the most `rigorous' estimates 124) and T<Tg,
it is obvious that the energy of thermal fluctuations is insufficient
for the formation of a microcavity.

The second point is determination of the ffv value. This can be
done by virtue of the following equation:

ffv ^ 0:017
1� m
1ÿ 2m

. (55)

For amorphous vitreous polymers, ffv ^ 0.050 ± 0.090,121

which is much greater than the value ffv ^ 0.025� 0.003, which
has been found in terms of the Williams ±Landell ± Ferry (WLF)
concept and is generally accepted for most polymers.118

Evaluation of some polymer properties requires not only the
integral characteristic ffv but also the parameters of a separate
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Figure 19. Fractal dimension of the structure df vs. proportion of the

loosely packed matrix jlp for poly(methyl methacrylate) (1), high-density

polyethylene (2), polycarbonate (3), polyarylate (4), and polyarylate

extrudates (5).

Table 1. Fractal dimensions of the polymer structures d t
f and d 0

f .

Polymer d t
f d 0

f

Poly(methyl methacrylate) 2.55 2.60

High-density polyethylene 2.53 2.49

Polycarbonate 2.29 2.31

Polyarylate 2.23 2.27

Epoxy polymer 2.58 2.51
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Figure 20. Dimensions of the regions of localisation of excess energyDf vs.

the curing agent : oligomer ratio Kst for EP-2 samples immediately after

preparation (1) and after physical ageing (2).
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Figure 21. Temperature dependences of the density fluctuations hDr/ri2
for poly(methyl methacrylate) (1) and poly(ethylene terephthalate) (2).117
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microcavity of fluctuation free volume, which is traditionally
represented as a sphere with volume Vh.119

Recalling that the fractal dimension of the polymer structure is
in the range 24 df43, it can be suggested that the fluctuation free
volume as a structural unit also possesses fractal properties. Using
relations (55) and (23), the dependence of ffv on df has been
elucidated 60

ffv ^ 8.561073
df

3ÿ df
. (56)

If the above assumption is correct, the following general
relation should hold:125

Nh! r
Dffv

h , (57)

where Nh is the number of microcavities, rh is their characteristic
size, and Dffv is the fractal dimension of the fluctuation free
volume.

As a first approximation, the rh value can be expressed in
terms of the microcavity volume as V

1=3
h , the volume being found

from the equation

Vh=
3�1ÿ m�kTg

ffvE
. (58)

Although this approximation introduces some inaccuracy to the
quantitative results, it does not deteriorate the generality of the
conclusions.

The number of microcavities Nh is expressed as the ratio 119

Nh=
ffv
Vh

. (59)

Figure 22 presents the variation of lnNh as a function of lnV
1=3
h

for specimens of three epoxy polymers, EP-1, EP-2, and aged
EP-2, which is designated by EP-3. It can be seen that the plots are
linear; this is a typical feature of fractal behaviour. TheDffv values
found from relation (57) for EP-1 and EP-2 were 5.9; that for EP-3
was 2.7.

It is clear that Dffv calculated in this way are averaged values;
nevertheless, they provide grounds for an important conclusion:
in the general case, amicrocavity of fluctuation free volume can be
represented by a Dffv-dimensional sphere, modelling by a three-
dimensional sphere being a specific case. TheDffv values are close
to the corresponding dimensions Df of the regions of localisation
of excess energy, which are determined from Eqn (39). In addi-
tion,Df is equal to the automodelling coefficient Li and, hence, to
C?. The fractal dimension Dffv interpreted in this way is closely
related to the characteristics of the polymer structure.

Now we consider the energy criterion for the formation of a
microcavity with the volume Vh. For this purpose, we use the
concept of free fracture of solids,126 according to which a limited
amount of potential energy with densityA* can be accumulated in

a limited volume V and the formation of a new surface requires
work equal to the product of the surface area Sn and the specific
surface energy sn. In the case of free fracture,127

A*V= snSn. (60)

As applied to the formation of a microcavity with the volume
V=Vh, relation (60) can be represented as follows:87

V

Sn

� sn
A�

. (61)

For a Dffv-dimensional sphere, it can be written that 87

V

Sn

� rh
Dffv

. (62)

The sn value can be represented as follows:119

sn=
eh

2V
2=3
h

, (63)

where eh is estimated from Eqn (54).
Finally, by determining A* as the ratio

A*=
kT

Vh

, (64)

and using Eqns (61) and (63), we obtain

Dffv �
4pT

Tgln�1=ffv�
. (65)

Since ageing can be interpreted as a tendency towards ther-
modynamic equilibrium,114 it is assumed that the condition
Dffv=3 corresponds to a certain quasi-equilibrium state of the
polymer. This allows one to draw several conclusions. First, an
increase in temperature, all other factors being the same, implies
an increase in Df and, hence, enhancement of the thermodynamic
nonequilibrium of the polymer as a system. It follows from
Eqn (39) that an increase in Df is accompanied by an increase in
m; this accounts for the well-known fact that the Poisson coef-
ficient of polymers increases with temperature.74, 127, 128 Second,
an increase in m implies a decrease in the degree of local ordering of
amorphous polymers,70, 129 which is manifested as a decrease in
the density of the cluster network of entanglements Ven. In other
words, an increase in Ven reflects the trend of a polymer towads
thermodynamic equilibrium.114 Third, in the case where Dffv=3,
one can calculate the relative portion of the `quasi-equilibrium'
free volume (f 0fv); for the epoxy polymers in question, it falls in the
range *0.028 ± 0.042, which is rather close to the ffv value in the
WLF equation mentioned above. Thus, the estimation of ffv using
Eqn (55) is correct and the considerable magnitudes of ffv reflect a
relatively high degree of thermodynamic nonequilibrium in epoxy
polymers.

Let us consider the general statements of the concept of
fluctuation free volume in relation to cross-linked systems.
Figure 23 a illustrates the relationship between the fractal dimen-
sions of the regions of localisation of excess energy Df [see
Eqn (39)] and the fluctuation free volume Dffv [see Eqn (65)]. It
can be seen that these two values are fairly close to each other.{

Thus, the ffv value can actually be used to characterise the polymer
structure.

The formation of a microcavity with the volume Vh requires
local critical deformation ec130

ec �
1

3

ln�1=ffv�
3g

, (66)

where g is the GruÈ neisen parameter, characterising the anharmo-
nicity of the intermolecular bonds in a polymer and the factor 3
was introduced under the assumption that a microcavity is three-
dimensional. In view of this fact, this factor should be replaced by
Dffv and thus Eqn (66) assumes the form
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Figure 22. Number of microcavities of fluctuation free volume vs. their

size for EP-1 (1), EP-2 (2) and EP-3 (3).

{ Some discrepancy is due to the fluctuation nature of free volume.
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ec �
ln�1=ffv�
3gDffv

. (67)

Thus, the more pronounced the fractality of the fluctuation
free volume (the greater Dffv), the smaller ec and the easier the
formation of the microcavity. This fact is reflected in the depend-
ence of ec on Dÿ1ffv (Fig. 23 b). The g value was found from the
relation 130

g^ 0:74
1� m
1ÿ 2m

. (68)

It is noteworthy that the GruÈ neisen parameter varies in
parallel withDffv and is related to the dimension of the fluctuation
free volume by the following simple relation:

g^Dffv71. (69)

In other words, the GruÈ neisen parameter is also a fractal
characteristic; for quasi-equilibrium conditions, g=2. The values
g>2 mean an enhanced nonequilibrium character of the sys-
tem.131

Figure 24 shows the dependence of g on Dffv and the depend-
ence ofVh onKst for three epoxy polymers. TheVh values for EP-1
andEP-2 vary from 0.97 to 7.31 nm3 but those for EP-3 are greater
and lie in the range of 5.45 ± 10.1 nm3. In terms of the free fracture
concept, this implies that the formation of a microcavity in a
system the state of which is close to quasi-equilibrium requires
more thermal fluctuations with the energy kT than that in non-
equilibrium systems (EP-1 or EP-2). The same requirement is valid
for each particular composition, which is confirmed by the
presence of a maximum on the dependence of Vh on Kst at
Kst=1. The degree of equilibration can be estimated as the
difference

Dffv= ffv7 f 0fv. (70)

The meaning of this estimate becomes evident if one compares
the ffv(Kst) and f 0fv(Kst) plots for EP-1 and EP-3 (Fig. 25 a). As
noted above, samples with Kst=1 are closest to the quasi-
equilibrium state. The aged EP-3 samples at Kst=1 have already
reached this state and further ageing does not change the struc-
ture. The samples with Kst40.50 and those with Kst5 1.50
possess the lowest stability during physical ageing, which is
displayed as the corresponding change in their properties. The
decrease in the elasticmodulus during ageing of EP-1 amounted to
1.7 GPa for Kst=1.50 and 1.1 GPa for Kst=1.0. Thus, by
comparing the ffv(Kst) and f 0fv(Kst) plots, one can demonstrate
the degree of thermodynamic nonequilibrium of cross-linked
systems and predict the possible changes in their structure and
properties during physical ageing.

The closeness of a polymer to the equilibrium state can be
characterised by the degree of ordering. Using the cluster model,
this trend can be quantitatively described fairly easily in terms of
the parameters Ven or jcl.57,132 The dependence of Ven on Dffv
(Fig. 25 b) shows that the degree of local ordering can serve as an
indication of the thermodynamic nonequilibrium of the polymer
structure. Extrapolation of the straight line Ven(Dffv) to Dffv=0
gives Ven ^ 3.861027 m73, which is about 1.5 times lower than
themaximumVen value found as the ratio of the total length of the
macromolecule per unit volume of the polymer to the length of the
statistical segment.133 This discrepancy stipulates the legitimacy of
applying the term `quasi-equilibrium state' to the polymer struc-
ture with Dffv=0. It is clear that an equilibrium state implies that
all macromolecules are packed in the regions of local ordering. It
has been shown 70 that the condition Dffv=0 cannot be attained
for the epoxy polymers in question even for themaximum possible
Ven value. Yet another important feature of the quasi-equilibrium
state is temperature dependence of parameters, in particular, ffv
[see Eqn (65)]. When Ven=0, the straight line Ven(Dffv) is
extrapolated to Dffv ^ 0.077, which also has a definite physical
meaning. For f 0fv =0.035 (see Fig. 25 a) and Dffv ^ 0.077, the ffv
value is equal to 0.112, which is close to the fluctuation free
volume at Tg.118, 119 Thus, the destruction of clusters can be
identified with glass transition of cross-linked polymers.

Thus, the above results point to the fractality of the fluctua-
tion free volume in cross-linked polymers. In this connection, one
important fact should be noted, which has not received adequate
attention before. In accordance with Eqn (58), Vh decreases with
an increase in ffv. For pores with sizes of the order of several
nanometers, it has been shown 134, 135 that

ÿ dV

dr
! r27D0, (71)

whereV is the total pore volume, r is the average pore radius, and
D0 is the fractal dimension of the structure of a porous material.
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Figure 23. Relationships between the fractal dimensions of the regions of

localisation of excess energy Df and the fluctuation free volume Dffv (a)

and between the dimension of the fluctuation free volume and the critical

deformation in the formation of microcavities ec (b) for EP-1 (1), EP-2 (2)
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(a): (1 ) EP-1, f 0fv(Kst); (2) EP-1, ffv(Kst); (3) EP-3, ffv(Kst);

(b): (1) EP-1, (2) EP-2, (3) EP-3.

534 V U Novikov, G V Kozlov



According to different estimates, the linear sizes of micro-
cavities of free volume rh vary from 0.2 to 1.5 nm.136 ± 142 If we
assume that Vh= ffv and r= rh, for Eqn (71) to have a physical
meaning, it is evidently required that the slope of the ffv(rh) plot be
negative. The calculated D0 values for EP-1 and EP-2 vary from
4.78 to 5.31, which is consistent with the above estimates of Dffv

and Df. Figure 26 presents the dependence of ffv on rh, which is
linear and has a negative slope. Figure 27 illustrates the relation-
ship betweenDf andD0. It can be seen thatD0 values are regularly
greater thanDf but both values vary according to the same pattern
and the deviations do not exceed 25%. This also attests to the
fractality of the free volume the dimension of which reflects the
extent of `pumping' of energy into the polymer and does not
coincide with the corresponding dimension of the polymer struc-
ture.

Let us consider the influence of the `pumping' of energy
(mechanical or thermal) on the formation of free volume in
epoxy polymers. Within the framework of the Frenkel' kinetic
theory,115 the radius of amicrocavity of free volume rh depends on
the surface tension s

r 2h �
eh
4ps

. (72)

Equation (72), which is an analogue of relation (63), permits
calculation of s provided that rh and eh are known. The depend-
ence of the s values thus found onDf for EP-1 and EP-2 is plotted
in Fig. 28. An increase in Df (enhancement of energy pumping
from the outside) results in a decrease in s, which facilitates the
formation of a microcavity of the fluctuation free volume. Note
that for Df=7.7, the s value becomes equal to zero. This is
unlikely from the physical viewpoint; nevertheless, it is evident
that s sharply diminishes on moving towards Df ^ 7.7. This Df

value is matched by m ^ 0.425 [according to Eqn (39)], which
corresponds to the mechanical 74 and thermal 143 glass transition
process. It has been shown experimentally that Vh sharply
increases (and, hence, s decreases) 136 and the yield point
increases144 at Tg.

The variation of ffv as a function of Df is presented in Fig. 29.
The straight line was drawn with the assumption that for m=0
(which corresponds to close packing of an amorphous poly-
mer 129), Df=2 and ffv=0, whereas for the maximum possible
ffv value at Tg [ f t

fv ^ 0.159 (see Ref. 124)], m ^ 0.44 and
Dt

f ^ 9.3. The ffv values found using relation (55) for EP-1 and
EP-2 correspond to the proposed model. Thus, `pumping' of
energy into a polymer increases the dimensions of the regions in
which it is localised and increases the fluctuation free volume.

Thus, the fluctuation free volume in vitreous polymers has a
fractal structure; therefore, the microcavities that constitute the
free volume can be modelled by a Dffv-dimensional sphere. The
sizes of microcavities are controlled by the volume in which the
energy of thermal fluctuations needed for their formation is
accumulated. The absolute magnitudes of ffv can characterise the
thermodynamic nonequilibrium of the polymer structure. For
quasi-equilibrium structures, it is assumed to be equal to ffv in the
known WLF equation. The dimension of the free volume regions
(which coincides with the corresponding dimension of the regions
of localisation of energy pumped from the outside) reflects the
extent of energetic excitation of the polymer structure.

5. Fractal characteristics of polymers in time-dependent
processes
Polymers obey the principle of temperature ± time superposi-
tion,145, 146 according to which structural (including fractal)
characteristics of polymers are functions of the time scale of
testing. In this connection, we shall consider the influence of the
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Figure 26. Relative fluctuation free volume ffv vs. radius of the free

volume microcavities rh for EP-1 (1) and EP-2 (2).
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isation of excess energy for EP-1 (1) and EP-2 (2).
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The points correspond to the calculation of ffv from Eqn (55) for EP-1 (1)

and EP-2 (2). The explanations are in the text.153
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time factor on the fractal characteristics in processes typical of
polymers such as thermal ageing or relaxation.

The dependences of the dielectric loss tangent (tan d) on the
Hausdorff dimension for several copolymers have different slopes
atmeasurement frequencies of 1 and 10 kHz. This hampers correct
prediction of tan d. This difference can be easily explained in terms
of the cluster model. The jcl value is a parameter of the order of
the polymer structure;60 due to the thermodynamic nonequili-
brium of the structure, it is also a function of the time scale t. In the
general case, the time-dependent order parameter jcl(t) is deter-
mined as follows:147

jcl (t)=j0
cl exp

�
ÿ t

t0

�
, (73)

wherej0
cl is thejcl value at very large t and t0 is the relaxation time

under normal conditions.
If the time scale of the experiment is expressed in terms of p/o

(o is the frequency of measurements) and the relaxation time is
assumed to be t ^ 10 ms, the jcl value can be estimated as a
function of frequency and, hence, different D values for frequen-
cies of 1 and 10 kHz can be obtained. An increase in D (decrease
in t) results in higher jcl [according to Eqn (73)] and in lowerD.14

Therefore, the dependence of tan d on D is described by one
straight line for both frequencies mentioned above.26 Thus
clusters can be generally defined as regions in which relaxation
processes are impossible.

Physical ageing of amorphous vitreous polymers consists in
the variation of the structure and properties with time, which
reflects the thermodynamically nonequilibrium nature of these
polymers.114 At relatively low temperatures (about room temper-
ature), this process is fairly slow; it takes several years for
substantial changes in the properties to occur.94, 148 Therefore,
forecasting of these phenomena should be performed with allow-
ance for both spatial and temporal disorder of systems. The
spatial non-uniformity of the structure of amorphous vitreous
polymers accounts for the rather broad range of the rates of
relaxation processes. Spatial disorder results in temporal disorder.
The variation of the properties and structure of polymers during
ageing can be described quantitatively within the framework of
fractal analysis.

Study of the reaction dynamics in disordered systems has
shown that for most reactions at long times, subordination
expressed by the following general relation is obeyed:149

F! t ag, (74)

where F is an arbitrary function dependent on time t and a and g
are coefficients taking into account the spatial and temporal
disorder.

As applied to physical ageing, the variation of structure with
time can be described, on the basis of general relation (74), in the
following way:150

Vcl=CV 0
clt

ag, (75)

where Vcl and V 0
cl are the densities of the cluster network of

entanglements in the aged and initial polymers, respectively;C is a
proportionality coefficient. The index a can be defined in terms of
fractal analysis as the difference df72, where df is the fractal
dimension of the structure of the initial epoxy polymer, with
allowance for the following considerations: the 2< df4 3 range
characterises the degree of disorder of the polymer structure;151

most information on this point is carried by the fractional part of
df: the greater the magnitude of df, the lower the local order and,
hence, the higher the spatial disorder of the system.152

The quasi-equilibrium state of polymers is characterised by
df ^ 2.5. This value corresponds to a fully relaxed polymer with a
narrow size distribution of free volume cavities 153 and, hence, to
the least temporal disorder, characterised by a spectrum of
relaxation times. Therefore, the following approximation has
been used:150

g= df7 2.5. (76)

Thus, Eqn (75) can be finally written in the form

Vcl=V 0
clC t (df72)(df72.5), (77)

where the coefficient C determined empirically is equal to *0.14
and the time of ageing is expressed in seconds.

Figure 30 shows the dependences of jcl on Kst for the initial
(EP-2) and aged (EP-3) epoxy polymers. In the case of EP-3, the
jcl values determined experimentally and calculated using
Eqn (77) are given. It can be seen that the experimental and
calculated values are in good agreement. The maximum devia-
tions for Kst equal to 0.50 and 1.50 do not exceed *25%. It is
assumed 150 that the main reason for the inaccuracy is the high
power dependence of Vcl on df in Eqn (77).

Yet another important aspect of physical ageing is also
associated with the dependence of jcl on Kst (see Fig. 30). The
ageing rate expressed as the difference between the jcl values for
EP-2 and EP-3 varies substantially for different Kst (and, hence,
for different chemical cross-linking densities ns). The minimum
ageing rate is observed for a system with Kst=1.0; 152 deviations
from this value towards both greater and lower values result in an
increase in the ageing rate.101 This is due to an increase in both a
and g [see Eqn (77)] or, in other words, to an increase in the fractal
dimension of the structure df.

Parameters which vary during physical ageing include not
only supermolecular structure characteristics (df and Df) but also
the statistical chain flexibility indexC?. Using Eqns (39) and (41),
it can be written that

Li=C?=Df=2
1ÿ m
1ÿ 2m

. (78)

The physical ageing results ultimately in the formation of
similar structures for all the epoxy polymers considered, irrespec-
tive of the density of chemical cross-linking points (ns varies by
approximately an order of magnitude).154 Naturally, this struc-
ture equalisation also determines substantial convegence of the
properties of EP-2 and EP-3.94

From the practical viewpoint, it is important to predict the
properties of polymers during physical ageing. A procedure
suitable for this purpose has been reported.150 This procedure is
based on Eqn (77). Knowing the Vcl and C? values, one can
estimate Df and calculate E.155 Then the yield point sp 142, 148 and
some characteristics of polymers 64, 156 can be determined.

In recent years, considerable attention has been paid to
investigation of the relaxation processes in complex condensed
systems. An example of this type of system is amorphous-
crystalline polyethylene, the structure of which under normal
conditions consists of crystalline regions, regions of local ordering
and a devitrified loosely packedmatrix.157, 158 The interest in these
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Figure 30. Relative portion of clusters jcl vs. the curing agent : oligomer

ratio Kst for EP-2 (1) and EP-3 (2, 3);

(1, 2) experimental data, (3) calculation using Eqn (77).150
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studies is caused by the experimental fact that the correlation
functions for many different systems vary in accordance with the
same exponential dependence

j(t)= exp

�
ÿ
�
t

t

�b �
, 0< b<1. (79)

The parameters b and t depend both on the material and on
the environmental conditions, for example, temperature.

The law described by Eqn (79) was first proposed by Kohl-
rausch and has later been used by Williams and Watts to describe
the dielectric relaxation in polymers (M Schlesinger, J Klafter, see
Ref. 149, p. 553). The main difficulty in the case of polymers is to
identify the parameters of Eqn (79) in terms of characteristics
describing the polymer structure. This identification has been
performed within the framework of fractal analysis.39

In the impact testing of polymers, the elastic modulus
decreases with an increase in the time scale of testing (in the case
of brittle fracture, this is time to fracture t0) and can be described
by the empirical relation 159, 160

E=E0(t
0)7m, (80)

where E0 is the `unity' modulus, i.e. the E value for t0=1 on the
time scale chosen, and m is an empirical index characterising the
degree of completeness of relaxation processes.

Figure 31 shows the variation of E as a function of t 0

corresponding to Eqn (80) for high-density polyethylene samples
with different lengths of a sharp notch (an increase in the length
decreases t 0) at a testing temperature of 293K. The slope of the
straight line can be used to estimate the index m, while extrap-
olation of the plot to t 0=1 gives the E0 value. It should be noted
that at certain t 0 values (for example, t), the variation of lnE vs.
ln(1/t 0) has a breakÐat t 0< t the elastic modulus increases faster
than at t 0> t, which reflects an increase in m. This finding is
related to the extent of completeness of relaxation processes: at
t 0> t this extent is high and, correspondingly, the increase in E is
insignificant.

The difficulty in describing the variation of E according to
Eqn (80) is due to the presence of two empirical constants (E0 and
m), which, moreover, can change discretely. Therefore, an alter-
native approach based on the use of the Kohlrausch equation (79)
has been chosen.153 To describe E, this equation should be written
in the form

E=E 00 exp
�
ÿ
�
t 0

t0

�b �
, 0< b<1, (81)

where E 00 is a constant.
Let us consider the physical meaning of the parameters

appearing in Eqn (81). It is evident that the t value can be taken

as t0 (see Fig. 31). The constant E 00 determines the maximum
elastic modulus Emax which can be attained for a given polymer
without relaxation. The range of variation of this parameter for
very high testing frequencies (several megahertz) was found 161 to
be 1.1 ± 2.6 GPa for high- and low-density polyethylene. Finally,
the index b, characterising the width of the relaxation spectrum
(spatial disorder of the system), can be associated with the
fractional part of df, i.e. it is taken to be equal to df72. Note
that both b and df72 vary over the same limits. Thus, the final
form of the Kohlrausch equation for determining the elastic
modulus of polymers under high-speed loading (brittle fracture)
can be written as follows 153

E=Emax exp

�
ÿ
�
t 0

t

�d fÿ2 �
, 0< (df72)<1. (82)

Figure 32 shows the dependences of the E values, both
experimental and calculated from Eqn (82), on the sharp notch
length l for high-density polyethylene samples at different temper-
atures. Good agreement between the theoretical and experimental
results is obvious.

Thus, methods of fractal analysis in combination with the
cluster model of the structure of amorphous polymers provide a
quantitative description of time-dependent processes. The fact
that the fractal dimension of the structure df takes into account
both the spatial and temporal disorder accounts for the simplicity
of the resulting equations.150

III. Modelling of the structure and properties of
polymers

1. Modelling in terms of the percolation theory
Percolation models are widely used to describe critical phenom-
ena 162 including those in polymers.162 ± 166 Percolation clusters are
homogeneous fractals when x= xc (x is the current coordinate, xc
is the coordinate of the percolation transition). For example, the
structure of vitreous polymers is a fractal when T = Tg or, with
allowance for the foregoing, when T<Tg.

It should be borne in mind that the fractal properties of the
polymer structure are due to the presence of the cluster structure
or, more precisely, of `frozen' ordering. However, as has already
been mentioned, the magnitude of the fractal dimension of the
structure df for amorphous polymers is debated, the overall range
being 24 df4 3.125 Thus on the basis of theoretical statements of
Alexander and Orbach,43 it has been concluded 167 that for an
ideal disordered linear polymer, df is equal to 2, while for real
amorphous polymers, this value is 2.0 ± 2.2. Let us make several
rather simple estimates of df for epoxy polymers EP-1 and EP-2.
For a percolation system, the following relation holds:162
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Figure 31. Elastic modulusE vs. time to fracture t 0 [see Eqn (80)] for high-
density polyethylene samples with a sharp notch;

t=t0 is relaxation time.153
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df= d7
b
n
, (83)

where d is the dimension of the Euclidean space in which the
fractal is inserted and b and n are critical indices of a percolation
system related to each other as

dn=2b+ gc, (84)

where gc is also a critical index of the percolation system. The
parameters calculated from Eqn (83) are listed in Table 2.

The evaluation of the index n for EP-1 and EP-2 for d=3
using Eqn (84) and the b and gc values determined previously gives
0.67 and 1.15, respectively, which is consistent with the theoretical
value n=0.88 (see Table 2).

The df values for epoxy polymers estimated using Eqn (23) fall
in the range from 2.56 to 2.73, which is in good agreement with the
estimates made in this review but is substantially greater than has
been assumed previously.43, 167

The following ratio for percolation clusters has been reported:

dsuper =
df
ds

, (85)

where dsuper>1 is so-called superlocalised index.
Using the dsuper and ds values found experimentally for epoxy

polymers based on bisphenol A,167, 168 we calculated df, which
proved to be 2.55. This value is close to the above estimates. Note
that the application of Eqn (85) to the calculation of dsuper of
epoxy polymers became possible owing to the representation of
their structure as a percolation system.

The df value can also be estimated without experimental ds but
using only the index dsuper. For example, the random walk
dimension dw can be represented, with allowance for Eqn (85), in
the following form:

dw=2 dsuper. (86)

The df values for the epoxy polymer at dsuper=1.85 167

amounted to 2.47 and 2.70 in accordance with the Alexander ±
Orbach and Aharoni ± Stauffer hypotheses,48 respectively. These
values are close to the estimates made using Eqn (23).167

The fractal dimension is determined by the disorder which is
generated by deterministic chaos. This statement can be expressed
in the analytical form 169

df=
S

l
, (87)

where S is the entropy of the system, l is the Lyapunov index.
The entropy changeDS in a chaotic process can be determined

using the following simple formula:170, 171

DS^ 3k ffv ln ffv , (88)

where ffv is determined from Eqn (55) and k is the Boltzmann
constant.

Figure 33 shows the variation of df [calculated in terms of
Eqn (23)] as a function of DS [calculated using Eqn (88)] for the
epoxy polymers under consideration. This plot has some interest-
ing features. First, extrapolation of the df(DS) straight line to
DS=0 yields the value df=2. Relation (88) indicates that the
conditionDS=0 ismatched by ffv=0. This implies close packing

of the structure of epoxy polymers. In other words, the value
df=2 is attained for an amorphous polymer in the case of close
packing rather than in the case of ideal disorder, as has been
suggested in a previous publication.167 Second, df=3 is attained
at a DS value corresponding to ffv ^ 0.157. This is known to be
the greatest theoretical value relative to the free volume at Tg.124

This means that df=3 corresponds to the devitrified state of the
polymer, i.e. to destruction of the local `frozen' order. This fact
confirms the relationship between local order and fractality of
amorphous polymers. Third, in accordance with relation (87), the
linear dependence of df on DS means that l=const. Thus, the
chaotic component of the dynamics of structure formation is the
same for the epoxy polymers considered.172

Thus, the structure formed in epoxy polymers at the glass
transition temperatutre Tg is a percolation cluster, which is
described adequately in terms of the cluster model.57, 173 There-
fore, it can be assumed that glass transition of a polymer is a phase
transition and jcl is an order parameter. In addition, this fact can
serve as evidence confirming fractality of the structure of network
polymers (for T<Tg) in the range of length scales of *0.3 ±
5.0 nm. The fractal dimension of the structure of epoxy polymers
is much greater than it has been believed previously (see, for
example, Ref. 60); it is determined by the disorder generated by
deterministic chaos. The loss of fractality by the epoxy polymer
structure, i.e. the situation when df= d is attained at the glass
transition temperature.

It is worth noting that the model of percolation cluster
proposed byKozlov et al.166, 170 is similar in essence to the concept
of critical thermal transition.19 According to this concept, the
portion of system elements belonging to the greatest cluster is
proportional to the order parameter, which varies near the critical
temperature T * as eb, where e=(T7T *)/T *.

2. The model of diffusion-limited aggregation
The general description of the models of irreversible aggregation
has been reported in several publications.12, 162, 174 Here we shall
consider particular aspects of using the model of diffusion-limited
aggregation (DLA) for describing the structure of amorphous
polymers. Note that the computer simulation procedures, widely
used for this purpose, should be made more specific. If the cluster
model of the structure of amorphous polymers 173 ± 175 can be
described as the Witten ± Sander (WS) cluster, this means that the
model and theWS cluster belong to the same class of universality.

There exist numerous reasons for representing the structure of
an amorphous polymer as WS clusters and for assigning them to
one class of universality. These reasons have been considered in
detail;60 here we mention only three most important ones.176 The
first reason is that the aggregationmechanism belongs to one class
of universality; for WS clusters, this is attachment of separate
particles to the growing clusters (aggregation of the particle ±

Table 2. Parameters of percolation systems for epoxy polymers.

Parameter Experiment Calculation using Eqn (83)

EP-1 EP-2

n 0.67 1.15 0.88

b / n 0.537 0.504 0.455

df 2.46 2.50 2.545

df

2.6
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Figure 33. Fractal dimension df of the structure vs. entropy for EP-1 (1)

and EP-2 (2).170
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cluster type). In terms of the cluster model, this mechanism is
attachment of a statistical segment to a region of local order; this
event is equivalent to the `collapse' of a microcavity of the
fluctuation free volume.57, 121 The second reason follows from
the first one: due to the identical aggregation mechanisms, the
structures of amorphous polymers and the WS clusters have the
same scaling indices, namely, the dimensions df (see Refs 170 and
171) and D (see Ref. 172), respectively. The third reason is as
follows. It is known 44 that during the synthesis of polymers, the
class of universality changes in the gelation point, namely, the
cluster ± cluster mechanism is replaced by the particle ± cluster
mechanism; the latter affords WS clusters.

The model representation (in terms of the DLA model) made
it possible to describe the structures of EP-1 and EP-2; this was
done using the same scaling index, namely, the dimension df.175 It
should be mentioned that the word `cluster' is interpreted in
different ways in the cluster model 177 and in the WS cluster
model. In terms of the latter, the term `cluster' denotes both the
region of local ordering and the chains protruding from it, while in
the former case, only statistical segments incorporated in the
region of local ordering are meant. It is evident that the structure
of a polymer sample cannot be regarded as a single WS cluster.
Therefore, by analogy with Belousov et al.,177 who proposed a
modified variant of the WS model, we represent the structure of
epoxy polymers by a set of WS clusters, the size of each cluster
ranging from lst to Rcl. Therefore, the model of multiple growth
sites is the most plausible modification of the WS model. Accord-
ing to the WS model, the growth of a WS cluster takes place on a
large number of seeds, the cluster size Rcl being related to the
concentration of free diffusing particles N in the following way:

N^RDÿd
cl . (89)

Only those statistical segments that are located in the loosely
packed matrix are able to join the region of local ordering. An
increase in the degree of local ordering decreases the temperature;
for Rcl= const, this means a decrease in the difference D ± d or a
decrease inD. TheN value was taken to be equal to the product of
the number of particles (statistical segments) per unit volume and
the proportion of the loosely packed matrix. Figure 34 shows the
plots for the variation of the fractal dimensions of the epoxy
polymer structures 156 and of the WS cluster, calculated using
relation (89), vs. the curing agent : oligomer ratio. One can notice
good correspondence between df and D.175

Thus, a modified version of the particle ± cluster aggregation
model178 allows the structures of network polymers to be
described in terms of D. This stipulates the assignment of the
structure of network polymers to the given class of universality
and, hence, description of its properties by relations developed for
this class of universality.175

Description of the local ordering of the structure of amor-
phous polymers (in relation to polycarbonate and high-density
polyethylene) in terms of theWSmodel has been reported.176 The
following equation characterises the variation of the density of the

WS cluster rWS as a function of its radius RWS and the dimension
D:179

rWS= r
�
RWS

a

�Dÿ d

, (90)

where r is the density of the material of the WS cluster in the state
of close packing, a is the lower boundary of the fractal behaviour
of the WS cluster, which can be identified with the length of an
elementary unit in the polymer chain.

A WS cluster obeys the relations D< d and rWS< r, which
determine the condition a<RWS. Replacement of the signs in the
first two inequalities by equality signs implies transition of the
cluster to another class of universality, for example, transition to
the Eden cluster.87Meanwhile, since rWS = 0 and r= 0, a cannot
be equal to zero. Thus, a compact region (D ^ d) with size a,
identified as a region of local ordering for the structure of an
amorphous polymer, always exists in the centre of the WS cluster.
This statement is a necessary condition for the existence of theWS
cluster.180 Two remarks on this point are pertinent.

First, the cause for the appearance of the compact region at
initial stages of formation of a WS cluster can be easily under-
stood. Indeed, the fractal nature of the WS cluster is determined
by the shielding effect of its `branches', which prevent the access of
particles into the inner regions of the cluster.180, 181 However, in
initial stages of the growth, these `branches' are poorly developed
and the shielding effect is low. Second, the polymer structure, as
any real (physical) fractal, possesses fractal properties only in a
particular range of length scales.87 It has been shown experimen-
tally 167, 182 that this range for polymers is from several AÊ ngstrom
to several tens of AÊ ngstrom. This implies the presence of a density
gradient in the polymer in this range of length scales, which, in
turn, means alternation of blobs and rarefied sections in the
material.183 The cluster model 173, 177 satisfies this condition,
whereas, for example, the `felt' model of the polymer structure
proposed by Flory 113 cannot account for the experimentally
observed fractal properties.167, 182, 183

Thus, interpretation of the structure of an amorphous poly-
mer as a WS cluster (more precisely, as a set of these clusters)
assumes necessarily the existence of regions of local order. This
has been confirmed 176 by comparing the a values calculated from
Eqn (90) and the size of the region of local order rcl (Fig. 35). The
rcl value can be found from the following equation (under the
assumption of close packing):184

rcl=

�
nclS

pZ

�1=2

, (91)

where ncl is the number of statistical segments in the cluster, Z is the
density of packing of the element, equal to 0.74.184

Figure 36 shows the variations of the size of the regions of
local order rcl in the cluster model 173 and the compact regions a in
theWSmodel vs. testing temperature for polycarbonate and high-
density polyethylene. In studies by Kozlov et al.,176, 185 the density
of the loosely packed polymer matrix, which coincides with the
density of the polymer above the glass transition (melting)
temperature, was taken as rWS and the density of the crystalline
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Figure 34. Fractal dimensions of the structure df (1, 2) and of the WS

clustersD (3, 4) vs. the curing agent : oligomer ratio Kst for EP-1 (1, 3) and

EP-2 (2, 4).156
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Figure 35. Cross-section of the region of local order incorporating seven

statistical segments (dm is the diameter of the polymer macromolecule).175
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regions of polycarbonate and polyethylene was used as r. In
addition, it was assumed in calculations that

Rcl=RWS, (92)

D= df. (93)

The absolute magnitudes and the patterns of temperature
variation of the parameters rcl and a are in good agreement. Some
scatter in the a values relative to rcl is due to the inaccuracy in the
determination of df using Eqn (23), caused by the power depend-
ence of a on D, which markedly affects the accuracy of compar-
ison.

Thus, it can be inferred that experimental results also indicate
the obligatory existence of regions of local order in the structure of
an amorphous polymer in terms of the DLAmodel. The structure
of amorphous polymers can also be studied using the method of
autocorrelation functions 176

C(r)= hp(r 0)7 p(r 0+ r)i, (94)

where p(r 0) and p(r0+ r) are probabilities that particles compos-
ing a cluster are located at points r 0 and r 0+ r (the probability is
equal to unity when the point does contain a particle and to zero
when no particle is present). The autocorrelation function for
distances r greater than several lattice spacings can be represented
by the scaling relation 186

C(r)! r7a , (95)

where

a=d7D. (96)

In the case of a linear autocorrelation function, having determined
a, one can estimate the fractal dimension D of the object.

The autocorrelation function for the structure of an amor-
phous polymer (in particular, polycarbonate) is shown schemati-
cally in Fig. 37; the density variation is presented as a function of
distance, the reference point (r=0) being placed at the centre of a
local order region (see Fig. 35). Over an interval from 0 to rcl the r
value remains constant and equal to the density of the region of
local order, which has been assumed, as a first approximation, to
be equal to the rcr value for crystalline polycarbonate.187 In the
range from rcl toRcl, the density is supposed to decrease linearly to
reach rmin, which is estimated as follows. Litt et al.187 have
reported the averaged density of amorphous polycarbonate ra,

which corresponds to the centre of the sloping section in Fig. 37.
From simple geometric considerations, we obtain

rmin= ra7 (rcr7 ra). (97)

Now one can estimate the a value from the relation

(rcr7 rmin)7a ^
�
Rcl

2
ÿ rcl

�ÿa
, (98)

and then calculate the df value for the polymer structure using
Eqn (96) because modelling of this structure by a WS cluster
assumes that equality (93) is valid.178

The temperature dependences of the fractal dimension of the
polycarbonate structure obtained experimentally and calculated
in terms of theWSmodel taking account of relations (95) and (98)
are presented in Fig. 38. It can be seen that the results correspond
rather well to each other. However, the agreement can be
improved by using so-called `true' yield point. Kozlov et al.166

determined df for polycarbonate at 293K using five different
procedures; the average value was found to be df ^ 2.51. This
result is in good agreement with the value df ^ 2.56 determined
for 293K in terms of the WS model.

Recalling that the quasi-equilibrium state of a polymer
structure is characterised, in the general case, by df=2.5, the
same fractal dimension is typical of a WS cluster in a three-
dimensional space whenN ??.186 Therefore, below we consider
the correspondence between the conditions of formation of a
quasi-equilibrium state in the cluster model of an amorphous
polymer structure and in the WS model. The modification of the
WS model discussed above (growth on a large number of
`seeds') 177 uses the term `diffusion distance' x, which depends on
the local environment of each `seed'. The growth of a WS cluster
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Figure 36. Size of the regions of local ordering rcl (curve) in the cluster
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continues until the condition x ^ Rcl is attained. The x and Rcl

values are related to the concentration of free particles (cfr) in the
following way:178

x^ cÿ1fr RDÿ d� 2
cl . (99)

Taking into account the condition for termination of the
cluster growth, it can be written that

cfr^RDÿ d
cl . (100)

This relation allows one to determine the concentration of free
particles at themoment when theWS cluster stops growing having
reached the sizeRcl (subsequently, this concentration is designated
by cWS) or when the quasi-equilibrium state in terms of the WS
model has been attained because in this case, too, the diffusion
growth is restricted by interaction of the neighbouring WS
clusters.

The concentration of particles in the cluster can be determined
in terms of the cluster model.173 Using relations (45) and (53), df
can be related to the fraction of clusters jcl. Assuming that
df=2.5, one can estimate the jcl value for the quasi-equilibrium
state of polymers.15

The Rcl value in the model 178 is limited by the number of
`seeds', which is, in turn, equal to the number ofWS clusters, nWS.
According to the cluster model, the number of statistical segments
incorporated in the regions of local order per unit volume of the
polymer is assumed to be equal to the density of cluster network
Vcl. The functionality F of such a region is the number of chains
protruding from it. Since this region (cluster) is an analogue of a
crystallite with extended chains, the number of segments in one
cluster is equal to F/2. The number of regions of local order Ncl,
equal to nWS, in unit volume of the polymer can be found from the
equation 113

Ncl=
2Vcl

F
. (101)

In addition to the cluster network of entanglements, polymers
are known to contain a network of traditional `loops'; unlike the
cluster network, the latter is retained above Tg.146 The numbers of
entanglements in this network, determined above Tg, have been
reported (see, for example, Refs 62, 76, 188). The density of the
network of these `loops' (Ven) can be found from the equation

Ven=
rNA

Men

, (102)

where Men is the molecular mass of the chain between entangle-
ments.

Figure 39 illustrates the relationship between the Ncl and Ven

values for eight polymers. It can be seen that these parameters
correspond to each other both in magnitude and in the pattern of
variation. The rather large scatter is due to the discrepancies
between theMen values taken from different sources for the same
polymer [for instance, for polyethylene, Men=737 gmol71 (see
Ref. 62) or 1900 gmol71 (see Ref. 188)]. Nevertheless, under the
assumption that Ncl ^Ven, the Ven value can be identified as the
density of `seeds' and the Rcl value can be found using Eqn (30).

The use of dimensional Rcl values in relation (100) results in
the cWS value being dependent on the dimension ofRcl. Therefore,
the lower limit (b) at which the fractal properties are manifested
(b ^ 0.5 nm 173) was chosen as the scale, and the dimensionless
parameterRcl/bwas used in Eqn (100).When a different b value is
employed, cWS somewhat changes but the trend of its variation is
retained.

It has been shown 189 that the minimum value dfmin=2.5 is
typical only of polymers with C?=3. The dfmin value can be
determined by modification of the equation 190

dfmin

3�3ÿ dfmin�
� 4

3
� C? . (103)

For polymers with C?>3, the calculation gives incorrect jcl

values (greater than unity). Therefore, the dfmin values found for
polymers using Eqn (103) are greater than 2.5. Thus, the chain
rigidity has a substantial influence on the formation of the
polymer structure.

Only segments incorporated in the loosely packedmatrix have
the opportunity to join the regions of local ordering. Thus, in
terms of the WS model, it is these segments that should be
considered as free particles. Therefore,

csf=17jcl=jlp,

where jlp is the volume fraction of the loosely packed matrix.
Figure 40 illustrates the good correspondence between the cWS

and csf values for twelve polymers, which attests that the inter-
pretations of the quasi-equilibrium state of the polymer structure
in the cluster model 173 and in the WS model 178 are equivalent.
The cWS values are somewhat greater than csf because the scale b
was chosen arbitrarily.

Thus, the concepts of quasi-equilibrium state involved in the
DLA and cluster models of the structure of amorphous polymers
are similar in physical essence, the quantitative estimations in
terms of these two models providing consistent results. The
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macromolecular `loops', which restrict the mobility of polymer
chains act as the `seeds' in the WS model.178

3. Order and fractality in polymers
The temperature dependences of Vcl for different polymers are
similar. Raising the temperature results in a decrease in Vcl, the
rate of thermofluctuational decomposition of clusters sharply
increasing as T approaches Tg (or Tm). This general regularity is
illustrated by the plots for Vcl vs. testing temperature for poly-
carbonate, poly(methyl methacrylate) and high-density polyethy-
lene (Fig. 41). Note that similar temperature dependences are
obeyed by the mechanical properties of polymers (elastic mod-
ulus, yield point, etc.).191 This similarity implies the possibility of
superposition of the Vcl(T) curves for different polymers, which is
due to the common pattern of variation of the degree of local
ordering vs. temperature. Below we construct this superposition
and consider some its consequences in terms of the cluster model
resorting to percolation theory and fractal analysis.60

The dependences of Vcl on the reduced temperature
DT=Tg7T for some polymers follow similar patterns (see
Ref. 41); therefore, a scaling relation of the following type can
be applied:

Vcl!DT x, (104)

where x is a generalised index.
However, the degree of local ordering is reflected more

precisely by the relative portion of clusters jcl, determined from
Eqn (53). An obvious advantage of Eqn (53) is the fact that it
includes the main molecular characteristics of polymers.
Figure 42 shows the lnjcl(lnDT) plots for the three polymers
mentioned above and for the epoxy polymer EP-1, which are
approximated by a common straight line. It can be easily seen that

these data comply well with the known relation of percolation
models in the case of critical transition 162

P?! (Tg7T) b. (105)

In this interpretation, the jcl value corresponds to the `power'
of an infinite cluster, i.e. the probability P? that a unit belongs to
the infinite cluster. Thus, at Tg (or Tm), the cluster network of
entanglements appears (or vanishes); simultaneously, the struc-
ture of a vitreous polymer sample as a system is formed (or
destroyed). Several other important points related to the possibi-
lity of describing a polymer structure in terms of Eqn (105)
deserve attention. In the cluster model, the statistical segment lst
is taken as the `section of rigidity' of a chain. The lst value is several
times smaller than the Kuhn segment length A, which character-
ises the rigidity of a freely jointed chain.91 When the A value is
chosen as the `section of rigidity', thejcl values prove to be greater
than unity inmost cases, which is devoid of physical meaning. The
relationship between A and lst can be written in the following
form:

lst=A cos
yv
2
, (106)

where yv is the bond angle.
Thus, the shorter length of the chain section of rigidity lst in the

vitreous state is due to the conformational rearrangements pecu-
liar to this state.

In the case of amorphous-crystalline high-density polyethy-
lene, the reduced j0cl value was used; this parameter characterises
jcl with respect to the whole polymer bulk rather than to the
amorphous phase alone

j0cl =
jcl

1ÿ k
, (107)

where k is the degree of crystallinity.
The relation modified for the case of amorphous-crystalline

polymers is represented by Eqn (53). Using Eqns (53) and (23),
one can elucidate the relationship between df and jcl

df= d7 5.98610710

�
jcl

C?S

�1=2

, (108)

where S is expressed in �A2.
As has been shown above, Eqn (45) provides the minimum

values for the fractal dimension of structure (d t
f) possible for a

given polymer, which are in good agreement with the d 0
f values

(see Table 1). Hence, by substituting d t
f or d

0
f into Eqn (108), one

can estimate the limiting degree of local ordering (j 0
cl) possible for

a given polymer as a function of the most important molecular
characteristics of the polymer, C? and S. When the temperature
decreases below T0 (at which the j 0

cl value is attained), the degree
of local ordering does not change; therefore,T0 can be regarded as
an analogue of the temperatureT? at which the polymer reaches a
constant free volume.106, 173, 191, 192 Meanwhile, T0 can be found
from Eqn (104) provided that jcl=j 0

cl. The T0 and T? values
thus obtained, together with the temperatures of transition to a
state with a constant value of density fluctuations T *,106, 193 for
eight polymers are listed in Table 3. It can be seen that T0 and T?

are in good agreement for all polymers except polycarbonate, for
which the calculation gave DT=670K, which has no physical
meaning. For real polymers, the tendency towards a thermody-
namically more equilibrium state should be counterbalanced at a
certain point by the force of chain `tightening.' Therefore, the
value df=2.5 should be used instead of d t

f. In addition, the value
jlp=1 (i.e. jcl=0) is attained at df=2.92 rather than at df=3,
as could be suggested in view of Eqn (108). With allowance for
these corrections, calculation in terms of Eqn (105) affords
T0 ^ 318K for polycarbonate, which is consistent with the value
T?=323K (see Table 3). The correspondence between T0 and
T * is poorer than that betweenT0 andT? but the patterns of their
variation for polymers fully coincide.
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The following empirical relation between the change in the
specific Gibbs function of the formation of the supermolecular
structure DG during the self-assembly of the cluster structure and
jcl has been derived 194

DG!jcl . (109)

Substitution of this relation into Eqn (108) gave the expres-
sion

DG!C?S(37 df)2. (110)

The DG value for the supercooled liquid ± solid nonequili-
brium phase transition has been reported.195 It follows from
relation (110) that DG=0 when df=3, i.e. when the fractal
properties are lost. In other words, the fact that fractal structures
are formed only in nonequilibrium processes has been confirmed
once again.12

4. The possibility of numerical modelling of polymer
properties
Little is known about a polymer synthesised from monomers or
prepared by curing an oligomer; as a rule, the known data include
the trademarks of monomers, oligomers, and curing agents and
their ratios. Evidently, in this situation, for example, in the case of
network polymers, the main initial parameter Ð cross-linking
density ns Ð can be either calculated 154 or determined experimen-
tally.192 In the latter case, the molecular mass of the chain section
between the cross-linking points Ms is calculated using the
equation

1

Ms

� Fim

2W
, (111)

whereFi is the functionality of the curing agent,m is the number of
moles of the curing agent in the sample, and W is the sample
weight.

Comparison of the Tg(ns) plots for different epoxy polymers
for which the ns values were determined by both methods
mentioned above shows that the experimental values are some-
what lower than the calculated ones. This discrepancy can be
eliminated by introducing the correction factor C. The discrep-
ancy is due to two reasons; one reason is the use of different
batches of epoxy resins and curing agents and the other reason is
that the calculation implies completeness of the curing reaction,
i.e. that the curing agent has been entirely consumed, which does
not occur in reality.

Apart from ns, it is necessary to estimate the cross-section area
of the macromolecule S and the length of a real bond in the
backbone l0. The S value is either taken from reference data (if
they do exist) or estimated by comparison with the S value of a
linear polymer with a similar chemical structure. For example, the
chemical structures of the epoxy resins and polycarbonate are
similar because they both are based on bisphenolA. Therefore, the
value S=0.31 nm2, determined for polycarbonates, was used for
these epoxy polymers.76 Experimental estimates have shown 71

that this approximation is correct to within*5%. As regards the
l0 value, it characterises a class of polymers rather than a

particular polymer, which makes its determination easier. Since
epoxy resins are heterochain polymers, l0=0.125 nm.76

Using the above parameters, one can estimate the length of the
section of a macromolecule between chemical cross-linking points
and the distance between chemical cross-linking points.14 The
subsequent stage is to solve a set of three equations with three
variables, namely, the characteristic ratio C? and the fractal
dimensions of the macromolecule section between chemical
cross-linking points D and of the cluster structure df. By solving
this set of equations, one can find these structural characteristics
of the epoxy polymers. After that, the Poisson coefficient should
be found fromEqn (23) and the cluster network densityVcl should
be determined from the relation

m=0.57 2.98610710(Vcl l0)1/2. (112)

Finally, the relative portion of clusters is calculated as

jcl=
Vcl

V
(113)

where V is the polymer volume.
For the loosely packed matrix,60

jlp=17jcl . (114)

Thus, we have obtained a complete set of characteristics of the
molecular, topological, and supermolecular levels of the structure
of cross-linked polymers, which permits one to model and predict
their properties. The properties chosen include three character-
istics for applications (elastic modulus E, yield point sp and glass
transition temperature Tg), which are needed to develop new
materials, and three characteristics which are regarded conven-
tionally as theoretical (GruÈ neisen parameter g, thermal expansion
coefficient at and yield strain e).

It should be taken into account that one order parameter (for
example, jcl) is inadequate to describe the structure and proper-
ties of an amorphous polymer. It has been shown in relation to
linear polymers 196 that the need for a second order parameter is
due to the thermodynamic nonequilibrium of the loosely packed
matrix. In other words, ffv= f 0fv. Therefore, a second order
parameter was introduced for linear polymers, namely,
(f 0fv7ffv)/ffv. In the case of cross-linked polymers, the constant
contribution to ffv caused by the presence of chemical cross-
linking points should be additionally taken into account as f �fv
(f �fv =0.024, see Refs 70, 185). The use of percolation models 197

results in the relation

G!
�
jcl ÿ

f 0fv ÿ f �fv ÿ ffv
ffv

�A

, (115)

where G is the shear modulus, A ^ 1.5.
Having determined f 0fv from relation (70) and ffv from relation

(55), one can find the shear modulus and then, using Eqn (44), the
elastic modulus.

The relation for determining the yield point derived using
relations (23) and (44) has the form

sp=
E�3ÿ df�

3df
. (116)

The sp value can also be estimated using the equation 198, 199

sp=
31=2Gb�lstVcl�1=2

2p
, (117)

where b is the Burgers vector, determined from the empirical
relation 129

b=

�
52:2

C?

�1=2

. (118)

The glass transition temperature Tg can be found either using
an empirical equation 71 or in terms of the fractal approach to
glass transition. This is done either using a general model or a

Table 3. Temperatures of the transitions to the `frozen' free volume T?,
quasi-equilibrium state T0 and a constant density fluctuation T *.

Polymer T?/ K T0/ K T */ K

Poly(ethylene terephthalate) 280 300 220 ± 250

Polyamide-6 277 304 200

Polyethylene 227 243 140 ± 150

Polypropylene 227 199 210

Polystyrene 324 320 270

Poly(methyl methacrylate) 290 269 250 ± 280

Poly(vinyl chloride) 270 333 220

Polycarbonate 323 318 200 ± 220
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model which takes into account the stabilising influence of
chemical cross-links via the factor n1=2s (see Ref. 200).

The GruÈ neisen parameter g can be determined by one of the
following methods: calculation in terms of relation (69) using the
parameter Df (equal to Dffv), determined previously from
Eqn (39); calculation in terms of Eqn (68); or calculation using
the relation

g=
9p2

4�S1=2 � l0��lstVcl�1=2
ÿ 0:25. (119)

The thermal expansion coefficient at can be found from the
equation

g=
3� atT�3� atT�

6at
. (120)

The yield strain e is found from relation (67) provided that
e= ec.

Thus, the approach making use of the cluster model of the
structure of amorphous polymers and fractal analysis provides the
possibility of numerical modelling of the structures and properties
of network polymers. An obvious advantage of this procedure is
the fact that only ns and S are actually used as calculation
parameters. It should be noted that the simplicity of choosing
the input data is combined with the strict physical interpretation
of these data and, hence, no empirical adjusting coefficients are
required.

IV. Experimental determination of the fractal
dimension

1. A brief survey of the methods
Various methods are used to determine the fractal dimen-
sion,61, 201 which can be conventionally divided into two groups:
fractographical and physical methods, based on the relationship
between the fractal dimension and physical properties. The former
group includes the methods of horizontal sections (cut
islets),202 ± 207 vertical sections,13, 208 ± 211 profile Fourier analy-
sis,203, 212 decentration, expansion, and cell counting,61, 213 sim-
ilarity transformation,214, 215 etc. The fractographic methods used
to gain fractal information on the irregularity of fractured
surfaces make it possible to investigate profiles as horizontal or
vertical sections of the surface. This requires additional hypoth-
eses to attain reliability of the relationships between the surface
fractal properties and size.208, 216, 217

The main goal of fractographic measurements is to determine
the fractal dimension of, for example, chipped (fractured) surface
and the limits in which the surface exhibits fractal properties. The
main problem is the legitimacy of measuring the fractal dimension
of self-affine fractured surfaces. The horizontal profile of a
fractured surface can be statistically self-similar but the vertical
profile is usually self-affine.218, 219 Thus, the horizontal and
vertical surface sections have absolutely different scaling charac-
teristics, which need to be estimated using different procedures of
measurements.

In the case of statistically self-similar horizontal contours, any
sensible procedure for determination of the fractal dimension
should give the same value.87 The question is how this fractal
dimension is correlatedwith the fractal properties of the self-affine
fractured surface. Self-affine vertical profiles can be characterised
by many fractal dimensions, for example, local and global fractal
dimensions. The latter are always equal to the topological
dimension of the profile, while the local dimensions of the profile
irregularities can be represented as exponential functions.220

The second group of methods comprises various physical
methods used most often for fractal analysis of surfaces (mainly,
fractured surfaces). They include porometry,211, 222 scattering
procedures (e.g., small-angle neutron scattering),13 optical dif-
fraction methods,13, 61, 182, 223 secondary electron emission meas-
urement,13 adsorption ± desorption measurements (adsorption

probe method),13, 224 ± 227 methods of thermodynamics,228 the
deposit experiment method,229 electro- and thermochemical
methods,229, 230 NMR measurements of the pore distribution,231

procedures based on the results of mechanical measure-
ments,61, 232 etc. }

2. Small-angle X-ray diffraction
As an example, we shall consider the practical application of one
method, small-angle X-ray scattering (SAXS), which is widely
used to study the fractal structure of solids.227, 233 ± 245 Polymers
are mainly studied by this method during cross-linking in solu-
tions.233 ± 235 The theoretical grounds of the method have been
developed fairly well by now.238, 241, 242 The fractal structures of
block polystyrene, poly(methyl methacrylate), and polycarbonate
have been studied by the SAXS method.153 These particular
polymers were chosen because they are often used as model
systems and, therefore, they are well characterised and because
the structures of macromolecules 76 and, as a consequence, the
properties of these polymers are different.244

The use of the SAXS method is based on the characteristic
power dependence of the scattering intensity I on the scattering
vector

I(k)! k7x, (121)

where x is a Porod index, the interpretation of which depends on
the nature of the scattering source

k=4pl71 sin
y
2
, (122)

where l is the X-ray radiation wavelength and y is the scattering
angle.224

In the case of bulk fractals (i.e. structures like polymers), this
index coincides with the fractal dimension of the structure
df.224, 242

For a fractal phase interface with the dimension Di, the
following relation holds:238

I(k)! kDi7 6, 2<Di<6. (123)

Figure 43 shows the ln I (ln k) plots, while Fig. 44 presents the
dependences of ln I on k2 for the polymers mentioned above.245

Two linear sections present for each polymer of Fig. 43 point to
the existence of two regions with different fractal dimensions.
These plots differ from the analogous plots for silicates, for which
the slope of the ln I (ln k) plots increases discretely with an increase
in k (which implies the loss of fractal properties), but are similar to
the dependences obtained for amorphous chalcogenide films.242

To identify the structural regions responsible for the observed
change in the slope, the cluster model for the structure of

}Experimental methods for determining the fractal dimension are consid-

ered in detail, for example, in a monograph.237

ln I

lnk74.6 74.0 73.4

1.9

3.7

5.5
Ð 1
Ð 2
Ð 3

Figure 43. SAXS intensity vs. scattering vector k for poly(methyl metha-

crylate) (1), polystyrene (2), polycarbonate (3).39
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amorphous polymers was used. The region of local order and the
sections of macromolecules protruding from it should be consid-
ered as the fractal cluster.125 The size of this cluster is twice the
distance between the regions of local order, and its fractal
dimension characterises the structure of the whole polymer,
which is a set of generalised fractal clusters. Another structural
region is represented by the loosely packedmatrix located between
the local order regions; all the fluctuation free volume is accumu-
lated in this region. TheRcl values for the polymers considered are
listed in Table 4. Using the plots presented in Fig. 44 one can
calculate the Guinier radii.245 Attention is drawn by the facts that
RG and Rcl are close in magnitude and that RG increases twofold
on passing from one linear section to the other (Fig. 43), which
corresponds to the transition from Rcl to 2Rcl. This suggests that
the RG and Rcl values reflect the same structural parameter. The
condition for the fractality of particles which scatter X-rays in the
range of small angles is known 224 to be represented by the
inequality RGk5 1.

The presence of two RG values implies the existence of a
boundary between fractal structural regions, which can be found
from the condition RGk5 1. For a fractal cluster with the size
2Rcl ^ 7.0 nm, this corresponds to k ^ 0.00143 nm71 or
ln k ^ 4.25, which is the upper limit of fractality of the polymer
structure. When RG ^ Rcl ^ 3.5 nm, we have lnk ^ 73.56,
which is consistent with the ln k value at which the slope of the
plots in Fig. 43 changes.

Thus, the section of the dependence of lnI on ln k for ln k
ranging from 4.25 to 73.56 can be associated with the cluster
structure of an amorphous polymer and the section for
ln k>73.56 is matched by the loosely packed matrix.

The existence of these boundaries is due to a known feature of
real fractals Ð the fractal behaviour is realised only within a
definite scale range. Several ranges have been determined for
amorphous solids;242 we shall distinguish two of them which
correspond to the k values used. If the size of a cluster of pores }

is designated by Zp and the size of a pore is designated by ap, the

dimension of structural elements will be estimated in the following
ranges of k. When k< Zÿ1p , the dimension of the structure itself is
determined, while for Zÿ1p < k< ap, the dimension of the cluster of
pores is found. It has been shown 189 that the fluctuation free
volume in a polymer is a fractal object, its dimension being equal
to the dimension of the regions of localisation of excess energy
Df.246 In other words, Df characterises the degree of energy
excitation of the loosely packed matrix. The dimensions df and
Df can be found from relations (23) and (39), respectively.

The dfp values estimated from Eqn (123) with allowance for
the slope of the plots shown in Fig. 43 (ln k is74.25 to73.56) are
summarised in Table 4. The df values found using Eqn (23) are
given for comparison. The fact that the values thus obtained are
close confirms the validity of this interpretation.

The slope of the plot sections for lnk>73.56 is close to unity;
it cannot be interpreted as the fractal dimension of a structural
element if for no other reason than its magnitude. Therefore,
Eqn (123) was used to determine the fractal dimension. Compar-
ison of the Dfp and Df values obtained in this way [see Eqn (39)]
showed that they are in good agreement (see Table 4). Note that a
slope of the order of unity (70.75 to 70.80) has also been
obtained for a similar k range for amorphous chalcogenide films;
however, this result was not interpreted.242

The condition RGk5 1 is usually obeyed for larger angles in
the small-angle region. However, in the case of relatively large
structural elements, the region of fractality and the Guinier region
can overlap. Apparently, this overlap also takes place for the
polymers under consideration. The range of linearity of the plots
shown in Figs 43 and 44 is (1 ± 3)6103 nm71 and RG ^ 10 nm,
i.e. the product RGk falls in the range from 1 to 3. The overlap of
the fractality and Guinier regions may imply a relationship
between the fractal dimension df and the Guinier radius RG. This
can be demonstrated analytically in the following way. According
to the small-angle Guinier approximation, the following relation
holds:245

I= I0 ln

�
ÿR2

G
2

3

�
, (124)

while in the range of the Porod large angles, the relation 153

I=C k7d f, (125)

is valid, where I0 and C are constants. For equal I, there exists a
formal relationship between df and RG

153

df=
�R2

G=3�kÿ ln�I0=C�
lnk

. (126)

It is noteworthy that this relationship is not obligatory in
terms of the cluster model. An increase inRGmeans an increase in
the distance between the clusters, a decrease in Vcl, an increase in
m, and the corresponding increase in df, which is reflected by
relation (126).

We would like to note yet another important aspect of
determination of df by the SAXS method. Based on the data of
previous publications,238, 246 Novikov et al.167, 182 estimated the df
values for amorphous vitreous polymers to be 2.0 ± 2.2. In another
study,247 polystyrene has been tested at 16K; as shown above,
transfer of this result to the temperature range of about 293K is
improper. Studies of the silicate colloid aggregates 224, 241, 248

showed that their porosity influences appreciably the df value.
Thus pressing (i.e. an increase in the density) of samples results in
markedly higher df ranging from 2.55 to 2.65.241 Feder 13 obtained
df=2.56 for protein aggregates. These results are in good agree-
ment with the data obtained in terms of Eqn (23) and with the
above SAXS data. Therefore, any estimates assuming a priori,
without sufficient grounds, df ^ 2 for amorphous vitreous poly-
mers can induce substantial errors, for example, in the calculation
of ds.167, 182

k

Ð 1
Ð 2
Ð 3

0 20 1073k2 / nm71

2.8

4.6

6.4

ln I

Figure 44. SAXS intensity vs. k2 for poly(methyl methacrylate) (1),

polystyrene (2), polycarbonate (3).39

Table 4. Structural and fractal characteristics of amorphous polymers.

Polymer Rcl/ RG/ nm dfp Dfp df Df

nm

k<0.02871 k>0.02871

Polystyrene 4.1 10.0 5.0 2.80 5.12 2.75 5.0

Poly(methyl 3.7 10.0 5.0 2.80 5.20 2.70 4.33

methacrylate)

Polycarbonate 3.0 8.0 4.0 2.40 4.40 2.62 3.63

} In amorphous polymers, the term `pores' is used in relation to micro-

cavities of free volume and the term `cluster of pores' refers to the loosely

packed matrix in which they are concentrated.
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Thus, the SAXS methods make it possible to confirm the
fractality of different structural components of amorphous vitre-
ous polymers and to measure their fractal dimensions. The upper
limit of the fractal behaviour of polymers, equal to*2Rcl, is also
in good agreement with the estimate of this value reported by
Novikov et al.167

V. Conclusion

A feature distinguishing the fractal approach from the physical
models of polymer synthesis developed previously is that it takes
into account the structure of the macromolecular coil, which
determines the polymer structure, and characterises simultane-
ously the fractal dimension of the coil and the particular mecha-
nism of the coil formation. The results obtained along this line
indicate that the growth of macromolecules during the polymer
structure formation stops when the macromolecular coil has
reached the density of the reaction medium rather than due to
exhaustion of the chemical reactants, i.e. the reaction is termi-
nated by purely physical factors. This conclusion is impossible in
terms of the Euclidean geometry.

Based on fundamental physical principles, the multilevel
polymer structure has been described and the equations relating
the molecular characteristics, topology, and parameters of the
supermolecular structure of polymers are analysed. The applica-
tion of principles of nonequilibrium thermodynamics and treat-
ment of vitreous polymers as structurally inhomogeneous solids
provided understanding of the fact that the mechanical energy
applied during deformation is `pumped' into the loosely packed
regions of the polymer and dissipated in the closely packed regions
(clusters). The dissipation of mechanical energy induces shear
stress in the clusters; the clusters lose their stability, which causes
the polymer to yield.

Analysis of the concept of the fluctuation free volume in a
vitreous polymer has shown that it possesses fractal properties;
hence, the microcavities composing this volume can be modelled
by aDffv-dimensional sphere. The microcavity size is restricted by
the volume in which the energy of thermal fluctuations needed for
their formation is accumulated. It is shown that `stretching' of
macromolecules hampers an increase in the degree of ordering.
When the thermodynamic forces inducing these effects are coun-
terbalanced, the polymer reaches a certain quasi-equilibrium
state, which is explained by a density fluctuation above a partic-
ular temperature below the glass transition temperature. The
introduction of the concept of the quasi-equilibrium state of
polymers provides a better understanding of several experimental
findings.

The results of modelling the polymer structure using percola-
tion and aggregation theory showed that the structure formed at
the glass transition temperature is a percolation cluster. Glass
transition is assumed to be a phase transition. The fractal
dimension of these structures is determined by the disorder
generated by deterministic chaos. Simultaneously, it was shown
that the polymer structure can bemodelled by amodifiedmodel of
the diffusion-limited irreversible aggregation. The superposition
of the cluster volume ± temperature curves for amorphous and
amorphous-crystalline polymers and the relationship between
fractality and local order in the structure of vitreous polymers
were described within the framework of the cluster model resort-
ing to the percolation theory. The importance of calculation of the
properties of polymers is demonstrated by presenting a procedure
based on the cluster model of the amorphous state structure and
fractal analysis. This procedure allows one to perform numerical
modelling of properties of, for example, cross-linked polymers.
An obvious advantage of this method is the simplicity of choosing
the input data in combination with strict physical interpretation
and the absence of adjusting coefficients.

This brief survey of the methods of determination of the
fractal dimension and the practical application of the SAXS
procedure for determining the fractal dimension demonstrates

the prospects for using the fractal approach for the investigation
of the structure and properties of polymers.
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