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I. Introduction

The concepts of fractal structures or, simply, fractals have been
widely used since the 1980s. Fractals are objects that are charac-
terised by a fractional dimension. Pioneering studies on mathe-
matical treatment of objects with fractional geometric dimensions
date back to the early 20th century; however, they have rarely been
the subject of physicochemical research. It was Mandelbrot who
clearly demonstrated in his monographs 1, 2 that many systems in
nature can be considered as fractals. This aroused the interest of
physicists and chemists in fractal structures.

The most important property of fractal structures is self-
similarity. The visual appearance of self-similar structures is
identical at different length scales, which allows one to envision
the structure of the whole object using a fragment of it. Since this
property is also characteristic of many non-fractal structures, the
second property of fractals becomes of crucial importance.
Namely, the changes in various characteristics (mass, density,
surface area, elastic modulus, etc.) of a fractal object, which are
due to changes in the size of the object or in the corresponding
length scale, obey a power lawwith a fractional exponent. In other
words, some relationships established for conventional one-, two-
or three-dimensional systems are valid for fractals if we assume
that their geometric dimension is not an integer.

The concepts of fractals have provided a better insight into
both the structural organisation and the laws governing various

nonequilibrium processes in various physicochemical systems.
Simultaneously, many regularities of the changes in the physico-
chemical parameters with varying spatio-temporal characteristics
have been revised.

The new concept of structural organisation of well-known
objects gave an impetus to original experimental studies and to the
development of novel theoretical models. Considerable efforts
have been made in order to find, generate and examine fractal
structures. It should be noted that the subjects of a large number
of these studies were typical objects of colloid chemistry, namely,
particle aggregates, porous media, composite materials and rough
surfaces. Therefore, it is quite reasonable that the first reviews and
monographs in the field concerned mainly fractal aggregates.

In spite of extensive literature on fractal objects,3 ± 23 many
issues dealing with the properties of colloidal fractal structures are
still to be clarified. Besides, a considerable body of information on
the fractal characteristics of various colloidal systems has been
accumulated in the last decade. Because of this, it seems appro-
priate to generalise the results obtained.

In this review, the emphasis is placed on the studies reported in
the 1990s and more recently and on a few publications from the
1980s which contain basic results. These are necessary to enhance
the integrity of material presented below.

The contents of the review is self-explanatory, so we will not
dwell on its structure.Mention can only bemade that here we have
restricted ourselves to the consideration of (mainly) theoretical
models for growth and geometric characteristics of fractal aggre-
gates. Many problems concerning the description of experimental
studies on the physicochemical properties of fractal aggregates
and their dispersions will be the subject of a separate review, which
will be published in the near future.

It seems appropriate to begin with a definition of the fractal
dimension, which will be implicitly used throughout the text. The
point is that this notion can be introduced in several ways, some of
which are mathematically inequivalent. Subtle details of the
corresponding mathematical treatment can be found in, e.g.,
monograph.13 From this point on we will consider that the fractal
dimension of any physical object can be determined using the
following relationship {
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df= lim
d!0

lnN�d�
ln�1=d� ,

where N is the number of boxes (spheres) of size d needed to
completely cover a given object (the so-called box-counting
technique). Therefore, calculations of df in a particular case
require the number of boxes of a given size necessary to cover
the object to be counted and the limit of the ratio of logarithms
with d? 0 to be evaluated. In the case of planar fractal objects one
can use squares (disks) instead of boxes. This relationship,
adapted to particular systems, is most often used in determining
the fractal dimension of physicochemical objects. Some modifica-
tion of this relation will be given below. It should be noted in
advance that here we will not discuss the problems concerning
possible differences between the fractal dimensions determined
using different relationships because they are of little interest for
physical chemists. Besides, the development of fractal theory is
accompanied by the introduction of various fractal dimensions,
which characterise particular physicochemical properties of
objects under study. Some of them will be introduced in the next
Sections of the review.

II. Fractal aggregates

Aggregates of colloidal particles were among the first objects
described using fractal geometry concepts. The pioneering studies
on fractal clusters have been well documented in a number of
reviews.7, 8, 12 In this Section we will consider the main stages of
development of the fractal concepts.

Interest in fractal aggregates was aroused after publication of
two basic studies 24, 25 concerning aggregates of highly dispersed
iron particles produced by flash evaporation of induction heated
wires. Analysis showed 24 that the aggregates can be treated as
fractal structures, while numerical experiments using a model of
diffusion-limited aggregation of individual particles revealed 25

that the process involves formation of aggregates, which possess
some properties of fractals. Next, it was found that fractal
aggregates can be generated in numerical experiments with
various growth models 26, 27 for diverse colloidal systems.28 ± 37

These investigations were followed by dramatic increase in the
studies on the formation and structure of aggregates of colloidal
particles and other fractal objects. To date, fractal aggregates of
gold,29, 34 hematite,38, 39 silica,40 polystyrene 41 and carbon 42 par-
ticles have been obtained. The state-of-the-art in the field of
research on fractal structures since 1985 is well illustrated by the
book,43 which gives a clear idea of both the expansion of avenues
of investigation and diversity of the methods for studying fractals.

Computer simulation has played a significant role in the
studies of fractal aggregates. Detailed analysis of the available
literature in the field is presented in a monograph.18 Computer
models allow different regimes of particle aggregation to be
examined. They also serve as the basis for carrying out real
experiments and processing large arrays of experimental data.
Now it is appropriate to briefly outline the main models for
description of particle aggregation, which are used in numerical
simulation. We will often refer to them in the text below.

1. Classical models for fractal aggregation
Numerical experiments beganwith the simulation of randomwalk
of particles on a lattice. This imposed some limitations. The next
step was to simulate the motion in free space instead of the
movement of particles over lattice sites. This caused no significant
changes in the structure of clusters at longer length scales but led
to a more realistic structural organisation of aggregates at short
length scales. If numerical simulation concerns the random walk
of clusters and particles on a lattice, the corresponding models are
called lattice models. Otherwise (motion in continuous space),
they are called off-lattice models.

The simplest model of aggregation was proposed by Eden.
According to this model, a seed is initially introduced into the

system, which gives rise to a cluster. Growth occurs by attachment
of a particle to a randomly chosen, unoccupied nearest-neighbour
perimeter site. This repeats during each step of growth simulation.
The model generates a dense cluster and is therefore usually
considered as a model for growth of dense objects (e.g., crystals).

The ballistic model considers the motion of a pair of clusters
(or a cluster and a particle) along randomly chosen linear
trajectories. Collisions between clusters causes their aggregation.
In the simplest version of the model the structure of the aggregate
is determined by the mutual orientation of moving clusters at the
instant at which they first contact each other. If the growth of a
cluster occurs by attachment of single particles, themodel is called
the particle ± cluster ballistic aggregation model. If the process of
aggregation involves not only the primary particles (monomers)
but also aggregates, the model is called the cluster ± cluster
ballistic aggregation model. The Witten ± Sander model for dif-
fusion-limited aggregation (DLA) assumes that aggregation
occurs by attachment of a particle (or aggregate) to the seed
(aggregate). Here, the particle (or aggregate) is introduced into the
system at a rather long distance from the seed and experiences
Brownian motion before collision with the seed. As particles or
aggregates first contact each other, they combine irreversibly.
Similarly to the ballistic model, two types of aggregation are
considered, namely, particle ± cluster and cluster ± cluster aggre-
gation in accord with the type of the object introduced into the
system (single particle or a cluster).

Among the variety of models proposed to describe the
processes of particle aggregation, the reaction-limited clus-
ter ± cluster aggregation (RLA) model is most widely used.
According to this model, particles and clusters moving via
Brownian motion must experience numerous collisions before
aggregation. In numerical simulation, this is included by setting a
low probability, p, of the collisional aggregation of particles. If
this probability is rather high or even set to unity, the diffusion
transport of particles can appear to be the limiting step and the
DLA regime operates. In the limiting case (p? 0), the reaction-
limited particle ± cluster aggregation model is transformed into
the Eden model.

2. The fractal dimensions and the most important properties
of fractal aggregates
Prior to considering some recently proposed, generalised aggre-
gation models, let us give definitions of various fractal dimen-
sions, which are used to describe the growth and properties of
fractal aggregates.

The mass fractal dimension, df, is the dimensionless exponent
in the relationship connecting the number, N, of particles in the
aggregate to the linear dimension, R, of the aggregate

N= k0

�
R

a

�df
. (1)

The coefficient k0 is called the prefactor, the structure factor or the
first-order lacunarity and a is the size of the primary particles.
Usually, the role of linear dimension is played by the radius of
gyration, Rg , of the aggregate, which is given by

R2
g �

1

N

XN
i� 1

�ri ÿ r0�2, (2)

where ri and r0 are the coordinates of the ith particle and the centre
of mass of the aggregate, respectively.

The fractal dimension of aggregates grown in numerical
simulation is determined using relation (1). This requires prelimi-
nary generation of clusters of different sizes followed by plotting
of the logarithm of the number of particles vs. the logarithm of the
radius of gyration, Rg ; the slope of this dependence equals the
fractal dimension.

The mass fractal dimensions determined for the main models
of particle aggregation (see above) are listed in Table 1. As can be
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seen, the fractal dimension strongly depends on the dimension, d,
of the space in which the aggregate was grown and on the
aggregation regime. Hereafter we will use the values listed in
Table 1 as references in comparing the results obtained using
different models.

Themass fractal dimension is sufficient for characterisation of
the properties of nearly spherical aggregates. In some systems,
particle aggregates possess pronounced shape anisotropy. They
are called self-affine aggregates rather than self-similar ones 8 and
can be described by two (longitudinal, dl , and transverse, dt )
fractal dimensions given by

N= kL

�
L

a

�dl
, (3)

N= kW

�
W

a

�dt
,

where kL and kW are the corresponding prefactors and L and W
are the longitudinal and transverse linear dimensions of the
aggregate, respectively.

When considering anisotropic fractal aggregates, the averaged
mass fractal dimension is also used

hN i � kM

��LW �1=2
a

�df
. (4)

where the angle brackets denote the averaging over all aggregates
characterised by the given length and transverse linear dimension
and kM is the effective prefactor.

Self-affinity of aggregates means that they are invariant with
respect to expansion or contraction with different factors, LL ,
LW , for the longitudinal and transverse linear dimensions,
respectively

L0=LLL,

W 0=LWW.

By expressing the self-affinity coefficient in the form

A � lnLW

lnLL

,

it is possible to interrelate the three fractal dimensions mentioned
above

dl �
�
1� A

2

�
df , (5)

dt �
�
1� A

2A

�
df .

Introduction of the trajectory dimension, dw , of the particles
involved in the formation of aggregates (the random walk
dimension) appeared to be useful for theoretical analysis. In the
DLA regime, particles and clusters experience Brownian motion;
the trajectory dimension for a Brownian particle is known 12 to be
2; therefore, dw=2. Ballistic aggregation is characterised by the
motion of particles and aggregates along linear trajectories; hence,
dw=1. For the reaction-limited regime of aggregation, the
character of particles motion is of no significance, because
particles experience multiple collisions before being added to
aggregates and can therefore `forget' their true trajectories (this
holds for all particles). Here, the determining role is played by the
point to which the particle or aggregate is attached; therefore, the
trajectory dimension for the RLA regime is taken to be zero.

Many properties of fractal aggregates, which will be discussed
below, are determined not only by the fractal dimension but also
by the so-called chemical dimension, dc , which is introduced as
follows. Let Rc be the minimum distance, which should be
travelled to pass from the particle i to the particle jwithout leaving
the aggregate. Let a sphere Bc centred at the particle i be a set of
particles j of the aggregate, for which Rc4R0 . Then, the number
of particles belonging toBc increases with increasingR0 as follows

Nc!R
dc
0 . (6)

which gives the chemical dimension of the fractal aggregate.
The growth laws of irregular fractals are to a great extent

dependent on the conditions for penetration of particles into these
structures. For instance, growth of a cluster in the DLA regime
depends on the ability of a randomly walking particle to reach a
particular site. If the sites on the surface of clusters are ascribed
some `masses' proportional to the probability of attachment of a
randomly walking particle, it is possible to introduce a new fractal
dimension (harmonic fractal dimension dh ) using the dependence
of the total `mass' on the size of the fractal aggregate. This
parameter is of crucial importance for determination of various
physicochemical characteristics of fractal objects. In particular,
knowledge of the distribution of sites possessing activity towards
the walking particle is of great importance in studies of adsorp-
tion, catalytic reactions, breakdown of dielectrics and dissolution
processes.

In contrast to the fractal dimension and chemical dimension,
which can be determined using relationships (1) and (6) immedi-
ately after aggregation, calculations of the harmonic dimension
require either special computations or additional simulation. This
parameter can be found by, e.g., solving the Laplace equation for
the potential distribution in the space outside of the aggregate at a
given surface potential. In this case, the probability of aggregation
at a given point is proportional to the surface potential gradient.
This problem is too difficult to be solved analytically and therefore
the parameter dh is usually determined using numerical methods.

Meakin 44 reported a study on two-dimensional clusters
grown using the Witten ± Sander model for diffusion-limited
cluster ± cluster aggregation and some other models. The clusters
were characterised by significantly different fractal dimensions;
namely, the df values varied from 1.25 to 1.89. The activities of the
growth sites were determined using the probe particles experienc-
ing Brownianmotion, viz., the growth probability was assumed to
be proportional to the number of contacts between Brownian
particles and a given site. It was found that dh has nearly the same
value of 0.925 for all the systems studied. This is in agreement with
the analytically predicted value dh=1 for all two-dimensional
objects.45 Grassberger 45 also introduced yet another fractal
dimension, namely, the ballistic fractal dimension (db ), which is
determined analogously to the harmonic fractal dimension except
that the probe particles are assumed to follow linear trajectories.
Unlike the harmonic fractal dimension, db strongly depends on the
nature of the fractal aggregate.

Generally, the surface of a fractal aggregate requires an
infinite hierarchy of fractal dimensions for complete character-

Table 1. The fractal dimensions of aggregates obtained by numerical
simulation of cluster growth.12, 19

d Particle ± cluster Cluster ± cluster

aggregation aggregation

Diffusion-limited aggregation

2 1.71 1.45

3 2.50 1.80

Ballistic aggregation

2 2.0 1.55

3 3.0 1.95

Reaction-limited aggregation

2 2.0 1.61

3 3.0 2.09
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isation,46, 47 which corresponds to the so-called multifractal
description of fractal objects (see Section IV). Moreover, an
infinite hierarchy of fractal dimensions also arises 47 for those
non-fractal surfaces which are characterised by a constant fractal
dimension in a particular portion of the distribution curve.

Concluding this subsection, we will give some simple relation-
ships, which characterise the properties of fractal aggregates.{

The dependence (1) corresponds to the following radial den-
sity distribution in a fractal aggregate

r(r)! r dfÿd , (7)

where r is the distance from the centre of the aggregate.
The density distribution of the number of particles in aggre-

gates is usually characterised by the density correlation function

C�r� � hr�r�r�0�i
r�0�2 / r dfÿd, (8)

where the angle brackets denote the averaging over different
orientation of the aggregate. It should be noted that this form of
the correlation function is independent of the choice of the origin
of coordinates. Namely, if the origin of coordinates is at any point
in the cluster, including a point that is well off its centre, the
density correlation function decreases obeying the relation (8).
Any change in position of the origin of coordinates will affect only
the coefficient on the right of expression (8) rather than the
exponent. This property of the structure of fractal aggregates
was tested by numerical simulation of clusters grown in the DLA
regime.48 As will be shown below, this property is responsible for
many peculiarities of the physicochemical properties of fractal
aggregates.

Running somewhat ahead, mention may be made that the
correlation function (8) corresponds to the intensity of small-angle
scattering of electromagnetic radiation by fractal aggregates given
by

I(q)! qÿdf , (9)

where q is the magnitude of the scattering vector

q � 4p
l
sin

y
2
,

and l is the radiation wavelength and y is the scattering angle. The
scattering intensity obeys the relation (9) at

qRg� 1 and qa� 1.

Some generalisations will be considered below.
Using relationships (7) and (8) implies an infinite cluster.

However, both real and numerical experiments deal with finite
clusters. Because of this, the so-called cutoff function is intro-
duced into relations of the types (7) and (8). For instance, the
cutoff function h(r) can be introduced into the density correlation
function of an aggregate as follows

C�r� / r dfÿdh
�
r

R

�
. (10)

The function h(r) must satisfy the following conditions

h

�
r

R

�
� 1, r<R, (11)

h

�
r

R

�
! 0, r>R.

In order for fractal dependence of the correlation function on
the distance to be valid, the cutoff function should tend to the
limiting values faster than power functions.

Knowledge of the cutoff function is required for correct
reconstruction of the aggregate size distribution from light scat-
tering data.49 It should be noted that to a first approximation the
introduction of the cutoff function has no effect on the depend-
ence (9). Different cutoff functions were proposed, e.g., an
exponent,50 a stretched exponent 51 and a Gaussian function.52 A
detailed study on the role of the cutoff function in determining the
parameters of fractal aggregates has been reported.53

3. Generalisations of classical models
Initially, numerical experiments were performed ignoring inter-
particle interactions. However, real experiments revealed produc-
tion of clusters whose fractal dimensions differed from those
predicted by simple DLA and RLA models. This was explained
by specific features of interparticle forces. Therefore, a number of
specific experiments and numerical simulation with inclusion of
interparticle forces were carried out. The effect of the dipole ± di-
pole interaction on the structure of fractal aggregates grown in the
diffusion-limited cluster ± cluster aggregation regime was
studied.54, 55 Taking the three-dimensional system as an example,
it was shown that the df value gradually varies from 1.78 for weak
to 1.35 for strong dipole ± dipole interactions. The fractal dimen-
sions obtained were in good agreement with the experimental
values.56, 57

The effect of the interparticle interaction on the structures of
aggregates growing in the reaction-limited cluster ± cluster aggre-
gation regime was studied.58 ± 63 It was found that the structures
and the fractal dimensions of the aggregates depend on the
particular form of the interparticle interaction. The fractal dimen-
sions obtained were both greater and smaller than the values
determined using the classical models.

It should be noted that restructuring of fractal aggregates,
which were preliminarily grown using the classical approaches,
also allows the aggregates characterised by greater fractal dimen-
sions (compared to the classical values) to be obtained.60, 61

Diffusion-limited aggregation of particles of different kinds
was studied.64, 65 Only particles of different types could bind to
each other in a two-species DLA model,65 which revealed a
specific type of percolation transition. Namely, only finite clusters
can grow in the system if the fraction of particles of one sort is
small, whereas infinite clusters can grow only if the fractions of
particles of each sort exceed some critical values.

The Eden model was generalised 66 by introducing an addi-
tional internal degree of freedom of the particles, the spin. The
model assumes a cluster growing in an external magnetic field and
the spin ± spin interaction between the nearest neighbours. The
new model allows two new fractal dimensions characterising
particles with different spin orientations to be introduced. It
appeared that the fractal dimension is a nonmonotonic function
of the parameter characterising the energy of the interparticle
interaction. At low and high interaction energies, the fractal
dimension approaches the space dimension and passes through a
minimum (the minimum df value is 1.79) at intermediate energies
of the interparticle interaction. At these energies, the aggregation
regime changes in such a way that the cluster structure becomes
highly porous. The cluster grown at high energies of the inter-
particle interaction is characterised by a structure with uniform
porosity.

The growth of fractal aggregates near surfaces of various
nature was studied by numerical simulation.67 ± 69 In all cases,
aggregates grown in the presence of steric hindrances were
characterised by reduced fractal dimensions.

Generalisations of the ballistic model were reported.70, 71 The
effects of biases of the trajectories of the particles following
streamlines in the viscous fluid near the growing aggregate 70 and
accretion of particles on seeds of different (finite) sizes were
included.71

{ It would be more appropriate to introduce these relationships later but

they are necessary for considering the results of some studies concerning

the subject of this Section of the review.
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In most of the above-mentioned studies on the growth of
fractal aggregates they were simulated using ensembles of mono-
disperse particles. Studies on the influence of particle polydisper-
sity on the structure and fractal dimension of aggregates 34, 72 ± 76

revealed that polydispersity has little effect on the fractal dimen-
sion even for an ensemble characterised by polymodal size
distribution.76 However, the local structure of aggregates can
significantly change, thus affecting the calculated intensity of
small-angle light scattering.75, 76 The cutoff function, which
includes the finite size of aggregates, weakly depends on the degree
of polydispersity.

4. Analytical models of aggregation
Most theoretical studies on the growth of fractal aggregates
involve numerical simulation. There is only a few analytical
models of the growth of fractal structures. The reason is the
complexity of description of the fractal structure using analytical
functions. The most interesting results obtained in this field are
briefly outlined below.

Based on general considerations, without using any hypoth-
eses of the structure of aggregates grown in the DLA regime of
particle aggregation, it was established 77 that the largest separa-
tion between the centre and themost distant point of the aggregate
cannot exceed C2N 2/3 for the two-dimensional space and CdN 2/d

for the spaces characterised by greater dimensions (d>2), where
C2 andCd are constants. In fact, these relationships place limits on
the growth rate of fractal aggregates. It was pointed out that some
of the models proposed earlier predicted a faster increase in the
aggregate size.

Formation of fractal aggregates in the DLA regime was also
studied 78, 79 using an approachwhich is similar to the Florymodel
for polymer molecules (see Ref. 80). The authors introduced the
effective free energies of repulsion between and attraction of the
aggregating particles. An equation for the fractal dimension of the
growing aggregates was derived from the condition for the free
energy minimum. If an aggregate was grown on the substrate with
the dimension d7m in the space with the dimension d, the df value
for the aggregate is given by 78

df=
d 2 � 1

d � 1
ÿ �dÿm�. (12)

The fractal dimensions found using this relationship are in good
agreement with the results of numerical simulation for the spaces
and substrates of various dimensions.

The fractal dimensions of aggregates were also analytically
determined 81, 82 using the renormalisation group approach (see,
e.g., Ref. 83). In this case, the fractal dimension is determined
from some recurrent relations rather than from an explicit
expression. The fractal dimensions of aggregates thus obtained
were also consistent with the values found by numerical simula-
tion.

Sander et al. 84 treated diffusion-limited aggregation as a
deterministic process of propagation of the interface due to
particle diffusion. In this case, calculations of the cluster's growth
were reduced to the solution of the Laplace equation with the
corresponding boundary conditions. It should be noted that
processes of electrochemical deposition, viscous fluid flow in
porous media and the breakdown of dielectrics 85, 86 are described
by similar equations. Numerical solution of the equations derived
showed that the front propagation is accompanied by the develop-
ment of perturbations on the initially smooth surface, thus
resulting in the formation of a dendritic structure. The fractal
dimensions of the dendrites growing in two-dimensional and
three-dimensional systems were in agreement with the fractal
dimensions determined by numerical simulation.

This method of simulation of the growth of dendritic struc-
tures has been intensively developed over a long period. Not only
theoretical studies but also model experiments have been carried
out. The initial model was generalised 87 ± 90 with inclusion of

various effects including the anisotropy of transport coefficients
near the interface. Theoretical studies on the morphological
stability of the growing dendritic structure were also
reported.91 ± 93 It was found 94 that the growing dendritic struc-
tures can be characterised by both periodic and random distribu-
tions of the secondary branches grown on the primary branch;
doubling of the distance between the secondary branches is also
possible. The change in the dendrite growth scenario was observed
in model experiments. Studies on the growth of ammonium
chloride crystals in agar gel revealed 95 that growth of fractal
structures instead of crystals with smooth surfaces begins at
particular supersaturations. This was explained by surface recon-
struction of the growing face under the action of solvent. Tran-
sition from regular to chaotic branch growth in dendritic clusters
was realised 96 in the experiments on quasi-two-dimensional
growth of ammonium chloride crystals between two plates in
solution at rather high supersaturations.

These investigations were to some extent reviewed in a study 97

concerned with possible morphologies of the growing structures
and conditions for transitions between different scenarios of
dendrite growth. Current interest in these models is due to the
possibility of using them for growth of structures that do not
possess isotropic symmetry (the so-called chiral structures).98, 99

Qualitative analysis of aggregation laws 100, 101 made it
possible to derive an explicit expression relating df to the space
and random walk dimensions with inclusion of incomplete
accommodation of particles on the growing cluster

df �
d 2 � e�dw ÿ 1�
d� e�dw ÿ 1� , (13)

where e is the particle accommodation coefficient. This equation
was confirmed 102 by Monte Carlo simulation of aggregation
under conditions identical to those reported in the studies men-
tioned above.100, 101

An analytical model was proposed, which allows one to follow
the evolution of diffusion-limited fractal aggregation.103 A closed
equation was derived for the aggregate density and the concen-
tration of primary particles, which predicted a power-law decrease
in the density of the growing aggregate.

This model was extended 104 to the case of incomplete accom-
modation of particles on the surface of an aggregate, i.e.,
diffusion-limited aggregation, reaction-limited aggregation and
an intermediate regime of aggregation were considered in the
framework of a unified model. The equations in the generalised
model become somewhat cumbersome but not too complicated.
Figure 1 presents the fractal dimension of a three-dimensional
aggregate plotted vs. the particle accommodation coefficient. As
can be seen, the model correctly reproduces the limiting cases. The
region corresponding to the inflection in the df(e) curve has
attracted considerable interest. The structures of the aggregates
grown under these conditions exhibit two domains, a compact

2.6

2.8

3.0

df

1073 1072 1071 e

Figure 1. Fractal dimensions of aggregates growing in the DLA regime

vs. particle accommodation coefficient.104
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core and a fractal peripheral area (Fig. 2). The presence of two
domains indicates that the initial RLA regime is changed by the
DLA regime with time. The change in the aggregation regime
occurs almost without exception. Therefore, strictly speaking,
fractal aggregates should exhibit a multifractal structure (see
below).

A model describing the evolution of regularly branched
polymers (dendrimers) also belongs to analytical models of fractal
aggregation. Dendrimers are synthetic macromolecules with a
definite architecture. They can be synthesised by performing
repeated reactions.105 ± 107 Successive `generations' of branches
are built of polyfunctional monomers, emerge from the same
centre and form a dendritic structure.

The first theoretical description of the structure of dendrimers
was reported by de Gennes and Hervet,108 though primitive
models of such structures were proposed somewhat earlier.2

Different models of dendrimers were considered in a number of
studies 13, 43, 109 and generalised by McCoy.110 According to the
generalisedmodel, a total ofP branches grow at t=0. In contrast
to the earlier models, the branches can be characterised by differ-
ent masses or lengths (some mass distribution of the emerging
branches was preset). Then, a total of P new, smaller branches
successively grow at the end of each `old' branch at regular time
intervals. The model assumes that the ratio of the average mass of
the new branches,man

i , to the average mass of the branches grown
in the preceding step, man

iÿ1 , is a constant

man
i

man
iÿ1
� L. (14)

In this case, the dendrimer grown is a fractal aggregate with
the dimension

df �
lnP
j ln�L�j . (15)

As mentioned above, this model is a generalisation of the
models proposed earlier. In particular, at P=2 and L=1, it
describes the so-called Cayley tree.111 The model was used to
determine the temporal dependences of the number of branches,
the masses and densities of dendrimers and the viscosities of their
solutions.

Themodel of growth of dendritic structures is a particular case
of regular models of fractal aggregation. Usually, regular models
include some algorithms of generation of self-similar aggregates.
One of them is presented in Fig. 3. It is an easy matter to extend
this procedure to three-dimensional, self-affine and other aggre-
gates. A comprehensive analysis of regular models of fractal
aggregates was reported earlier,8 so we will not dwell on them
here.

Concluding this subsection, mention may be made that
thermodynamic characteristics are also suitable for the determi-
nation of fractal dimensions of different objects.112 ± 114 In partic-
ular, the fractal characteristics of aggregates were determined
using the principle of maximum information entropy produc-
tion.113 The size distribution of aggregates was assumed to be
lognormal. The fractal dimensions and the standard deviations
found using the principle of maximum information entropy
production were in agreement with the experimental data.115

In most of the models considered above the fractal dimension
is governed by the aggregate growth algorithm. Recently, some
models have been proposed,116 ± 119 in which the cluster growth
algorithm is prescribed by the fractal dimension and the prefactor
in order to provide correspondence between the results of calcu-
lations and experimental data. In these models, aggregation
occurs by attachment of single particles or fractal aggregates and
the position of the attached fragment is preset by the fractal
characteristics of the growing system. It can be found with ease
using relationships (1) and (2) and the prescribed fractal dimen-
sion for both particle ± cluster and cluster ± cluster aggregations of
overlapping and non-overlapping spheres.

5. The prefactor
Quantitative description of clusters using improved experimental
methods requires the prefactor k0 to be determined.120 ± 123 This
coefficient is of particular importance in determining the optical
characteristics of clusters (in particular, their scattering power)
and their radiating capacities.

Both the prefactor and the fractal dimension can be deter-
mined using relationship (1). In contrast to calculations of the
fractal dimension, computations of the prefactor initially gave
contradictory results. Based on the results of numerical simulation
and model experiments, the prefactor was reported to be approx-
imately unity.121 At the same time, the prefactors measured in
studies of soot clusters formed under different regimes of com-
bustion were 1.23� 0.07 (see Ref. 120) and 1.66� 0.4.124 Numer-
ical simulation for diffusion-limited cluster ± cluster aggregation
gave 125 a k0 value of 1.2� 0.15. Analysis of stereoscopic images of
soot agglomerates 126, 127 showed that k0& 2.4 and df=1.64.

Probably, the reason for the observed differences between the
experimental values of k0 and df is an internal rearrangement and
partial sintering of aggregates, which, as was mentioned in
Refs 128 and 129, predetermine the change in their fractal
dimension. An important fact was pointed out:130 interparticle
contacts in real systems should not be treated as point contacts.
Hence, one deals with seemingly overlapping particles. Simulation
of diffusion-limited cluster ± cluster aggregation and processing of
the data with inclusion of particle overlap showed that both the
fractal dimension and the prefactor increase on increasing the
degree of particle overlap (Fig. 4). This dependence can be
described by the approximate relationship

k0 �ek0Ddf
a , (16)
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Figure 2. Density distribution for an aggregate grown at intermediate

values of the particle accommodation coefficient.

Core (1), fractal shell (2) and peripheral area (3).

Figure 3. Growth scenario of a self-similar two-dimensional fractal

aggregate with the dimension df= ln7/ln3& 1.77.
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where

Da �
2a

2a� as

(as is the distance between the surfaces of the particles) and ek0 is
the point-contact prefactor.

It was also confirmed 130 that even at df<2 the fractal
dimension of the two-dimensional projection of a three-dimen-
sional cluster is nearly 10% smaller than the fractal dimension of
this cluster only for the point contact case. The inclusion of the
monomer overlap increases the discrepancy between the fractal
dimensions of the three-dimensional aggregate and its projection.

The assumption of the effect of the degree of particle overlap
on the fractal dimension and prefactor was experimentally
tested 131 taking the coagulation of polystyrene latex particles
with adsorption layers of different thicknesses in different regimes
as an example. The fractal dimensions and sizes of aggregates were
determined by static and dynamic light scattering, respectively.
The results of processing of experimental data confirmed the
validity of relationship (16).

III. Kinetics of coagulation of fractal aggregates

1. General relationships
Numerical simulation of the growth of fractal aggregates concerns
the structure of aggregates and regularities of changes in their size
distribution with time. It was shown 132 that the size distribution,
Ns(t), of clusters containing a constant number (s) of primary
particles changes with time obeying a self-preserving (or scaling)
law

Ns�t� / sÿ2f
�

s

hsi�t�
�
, (17)

where hsi�t� is the average number of particles in the cluster at
instant t, which is given by

hsi�t� �
"X1
s� 1

s2Ns�t�
#,"X1

s� 1

sN2�t�
#
, (18)

and f is some universal function.
Relation (17) for asymptotic cluster size distribution was

proposed earlier based on the solution of the Smoluchowski
coagulation equation, which in the general case has the form

qns
qt
� 1

2

Xsÿ1
i� 1

Z�i; sÿ i�ninsÿi ÿ
X1
i� 1

Z�s; i�nsni � (19)

�
X1
j� 1

Y�s; j �ns� j ÿ
1

2

Xsÿ1
j� 1

Y�j; sÿ j �ns ,

where ns is the concentration of clusters comprised of s primary
particles, Z(i, j ) is the coagulation kernel and Y(i, j ) is the
fragmentation kernel.

A more general relation obtained for a number of model
aggregation kernels has the form

Ns�t� / sÿWf
�

s

hsi�t�
�
, (20)

where W=2 for systems characterised by conservation of the total
mass.

The aggregation kinetics described by the Smoluchowski
equation (19) is governed by the forms of the coagulation and
fragmentation kernels (detailed analysis of the solutions to the
Smoluchowski equation was reported earlier 133). A classification
of uniform coagulation kernels was proposed,134 which is based
on comparison of the probabilities of coagulation of large clusters
and of large and small clusters. Depending on which process
prevails, it is possible to obtain different laws of aggregation and
different cluster size distributions. If aggregation of large and
small clusters predominates, no considerable changes in the
masses of clusters occur and the size distribution curve becomes
bell-shaped. If the interaction of large clusters dominates, small
clusters are not involved in the `battle' and the size distribution
curve corresponds to a monotonically decreasing power function.

Two parameters, m and n , are responsible for different regimes
of growth of the coagulation kernels with increasing cluster size.
Namely, Z( j, j )! j m for large aggregates and S(1, j )! j n for the
probability of coagulation of a large aggregate and a small cluster.
For the classical Smoluchowski coagulation kernel, n=1/3 and
m=0. For the same coagulation kernel and fractal aggregates,
n=1/df and m=0. It should be noted that the cases n>1 and
m>2 are physically unrealistic. At m>1, the Smoluchowski
equation predicts that the formation of an infinite cluster takes a
finite time (the so-called gel point). At m4 1, no gel transition
occurs; the formation of an infinite cluster takes an infinitely long
time.

At m> n and m<1 (no gel transition), the cluster size
distribution curve is described by a decreasing power function

Ns! s7t, t=1+m,

(t is sometimes called the polydispersity index). Under the same
conditions, the mass-average molecular mass is described by an
increasing power function

Mw! t z,

z � 1

1ÿ m
.

The radius of gyration, Rg , of fractal aggregates changes with
time as follows

Rg! tz=df .

For diffusion-limited aggregation with the Smoluchowski
coagulation kernel (m=0) one has

Rg / t1=df . (21)

This dependence was confirmed experimentally. For instance,
aggregation of silica particles of size 7 nm was studied by static
light scattering.135 The df value obtained using relation (21)
coincided with the fractal dimension determined in the same
study by small-angle light scattering.

If a gel transition is possible (n<1<m4 2), the size distri-
bution of the growing clusters, which are smaller than some
characteristic size, is also described by a power function

Ns / sÿt,

t � 3� m
2

> 2,
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Figure 4. Fractal dimension (1) and prefactor (2) plotted vs. degree of

particle overlap (ap) in a fractal aggregate.129
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Near the gel point, the mass-average mass of the cluster increases
as follows

Mw / jtÿ tgjÿg,

where tg is the gel transition time and

g � 1

1ÿ m
.

At m< n, no gel transition occurs, because n<1. In this case,
the formation of a broad size distribution is impossible and the
size distribution curve has a bell shape.

In a regime, which is intermediate between the regimes
mentioned above, where both types of aggregation are equally
significant (at m= n4 1), no gel transition occurs and the average
mass of the cluster increases as follows

Mw! ect. (22)

Attempts have also been undertaken to obtain an analytical
solution to the Smoluchowski coagulation equation for fractal
aggregates using some realistic approximations. Coagulation
processes are also studied using aerosols. In this case, aggregation
can occur in both free-molecular and continuum regimes. The
expressions for the coagulation kernels in these two limiting cases
are as follows

Z�i; j � � 2kT

3Z

�
i 1=df � j 1=df

��
1

i 1=df
� 1

j 1=df

�
, (23)

for the DLA regime and

Z�i; j � �
�
6kT

mp

�1=2�
1

i
� 1

j

�1=2�
i 1=df � j 1=df

�2
, (24)

for the free-molecular regime, where Z is the viscosity of the
disperse medium and mp is the mass of the primary particle.

Correctness of relationship (24) for aerosol particles was the
subject of a study 136 and good agreement with the results of
numerical simulation was revealed.

Fractal aggregation in the continuum regime using the Smo-
luchowski equation with the coagulation kernels for DLA was
studied.137, 138 Both analytical 137 (assuming a lognormal cluster
size distribution) and numerical 138 solution of the coagulation
equation were obtained. The former solution was reproduced by
Park et al.139 Figure 5 presents the temporal dependences of
particle concentrations. As can be seen, the formation of fractal
aggregates causes a faster decrease in the particle concentration;

the reciprocal concentration increases linearly with time for
different fractal dimensions.

The existence of a self-preserving solution of the Smoluchow-
ski coagulation equation with the coagulation kernels (23) and
(24) was confirmed both numerically and analytically.140 Based on
the numerical solution, simple approximate expressions were
presented for the self-preserving solution of the Smoluchowski
equation.

The possibility for the self-preserving solution of the Smolu-
chowski equation to exist was also reported 138, 141 ± 144 for the
continuum (DLA) and free-molecular regimes of particle aggre-
gation. The results of calculations 141 ± 144 were confirmed by
experiments 143 with silicon and silicon nitride aerosol particles.
At the same time, numerical calculations 144 showed that no self-
preserving solution exists at m>1 because of gel transition.

Sintering of particle aggregates 145 ± 147 and other processes
related to the effects of surface phenomena 148 or dispersion
composition 149 on the kinetics of particle aggregation 148 only
slightly affect the possibility of obtaining the self-preserving
cluster size distribution.

2. Coagulation in concentrated dispersions
Recently, considerable attention has been paid to the studies on
aggregation in concentrated disperse systems. This is due to
advances in computational procedures and to the development
of new experimental methods. A feature of concentrated colloidal
systems is a significant role of not only the average cluster size and
the cluster size distribution but also the structure factor, which is
given by (see also the next subsection)

S�q� � 1

N 2

XN
j� 1

XN
i� 1

exp�iq�ri ÿ rj��, (25)

where q is the scattering vector, ri and rj are the coordinates of
particles and N is the number of particles in the system. The
structure factor characterises both long-range and short-range
orders in the particle distribution and predetermines the optical
properties of dispersions.

Aggregation in concentrated colloidal dispersions can be
considered as a stage of phase } decomposition. Phase decompo-
sition in molecular systems is accompanied by definite evolution
of the structure factor.Numerous attempts to confirm or reject the
validity of these evolutional relations for colloidal systems have
been undertaken.

Kolb and Herrmann 150 seem to have been the first to report
significant differences between the aggregation in concentrated
dispersions and aggregation in strongly dilute colloidal systems.
The subject of their study was the numerical simulation of particle
aggregation in two- and three-dimensional systems at high con-
centrations of clusters. The emphasis was placed on the effect of
the diffusion coefficient on the structure of the growing aggre-
gates. The diffusion coefficient was assumed to be a power
function of the cluster mass. It was found that three types of
aggregation can occur in the system at different values of the
exponent and initial concentration of particles. These are (i)
growth of fractal clusters whose dimensions vary over a wide
range, (ii) growth of dense clusters with fractal surfaces and (iii)
growth of dense clusters with smooth surfaces. Particular regimes
of aggregation allow growth of infinite clusters (i.e., percolation
clusters or gel).

Monte Carlo simulation of diffusion-limited cluster ± cluster
aggregation of colloidal particles in concentrated dispersions was
reported.151 The structure factor was calculated at different
instants. The emphasis was placed on verification of the hypoth-
esis of scaling invariance of the dynamical structure factor,
according to which
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Figure 5. Reduced concentration, N, of aggregates with different fractal

dimensions as a function of time.139

df : 1.5 (1), 2.0 (2) and 3 (3);N0 is the concentration of primary particles and

t0 is the half-coagulation time.

}The phase state of an ensemble of colloidal particles is kept in mind.
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S�q; t� � Rg�t�dfF
�
qRg�t�

�
, (26)

where F is a universal scaling function, which does not depend on
time in an explicit form. Numerical calculations confirmed the
scaling invariance of the dynamical structure factor. At the same
time, it was pointed out that some details of the evolution of the
colloidal dispersion are different from the model of spinodal
decomposition, as was found in the model 152, 153 and numeri-
cal 154 experiments. The main difference was attributed to differ-
ent exponents in the power-law expression for the temporal
dependence of the average size of the new-phase domains, namely,
the exponent equals 1/3 for spinodal decompositionwhile depends
on the space dimension and on df of aggregates for fractal
aggregation.

Scaling invariance of the structure factor was the subject of yet
another study, numerical simulation of DLA and RLA in three-
dimensional space.155 Using a structure factor similar to that
given by (26), the authors tested the validity of the relationship
established 156 for spinodal decomposition

S�q; t� � qÿ3m F

�
q

qm

�
,

where qm(t ) is the wave vector corresponding to the maximum
value of the structure factor and d is the space dimension (for
fractal aggregates, d= df ). The structure factor was also com-
pared with the pair correlation function and it was shown that the
peak of the structure factor arises from the correlations between
particles belonging to nearest-neighbour clusters. The exponents
that relate the position and the height of the maximum of S(q) to
time differ from the spinodal decomposition exponents. Though
the S(q) for RLA exhibits no peak at short times, eventually its
maximumbecomes higher than that for theDLA regime. The final
shape of S(q) corresponds to a close packing of the clusters after
gelation.

A numerical study on diffusion-limited aggregation in two-
dimensional colloidal dispersions of various concentrations was
also reported by van Garderen et al.157 Conditions for gel
transition in the system were established (see Section VI). In the
gel state, the system contains a domain of size r< x (x is the so-
called correlation length, which characterises the spatial range of
fractal properties of aggregates). At long length scales, the system
is a homogeneous medium. The fractal dimension of the grown
aggregates coincided with that found for diffusion-limited clus-
ter ± cluster aggregation. Variation of the concentration of pri-
mary particles affects only the parameter x .

The results obtained for three-dimensional systems were
somewhat different.158 The existence of two domains character-
ised by different length scales, r< x and r> x , was also pointed
out. At short length scales, the system has a fractal structure, while
at long length scales, the system is a homogeneous medium.
However, an increase in the fractal dimension of aggregates with
increasing concentration of primary particles was reported, which
contradicts the results of this study by van Garderen et al.157 To
eliminate the contradiction, a thorough study of aggregation of
colloidal particles in dispersions of different concentrations was
carried out.159 Calculations for the three-dimensional space using
the diffusion-limited and reaction-limited cluster ± cluster aggre-
gation models with inclusion of the dependence of the particle
diffusion coefficient on the particle size showed that for both
models the fractal dimension increases with increasing concen-
tration of primary particles. This increase for the DLA and RLA
regimes can be approximated by the corresponding relationships

df=1.80+0.91j0.51, (27)

df=2.1+0.47j0.66,

where j is the volume fraction of particles. The cluster size
increases as a power function of time for DLA and exponentially

for RLA. The exponent in the former case and the coefficient in
the exponential expression in the latter case are also functions of
the initial particle concentration. In both cases, self-preserving
cluster size distributions were found, which correspond to the
above-mentioned relations (20) with a bell-shaped function f (x)
for DLA. The corresponding function f (x) for RLA has the form

f (x)! x7tef �x�, t=1.5.

Diffusion-limited aggregation in concentrated dispersions was
analysed 160 by analytical methods using the known mean-field
approximation model.161 The conditions for cluster formation
and the cluster ± cluster correlations were analysed with inclusion
of the presence of domains with reduced concentrations of
particles (monomers). The temporal evolution of the mean cluster
radius coincided with that predicted by solution of the Smolu-
chowski equation. The angular dependences of the scattering light
intensities by dispersions were calculated at different instants.
Differences between the light scattering by dispersions character-
ised by the growth of dense and fractal clusters were pointed out.
Model experiments showed that scaling invariance of the type (26)
during the whole aggregation process is characteristic only of the
scattering intensity calculated for the dispersions of dense clusters.
The absence of scaling invariance for fractal clusters was
explained by differences between the characteristic times of
aggregation and of local changes in the concentration of mono-
mers; namely, aggregation is governed by the fractal dimension
while the formation of domains with reduced concentrations of
particles (monomers) is governed by the space dimension. Scaling-
invariant changes in the scattering intensity can occur only
immediately prior to gelation.

3. Systems characterised by fragmentation and
rearrangement of aggregates
In most cases, numerical experiments concerning fractal aggrega-
tion imply rather strong interparticle interactions. In fact, frag-
mentation of particles is possible, in particular, because of thermal
motion. It was Kolb 162 who pioneered numerical experiments on
the growth of fractal aggregates by fragmentation. The inclusion
of the possibility of cluster fragmentation can lead to an increase
in the fractal dimension of aggregates. For instance, df increases
from 1.78 in the absence of fragmentation to 2.03 if one assumes a
low probability of interparticle bond breaking. An increase in the
fractal dimension is readily explicable: most often, aggregates
comprising fragments connected through a small number of
bonds (i.e., the loosest aggregates) undergo fragmentation. Of
course, fragmentation of aggregates produces some mass distri-
bution, but the average cluster mass has a finite value.

The effect of bond energy on the fractal dimension of
aggregates grown in the diffusion-limited cluster ± cluster aggre-
gation regimewas studied.163Using the two-dimensional model, it
was shown that the fractal dimension strongly depends on the
bond energy of the particles in the aggregate.

If the homogeneous coagulation and fragmentation kernels
meet the conditions

Z�Li;Lj � � LnzZ�i; j �, (28)

Y�Li;Lj � � LnyY�i; j �,
where nz and ny are the homogeneity exponents, the average
number of particles in the aggregate is given by 164

hsi /
�
Z0

Y0

�1=�2�nyÿnz�
, (29)

where Z0 and Y0 are the dimensional coagulation and fragmenta-
tion constants, respectively,

Z(i, j )=Z0
eZ�i; j �,

Y(i, j )=Y0
eY�i; j �.
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Here eZ�i; j �; eY�i; j � are dimensionless functions [usually,eZ�1; 1� � eY�1; 1� � 1].
Dimensional relationships (28) and (29) were used to establish

the dependence of the average number of particles in aggregates,
their average size (hRi) and concentration (n) on the volume
fraction, j, of particles in the system.165 A criterion for gel
transition in the system was also proposed.

The growth of fractal clusters, which can undergo fragmenta-
tion induced by thermal motion, and gel transition in two- and
three-dimensional systems was studied.166 ± 170 The structure fac-
tor S(q,t) of aggregates grown in the diffusion-limited clus-
ter ± cluster aggregation regime was determined at different
instants by numerical simulation.166 The height of the maximum
of S(q,t) is plotted vs. time in Fig. 6. Three main regions in the plot
can be pointed out. At short times, the height of the maximum
slowly increases [the lower the bond energy, the slower the growth
of S(qm)]. At intermediate times, the S(qm) increases as a power
function of time. The duration of this stage is limited by the gel
transition, which corresponds to the next, final, stage of the
change in the structure factor S(qm). Here, the S(qm) slowly
increases and reaches a plateau. The higher the bond energy, the
slower the increase in the S(qm). At low bond energies, the plot
exhibits no saturation. In this case, the system's behaviour
corresponds to the classical pattern for ageing colloidal disper-
sions, which are characterised by a gradual increase in the size of
compact `droplets' (gel state will be considered in more detail in
Section V).

Concluding this Section, mentionmay bemade of a number of
studies concerning the fragmentation of fractal aggregates by
different mechanisms. Etching studies of fractal and non-fractal
clusters revealed 171 that the temporal dependence of the number
of fragments passes through a maximum and that the number of
fragments and the width of their distribution at maximum exhibit
power-law dependences on the mass of the initial cluster and on
the average coordination number of particles in the cluster. The
corresponding exponents depend on the space dimension, starting
geometry of the system and on the temperature (the bond break-
ing probability was assumed to be proportional to the Boltzmann
factor). Simulation of etching of fractal objects (aggregates,
surfaces and a porous medium) was carried out 172 for both
reaction-limited and diffusion-limited regimes. Each object
under study was characterised by its own kinetics of etching,
governed by the fractal dimension. For instance, the mass of a
fractal clusterM decreases with time as follows

M � �1ÿ Kt�df ,
while the area of the fractal surface obeys the t1ÿdf law. It should be
noted that fragmentation of fractal aggregates is similar to
fragmentation of percolation clusters, which are known to have
a fractal structure. Studies on the fragmentation probability of a
percolation cluster via random rupture of a finite number of bonds
have been reported.173 ± 177 It was shown that fragmentation of

such a cluster obeys some scaling relationships; however, they
cannot be used in fragmentation studies of conventional fractal
aggregates and are therefore not presented here.

IV. Multifractal analysis of fractal aggregates

Some fractal objects cannot be described by one fractal dimen-
sion,178, 179 so one should introduce a large number of parameters
similar to the fractal dimension. In this case, the object under
study is said to possess multifractal properties.

Often, the question arises as to themultifractal characteristics.
For instance, a study on the motion of a fractal aggregate in
viscous fluid showed 180 that the distribution of viscous forces
applied to particles obeys multifractal relations. It was pointed
out 181 that the multifractal approach should be used when
analysing the voltage drop distribution at the interparticle con-
tacts in a composite material characterised by near-percolation
concentration of the conducting phase. This methodology was
also used to study the crack structure distribution in solids 181 and
the fluid flow distribution in a porous medium.182

Let us consider the multifractal characteristics in more detail.
We will examine a fractal object following a conventional formal-
ism by tiling the space of the object into small boxes. Let any box
have a unit mass. This allows the mass, M, and the density of the
object of linear dimension L to be determined

r � M

Ld
.

An increase in the linear dimension of the object by a factor of L
causes the mass to increase by a factor of Ldf and the density to
decrease by a factor of Ldfÿd. Generally, we can write

M � Ldf , r � Ldfÿd.

Since all boxes have equal masses, the changes in the charac-
teristics of the object, which are due to the change in its linear
dimension, can be described using one parameter, namely, the
fractal dimension df . Such an `equality' of the masses (or other
characteristics) of boxes not necessarily corresponds to the
physical essence of the object under study. In the example
considered above (see Section II), the characteristics of the
perimeter of the growing cluster were determined with inclusion
of the attachment probability of a new particle to a certain
perimeter site. It was shown that different perimeter sites are
characterised by different attachment probabilities p. Therefore, it
is possible to introduce a probability distribution, n(p), for differ-
ent perimeter sites. In this way, other elements of the fractal object
can also be described by some probability distributions. Like any
other probability distribution, the distribution n(p) can be char-
acterised by moments of the order q }

Z�q� �
X
p

n�p�pq �
X
i

pi
q
. (30)

Summation in the first sum is performed over the probabilities
while summation in the second sum is performed over all the
perimeter sites characterised by the corresponding probabilities.

Any parameter suitable for quantitative comparison of differ-
ent regions of a fractal object can be used instead of the
probability. Often, the parameters pi are meant as generalised
measures. Examples of the normalised quantities (measures) will
be presented below.

Fractal objects belong to the so-called critical structures.
According to the theory of critical phenomena, the probability
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Figure 6. Maximum value of the structure factor, S(qm), as a function of

time for a system of gel-forming aggregates.166

}Literal designation of the moments as q is commonly accepted in the

literature. Here, it should be recalled that the letter `q' has already been

used in the review for notation of another quantity (see above).
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distribution must be characterised by two critical indices only.183

This means that it is impossible to obtain additional information
on the system by examining the higher moments, because the
(q+1)th moment is determined by the exponent, which is found
from the qth moment, and some increment D. Let the moment be
related to the linear dimension L by a power dependence with the
exponent t(q)

Z�q� � Lÿt�q�. (31)

Then, t(q) must be a linear function because only two numbers
(critical indices) are required to find the dependence t(q) (see
above). Both numerical simulation and model experiments on
many real fractal objects revealed that in the general case the
relation between t and q significantly differs from a linear depend-
ence, which points to multifractality of these objects.

The generalised fractal dimension, Dq (more rigorously, the
dimension spectrum), is given by the following relationship

(q71)Dq= t(q). (32)

As can be seen, t(q) equals zero at q=1.
Usually, yet another two characteristics are introduced. These

are the so-called HoÈ lder exponent

am �
dt
dq

, (33)

and the Legendre transformation of the function t(q), or the
multifractal spectrum

f (am)= qam7t(q). (34)

For true fractal structures, this difference and the parameter
Dq are constants.

The physical meaning of these characteristics can be under-
stood taking the aggregation problem as an example. Assuming
that the probability of particle attachment to some site changes
with the change in the linear dimension of the aggregate (namely,
decreases because of the lengthening of the perimeter) as follows

p � Lam , (35)

from relations (30), (32) and (34) the probability distribution
density is given by

n�p� � C�am�Lf �am�, (36)

where C(am) is a function independent of the length scale.
When analysing real objects using themultifractal approach, a

number of characteristic parameters corresponding to q=7?,
0, 1 and+? are usually considered. At q??, the parameter t(q)
equals the proportion of the multifractal set, which is character-
ised by the highest probability, and D? equals the minimum am
value for the system in hand. And vice versa, at q? 7?, t(q)
equals the proportion of the multifractal set, which is character-
ised by the lowest probability, and D7? equals the maximum am
value. At q=0, the parameterD0 , which is equal to themaximum
value of the function f (am), characterises the dimension of the
measure carrier (i.e., the multifractal object itself). For a mono-
fractal object, D0 equals the fractal dimension of the object.
Finally, at q=1, the parameter D1 is equal to the dimension of
information entropy (generally, it can be considered equal to the
dimension of the generalised Renyi entropy).

Typical dependences Dq(q) and f (am) are shown in Figs 7
and 8. Real systems can exhibit marked deviations from these
dependences.

There is an analogy between the multifractal and thermo-
dynamic formalisms. Let us re-write relationship (30) in the form

Z�q� �
X
p

eF�p�, (37)

where F(p)= lnn(p)+ qlnp. Suppose that the major contribution
to the sum on the right of Eqn (37) comes from the terms with
p= p*, where p* corresponds to the maximum value of the
function under the summation sign. Then one gets

Z�q� � eF�p
�� / Lt�q� � Lf �am�ÿamq. (38)

As can be seen, the functionZ(q) formally plays the role of the
statistical sum of the thermodynamic system while t(q) is the free
energy and q is the reciprocal of the temperature. The Legendre
transformation f (am) is an analogue of the entropy, the parameter
am is an analogue of the energy while the dependence f (am) is
easily recognisable as similar to the relation between the entropy
and energy of the thermodynamic system. The analogy between
the fractal and thermodynamic formalisms has been the subject of
a thorough study.184

The multifractal thermodynamic characteristics of the fractal
aggregates grown in the DLA regime have been reported.185 The
generalised Renyi entropies were calculated

Iq�L� �
1

qÿ 1
ln
X
i

p
q
i ; q 6� 1, (39)

I1�L� �
X
i

pi ln pi ,

and their changes during the aggregation simulated using the
Brownian dynamics approach were followed.

The Renyi entropies depend on the fractal dimension of
aggregates. An increase in the number, N, of particles in the
aggregate causes the Renyi entropies to increase in proportion to
lnN. The coefficient of proportionality,

Kq �
Iq

lnN
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D7?
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Figure 7. Typical fractal dimension spectrum.180
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Figure 8. Typical multifractal spectrum and its characteristic points.180
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for this dependence is determined by the fractal dimension of the
aggregate and the q value. At q4 1, the parameter Kq decreases,
while at q>1 it increases on increasing the fractal dimension. This
coefficient can be used to determine the degree of multifractality
of aggregates, which is defined 186 as the entropy difference
between the domains corresponding to the maximum (q?+?)
and minimum (q?7?) measures, i.e., K7?(N )7K+?(N ).
According to calculations, this difference tends to zero as the
number of particles in the aggregate increases. Thus, transition to
a true monofractal is possible in the limit N??; the aggregate
comprising a finite number of particles possesses multifractal
properties.

An attempt has been undertaken 187 to go beyond the scope of
a simple analogy between the multifractal and thermodynamic
descriptions. The `thermodynamic' behaviour of multifractal
systems was compared with the thermodynamic behaviour of
conventional physical objects. The `thermodynamics' of multi-
fractals was considered in the constant specific heat approxima-
tion. This choice is due to the fact that the specific heats of gases
and solids remain constant over a rather wide temperature range.
In this approximation, the function f should have the form

f (q)= am7cmlnq, (40)

where am and cm are constants and q is the constant specific heat.
For the generalised dimension from Eqn (32) one has

Dq � �am ÿ cm� � cm
ln q

qÿ 1
. (41)

The dependence f (q) is plotted in Fig. 9. As can be seen, the
constant specific heat approximation fits well the results of
numerical experiments.

Analogous dependences for the generalised fractal dimension
are presented in Fig. 10. The results of numerical simulation are in
good agreement with the fractal dimension spectra obtained in the
constant specific heat approximation. Interestingly, the slope
ratio of the straight lines in Fig. 10, which is equal to the `specific
heat' ratio, is* 3/2, as in the case of the specific heats of three- and
two-dimensional gases. It has been shown 188 that the constant
specific heat approximation describes the multifractal spectra
obtained by different authors for various systems (e.g., stress
distribution for percolation cluster, surface profile of corroding
material, turbulent diffusion, etc.).

The multifractal analysis of the clusters growing in the DLA
regime showed 190 ± 192 that the clusters are characterised by amore
complex structure than could be expected based on the fractal
dimension and anisotropy factor only.

Consideration of correlations between the measures of a
multifractal object showed 191 that the correlation function has
the form

hp�r 0�mp�r 0 � r�ni '
�
R

a

�dm�n�r
a

�dm�dnÿdm�n
, (42)

where a and R are respectively the lower and the upper bounds of
the fractal behaviour of the measure carrier (a< r<R; a is the
short cutoff and R is the overall radius of the object),
dq: (17q)Dq7df and df is the fractal dimension of the measure
carrier. The existence of a single scaling form over the full range of
radius indicates that the multifractal object is a set of blocks
similar to those used in polymer physics rather than a super-
position of fractal sets.

A similar approach to the description of fractals treats fractal
aggregates as sets of `branches' with certain masses m.192 For a
typical cluster comprised ofN particles, the branch mass distribu-
tion, n(m, N ), was introduced. Processing of a large body of data
obtained by numerical simulation of aggregates showed that this
distribution obeys the law

n�m;N �
N

� mÿb. (43)

More recently,193 it was shown that this power law can be
derived from the maximum entropy principle. In this case, the
entropy is expressed through information necessary for growing a
fractal object with prescribed structure and size. Taking a number
of fractal objects, which can be grown iteratively, it was demon-
strated that the maximum entropy principle allows, on the one
hand, the power laws of changes in some characteristics of fractals
to be established, and, on the other hand, the fractal dimension to
be calculated without determining the spatial structure of fractal
objects.

Theoretical conclusions were confirmed by the data of experi-
ments 194 with polystyrene latex particles of size 600 nm, which
floated on the surface of aqueous MgSO4 solution. The image of
the surface fluid with floating particles was tiled into boxes of a
particular size d. Each box was ascribed a measure pi equal to the
ratio of the number of particles in the box to the total number of
particles in the system. The multifractal characteristics can be
found with ease from the following expressions

t�q� � lim
d!0

ln
X
i

pi
q

ln d
, (44)

am�q� � lim
d!0

X
i

bp i ln pi

ln d
,

f �q� � lim
d!0

X
i

bp i ln bpi
ln d

,
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Figure 9. Multifractal spectrum calculated for the DLA regime
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where

bpi � pi
qX

i

pi
q . (45)

The multifractal spectra of aggregating two-dimensional dis-
persion at different instants are shown in Fig. 11. Some peculiar
features should be pointed out. The maximum in the curve is
related to the fractal dimension of the measure carrier, i.e., to the
fractal dimension of the substrate regions characterised by the
nonzero measure. A large number of empty regions is also present
in the system in question; because of this, the fractal dimension of
the measure carrier is less than two. The information entropy and
the fractal dimension of the measure carrier are plotted vs. time in
Fig. 12. As can be seen, both dimensions decrease with time. This
is typical of two-dimensional aggregation of colloidal particles. A
decrease in the entropy dimension is explained by a decrease in the
monolayer entropy upon aggregation.

Using the relations mentioned above implies an all-scale self-
similarity of the object analysed using the multifractal approach.
Real objects are self-similar at certain length scales. This means
that in the general case the multifractal spectrum depends on the
length scale. Taking into account this scaling dependence, it is
possible to draw some interesting conclusions concerning the
length scales appropriate for multifractal analysis of objects.195

Let us take an ensemble of particle aggregates as an example and
analyse it using the multifractal approach.

Let us tile the entire space into boxes of linear dimension d. Let
the proportion of particles in the box i be the measure pi . Clearly,
the sum of the measures over all boxes equals unity. The average
measure in the filled boxes equals the reciprocal of the number of
the filled boxes

hpi � Z�0; d�ÿ1. (46)

The dispersion of the measure in the boxes is given by

s2p � hp2i ÿ hpi2 �
Z�2; d�
Z�0; d� ÿ

1

Z�0; d�2 . (47)

For monofractal objects one has

Z(0,d)* d ÿdf ,

Z(2,d)* d df .

As a result, the measure dispersion remains constant upon
changing the box size. For multifractal objects, the first term in
Eqn (47) is proportional to d D2�D0 and the second term is propor-
tional to d 2D0 ; i.e., the measure dispersion varies with the change
in the box size. Therefore, it is possible to find a box size (for a
normal multifractal spectrum, where D2<D0 on the long length
scale, and for an anomalous multifractal spectrum, where
D2>D0 on the short length scale) such that the measure dis-
persion becomes equal to zero. Further change in the length scale
will not affect the dispersion, because it cannot be negative. So one
can say that, from themeasure distribution standpoint, the system
will be homogeneous beyond the limiting length scales. In the case
of colloidal systems the minimum box size nearly equals the
particle size or the correlation radius.

Yet another field of application of themultifractal approach is
the determination of the fractal dimension of real finite systems.
The point is that the use of the relationship given in p. 824 faces
some difficulties, because this relation `works' well only in the case
of ideal (in the mathematical sense) fractal objects. Real systems
are characterised by finite dimensions, which confines the range of
fractal behaviour. Therefore, the fractal dimension is usually
estimated rather than calculated. The procedures for reliably
estimating the fractal dimension have been discussed in the
literature.196 ± 199 Usually, it is possible to determine several differ-
ent fractal dimensions. A typical curve for the determination of
the fractal dimension of an object, obtained using the box-
counting technique, is shown in Fig. 13. The curve degenerates
into a straight line only for true fractal object. Otherwise (includ-
ing multifractal structures), a number of straight-line portions are
observed. Usually, region 1 (large d) characterises the fractal
dimension of the space into which fractal objects can be
embedded. The slope of the straight line in region 2 (small d)
determines the fractal dimension of the embedded object. Unam-
biguous interpretation of the intermediate region 3 is impossible,
because its pattern is to a great extent determined by the character
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Figure 11. Multifractal spectra of aggregating two-dimensional disper-

sions at different instants of time.194
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of the spatial distribution of fractal objects. It can be treated as the
region of the fractal dimension distribution, corresponding to the
multifractal properties of the system under study.

V. Fractal gels and emulsions

1. Fractal gels
The size of fractal aggregates increases much faster than their
mass during the aggregation process. At a certain particle concen-
tration, which is specific to each fractal dimension value, the
aggregates grown can fill the entire space, thus forming a gel
structure composed of a network of connected clusters. Colloidal
diffusion-limited cluster ± cluster aggregation in two-dimensional
systems was studied using the Smoluchowski coagulation equa-
tion 200 and by numerical simulation.201 The evolution of the
cluster size distribution was followed; the gel was treated as an
infinite fractal cluster. It was shown 202 that, if the volume fraction
of the primary particles exceeds some critical value, jc , diffusion-
limited cluster ± cluster aggregation results in a homogeneous
network formed by fractal clusters of size x.

There is a large number of models, which describe the
transition of colloidal dispersions to the gel state. They are based
on the classical fluid theory equations adapted for colloidal
systems.203 The approach employed includes the Brownian
dynamics simulation 204 ± 207 with different potentials of interpar-
ticle interactions, e.g., the Derjaguin ±Landau ±Verwey ±Over-
beek,204, 205 Lennard-Jones 206 or the depletion potential.207 The
molecular dynamics approach 208 is also employed in the studies of
gelation at the molecular level.

The simplest models of gel formation upon particle aggrega-
tion usually assume 209 that the fractal dimension of aggregates
remains unchanged during their growth under, e.g., the DLA or
RLA conditions. The volume fraction of particles in the fractal
aggregate can be found with ease from

ja=

�
R

a

�dfÿ3
. (48)

Gel transition occurs if the volume fraction of particles in the
fractal aggregate becomes equal to the volume fraction of clusters
in the entire system (at ja=j). All clusters are assumed to have
the same mean size R= x. In this state, there is a region of size
r<x (see Section III) in the system where the aggregates possess
fractal properties. At long length scales, the system is a homoge-
neous medium whose fractal dimension equals the space dimen-
sion. The correlation length, x, is determined by the volume
fraction of particles and is given by

x& ajÿ1=�3ÿdf�. (49)

The simplest model for gel formation can be applied to explain
the results of experimental studies on the dynamics of the structure
factor of dispersions. Experiments showed 152, 153, 210 ± 214 that, if
fractal aggregation in the system results in the formation of a gel,
the dependence of the structure factor S(q,t) on the wave vector at
different instants passes through a maximum. Small-angle neu-
tron, X-ray, and light scattering studies of a broad class of
dispersions (aluminosilicate gels,210 polystyrene latex par-
ticles,152, 153 polymer gels 211 and monodisperse oil droplets in
water 212, 213) also showed that the position of the maximum, qm ,
is inversely proportional to the x value at a given instant. This
maximum is interpreted as an indication of the transition from the
fractal regime of scattering [at intermediate q values correspond-
ing to S(q)! qÿdf ] to the scattering by a homogeneous medium
(small q values). It was also established 152, 211, 215 that

S�qm; t� / xdf , (50)

qm!S(qm,t )
ÿ1=df ,

tg!jÿdf=�3ÿdf�,

where tg is the gel time.
These relationships were tested in the Monte Carlo studies of

gel formation in the diffusion-limited cluster ± cluster aggregation
regime.158, 216 It was found that in the short-time scale the cluster
size changes as follows

x!
�
t

tg

�1=df
.

As time passes, the exponent decreases; it should be noted that
the higher the concentration of primary particles in the system, the
earlier the decrease begins. The power-law relationship between
qm and S(qm,t) was confirmed with high accuracy; however, the
exponent remained constant on increasing the concentration of
primary particles, whereas the fractal dimension of the growing
aggregates increased substantially. On this basis, it was assumed
that the gelating systems are also characterised by the apparent
fractal dimension of aggregates, which governs the relation
between qm and S(qm ,t ). A detailed review on the kinetics of
formation of fractal gels from colloidal particles was reported by
Poon and Haw.170 They considered the processes of gel formation
from colloidal particles and from colloidal particles and polymers
and analysed the peculiar features of small-angle light scattering
by gels of colloidal particles, which are due to the existence of a
mesoscopic fractal structure.

In fact, fractal gels have a more complex structure compared
to that predicted by the simplest model and the process of gel
formation involves several stages.208 At first, clusters are formed
frommonomers and then grow under DLA conditions. The initial
gel network is comprised of the largest aggregates and then smaller
aggregates and free particles are included. In this stage, interclus-
ter interactions become increasingly significant. Thus, the for-
mation of a gel network is accompanied by slow changes in the
structural organisation of particles.217 Breakage of certain bonds
and the formation of new bonds induce restructuring of the gel,
which is accompanied by an increase in the dimensions of fractal
objects. The multistep process of gel formation in colloidal
dispersions was confirmed in a series of experimental stud-
ies 218 ± 220 carried out using various methods of analysis of the
gel structure, which allowed length scales from several nanometres
to 5000 nm to be investigated.

Restructuring of aggregates after formation of a gel network is
possible in the systems characterised by rather weak attractive
interparticle interactions.167 ± 170, 221, 222 Here, the lifetime of the
gel network can be rather long. However, if the interparticle bonds
can be broken, the network is restructured because this state of
particles in colloidal systems is metastable compared to gas ±
liquid phase transitions. Usually, such gels are called transient
gels,223 though in fact all gels of colloidal particles are treated as
transient gels (though for some of them the time for transition to
the equilibrium state is too long). Numerical simulation of the
process of transient gel formation has been the subject of a large
number of studies (see, e.g., Refs 205, 206, 222, 224 and 225).
Transient gels obey common relations for the pair correlation
function, g(r), and the particle density distribution, n(r)

g�r� �
�
r

x

�dfÿ3
,

n�r� � n0

�
r

a

�df
(n0 is the normalising factor) and for the correlation length;
however, the parameters of these distributions (including df)
change with time.

Modern experimental studies are mainly carried out in order
to establish a relation between the parameters of gels and
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conditions for gel formation. In particular, the effects of the
properties of the disperse medium 226, 227 and of the regime of
coagulation of the primary particles 226, 228 on the fractal dimen-
sions and correlation lengths of gels have been studied. The range
of substances used for the formation of hydrogels is
extended 229 ± 233 (here, silica undoubtedly ranks first). New exper-
imental procedures for the determination of the sol ± gel transition
point, kinetics of fractal aggregation and fractal characteristics of
gels are elaborated (e.g., rheological 232, 233 and electrical conduc-
tivity methods 234).

Studies on the dynamics of the restructuring of gels are a
particular avenue of experimental research. Here, the main
difficulty is due to the low rate of the process. Nevertheless,
interesting results have been reported recently.235 Experiments
were carried out with gels of polystyrene latex particles of size
10 nm dispersed in a light/heavy water mixture, which provided
neutral buoyancy of particles. The volume fraction of particles
varied from 1074 to 1073. The fractal dimension of the freshly
formed gel was 1.82. It was established that the dynamical
structure factors of the gels obtained obeys the law

S�q; t� / exp

�
ÿ
�
t

tf

�bg�
, (51)

with bg=1.5 and tf! q71. Ageing causes the time tf to increase
substantially. The temporal dependences obtained for different q
can be scaled on a single master curve, with tf growing linearly
with age. It should be noted that the temporal dependence of
type (51)was reported earlier 236 for an identical gel of polystyrene
latex particles of size 9.5 nm with a somewhat different bg value
(0.66). No changes in the relaxation timewere observed, except for
a rather strong dependence of this parameter on the concentration
of primary particles.

To explain these observations, amodel was proposed, which is
based on the syneresis of a gel and on its local shrinkage [the case
in point is (i) the compaction of fractal fragments and (ii)
restructuring of the gel]. The model allows experimental depend-
ences to be reproduced correctly at a qualitative level. Densifica-
tion of the central part of aggregates was reported in a study 237on
the evolution of gels formed in methylcellulose solutions.

Until recently, gel formation was observed only in liquid
dispersions. The first experiment on the formation of gels initially
in the gas phase was reported by Lushnikov et al.238 who prepared
the so-called fractal wires. The metal surface was exposed to
intense laser radiation; subsequent application of a strong external
electric field induced the `growth' of a thick wire formed by fractal
clusters attaching to the metal surface. The mechanism of wire
formation is rather simple, namely, metal vapours are condensed
in the form of nanoparticles which form fractal clusters. The
external electric field induces directed aggregation into macro-
scopic fractal structures. A feature of the process is that the fractal
wires at first grow in the gas atmosphere and then are attached to
the surface.

Fractal wires from steel, brass and carbon particles have been
produced analogously.239 A thorough examination of the struc-
tures showed that the primary particles are 1 to 10 nm in diameter
and up to several millimetres long and possessed pronounced
anisotropy. The `lifetime' of the wires reached several weeks at
zero electric field between the electrodes. The mechanism of
formation of these structures is still to be clarified. The point is
that one should take into account not only accelerated coagu-
lation of particles but also their deposition on the electrodes. Here,
the main contribution comes from Brownian diffusion of the
particles and from their motion in the electric field. The nonun-
iformity of the electric field should also play a significant role. This
is unavoidable in the system under study both at the electrode
surfaces covered with the deposits and in the space between the
electrodes, filled with rather large and readily polarisable aggre-
gates.

The formation of an aerogel from soot particles formed during
acetylene combustion has been studied.240 The primary particles
of size 10 to 30 nm, which are usually formed in flames, grow
(most often, under DLA conditions) into fractal aggregates with
the radii of gyration varied between 50 and 100 nm. The experi-
ment involved determination of the structure factor and photog-
raphy of the upper region of the flame at different flow rates of
acetylene. Measurements and observations showed that at suffi-
ciently low flow rates of acetylene the structure factor corre-
sponded to the presence of flame fractal aggregates with a
dimension of 1.8. At rather high flow rates of acetylene, the
dependence of the structure factor on the wave vector exhibits a
maximum and some contacting aggregates of size of at most 5 mm
are observed in the system. This indicates formation of a flame
aerogel. Estimation of the aggregation rate of soot particles
showed that it much exceeds that expected from the Smoluchow-
ski equation. The mechanism of accelerated aggregation is also
still to be clarified; mention was only made that studies of the
sol ± gel transition in the liquid phase also revealed 241 accelerated
aggregation.

2. Fractal emulsions and microemulsions
In studies of the mechanical properties of aqueous emul-
sions 242, 243 it was conjectured that their spatial structure is
characterised by the presence of inhomogeneous regions possess-
ing the properties of fractals. This was confirmed in a quenching
study 244 of the microstructure of silicate glass in a liquid with low
glass affinity (fractal properties were observed at a certain fraction
of the dispersed phase). The data were analysed based on the
concept of the so-called connected cluster, which is similar to a
percolation cluster. However, analysis was performed by inclu-
sion of all particles in the entire system, so the total number of
particles much exceeded the number of particles in the connected
cluster. Therefore, the fractal structure reported in Ref. 244
cannot be explained by effect of this cluster.

The fractal structure of emulsions was also assumed to have a
dynamical nature 245 and numerical simulation of a two-dimen-
sional ensemble of disks with short-range attractive interactions
was carried out. The type of particle distribution in the systemwas
determined from the relationship between the number of particles
in the circle g(r) and the circle size r. For a system of non-
interacting particles or at a low energy of interparticle interaction

U < kT

the particle distribution was uniform. The system with strong
interparticle interaction

U > 3kT

was characterised by the formation of associates followed by
separation into two phases. At

kT < U < 3kT

clustering occurred. The composition of clusters varied with time.
The function g(r) for the region occupied by the cluster was found
to be a power function with a fractional exponent equal to the
fractal dimension of the growing clusters. It was established that
the fractal dimension increases on increasing the concentration of
disks in the system.

Microemulsions, or surfactant-stabilised, thermodynamically
stable homogeneous mixtures of polar (water) and non-polar (oil)
liquids, belong to yet another group of colloidal objects with
fractal structures. The surfactantmolecules are usually distributed
over the oil/water interfaces, which confine nanodroplets of water
or oil.

Microemulsions are characterised by diverse structural organ-
isations. Here, only three of them will be pointed out. If oil is
present in excess, the phase L2 comprised of water-containing
surfactant micelles distributed in oil is usually formed. Otherwise
(water-rich compositions), a microemulsion is comprised of
surfactant-coated oil droplets dispersed in water (phase L1). The
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presence of water and oil in nearly equal proportions leads to
formation of a bicontinuous phase (structure with surfactant-
separated interpenetrating domains of the oil and water phases).
The phase state of the microemulsions is to a great extent
determined by the temperature and salinity of the aqueous
solution.

Interestingly, by increasing the water-to-oil ratio it is possible
to pass from the phase L2 to the phase L1 through the bicontin-
uous phase. This transition is accompanied by changes in the
physicochemical properties of the microemulsion. The most
remarkable is a dramatic (by several orders ofmagnitude) increase
in the conductivity of microemulsion, which is usually considered
as a percolation transition.246 ± 249

Observation of this transition indicates that microdroplets
must form a fractal structure corresponding to the percolation
cluster.5 At the same time, treatment of microemulsions in the
framework of the fractal approach is seldom the case, though the
earlier Monte Carlo simulation 250 revealed fractal aggregation in
microemulsions. It is the concept of fractal aggregation that
allowed agreement between the theoretical and experimental
temperature dependences of the conductivity of microemulsions
on the concentration of the conducting phase to be established.

It was shown 251 that dynamic light scattering in microemul-
sions can be described in terms of the fractal aggregation of
microdroplets and that the fractal dimension of the percolation
cluster (2.5) is quite appropriate to account for the experimental
data. This approach was also used 252 to describe the temperature
dependences of the viscosity and elastic modulus of a micro-
emulsion and of the dependences of the ultrasound velocity,
specific heat and viscosity on the concentration of droplets. The
great potential of the fractal methodology for the theory of
microemulsions was confirmed by the results of experiments on
the kinetics of quenching of fluorescent probes 253 and diffusion of
water molecules,254 dynamical percolation transitions 255, 256 and
fluctuation effects 257 in microemulsions near the percolation
threshold. The fractal nature of the structure of microemulsions
is also indicated by numerical simulation data and analytical
calculations of the dynamics of the processes in the oil/water/
surfactant systems during the formation ofmicroemulsions from a
(initially) homogeneous ternary mixture.258 ± 261 This also holds
for the interfaces in microemulsions.262 Thus, application of the
fractal approach to such interesting systems as microemulsions
offers considerable promise.

VI. Two-dimensional fractal structures

Numerical simulation of aggregation processes usually concerns
the laws of aggregation in spaces of different dimensions. The case
for two-dimensional space is most often studied. This is mainly
due to considerable reduction of computational cost, while the
results obtained differ from those typical of the three-dimensional
systems only quantitatively. However, interest in two-dimensional
systems is not only of theoretical but also practical value. Modern
technologies require knowledge of the laws of the interfacial
behaviour of colloidal particles. These can be, e.g., the water/air
or oil/water interfaces; aggregation of particles at the solid/liquid
interface is also possible.

Because of the need for research on aggregation in the two-
dimensional space, numerical simulation was followed by exper-
imental studies nearly immediately. It should be noted that such
experiments have some advantage over the experiments with
three-dimensional systems, namely, the structures of two-dimen-
sional aggregates can be observed immediately using various
microscopy techniques without distorting the objects under study.

1. Air/liquid interfaces
The pioneering experimental studies on the laws of fractal
aggregation at interfaces were reported by Hurd and Schaefer 263

and Onoda.264 They used micrometre-sized, hydrophobised par-
ticles of silica 263 and polystyrene 264 distributed over the surface of

aqueous salt solution. The experiments were carried out under
DLA conditions. The values of the fractal dimensions determined
appeared to be close to those found from numerical simulation.

There are three main types of interaction between particles
trapped at interfaces. These are the electrostatic repulsion, molec-
ular attraction and capillary interaction, which can be both an
attractive and repulsive interaction. The electrostatic and capil-
lary forces can be controlled with ease by adding salts in solution
and by changing the extent of modification of the particle surface.
The possibility of controlling the interaction forces allows the
regime of particle aggregation to be varied. In particular, no
changes in the structure of aggregates were observed 265 ± 267 upon
change in the regime of cluster ± cluster aggregation of polystyrene
latex particles on the surface of water from DLA to RLA.

Studies on the aggregation of glass beads at the water/
octane 268 and water/air 269, 270 interfaces were carried out in
different regimes of particle aggregation including those allowing
the aggregates to undergo restructuring. Experiments showed that
the aggregates can have either a fractal or non-fractal structure
depending on the regime of aggregation. The fractal dimension of
the growing aggregates depends on the hydrophobicity of the
particle surface and on the concentration of salt in solution.Under
particular conditions, rather large aggregates are characterised by
the internal structure, as indicated by a break in the plot of the
logarithm of the cluster density vs. distance to the centre of the
cluster. The break was ascribed to the action of capillary forces,
which contract the soft peripheral area of aggregates (see below).
The interior of the large clusters is characterised by the same
fractal dimension as the small aggregates. Considerable attention
was paid to the restructuring of the grown aggregates. No
quantitative relationships were found, but simple estimation
showed that restructuring of aggregates is to a great extent
controlled by the repulsive electrostatic forces. This conclusion
was confirmed in the experiments on aggregation of polystyrene
latex particles on the surface of water. In this case, the possibility
of restructuring of aggregates was provided by specific adjustment
of the parameters of the colloidal system.271 By varying the
electrostatic repulsion between particles it was possible to grow
both compact aggregates and two-dimensional `foam' formed by
chains of particles.

A comparison of the laws of aggregation of rod-like and
spherical particles at the water/air interface was reported.272 The
experiments were carried out with polydisperse rod-like soot
particles 35 mm thick and 140 mm long and monodisperse glass
beads 75 mm in diameter with different extent of surface hydro-
phobicity. The fractal dimension of two-dimensional structures
was determined using three methods (box-counting technique,
density correlation function and the number of particles ± box size
correlation). Experiments showed that the shape of particles has
no effect on the laws of aggregation because the fractal dimensions
of the aggregates of soot particles and of glass beads differed only
slightly; at the same time, the fractal dimension of glass beads was
affected by the hydrophobicity of their surface. Based on the fact
that in both systems the structures of aggregates exhibited the
existence of two regions with different fractal dimensions, it was
concluded that aggregation was accompanied by restructuring.

Zeiri et al.273 studied a specific process of two-dimensional
aggregation, namely, deposition of silver particles, which were
distributed over the water subphase/organic liquid interface, on a
thin electrode just contacting the water phase. An ensemble of
silver particles at the interface (the so-called metallic liquid-like
films) was prepared following a special procedure.274 The organic
phases were chloroform and dichloromethane and the water
subphases were aqueous solutions of silver nitrate with various
surfactant additives. The concentration of silver nitrate in sol-
utions was varied over a wide range. The use of solutions with
strongly different concentrations allowed silver deposition on the
electrode to be carried out in three regimes, viz., electroaggrega-
tion of particles, electrochemical deposition of silver in the
absence of interfacial particles and a combined regime `electro-
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aggregation particles/electrochemical deposition of silver'. In the
last-mentioned case, aggregation proceeded by a new mechanism,
which involved the formation of interparticle bridges due to
electrochemical deposition of silver. The preparation of nearly
poreless aggregates and wire-like structures revealed the possibil-
ity of basically changing the structure of the deposits and their
fractal characteristics.

Studies on subtle details of structural organisation of fractal
aggregates formed on the liquid surface have been reported 275, 276

taking aggregation of polystyrene latex particles of size 1 mm,
which floated in the surface of aqueous solutions, as an example.
Analysis of changes in the structure factor S(q,t ) under reaction-
limited cluster ± cluster aggregation conditions 275 revealed a
power-law singularity in S(q,t ) at t!1; q! 0. This behaviour
corresponds to the so-called self-organised criticity, where in the
absence of external factors the system tends to reach a state
characterised by the absence of characteristic time and length
scales. The system comprises both small clusters and large clusters
whose size is comparable with the size of the entire system. In this
case, a crucial role is played by co-operative effects, which reflect
the long-range order in the ensemble of two-dimensional aggre-
gates.

Experiments with polystyrene latex particles on liquid sub-
strates were accompanied by numerical simulations of two-dimen-
sional aggregation process at rather high particle concentrations
under duffusion-limited cluster ± cluster aggregation condi-
tions.276 Direct observations of the system's structure [numerical
processing of the experimentally measured structure factor S(q,t)]
and the results of numerical simulation showed that at imtermedi-
ate times the system has a structure with a six-fold symmetry. The
corresponding peaks of the structure factor become strongly
diffuse with time. The six-fold symmetry is quite unexpected for
the system under study and has no rigorous physical substantia-
tion as yet. It was hypothesised that the instant at which the
hexagonal structure is formed corresponds to the instant at which
the average cluster size becomes comparable with the half-
distance between clusters. At that instant, depletion zones are
formed around clusters and weak long-range repulsion between
the mobile clusters can provide conditions for the formation of a
hexagonal structure. By the way, the authors 276 pointed to weak
points of this hypothesis.

Control of the interaction between particles located at the
interface was a rather complicated task in most experiments
considered above. This fact is responsible for the scatter of the
fractal dimension values obtained in different experiments. Han-
sen and BergstroÈ m 277 proposed a method of controlled variation
of the potential of interparticle interaction by varying the extent of
particle modification by alcohols and the length of the grafted
alkyl chain. Estimates revealed that replacement of octyl by an
octadecyl chain causes the bond energy of 2 mm silica particles at
the air/toluene interface to decrease from 30 down to 15 kT.
Video-enhanced microscopy and image analysis of the particle
dynamics showed that the average cluster size and the cluster size
distribution obey the scaling relationship (20). The structure of the
octyl system is formed in the diffusion-limited cluster ± cluster
aggregation regime. This is indicated by the fractal dimension of
aggregates determined from the dependence of the radius of
gyration on the number of particles and using the grid method
(df=1.45). Aggregation of particles in the octadecyl system
resulted in a more dense structure with df=1.55. A feature of
both systems is the characteristic time corresponding to a tran-
sition point between aggregation regimes, which was attributed to
convective motion of the clusters at the interface. Convective
motion considerably enhances the mobility of large clusters and is
believed to be responsible for the transition from diffusion-limited
to reaction-limited cluster ± cluster aggregation.

Particles can form gel-like structures both at liquid interfaces
and in the bulk of the liquid phase. Two- and three-dimensional
gels exhibit no fundamental differences in their behaviour;
because of this, we will not consider them. The characteristics of

such structures including their rheological properties have been
thoroughly studied by Dickinson.222

A detailed investigation of two-dimensional aggregation of
colloidal particles under the DLA and RLA conditions was
reported.278 Numerical simulation was carried out for the rectan-
gular lattice and off-lattice models. The emphasis was placed on
the dependence of the fractal dimension on the initial particle
concentration, which varied over a range of two and a half orders
of magnitude. The relationship established for the fractal dimen-
sion was similar to that obtained for three-dimensional systems

df= df0+ bdjcd .

The parameters bd and cd in this relationship depend on the
aggregation regime and on the model employed. However, the
exponent cd was equal to nearly unity within the limits of the
computational procedure. The temporal dependence of the cluster
size was also calculated. At a rather long time scale, this is a power
law with the exponent z, where z depends on concentration as
follows:

z= z0+ bzjcz .

Here, the values of the coefficients are also governed by the regime
of aggregation and the model employed; however, the exponent
significantly differs from unity and is close to 0.6.

The subject of the studies considered above was the DLA or
RLA regime at the surface of liquid phase. Practical realisation of
othermechanisms of aggregation in these systems is a complicated
task. The authors of study 279 succeeded in implementing a two-
dimensional ballistic aggregation of particles. In the experiments,
hydrophobic particles were successively placed at the top of a
droplet on the substrate. Particles were gravity `slipped' following
`linear' trajectories towards the peripheral area of the droplet
where aggregation occurred (aggregates grew from the periphery
towards the centre of the surface of the spherical segment). The
surface was nearly completely covered by particles; the fractal
dimension of the aggregates thus grown was 1.95. In the case of
diffusion-limited cluster ± cluster aggregation on a flat surface, the
same particles formed fractal structures with a fractal dimension
of 1.45.

Particle aggregation on liquid surfaces in specific regimes
(neither DLA nor RLA) is accompanied by the formation of
various structures including fractal ones.280 ± 282

2. Cluster deposition on substrates
Deposition of nanoparticles on solid substrates is also accompa-
nied by the growth of clusters with fractal structure.283 Low-
energy monodispersed clusters produced by condensation of
vapours were vacuum deposited on the substrate, thus forming
submonolayers of clusters comprised of several tens to several
thousands of atoms. Such clusters do not break down upon
collision with the substrate. Larger clusters are characterised by
small surface diffusion coefficients; therefore, they virtually do
not move across the surface and their aggregation is thus also
strongly inhibited. As the number of clusters on the substrate
increases, specific structures are formed, which correspond to
successive deposition of strongly attaching particles. Most often,
structures similar to two-dimensional fractal aggregates are
formed. Experimental studies and the results of numerical simu-
lation concerning a broad spectrum of problems related to cluster
deposition have been reviewed.284, 285 However, a study on the
growth of fractal germanium clusters by epitaxial deposition on
lead-coated silica surface should be pointed out.286 A remarkable
feature of this study is that the cluster structure corresponds to the
RLA rather than DLA regime. This indicates the existence of an
energy barrier, which precludes aggregation of clusters. The
barrier is high enough to provide conditions for transition from
the DLA (a common situation for clusters on solid substrates) to
RLA regime at small surface diffusion coefficients.

Clusters with fractal structures were produced by pulsed laser
deposition of gold vapours on substrate (highly oriented pyrolytic
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graphite).287 The possibility of formation of fractal aggregates in
similar experiments with a NaCl substrate was suggested ear-
lier.288 The fractal dimension depended on the radiation intensity
and on the length of the pulse train. An original model for the
formation of fractal clusters was proposed. It is based on consid-
eration of themotion of adatoms across the substrate surface. The
model was transformed to the equations corresponding to the
formation of Julia sets.111 It correctly reproduced value of the
fractal dimension of aggregates.

The subjects of studies 289 ± 294 were various theoretical models
for growth of fractal aggregates from particles deposited on solid
substrates. The models included the surface diffusion of ada-
toms 289 and clusters 290 as well as rotation of clusters 291 assuming
deposition of both monodisperse particles and particles of differ-
ent size 292, 293 and shape.294 Analysis of aggregation on solid
substrates also revealed that the fractal dimension is related to the
degree of surface coverage as follows

df=1.455+1.322j.

Experimental studies in this field 295 ± 299 were concerned with
the deposition of metal vapours on the surface of substances with
well-developed crystal structure 295, 296 and on the surface of oil 297

and glass.298 Deposition of mesoscopic particles on a solid
substrate was reported.299

The fractal structures are formed on the surface not only on
deposition of vapours or particles but also in surface chemical
reactions. This was observed in the Dy ±Co system (see Ref. 300)
under the action of a beam in an electron microscope and on the
surface of liquid gallium.301 The formation of iron oxide clusters
of size up to several millimetres on the surface of amorphous iron
films several tens of nanometres thick was reported.302 In all
experiments, the cluster structures were identical to the structure
of the particles grown in the DLA regime. The results of recent
search for fractal structures on the surfaces of specially treated
polymer films are available.303, 304

VII. Viscous fingering

Penetration of fluids into porous solids also produces fractal
structures.13 Fluid flow in porous media is accompanied by the
so-called viscous fingering, i.e., formation of a specific kind of
prominence at the interface. Viscous fingering is due to the
instability of the propagating interface and usually occurs when
the more viscous fluid is displaced from the porous media by the
less viscous fluid. The fractal dimension of viscous fingers is
determined using the following relationship

Nn= knR
df
g , (52)

whereNn is the number of pores filled with the more viscous fluid,
kn is the corresponding prefactor and Rg is the radius of gyration
of the liquid cluster. Studies on the mechanisms of viscous finger-
ing and formation of related structures have been well docu-
mented.305, 306

Viscous fingering is most often analysed taking immiscible
fluids 13 andÐmuchmore rarelyÐ partially miscible fluids 307 as
examples. This phenomenon can also occur when dispersions are
displaced by neat solvents, because the former liquids are always
more viscous than the latter.

The so-called Hele ± Shaw flow, or displacement of a viscous
fluid from the space confined between two transparent flat plates,
is often considered as a model for flow in a porous medium.
Transparency of the plates allows the propagation of the interface
to be monitored.308 A complete analogy between the development
of instabilities of the Hele ± Shaw flow and the growth of dendritic
structures was established.306, 309 Stability studies of the Hele ±
Shaw flow are of great practical value, because the development of
instabilities precludes a number of important technological proc-
esses related to, e.g., oil displacement from pools. For this reason,
attempts to suppress the development of instabilities are under-

taken. Studies on the flow of three immiscible fluids in the
Hele ± Shaw cell 310 and on the flow stability considerations in
the presence of highly dispersed particles in the displacing fluid 311

showed that under particular conditions it is possible to suppress
the development of instabilities in different stages of flow.

There is an analogy between the flow in porous solids and
fractal aggregation. In particular, the DLAmodel and the flow in
porous solids are described by identical equations.13, 312, 313 How-
ever, this analogy does not necessarily hold. The laws of formation
of the viscous interface in the case of porous solids characterised
by a broad pore size distribution are significantly different from
the laws of clustering under the DLA conditions.314

The influence of inhomogeneities in the porousmedium on the
regularities of the growth of viscous fingers has been studied
assuming a Gaussian distribution of the permeability of the
porousmedium centred at themean value.315 The fractal structure
of viscous fingers was not determined. The authors calculated the
width of the mixing interface between two fluids for different
dispersions of the permeability (see also Section VIII). According
to calculations, the width of the interface increases linearly with
time.

Viscous fingering related to flow in fractal structures was
studied.316 This is the case of flow in, e.g., porous media near the
percolation threshold (at a small fraction of through pores).
Clearly, in this case the fractal system of viscous fingers will also
be governed by the structure of the percolation cluster of the
porous solid. More sophisticated models for viscous fingering in
porous media require the use of the multifractal approach to
describe the media 317 or the self-affine geometry for the pore
space.318

Viscous fingering accompanied by polymerisation at the inter-
face was simulated.319 It was shown that three situations are
possible depending on the capillary number

NCa �
Zu
g
,

where Z is the viscosity of the displacing fluid, u is the average
interface propagation velocity and g is the interfacial tension.
Within some range, the reaction rate affects the interface prop-
agation velocity; at lower reaction rates beyond the range men-
tioned above, the reaction has virtually no effect on the interface
propagation. At higher rates (above the upper bound of the
range), the interface propagation slows down. The smaller the
capillary number, the wider the range of reaction rates affecting
interface propagation.

The theoretical studies considered above were carried out
using mainly two-dimensional models of porous media. Numer-
ical solution to the three-dimensional hydrodynamics equations
describing viscous fingering in the case of partially miscible fluids
was also reported.320 It was shown that screening, spillover and
coalescence of viscous fingers occur at all Peclet numbers in the
range studied. At large Peclet numbers, splitting of viscous fingers
occurs, similarly to two-dimensional systems. Broadening of the
interface at long time scales occurs at a constant velocity, which is
independent of the Peclet number. If flow occurs in the regime
corresponding to rare splitting of viscous fingers, their number
monotonically decreases with time. The authors pointed out that
the solution obtained for the two-dimensional model by and large
correctly includes peculiar features of the development of the
process in three-dimensional systems.

A related study 321 dealt with the effect of kinetic fluctuations
on the propagation of the interface between immiscible fluids.
According to calculations, the width of the interface remains
constant for three-dimensional systems. For the two-dimensional
model of a porous medium, the interface width logarithmically
increases with time.

A more complex process, namely, displacement of a viscous
fluid from the porous body by the medium that can react with the
body (dissolve it) was also studied.322, 323 It was found that the
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structure of the liquid ± liquid interface is similar to the interface
structure formed in the DLA regime. The results of simulation of
the structure of a soluble porous solid were confirmed experimen-
tally. This problem was also solved analytically 324 in the asymp-
totic limit using the renormalisation group method. This system is
characterised by the existence of two limiting regimes. Under these
conditions, the interface structure corresponds to the structure of
the DLA-grown clusters and it is possible to observe a successive
transition from the interface with the structure of the DLA-grown
clusters to a rather smooth interface and then again to the
interface with the structure of the DLA-grown cluster.

Studies of the boundary effects on the structure of viscous
fingers 68 revealed that the fractal dimension of viscous fingers in
retarded flow is much smaller than in the three-dimensional
system. As the bounding surfaces move away, the fractal dimen-
sion logarithmically approaches its bulk value.

Fractal structures are also formed when nonwetting fluids
displace wetting fluids from porous solids. In particular, this is the
case for the conventional mercury porosimetry technique.325

Simulation is usually carried out using a particular (prescribed)
structure of pores and pore necks, which permits the fractal
dimension of the growing structures to be varied over a rather
wide range. Usually, the entire percolation cluster of the invaded
fluid, its branches and the `backbone', which is obtained by
cutting the branches off, are considered.326 ± 330 The structure of
the porous solid has a strong effect not only on the fractal
characteristics of different clusters but also on their structure.329

This holds for the systems both with and without trapping of the
displaced fluid.

Viscous fingering was observed during the wetting/dewetting
process of a solid surface.331 In the experiments, a droplet of SnPb
eutectic alloy at first spilled over an Au/Cu/Cr multilayered film.
This droplet etched the Au/Cu films, which was followed by
contraction of the droplet, because the chromium substrate was
not wetted with the alloy. It was found that contraction of the
droplet was accompanied by the formation of fractal structures
similar to viscous fingers. At different stages of contraction,
fractal structures with different structures were formed. At first,
the fractal structure exhibited a DLA pattern, while the final
structure was a dendrite-like one. The fractal dimensions of these
structures were 1.83 and 1.79, respectively.

The problem of the flow of a fluid along the grain bounda-
ries 332 is similar to the viscous fingering problem. The grain
boundaries wetted with the fluid form a fractal cluster, which
allows percolation transitions to be observed similarly to the case
of fluid invasion into porous media.

VIII. Fractal films

1. Simulation
Recently, considerable attention has been given to the studies of
vapour deposition of films.333 This is due to two reasons. On the
one hand, vapour-deposited metal and semiconductor films are
used in various microelectronic devices. On the other hand,
development of scanning electron and atomic force microscopies
has opened up new prospects for research on the properties of
films and on the mechanisms of their growth.

Vapour phase deposition of films is usually accompanied by
the formation of granular structures (protrusions of different
height and width). Here, significant roles are played by the
thermodynamics and kinetics of film growth. Thermodynamics
predetermines the growth pattern (layer-by-layer or island-type)
of the newly formed structure, while the kinetics prescribes the
rates of nucleation and growth of islands (via parameters of the
surface diffusion of atoms). The formation of a continuous
surface layer is followed by the growth of films with rough surface,
the roughness beingmore pronouncedwith time. This is due to the
fact that protrusions `mask' depressions, thus making them less
accessible to filling. This mechanism of development of rough
surfaces is realised in combination with the smoothing mecha-

nisms of film surfaces, among which the most important is surface
diffusion.

Growth of vapour-deposited films is usually described using
the ballistic model,334 according to which particles moving
towards the surface follow random trajectories. The surfaces
growing by this mechanism possess fractal properties. As men-
tioned above, fractals can be self-similar or self-affine. Rough
surfaces are treated as self-affine objects.

The fractal dimensions of the growing films are usually
determined from the dependence of the surface `thickness' on the
lateral size of the portion L rather than the fractal dimension of
the profile. The surface thickness is calculated as the root-mean-
square deviation of the profile over the length L

w�L� �
����������������������������������������������
1

NL

XNL

j� 1

�
hfj ÿ hhf�L�i

�2vuut , (53)

where NL is the number of points of the profile of length L, hfj is
the height at the point j, and hhf�L�i is the average height of profile
of length L. Since the height hf is a function of time, the surface
thicknessw(L,t ) also appears to be time dependent. For self-affine
surfaces, w(L,t ) changes with increasing L as follows

w�L; t� / La,

where a is the roughness exponent. For fractal surfaces, the
roughness exponent is related to the fractal dimension

df= d 0+17 a,

where d 0 is the dimension of the interface (for non-fractal surfaces,
d 0=2).

Using the ballistic model 335 and Eden model 336 for particle
deposition on the substrate, it was established that the surface
thickness is described by a universal (scaling) distribution

w�hf� � Laf

�
hf

La=b

�
, (54)

where h is the average height of the layer deposited on the
substrate, L is the width of the growing stripe (column in the
case of three dimensions) and the function f (x) meets the follow-
ing conditions

f �x� � x b; x� 1
const; x� 1

�
.

(55)

The parameters in relationship (54) are as follows: a=1/2 and
b=1/3 for two-dimensional systems and a=1/3 and b=1/4 for
three-dimensional systems. In the case of the ballistic mechanism,
the deposit is a homogeneous medium while the layer deposited
has a self-affine `surface' with fractal structure.

Relationships (54) and (55) were verified for various
models 337 including those for `tree-like' film growth (Fig. 14).
Some additional scaling relationships for the tree height, hf, tree
width, w, and for the number,Ns, of trees of size s (s is the number
of particles in the tree) were established. They are as follows

w � sv1 , (56)

hf � sv2 ,

Ns � sÿt,

where the exponents are interrelated

(d71)v1+ v2=1, (57)

t=27v2 ,

and weakly depend on the deposition model employed.
When analysing the dynamics of film growth, relationship (54)

can be re-written in the more general form
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w�t� � l af

�
t

La=b

�
, (58)

where t is time.
Various equations were proposed for analytical description of

the film growth during vapour and particle deposition on the
substrate. Consider the most important of them.

The simplest model was proposed by Edwards and Wilkin-
son.338 Here, the height of the surface is determined from the
equation

dhf
dt
� vH2hf � w�x;t�, (59)

where w(x,t) denotes the fluctuation (noise) contribution of the
surface; w(x,t) meets the following conditions

hw�x;t�i � 0, (60)

hw�x;t�w�x0; t 0�i � Rd�xÿ x0�d�tÿ t 0�,
where the angle brackets denote the averaging over the random
variable w, R is root-mean-square fluctuation of `noise'.

This model describes smoothing of the surface by the capillary
forces governed by the parameter n. The model can also be used to
describe the propagation of an interface through a disordered
medium and to study how the interface spreads out with time.339

The parameters of the model are as follows: a=(37d )/2 and
b=(37d )/4 for a one-dimensional substrate and a=1/2 and
b=1/4 for a two-dimensional substrate; the width of the surface
logarithmically increases with time; for substrates of greater
dimensions, the surface of the growing film is considered smooth.

This model was employed 340 in calculations of interface
growth on a fractal substrate characterised by the dimension ds .
The surface width exhibits the asymptotic behaviour given by
expressions (54) and (55) with the parameter b

b �
1

4
; d 0 � 1

1

4
ÿ ds

4
; 1 < ds < 2;

8>><>>:
(61)

where d 0 is the substrate dimension.
A similar expression was obtained for the parameter a 341

a �
1

2
; d 0 � 1

df

�
1

ds
ÿ 1

2

�
; 1 < ds < 2:

8>><>>:
(62)

The Edwards ±Wilkinson model correctly reproduces the
structure of surfaces grown by sedimentation of spherical par-
ticles.342 Experiments were carried out with particles of size
440 nm in aqueous solutions. The profile of the sediment surface
was determined using an atomic force microscope.

Trapping of polystyrene latex particles of size 0.8 mm at the
meniscus of a thin film was studied in experiments on a deposition
on a `one-dimensional' substrate.343 It was found that b=0.267,
while the parameter a varied from 0.5 in the initial stage of the
`surface' growth to 0.71 a long time after the beginning of the
process. The crossover of the regimes of the surface growth was
explained by kinetic reasons. Initially, the `deposit' moves with the
meniscus and particles are deposited ballistically. Then, the
deposit slows down and deposition due to Brownian-type particle
diffusion is observed.

Kardar, Parisi and Zhang 344 proposed a more sophisticated
model for film growth, which is described by the following
equation

dhf
dt
� vH2hf �

l
2
�Hhf�2 � w�x; t�, (63)

here l is the parameter of a model.
The additional term [cf. Eqn (59)] accounts for smoothing of

the surface by lateral growth of protrusions. In the case of two
dimensions, this model gives the parameters a=1/2 and b=1/3,
which exactly fulfils the relationship predicted 345 for Eqn (63)

a � a
b
� 2.

A comprehensive examination of Eqn (63) was
reported.346, 347 The parameters of Eqn (63) were related to the
coefficients determining the asymptotic behaviour of the surface
width at long time and long length scales

w�1; t� � Ctt
1=3, (64)

w�L;1� � CLL
1=2,

The possibility of deriving a single-parameter (l) universal rela-
tionship for the coefficients Ct , CL was shown. Analogous
analysis of the model for epitaxial film growth 348 is described by
the following equation

dhf
dt
� ÿvH4hf � lH2�jHhfj�2 � w�x; t�; (65)

the model gives the parameters a=(57d )/3 and b=(7+d )/3
and is consistent with the results of numerical simulation of film
deposition at the atomic level.

Various analytical models for film growth and interface
propagation were proposed 349 ± 355 to generalise the models con-
sidered above. The model by Kardar ± Parisi ±Zhang was
extended 356 to the case for radial growth of spherical surfaces.
The surface width is a complex function of time and exhibits a
power dependence on a rather long time scale, the parameter b
being equal to 1/3. Numerical simulation of the co-deposition of
films was carried out 357 with inclusion of the interactions between
nearest neighbours and more distant particles and different
probabilities of the deposition of the particles of a specified type
at a given instant. It was shown that the parameters a and b
depend on this probability, thus exhibiting a marked deviation
from the dependence predicted by Eqn (63).

New models for particle deposition on substrates resulting in
the formation of fractal surfaces have also been developed. In
particular, an original model was proposed,358 which accounts for
hierarchical deposition of debris during particle deposition from
the atmosphere (particles reach the surface in order of size, largest
first). Both regular and stochastic models for particle deposition
on substrates were considered. Numerical simulation revealed
that, in contrast to deposition of particles of the same size, in this

Figure 14. Structure of fractal aggregates formed upon deposition of

particles on substrates.

As can be seen, the number of `trees' grown on the surface sequentially

decreases (one `tree' is shown in black).
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model the contour length (or surface area) increase logarithmi-
cally rather than obeying the power law as the length scale
changes. For instance, the length of a line on the surface increases
on decreasing the characteristic probe size d as follows:

L�d� �
�
1� A ln

1

d

�
L�1�,

where A is a constant.

2. Experiments
Experimental studies on the interface growth were carried out
using various systems.351 The physical meaning of the equations
considered above corresponds to the molecular beam epitaxy
experiments. Deposition of gold,359 ± 362 silver 359, 363 and
iron 359, 364 ± 366 films on various substrates was studied. A rather
wide scatter of a values was obtained, which is apparently due to
the use of different methods of determination of surface rough-
ness. However, the scatter of b values ismuch smaller compared to
that of a values. At the same time, in most cases the results of
calculations and experimental data are in good agreement. This
can be exemplified by the results of a study 367 concerned with the
analysis of the evolution of the surface of gold films deposited
using the thermal evaporation technique. The characteristics of
the surface were determined using scanning tunnelling micro-
scopy; the experimental data were processed using Fourier anal-
ysis, which allowed the so-called power spectrum, Sm(q,t ), of the
protrusion heights to be calculated. It was found that the surface
width depends on time as t 0.25 and the power spectrum

Sm* q74.1,

the parameter a being equal to nearly unity.
The dynamics of the interface growth was studied not only in

the film deposition experiments but also in the experiments on
paper imbibition,368 ± 370 combustion 371 and tear.372 The exper-
imental results were described by the power dependences
(54) ± (58) but the values of the exponents differed from those
predicted by theoretical models; the numerical values of the
exponents obtained in different experiments were also different
(for instance, paper imbibition experiments gave close values of
the parameters a and b ). Yet another feature of the experimental
data is the crossover of the growth regimes of the interface width,
which manifested itself as a change in the exponents a and b on
increasing the time and length scales. No unambiguous explan-
ation for this phenomenon has been reported as yet. It should be
noted that some theoretical models include the possibility of
changing the interface growth regime (see, e.g., Ref. 350). This
change can be due to large-scale fluctuations of the growth
direction in the active zone. However, the available models for
growth of self-affine surfaces cannot correctly describe this cross-
over.350 Numerical experiments 373 on epitaxial growth of the
surface with inclusion of surface diffusion without desorption of
adatoms revealed two growth regimes of the interface width. The
regime found for short time scales was changed to that described
by the Kardar ± Parisi ± Zhang equation over a long time scale.
The new growth regime at short times is due to the inclusion of
surface diffusion and is not observed if diffusion processes are
ignored.

The establishment of different growth regimes is a compli-
cated task because modification of models does not necessarily
lead to crossover. In this connection, a representative example is
provided by the study 374 on a modified Eden model in which the
growth process began after contact with `acceleration sites', which
were spatially distributed at random. The `acceleration site'
became an Eden cell immediately after contact with the surface
of the growing film. The model revealed a percolation transition,
i.e., the existence of some critical concentration of `acceleration
sites' corresponding to divergence of the growth rate of the surface
area. However, no crossover of the growth regimes was found,
even for this, basically modified, model. Moreover, the value of

the exponent a remained constant (0.5) over a wide range of
`acceleration site' concentrations.

The problem of etching ofmetallic surfaces is closely related to
the problems considered above. It was reported 375 that the
perimeters of pits etched in thin aluminium films inNaCl solutions
have a fractal structure and that the `roughness' of the perimeter
developed only at particular values of the potential applied.
Detailed analysis of the corrosion pit profiles (corroded surface
of stainless steel rods) 376 revealed two different length scales
(textural and structural) with different fractal dimensions (1.17
and 1.45, respectively). Further studies confirmed the existence of
two characteristic length scales for the corrosion pit profiles in
steel rods and aluminium sheets. Two fractal dimensions were also
reported 377 in a study of corrosion of vapour-deposited nanoscale
Al films; the larger fractal dimension corresponded to the longer
length scale. It was shown that the pit morphology can be varied
over a rather wide range by varying the concentrations of iron and
chloride ions in solution.377 Transition from a smooth to rough
interface under particular regimes of corrosion is also possible.378

Corrosion of quasi-two-dimensional thin Al films was studied.379

Both model and numerical experiments were carried out. Model
experiments were carried out using Al films 50 mm thick with
etched end faces. Numerical simulation was performed with
inclusion of higher electrolyte concentration in the pit during
corrosion. The pit perimeter was characterised by one fractal
dimension, which to some extent varied depending on the proce-
dure employed for its determination. The results of the model and
numerical experiments were found to be in good agreement.

Numerical (Monte Carlo) simulation of dissolution of a solid
was carried out 380 taking the case for the dissolution rate
controlled by surface reactions as an example. It was shown that
the predominance of stochastic lateral dissolution causes broad-
ening of the interface; the parameters of Eqn (58) were found to be
a=1/3 and b=1/4. The inclusion of surface diffusion of atoms
led to an increase in the a value to unity (b value remained
unchanged) in the early stages and to transition to unstable
interface in the later stages (b value increased from 0.25 to greater
than 0.5). The inclusion of nonlocal effects caused an even greater
increase in the parameter b.

* * *

In this review we considered the most important characteristics of
fractal objects and the main types of fractal structures which can
be found in disperse systems. The material presented gives an idea
of the diversity of fractal objects and parameters that are neces-
sary to completely characterise them. The large number of
parameters reflects the variety of specific properties of fractal
structures, which do or do not manifest themselves depending on
external conditions. An attempt to present a comprehensive
analysis of the properties of even those fractal structures consid-
ered in this review could lead to a considerable increase in the size
of the text. Because of this, experimental methods for the
determination of the fractal characteristics and physicochemical
properties of fractal objects will be described separately.
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