
Abstract. Experimental methods of determination of the fractalExperimental methods of determination of the fractal
dimensions of fractal aggregates are described. The results ofdimensions of fractal aggregates are described. The results of
studies on aggregation of colloidal particles in different regimesstudies on aggregation of colloidal particles in different regimes
are discussed. Data on the hydrodynamics of colloid dispersionsare discussed. Data on the hydrodynamics of colloid dispersions
containing fractal aggregates and on the rheology of fractal gelscontaining fractal aggregates and on the rheology of fractal gels
are presented. Capillary phenomena in fractal systems as well asare presented. Capillary phenomena in fractal systems as well as
the structural and mechanical properties of aerogels and peculiarthe structural and mechanical properties of aerogels and peculiar
features of the optical properties of fractal aggregates arefeatures of the optical properties of fractal aggregates are
described. The bibliography includes 395 referencesdescribed. The bibliography includes 395 references..

I. Introduction

Disperse systems are of frequent occurrence in nature. The solid
component of such systems represents aggregates of colloidal
particles, which were among the first physicochemical objects
described in the framework of fractal geometry approach. Cur-
rently, most studies on fractals are also carried out using fractal
aggregates as examples. This is due to the fact that these objects
can form a variety of structures, which can be identified with ease
in model experiments. It was also found that fractal aggregation
provides a way of simulation of many processes which at first
glance have nothing to do with particle aggregation.

Fractal aggregates are constituents of a vast variety of
systems. Their properties to a great extent predetermine the
physicochemical characteristics of the entire systems. In this
review the emphasis is placed on the physical properties of
aggregates. We will discuss the experimental methods of deter-
mining the structure of aggregates and the laws of aggregation,
which are based on these properties. Both widely used experimen-
tal methods and some promising original techniques for determi-
nation of the fractal dimension of aggregates are considered.

In the review we will show how the fractal parameters { of
surfaces and the properties of aerogels (systems comprised of
aggregates of the primary particles) can be determined. The
properties of aerogels thus implicitly reflect those of fractal
aggregates. Of great importance for both aerogels and fractal
surfaces are the capillary phenomena. On the one hand, they form
the basis for some methods of determination of the fractal
dimension of porous media. On the other hand, they affect the
evolution of the structure of aerogels, especially at high temper-
atures.

A large part of the review is concerned with the hydrodynamic
characteristics of fractal aggregates. Undoubtedly, these charac-
teristics are of great practical value, because they are responsible
for many properties of colloidal dispersions. A wide range of
conditions suitable for studying the hydrodynamic behaviour of
fractal aggregates is due to frequent occurrence of colloidal
dispersions.

Recently, considerable progress has been achieved in studies
of the optical properties of fractal aggregates. Researchers per-
ceived that it is the fractal structure of aggregates that strongly
affects the electromagnetic field distribution inside them. The
fractal structure causes localisation of the electromagnetic field
and a dramatic increase in its strength in some local domains. The
effects revealed are of interest for all researchers who study highly
dispersed metallic systems.

II. Experimental studies of the properties of fractal
aggregates

1. Methods of determination of the fractal dimension
The most widely used methods of determination of the fractal
dimension of aggregates include (i) sedimentation technique, (ii)
electron and optical microscopy and (iii) light, X-ray and neutron
scattering. The highest efficiency is provided by the third group of
methods, while both microscopy techniques are most easy in use.

The methods based on optical and electron microscopy
involve the determination of the dependence of the masses of
aggregates on their sizes or construction of the plot of the density
correlation function for an image of an aggregate.2 ± 6 They can be
used to study the aggregates whose fractal dimension (df) is at
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most two, because at df>2 the images of a large proportion of the
primary particles will overlap. Strictly speaking, some correc-
tions 7 for the overlap of the particle images should be included
even if one deals with fractal aggregates characterised by df<2.

Two main approaches are employed in the microscopy stud-
ies. One of them involves plotting the density correlation function
determined using the image of the aggregate vs. the distance from
the centre of the aggregate in the double logarithmic coordinates.
For fractal aggregates, the plot obtained must be linear. In this
case, the fractal dimension can be determined from the slope of the
plot using the known relationship for the density distribution
function, r(r), in the aggregate (see Ref. 1)

r(r)! r dfÿd, (1)

where r is the distance from the centre of the aggregate and d is the
space dimension.

Following the other approach, one should plot the depend-
ence of the number of particles contained in a square covering the
aggregate on the length of the square side (the so-called sand-box
technique). This method employs the dependence of the number,
N, of particles in an aggregate on the size, R, of the aggregate (see
Ref. 1)

N � k0

�
R

a

�df
, (2)

(k0 is the prefactor and a is the size of the primary particles),
because the square side acts as the size of the aggregate. For a
fractal aggregate, the experimental points fall on a straight line
plotted in the double logarithmic coordinates (logN ± logR) and
the slope gives the fractal dimension.

The main advantage of the microscopy techniques is the
possibility of determination of many fractal parameters, which
provide versatile characterisation of aggregates (e.g., a two-
dimensional image of a fractal aggregate can be characterised by
seven different fractal dimensions 8). At the same time, these
methods are applicable only to rather loose fractal aggregates
with df<2 (see above).

Yet another procedure for the determination of df of aggre-
gates is based on the estimation of the fractal dimension of their
sections. This is a usefulmethod of studying opaque composites. It
was substantiated by Miyazima and Stanley 9 who derived an
equation for the fractal dimension of the structure (dfs) formed
upon intersection of two fractal objects

dfs= df1+ df27d,

where df1 and df2 are the fractal dimensions of the overlapping
aggregates.

A section of a fractal object is obtained by intersecting a
fractal with a plane. Therefore, the fractal dimensions of a three-
dimensional object and its section are related by a simple relation-
ship

dfs= df71.

Practical evaluation showed 10 that the fractal dimension of flocs
determined using this technique coincided with that found from
the three-dimensional structure reconstructed using electron
microscopy.

In fact, similar considerations also form the basis for confocal
scanning laser microscopy, which recently has been used for the
determination of characteristics of fractal aggregates.11 This
method involves the determination of the particle distribution in
the focal plane of an optical microscope, which is then used to
determine the fractal dimension of aggregates. To obtain more
reliable results, the fractal object is scanned in different planes.

However, the most widely used methods are small-angle
X-ray 12 ± 15 and neutron 16 ± 18 scattering. The most popular tech-
nique is static light scattering,19 ± 24 which involves the determi-
nation of the fractal dimension from the dependence of the

scattered intensity on the scattering vector. In the case of dynamic
light scattering,3, 23, 25 ± 27 the fractal dimension is found from the
temporal dependence of the average size of the aggregate. Lin and
coo-workers 28 first showed that this is a power dependence with
the exponent 1/df .

A great body of experimental information on the determina-
tion of fractal dimensions has been accumulated to date. There-
fore, the fractal dimension measurements themselves are no
longer topical. Attention now focusses on the studies of the laws
of structural transformations experienced by those systems whose
evolution is accompanied by the growth of fractal aggregates in
some stage. These investigations aremainly based on the studies of
light scattering from aggregates.29 ± 33

If a system comprisesN particles of the same size, the scattered
intensity is given by

I(q)=N 2P(q)S(q), (3)

where q is the magnitude of the scattering vector and P(q) is the
form factor, which for spherical particles has the form

P�q� �
�
24

sin�q=2� ÿ �q=2� cos�q=2�
q3

�2
, (4)

where S(q) is the structure factor

S�q� � 1

N 2

XN
j� 1

XN
i� 1

exp�iq �ri ÿ rj��, (5)

where q is the scattering vector and ri and rj are the particle
coordinates. The structure factor can be expressed through the
density correlation function, C(r), of the aggregate

S�q� � 1

N

�
1� 4p

�?
0

C�r�r2 sin�qr�
qr

dr

�
. (6)

The normalising factor 1/N is introduced to provide S(q=0)=1.
From Eqn (6) it follows that the structure factor strongly

depends on the density distribution in the system under study.
Suppose that the pair correlation function of fractal aggregates in
the three-dimensional space is given by

C�r�! r dfÿ3h
�

r

Rg

�
and that the cutoff function has a Gaussian shape

h�x� � eÿx
2

,

where

x � r
����
df

p
2Rg

,

Rg is the radius of gyration of the aggregate. Then, the structure
factor can be calculated using an exact analytical expression

S�q� � eÿ�qRg�2=dfF1

�
3ÿ df
2

;
3

2
;
�qRg�2

df

�
, (7)

where F1 is the hypergeometric function.
The shape of the cutoff function has a rather strong effect on

the structure factor. Using the exponential cutoff function

h�x� � eÿk1x; x � r

Rg

,

one gets

S�qRg� �
�
1� q2R2

g

k21

��1ÿdf�=2 sin��df ÿ 1�arctg�qRg=k1��
�df ÿ 1��qRg=k1�

. (8)
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The set of cutoff functions also includes the functions
employed in the model of overlapping spheres, where

h�x� � 1ÿ 3

4
k2x�

k32
16

x3 at x <
2

k2

and

h�x� � 0 at x >
2

k2
,

and the stretched exponent

h�x� � eÿk3x
k4
.

Using these cutoff functions makes the expressions for the
structure factor of a fractal aggregate more cumbersome.

Experimental studies of the effect of finite aggregate size on
the small-angle light scattering intensity were reported.34, 35 The
possibility of reconstructing the cutoff function from the structure
factor S(q) was pointed out,36, 37 which can also be done for
polydisperse aggregates provided that the structure factor is
measured for a broader interval of q values.

Fractal aggregates of complex structure and the correspond-
ing structure factors were studied by Zhu and White 38 assuming
an oscillating radial density distribution in the aggregate. Using
such an exotic density distribution, it was found that the model
correctly reproduces the experimental scattering pattern obtained
for aggregates in a polydimethylsiloxane/paraffin liquid mixture.

Expressions (7) and (8) describe individual aggregates. Col-
loidal dispersions are always characterised by some aggregate size
distribution, or particle number (s) distribution. This complicates
the expressions for the structure factor 35 and, hence, comparison
of the theoretical and experimental dependences. In particular,
calculations 39 of various parameters, which can be determined in
the static light scattering experiments, were carried out with the
following aggregate size distribution

Ns � sÿt exp
�
ÿ
�

s

hsi
�bs�

,

where t and bs are numerical parameters and hsi is the average
number of particles, and with the stretched exponential cutoff
function. The expressions derived are too cumbersome and there-
fore not presented here.

Usually, static light scattering experiments involve intensity
measurements in some range of scattering angles, a55 qÿ155Rg,
corresponding to the so-called small-angle scattering rather than
in the whole available interval of scattering angles. In this case, the
scattered intensity is given by

I(q)! (qRg)
ÿdf . (9)

This relationship permits both the fractal dimension and the
radius of gyration of aggregates to be determined.

In dynamic or quasi-elastic light scattering experiments infor-
mation on the size of an object is obtained by analysing the
relaxation times of translational, rotational and `configuration'
diffusion. The theory of dynamic light scattering has been well
developed.40 This method involves measurements of the correla-
tion function of scattered light

g�2��t� � hI�0�I�t�ihI�0�i2 , (10)

i.e., the time-averaged product of the scattered intensities meas-
ured at instants separated by an interval t.

The second-order correlation function (10) is related to the
first-order correlation function g(1)(t) as follows

g�2��t� � 1� G
���g�1��t����2, (11)

where G is some function determined by the experimental con-
ditions. The dynamical structure factor for dilute dispersion of
particles of the same size is given by

S�q; t� � S�q�g�1��t� � S�q�
�
ÿDq2t

�
, (12)

where S(q) is the static structure factor and D is the particle
diffusion coefficient. In the Stokes approximation the diffusion
coefficient has the form

D � kT

6pZRh

,

where Z is the viscosity of the medium andRh is the hydrodynamic
radius of the particle.

Dependence (12) has a clear physical interpretation, namely,
the relaxation time 1/(q2D) is the time taken for a spherical particle
to travel the distance 1/q. In the case of non-spherical (e.g., rod-
like) objects rotation can affect the scattered intensity at qR44 1.
This also holds for flexible objects (e.g., polymer chains) where
conformational relaxation can contribute to the dynamical struc-
ture factor at qR44 1. For most colloidal objects (in the absence
of depolarising scattering) only translational motion contributes
to the dynamical structure factor at qR55 1. Usually, the exper-
imental data allow the initial rate of change in the correlation
function or the first cumulant to be found

G1 � ÿ
d lnS�q; t�

dt

����
t? 0

� q2D. (13)

Monodispersed systems are rare in occurrence; therefore, the
contribution of polydispersity to the system's dynamics should be
included. Experiments with polydisperse systems permit the
averaged dynamical structure factor to be determined

S�q; t� �
X?
s� 1

s2NsSs�q; t�, (14)

In this case, the averaged first cumulant is given by

G1

q2
�
" X?

s� 1

Dss
2NsSs�q�

#," X?
s� 1

s2NsSs�q�
#

(15)

(it will be recalled that the subscript s denotes the corresponding
characteristics of the aggregates composed of s particles).

Thus, the measured diffusion coefficient values are averaged
over s2Ns . This complicates processing of experimental data.
A more detailed consideration of the problem can be found in,
e.g., a review.26

Improved dynamic light scattering methods were developed.
Recently,41 it was shown that the so-called time-resolved dynamic
light scattering technique allows not only the gel point of the
dispersion to be determined but also the critical behaviour of the
system during the sol ± gel transition to be studied and the
mechanism of gel formation and the architecture of gel-forming
clusters to be predicted. The scattering spectrum exhibits some
characteristic features suitable for identification of the sol ± gel
transition and obtaining information on the system under study.

In conclusion of this chapter, mention may be made that both
static and dynamic light scattering techniques employed in studies
of fractal aggregates can be significantly improved. This can be
achieved by comparing the results of model light scattering
calculations with the experimental data. For this reason, numer-
ical simulation of aggregation of colloidal particles is carried out
simultaneously with calculations of light scattering by the growing
aggregates. Recently,42 the temporal evolution of the intensity of
small-angle light scattering by the system of aggregating colloidal
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particles was numerically simulated. Both irreversible and rever-
sible coagulation of primary particles and aggregates were con-
sidered. The probability for the diffusing particles and aggregates
to coagulate by collisions was varied over a wide range. It was
shown that irreversible aggregation can lead to growth of clusters
with the fractal dimension varied from 1.78 (diffusion-limited
cluster ± cluster aggregation, or DLA) to 2.1 (reaction-limited
cluster ± cluster aggregation, or RLA). At qRg 44 1, the scattered
intensity depends on the scattering vector as follows

I�q�! qÿdf .

The plot I(q) exhibits a peak which becomes higher as the
particle coagulation probability decreases. This points to densifi-
cation of the particles. In the case of reversible aggregation, the
peak appeared in early stages is shifted towards small q values as
the time passes. This is accompanied by an increase in the
scattered intensity and in the fractal dimension of the aggregates
present in the system. Finally, the peak disappears. The theoretical
relationships derived in Ref. 42 correctly reproduce the exper-
imental data obtained for aggregates of polystyrene latex particles
reported by Giglio et al.43, 44 It was pointed out that phenomeno-
logical dependences of the type 45

S�q� � S�0�
�
1� 2

3df
R2

gq
2

�ÿdf=2
, (16)

which have no extrema, were obtained for the conditions charac-
terised by the significant role of thermally induced restructuring of
clusters.

2. Experimental studies of the growth of fractal aggregates
Aggregation processes are studied to solve various problems. We
will consider some most important avenues of research into the
kinetics of particle aggregation accompanied by growth of fractal
objects.

One investigation line is to obtain complete information on
the coagulating system and to compare the experimental data with
the predictions made using the Smoluchowski kinetic equation.
Research in this field has long been carried out. A typical example
is provided by the study 46 concerned with the growth dynamics of
fractal aggregates composed of 10-nm gold particles. Aggregation
occurred upon adding hydrochloric acid to a hydrosol. The rate of
particle coagulationwas controlled by varying the amount of acid.
The temporal dependence of the aggregate size was determined
using dynamic light scattering. The fractal dimension of aggre-
gates, df , was estimated at 1.9 rather than exactly determined. The
aggregate size was found to be time dependent as follows

R! tz=df ,

where z=1/(17m) and m is the homogeneity parameter of the
coagulation kernel. At high acid concentrations, m was equal to
70.6. As the concentration of the acid added decreased, the m
value gradually increased to 1. It was pointed out that the limiting
value of the parameter m obtained at high acid concentrations
differs from zero (m=0 corresponds to the DLA regime).
A tendency of m to unity at low acid concentrations corresponds
to the RLA regime characterised by exponential increase in the
aggregate size. Hence, the study 46 demonstrated that the exper-
imental kinetics of particle aggregation is in agreement with the
predictions of the Smoluchowski theory.

`Workability' of the Smoluchowski equationwas confirmed in
a number of light scattering studies, in particular, in the experi-
ments on aggregation of 3-nm silica nanoparticles in aqueous
solutions at different pH values and temperature (df varied from
1.75 to 2.01) 47 and polystyrene latex particles of size 60 and
140 nm dispersed in aqueous solutions in a wide range of changes
in the salt concentration in the solution.48 Both studies revealed

good agreement between the theoretical and experimental tempo-
ral dependences of the aggregate sizes.

Yet another research avenue is to study colloidal dispersions
of more complex composition and the kinetics of aggregation
accompanied by growth of fractal aggregates under conditions
that differ from both DLA and RLA regimes. This can be
illustrated taking the results of studies 49 ± 52 as examples. For
instance, easily restructurable aggregates characterised by low
fractal dimension were grown in the experimental studies on
coagulation of oppositely charged particles of different size and
shape.49, 50 Deviations from the DLA and RLA laws were
found 51, 52 in those experiments where particles coagulated upon
adding non-indifferent electrolytes capable of changing the sur-
face charge of the particles. These deviations were ascribed 52 to
the short-range repulsive forces that operate in such systems (see
Refs 53 ± 55).

The growth dynamics and the fractal dimension of aggregates
also depend on the presence of stabilisers (surfactants or poly-
mers) on the particle surfaces. Surfactant modifiers can serve not
only as regulators of the rate of coagulation but also initiators of
the process. For such systems the laws of aggregation can be
significantly different.56 ± 58 Nevertheless, it should be noted that
modification of the particle surface not necessarily affects the
fractal dimension of aggregates.59

Quite unexpected results were obtained 60 in studies of aggre-
gation of polystyrene latex particles stabilised by poly(N-isopro-
pyl)acrylamide. The rate of particle aggregation was controlled by
varying the temperature of the system and by adding salt. It was
found that the fractal dimension of aggregates increases from 1.8
to 2.7 with increasing the salt concentration and, hence, the rate of
coagulation. This change could not be obtained by combining the
DLA and RLA regimes. What is more, the experimentally
determined laws of changes in the fractal dimension could not be
explained by the restructuring of aggregates (DLA-grown aggre-
gates were characterised by a fractal dimension of 1.7 before and
of 2.1 after restructuring).

To establish the mechanism of such an unusual aggregation
process, the laws of the growth of fractal aggregates of polystyrene
latex particles stabilised by sodium dodecylsulfate were studied
comprehensively.61 The experiments involved variation of the
particle sizes and the degree of coverage by the surfactant layer.
Coagulation of particles was initiated by adding salt. The fractal
dimension of aggregates and the temporal dependence of the mass
of aggregates were determined using static and dynamic light
scattering, respectively. It was established that salt additives affect
both the mechanism of aggregation and the structure of aggre-
gates, whereas the adsorption layer of the surfactant affects only
the structure of aggregates (more exactly, it mainly affects
restructuring of aggregates after completion of aggregation proc-
ess). Changes in the kinetics of particle aggregation and in the
fractal dimension of aggregates were compared with the changes
in the potential of interparticle interaction determined in the
Derjaguin ±Landau ±Verwey ±Overbeek approximation with
inclusion of the adsorption layer of surfactant. It was found that
the unusual mechanism of the formation of the fractal structure is
governed by a rather complex procedure of particle aggregation.
Namely, the primary act of aggregation corresponds to the case
where particles come within a distance which is nearly equal to
twice the thickness of the adsorption layer. This allows particles to
retain lateral mobility, which is responsible for restructuring of
aggregates. Only after some time do the particles begin to contact
one another, thus losing mobility in the aggregate.

Apparently, the unexpected results obtained in Ref. 60 can be
explained by the fact that the authors of this study assumed a
linear dependence of the mass of aggregates on time. However, it
was found that this not necessarily holds in the case of the complex
mechanism of aggregation. In particular, power dependences of
the mass of aggregates on time with different exponents were
obtained 61 and some deviations from them at certain salt concen-
tration values were pointed out.
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Aggregation of 50-nm hematite particles in the presence of
adsorbing polymer (polyacrylic acid) was studied.62 The fractal
dimension of aggregates was determined using static light scatter-
ing with different cutoff functions. The polymers used had differ-
ent molecular masses (1.366106 and 3.696104). Three regimes of
particle aggregation, viz., pre-DLA, DLA and post-DLA were
practically implemented. The fractal dimension determined with
the exponential cutoff function was 0.1 to 0.2 larger than that
found using the Gaussian cutoff function. The fractal dimensions
were independent of the molecular mass of the polymer. The
fractal dimension of the DLA grown aggregates was 1.84 with the
exponential cutoff function or 1.73 with the Gaussian cutoff
function. At low polymer content, no DLA regime was attained
and the aggregation was reaction limited (growth of more com-
pact aggregates with a fractal dimension of 2.0). Aggregation in
the post-DLA regime (excess of polymer) was slow, but the
structure of aggregates (df=1.8) was similar to the structure
formed in the DLA regime.

The studies carried out before Zhang's communication 62 were
concerned only with aggregation of polymer-stabilised particles
initiated by salt additives 60, 63 or with flocculation using a polymer
whose radius of gyration was much smaller than the hydro-
dynamic radius of the colloidal particles.64 The fractal dimension
greater than 3 [the exponent in the expression for S(q) changed
from 2.83 to 3.42] was obtained at a low content of the polymer
(fulvinic acids).63 At a large content of fulvinic acids, the fractal
dimension varied from 2.03 to 2.27. Growth of looser structures
was explained by the formation of polymer links despite the low
molecular mass of the polymer (*1000).

Zhang and co-workers 62 also studied 65, 66 aggregation of
hematite particles initiated by adding polyacrylic acid using
dynamic light scattering. It was found that aggregation occurs
due to neutralisation of the charge on the surface of particles by
the adsorbing macromolecules. The fractal dimension of aggre-
gates (1.88) was independent of the molecular mass of the
polymer.

3. Restructuring aggregates
In most systems the growth of fractal objects is almost without
exception accompanied by their restructuring in different stages of
aggregation.Usually, experiments are designed to allow for and to
carry out a separate study of this process. Theoretical studies on
restructuring of aggregates began immediately after performing
the first numerical experiments on the growth of fractal aggre-
gates. Initially, densification was treated formally, i.e., assuming
that particles and aggregates are free to rotate, be bent, twisted,
etc.; more recent studies were carried out with inclusion of the
relative motion of particles in aggregates.67 ± 69

Martin et al.26 investigated the kinetics of aggregation of silica
particles of radius 11 nm dispersed in aqueous solutions and
reported a spontaneous increase in the fractal dimension of
aggregates. In these experiments, particle coagulation was initi-
ated by adding a salt. The temporal dependences of the radius and
fractal dimension of aggregates were determined using dynamic
light scattering. A power-law increase in themean radiuswith time
at different initial concentrations of particles and different regimes
of coagulation was found, which corresponded to conventional
kinetics of particle aggregation. The fractal dimension changed
from 1.73 for fast (diffusion-limited) to 2.05 for slow (reaction-
limited) aggregation. At the same time, it was pointed out that the
fractal dimension of the system under study is determined not only
by the regime of aggregation but also by some other parameters
(e.g., concentration and the chemical nature of the salt added).
Long-term observations revealed a dramatic change in the fractal
dimension of certain aggregates due to restructuring. An analo-
gous restructuring of aggregates also occurred when the disper-
sion was in a shear flow.

Similar results were obtained in the experiment 70 with silica
particles of size 5 and 9.4 nm (aggregation was also initiated by
adding a salt). The kinetics of particle aggregation in theDLA and

RLA regimes corresponded to that predicted by the Smoluchow-
ski equation with the relevant coagulation kernels. However, the
fractal dimension of the DLA-grown aggregates increased to a
value of 1.8 after passage of a long time. The change in the fractal
dimension was also associated with restructuring of aggregates.

Restructuring of aggregates was also observed in studies of
polymer-initiated aggregation 71, 72 (a polymer was added to the
solution) and various aerosol systems.73, 74

4. Anisotropic aggregates
Most fractal aggregates are anisotropic.75, 76 This opens up new
prospects for studies of their structure and the kinetics of growth.

To characterise anisotropic aggregates, it is possible to intro-
duce two fractal dimensions and the self-affinity exponent. To
determine these parameters, one should obtain aggregates with
pronounced anisotropy. A good example is provided by aggre-
gates of soot particles and some other highly dispersed aerosols.
Here, the prefactor and the fractal dimension can be determined
with ease;77 however, the prefactors obtained much exceeded
those found for a conventional RLA model. To eliminate this
problem, an extended characterisation of aggregates of soot
particles was carried out.78 The particles were found to be self-
affine rather than self-similar objects. Fitting the experimental
data for the entire population of aggregates gave conventional
values of the fractal dimension (df=1.7) and the self-affinity
exponent 1 (A=0.91).

In the case of anisotropic particles the static and dynamical
structure factors can be expressed as multipole expansions 75

S�q� �
X
l

Sl�q�, (17)

S�q; t� �
X
l

Sl�q� exp
h
ÿDq2tÿ l�l� 1�Yt

i
,

where

Sl�q� �
Xl
m�ÿl

����XN
i� 1

Jl�q ri�Ylm�Oi�
����2 (18)

and Jl (q ri) is the lth order Bessel spherical function, Ylm is the
lmth order spherical harmonic,Oi is the orientation of the vector ri
determining position of the ith particle with respect to the centre of
mass of the aggregate; andY is the rotational diffusion coefficient
given by

Y � kT

8pZR3
h

.

The scaling behaviour of terms of themultipole expansion (17)
for the aggregates grown in the diffusion-limited and reaction-
limited cluster ± cluster aggregation regimes and in the diffusion-
limited particle ± cluster aggregation regime was studied in detail
by Meakin et al.75 For cluster ± cluster aggregation, they found
that the fractal dimension describes the q-dependence of not only
the total structure factor but also the terms of the multipole
expansion. By contrast, clusters formed by particle ± cluster
aggregation did not exhibit the same degree of scale invariance.

Relationship (15) for anisotropic aggregates is valid only in
the small-q limit (q? 0). However, the scaling behaviour of the
second cumulant for anisotropic aggregates changes at q? 0. It is
an easy matter to find that the following relation holds for
anisotropic aggregates at q? 0

G2

G2
1

� Q

�
Y
D

�2
, (19)

where Q is a constant; for spherically symmetric aggregates this
ratio equals zero.

The characteristics of fractal disperse systems 917



The optical method 79, 80 of investigation of fractal aggregates
is based on their natural anisotropy. The essence of the technique
is as follows. The scattered intensity ismeasured after switching on
and off a constant electric field. Switching on the field causes the
fractal aggregates to be oriented in space, thus changing the
scattered intensity. Switching off the field is followed by disorder-
ing of aggregates and the scattered intensity changes again. By
analysing the dynamics of changes in the scattered intensity and
by comparing the steady-state scattered intensities in the presence
and in the absence of external field it is possible to determine the
diffusion coefficients of aggregates. Using a number of dispersion
samples prepared by successive removal (by, e.g., centrifugation)
of aggregates of different sizes, it is possible to determine their
fractal dimension. Experiments with silica particles gave a fractal
dimension of 2.5.80 Analysis of experimental data also revealed a
linear dependence of the induced dipole moment of aggregates on
their size.

Theoretical analysis 81 ± 83 of the laws of relaxation of orienta-
tional optical effects showed that the anisotropic structure of
aggregates can make itself evident in the orientational turbidi-
metric effect, which is measured in unpolarized laser beam. The
effect manifests itself as a difference between the optical densities
of colloidal dispersions in which fractal aggregates are disordered
and oriented by the external field. This effect is due to the
dependence of the total extinction cross-section of anisotropic
aggregates on their orientation. The theory of orientational
turbidimetric effect was generalised 84 by inclusion of the inter-
action between dipoles in the fractal aggregate. The magnitude of
the effect was calculated for fractal clusters of different size grown
under specific conditions and then evaluated experimentally.
Theoretical predictions (in particular, scale invariance of the
structure of aggregates and turbidimetric effect) were confirmed
by the experiments with 40-nm silica particles. Namely, the
dependences of the magnitude of the effect on the aggregate size
and on the emission wavelength specifically normalised fell on the
same curve.

Yet another method 85 of studying the laws of growth of
anisotropic aggregates involves the determination of the kinetics
of development and relaxation of birefringence, which is observed
in dispersions of fractal aggregates upon application of external
electric field. The technique was evaluated taking dispersions of
9.5 nm polystyrene latex particles as examples (particle aggrega-
tion was initiated by adding a salt). The fractal dimension of
aggregates and the growth rates were in agreement with the
corresponding values found for these systems by dynamic light
scattering.

5. Aggregation in transient regime
Particle aggregation is carried out in a particular regime. Diffu-
sion-limited cluster ± cluster aggregation causes clusters with a
fractal dimension of 1.8 to grow; the fractal dimension of theRLA
grown clusters can be as large as 2.1. Not only the fractal
dimensions but also the functions f (x) determining the cluster
size distribution are different. In the case of diffusion-limited
cluster ± cluster aggregation one has

Ns�t�2 ! sÿ2f
�

s

hsi�t�
�
,

and the function f (x) has the form

f�x�& eÿx.

The mean aggregate size varies with time as follows

hsi�t�! t.

In the case of reaction-limited cluster ± cluster aggregation one has

f�x�& xÿ1:5eÿx

and hsi exponentially increases with time. Usually, the results of
theoretical studies of DLA are in good agreement with the
experimental data and with the results of numerical simulation.
As to RLA studies, agreement is observed only in the initial stages
of the process. Deviations from the RLA regime were established
in both model 33 and numerical 86, 87 experiments. Namely, the
fractal dimension varied with time and the exponential growth of
the aggregate size was changed by a power-law process.

Systematic studies of the transition region between diffusion-
and reaction-limited cluster ± cluster aggregation were carried
out.88 ± 92 Aggregation of polystyrene latex 88 ± 91 and silica 92

particles was initiated by adding a salt. The salt concentration
was chosen to deliberately perform experiments in the transient
regime of aggregation. Dynamic and static light scattering studies
reliably established that the transition does occur. Experimental
data were confirmed by the results of calculations using the
Smoluchowski coagulation equation with a time-dependent coag-
ulation kernel (kernel parameters were chosen based on informa-
tion on the interaction between latex particles in electrolyte
solutions). The possibility of solving the inverse problem, namely,
determination of parameters of the interaction between latex
particles from the kinetics of coagulation (more rigorously, from
the point of transition from one regime of aggregation to another)
was also shown.

Experiments showed 90 that the aggregate size increases line-
arly with time and that the so-called stability factor, wc, is related
to the fractal dimension

df=1.45+0.857lnwc . (20)

This dependence is valid if the stability factor varies within an
order of magnitude.

Differences between the I(q) dependences obtained for the
DLA and RLA regimes were reported.91 Experiments on diffu-
sion-limited cluster ± cluster coagulation of polystyrene latex
particles revealed that the I(q) dependence passes through a
maximum at a finite q value. As the process developed, the peak
shifted towards small q, which corresponded to spinodal decom-
position. Similarly to the results reported earlier for other sys-
tems,43, 93 no peak was observed for the I(q) dependence when the
process was performed in the RLA regime. Transient aggregation
studies revealed a gradual transition from the RLA to the DLA
regime. The change in the regime of aggregationwas accompanied
by some delay in the appearance of the I(q) peak; development of
the coagulation process led to disappearance of the peak.

Studies of various systems using calculations with the Smo-
luchowski equation for transient regime of aggregation allowed
one to choose the coagulation kernels, which best described the
experimental kinetics of particle aggregation.89, 94 ± 97

6. Anisotropic particles
Most theoretical and experimental studies are carried out using
spherical particles. Aggregation of anisotropic particles also
causes the formation of fractal structures.98, 99 This process was
studied 100 in detail by experimenting with iron(III) particles
20 ± 30 nm long and 2 ± 3 nm in diameter, which were electrostati-
cally stabilised in the aqueous dispersion. Coagulation of particles
was initiated by adding an electrolyte. The characteristics of
aggregates were determined using dynamic light scattering, trans-
mission electron microscopy and small-angle X-ray scattering.
Experiments revealed the formation of fractal aggregates with
df=1.95. The temporal dependence of the aggregate size exhib-
ited two linear portions; the growth rate changed after the
aggregate size became as large as nearly 300 nm. A tendency to
parallel orientation of particles in the aggregate was pointed out.
Because of this, aggregates contain rather dense regions, the extent
of densification being strongly affected by the rate of coagulation.
It is the dense regions that serve as building blocks for the fractal
structure of the whole aggregate.

The first theoretical study of diffusion-limited aggregation of
anisotropic particles was reported by Meakin et al.101 who
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analysed fast and slow rotation of particles in a two-dimensional
system with substantially different coagulation probabilities for
two different particle orientations. The structure of the growing
aggregates was shown to be strongly dependent on the particle
rotation rate. Namely, slow rotation of particles with a prescribed
orientation causes needle-shaped aggregates to grow, whereas fast
rotation or aggregation of disordered particles leads to branched
aggregates.

The aggregation of rod-like and fibrous particles and corre-
sponding gel formation was studied.102 Simple estimates gave
expressions for the concentration of the disperse phase at the gel
point, the coordinates of the maximum of the structure factor of
the dispersion and for the gel density. The relationships obtained
differed from the corresponding expressions for spherical particles
only in that the cubic root of the particle volume was used instead
of the particle radius. Experimental data on the volume fractions
of the disperse phase were reported, which corresponded to
transition of dispersions of iron(III) hydroxide, clay, rod-like
particles imogolite (aluminosilicate fibres), boehmite and silica
particles to the gel state. It was found that gel formation occurs at
the volume fractions of the disperse phase that are nearly an order
(sometimes, two orders) of magnitude smaller than those corre-
sponding to random packing of rods. The fractal dimension of
aggregates of rod-like particles depended on their nature and
varied from 1.95 for hematite aggregates to 2.35 for boehmite
ones.

The depolarised dynamic light scattering technique appeared
to be convenient for studies of aggregation of optically anisotropic
particles. For systems composed of such particles the depolarised
component in the scattered light is independent of the extent of
their aggregation. Besides, it was shown 103, 104 that at sufficiently
small q values the decay of the correlation function of photons is
governed solely by the rotational diffusion coefficient. Experi-
ments on the aggregation of crystals of a (tetrafluoroethylene-co-
hexafluoropropene) copolymer showed that the correlation func-
tion has the form of a stretched exponent

gd�t� � exp

�
ÿ
�

t

td

�bd �
,

where td is some characteristic time and the parameter bd is related
to the fractal dimension as follows

bd �
df

3� df
.

Crystals of the above-mentioned polymer (size 40 nm) were
characterised by a fractal dimension of 2, which was in good
agreement with the prediction based on the RLA model.

7. Polydispersed colloids
The effect of particle polydispersity on the structure of fractal
aggregates was experimentally studied 105 taking mixtures of
virtually monodispersed hematite particles of size 70 and 216 nm
as examples. Mixing of two stable dispersions of particles of the
same size was followed by their coagulation induced by addition
of salt. At the same time, experiments on coagulation of mono-
dispersed particles were carried out. The fractal dimension was
determined using three methods based on static light scattering,
namely, relationship (9) for the q dependence of the scattered
intensity, the Guinier equation for very small scattering angles

I�q� � I�0�
�
1ÿ 1

3
�qRg�2

�
. (21)

and correlation of the average mass and the radius of gyration of
aggregate at a given scattered intensity I(0). The fractal dimen-
sions obtained were very close (about 1.75) irrespective of whether
the system was monodispersed or bidispersed.

Fractal structures are also formed in atmospheric aerosols,
which can thus be treated as polydisperse colloidal systems.
Atmospheric aerosols and their laboratory-born analogues were
studied using various methods.106 Interpretation of experimental
data was complicated by the fact that atmospheric aerosols can
undergo essential restructuring owing to absorption of atmos-
pheric water. It was found that the fractal dimension of atmos-
pheric aggregates can vary from 1.5 to 3; the structure factor
(prefactor) of fractal aggregates also varied over a wide range. In
some cases the fractal dimension increased as the number of
particles in aggregates increased. Apparently, this was due to
restructuring of aggregates.

8. Search for new systems and methods
Most recently reported experimental studies on fractal aggregates
were devoted to searching for new systems suitable for aggrega-
tion. For instance, a light scattering study 107 showed that por-
phyrin molecules form fractal aggregates in aqueous solutions in
the DLA regime. The fractal dimension of aggregates of humic
acid particles is typical of RLA regime.108 Aggregation of copper
oxide particles initiated by addition of an exotic biopolymer
produced by microorganisms was also investigated.64 The results
of studies on the effect of ferrocene additives on the density and
fractal dimension of soot aggregates formed during combustion of
methane in a laminar diffusion flame were reported.109 Aggrega-
tion of fullerenes C60 and C70 in a mixed toluene ± acetonitrile
solution was studied.110 The aggregate sizes were determined
using static and dynamic light scattering. The aggregation process
was found to occur reversibly. Sedimentation of aggregates began
after they grew to nearly 300 nm. The hydrodynamic radius and
the radius of gyration of aggregates were determined. The fractal
dimension was 2.1 for C70 and 2.9 for C60 clusters.

Growth of fractal aggregates from vesicles bound by a special
agent (streptavidine) was studied.111 A feature of the aggregation
process was the use of a small amount of binder to provide finite
sizes of the growing aggregates; the growth of aggregates ceased
after consumption of the whole amount of binder introduced into
the system. Static light scattering measurements of aggregates of
different sizes gave the same value of the fractal dimension (2.9).

A somewhat different vesicular structure was also
observed:112 vesicles 30 ± 50 nm in diameter were formed from
variously functionalised fullerene molecules. Aggregation of such
vesicles led to formation of a foam-like structure with cavities of
different size. Light scattering and transmission electron micro-
scopy data showed that the growing structure was self-similar with
a fractal dimension of 1.4.

A number of studies concerned the laws of the growth of
fractal aggregates from particles immediately after formation of
the latter in various physicochemical processes. Formation of
fractal structures immediately after nucleation of hydrous ferric
oxide from 10-nm particles was studied.113 It was established that
the fractal dimension of aggregates of hydrous ferric oxide
particles increases from 1.5 to 2 as time passes. A static light
scattering study of aggregation of AgI particles formed by mixing
of aqueous solutions of AgNO3 and KI was reported.114 Depend-
ing on the salt concentration ratio (the higher the fraction of
AgNO3 , the greater the df value), aggregates with fractal dimen-
sions varied from 1.61 to 2.88 grew in solution. A rather smooth
dependence of the fractal dimension on the salt concentration
ratio was established. Apparently, changes in the component
concentrations in the system under study were followed by
changes in the particle aggregation regime from DLA to RLA.
Restructuring of aggregates cannot also be ruled out. Growth of
fractal aggregates from silver nanoparticles formed in g-irradiated
aqueous solutions was studied.115 Fractal aggregates of size 20
and 100 nmwere obtained. Depending on the reaction conditions,
the fractal dimension of aggregates changes from 1.7 to 1.8.

Surface-enhanced Raman scattering was proposed as a tool
for studying the kinetics of aggregation of colloidal particles.116

Experiments were carried out with pyridine molecules adsorbed
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on the silver bromide surface. Temporal dependences of the
Raman scattering intensity were determined for different regimes
of particle aggregation. According to the model proposed, the
intensity decreases with time obeying a power law

IR ! t �dfÿ3�=df (22)

The exponent depends on the mechanism of particle aggregation.
Fitting the experimental data gave a fractal dimension of 1.81 and
2.16 for colloidal dispersions aggregated in the DLA and RLA
regime, respectively.

III. Hydrodynamics of fractal aggregates and their
dispersions

1. The hydrodynamic radius of a fractal aggregate
The hydrodynamic properties of fractal aggregates were
studied.117 ± 120 Using numerical simulation and experimental
studies, it was established 118, 121 ± 123 that the hydrodynamic
radius and the radius of gyration of an aggregate are related by a
simple relation

Rh= bhRg . (23)

For three-dimensional spherical aggregates, the parameter bh can
be expressed through the fractal dimension 121

bh �
�
2�2� df��df ÿ 1�2

d 3
f

�1=2
. (24)

For aggregates with df=2.1, one gets bh=1.04. Other
models (see , e.g., Ref. 124) included the dependence of bh on the
number of particles in the aggregate. However, this had little effect
on the absolute values of bh .

Some other values of the parameter bh were also obtained. For
instance, Wiltzius 123 reported bh values of 1.03 and 0.62 found
from calculations based on the Kirkwood ±Riseman model (see
Ref. 125) for rather large aggregates using a step and an expo-
nential cutoff function, respectively. This indicates a high `sensi-
tivity' of the hydrodynamic radius to the structure of the aggregate
perimeter. The experimental hydrodynamic radius of the RLA-
grown fractal aggregates of 3.5-nm silica particles was found to be
0.72, thus lying between the limiting values predicted by theory.
These results were considered 122 underestimated because of
ignoring possible polydispersity of aggregates in processing exper-
imental data. The bh value determined with inclusion of poly-
dispersity varies in the range 0.82 ± 0.98 depending on the type of
the cutoff function.122 Numerical simulation 121 (off-lattice RLA
model) gave a bh value of 0.97, which remained virtually constant
as the aggregate size changed,121 whereas calculations 124 in the
framework of Brinkman's model assuming a uniform permeabil-
ity of aggregates gave bh=1.23. Rogak and Flagan 119 solved the
hydrodynamic problem using the scatteringmethod with different
models of self-similar aggregates and obtained bh& 1. This
approach is applicable only to clusters composed of a small
number of particles. The expression relating bh to the number of
particles in the aggregate was extrapolated to the case for large
aggregates using a special procedure based on replacement of a
group of particles in large aggregates by one spherical particle.
Numerical calculations 120 in the framework of Brinkman's model
assuming a radially varying aggregate porosity allowed the
dependence of the parameter bh on the fractal dimension and
aggregate size to be determined. The bh values obtained were in
agreement with the results of calculations carried out using other
models and with the experimental data.

Based on dimension considerations,126 a simple relation
between the radius of gyration and the hydrodynamic radius of
aggregate was established

bh � k
1=df
0

�������������
2� df
df

s
.

The bh values calculated using this equation correspond to the
results obtained earlier. The dependence of the viscosity of
dispersions containing fractal aggregates on the volume fraction
of primary particles was also calculated. Viscosity calculations
were performed using various models developed to determine the
hydrodynamic permeability of porous media.

The hydrodynamic characteristics of a fractal aggregate were
calculated numerically 127 and analytically 128 using the Brinkman
model for the flow of a fluid inside the aggregate. It was shown 127

that if the fractal dimension of the aggregate is greater than two,
structural inhomogeneity has no effect on the hydrodynamic
characteristics and the aggregate can be treated as a particle
characterised by uniform porosity.

Filippov 129 calculated the hydrodynamic radius of a fractal
aggregate using the multipole expansion of the solution of the
Stokes hydrodynamic equations. The expansion coefficients were
found by numerically solving the corresponding system of alge-
braic equations. Calculations were carried out with inclusion of
viscous fluid slip on the surface of spherical particles constituting
the fractal aggregate. The calculated Rh values coincided with the
radius of gyration of the aggregate to an accuracy of 5% to 10%
for a wide range of change in the number of particles. As should be
expected, taking into account the slip effect led to a decrease inRh .
The same approach was also employed for calculating the
thermophoresis and electrophoresis velocities of fractal aggre-
gates.130 They decrease on increasing the number of particles in
the aggregate, being for rather large aggregates nearly 10% lower
than the corresponding velocities of a single spherical particle.

The problem of heat transfer between a fractal aggregate and
its environment is related to the hydrodynamic problem.131

Calculations were carried out for free-molecular and continuum
heat transfer regimes. It was shown that using the radius of
gyration as the equivalent radius can introduce large errors,
especially for aggregates characterised by small fractal dimension
and in the case of free-molecular heat transfer.

The results of calculations of the hydrodynamic drag of fractal
aggregates using different equations were compared 132 with the
experimental data on the settling velocities of aggregates of
different size. The results obtained using the models with radially
varying hydrodynamic permeability of aggregates were in agree-
ment with the experimental data.

For aggregates in a gas, the hydrodynamic radius is deter-
mined by the Knudsen number

Kn =
l

d 0
,

where l is the mean free path of molecules and d 0 is the diameter of
the primary particles.

Numerical calculations 133 showed that the collision frequency
of gas molecules with a small DLA-grown aggregate is virtually
independent of the Knudsen number. An increase in the aggregate
size causes the effective diameter of collisions to increase in
proportion to N 0.417 and N 0.446 (N is the number of particles in
the aggregate) at Kn=2 and Kn=200, respectively.

Collisions of a point particle with fractal aggregates were
studied in more detail 134 taking the DLA-, RLA- and ballistic-
grown aggregates as examples (restructuring of aggregates was
also considered). Scattering of a point particle by the monomer
surface was described by the laws of elastic and diffuse scattering
and by a cosine curve. Simulation showed that at df<2, the
collision cross-section, s, is proportional to the number of
particles in the aggregate, N. At df>2, the following relation is
valid

s!N 2=df .

The number of collisions of a point particle with the aggregate
is independent of the aggregate size at df<2 and increases in
proportion to N 1ÿ2=df at df>2. The momentum and the angular

920 V I Roldughin



momentum transferred from the point particle to the aggregate by
collision were also calculated. It was shown that the drag in a
rarefied gas is proportional to N at df<2 and to N 2=df at df>2.
The angular momentum transferred to the uniformly moving
aggregate is proportional to N 1=df .

A general consideration of the problem of the motion of a
particle scattered by the fractal structure was reported.135 Accord-
ing to calculations, the root-mean-square value of the multiple
scattering angle increases with an increase in the free path of
particles in proportion to l df . This indicates that the angular
distribution of particles scattered by the fractal medium is
narrower than for the non-fractal medium characterised by the
same mean free path of the particles. The possibility of determin-
ing the fractal dimension of the structure from the shape of the
angular distribution of the scattered particles was pointed out.

2. Aggregation in shear flow
Sonntag and Russel 136, 137 pioneered experiments on the growth
of fractal aggregates in a shear flow. They experimented with
polystyrene latex particles and varied the shear flow rate, particle
concentration and the composition of the disperse medium, which
determines the parameters of the particle ± particle interaction. It
was found that the fractal dimension of aggregates weakly
depends on the shear rate and the particle concentration. The df
values obtained (1.8 to 2.5) mainly depended on the particle ±
particle interaction. The average cluster size (R) was also shown to
be related to the shear rate (g. )

R! g. ÿkR , (25)

where kR=0.35. The aggregate size was independent of the
particle concentration.

Relationship (25) can also be derived based on theoretical
considerations. Let us represent an aggregate as a set of chains
that transfer the mechanical stress from one end of the aggregate
to the other end. The chains are characterised by the chemical
dimension dc and by the bending modulus (E ) 138 ± 140

E&El

�
a

r

�2� dc

, (26)

whereE1 is the elastic modulus of amonomer unit, r is the distance
between the chain ends and a is the chain segment length (or the
size of primary particles).

Numerical simulation 141, 142 showed that the hydrodynamic
stress is localised at the periphery of aggregates. This allows the
limiting aggregate size corresponding to the beginning of restruc-
turing induced by hydrodynamic forces to be determined with
ease. For a flow with the shear rate g. , the hydrodynamic force is

Fh! Zg.R2, (27)

and the limiting radius is given by

Rr

a
!
�
Zag
E1

�ÿ1=�3�dc�
; (28)

then one gets

kR=
1

3� dc
.

The parameter E1 cannot be calculated using the known
expressions for the interaction potential of colloidal particles,
because this interaction depends on the interparticle distance only.
Therefore, the E1 value is usually chosen empirically as some
fraction of the particle ± particle interaction.

Expressions (27) and (28) were evaluated 143 ± 145 using numer-
ical experiments with variation of the type of the interaction
between particles in the fractal aggregates and the structural
organisation of the aggregates (`rigid' and `soft' aggregates were

studied). According to calculations, these relations are valid with a
reasonable accuracy for aggregates of different nature. The
parameters of the `soft' and `rigid' aggregates corresponded to
the experimental values found for dispersions of polystyrene
latex 136, 146 and silica particles 146 (aggregates of these particles
can be treated as the `soft' and `rigid' ones, respectively).

A number of theoretical studies 147 ± 156 (most of them involved
numerical simulation) concerned the effects of the concentra-
tion 147, 148 andBrownianmotion 151 of primary particles, walls,150

hydrodynamic interaction 152 and structure field flow 153 ± 155 on
the laws of growth of fractal aggregates in non-uniform fluid
flows. Particle ± cluster and cluster ± cluster aggregation regimes
were considered.147 ± 149, 153 ± 155 The laminar flow and a weak
turbulent flow with mixing of the fluid was also simulated.155

The possibility of obtaining a self-similar size distribution of
compact aggregates in shear flow was reported.156 No self-similar
size distribution was obtained for fractal clusters because of
exponential growth of the average cluster size. Simulation using
a model two-fraction colloidal dispersion with inclusion of shear-
induced fragmentation led to steady-state distributions of fractal
aggregates in shear flow.157

The subject of experimental studies 158 ± 162 was the influence
of mixing 158 and shear rate 159 ± 161 on the structure of aggregates
growing under the fast and slow coagulation conditions and in the
presence of intense Brownian diffusion (see Ref. 162). In the
absence of Brownian motion the fractal dimension was independ-
ent of the shear rate,163 ± 165 while in the presence of intense
Brownian motion the aggregates exhibited 162 two structural
zones with different fractal dimensions, the greater fractal dimen-
sion corresponding to the longer length scale. This situation was
also numerically simulated,163 namely, particle aggregation in
shear flow was studied assuming either a complete or partial
restructuring of aggregates including aggregation in the absence
of restructuring. Simultaneously, the intensity of small-angle light
scattering by the grown aggregates was calculated in the Ray-
leigh ±Gans ±Debye approximation. The results obtained showed
that the scattered intensity patterns corresponded to a fractal
dimension of 1.8 on short and of 2.1 on long length scale,
respectively. Therefore, the fractal dimension of aggregates in
shear flow can be changed only on long length scales.

A large number of recent experimental studies were concerned
with the laws of growth of fractal aggregates in turbulent
flows.164 ± 166 It was found that the fractal dimension increases
with the stirring rate (turbulent flow intensity). This was con-
firmed by numerical simulation.166

3. Sedimentation of fractal aggregates
The sedimentation velocity (us) of a dense aggregate composed of s
particles is given by

us �
2Drga2

9Z
a

Rh

s , (29)

where Dr is the density difference between the particle and the
fluid, g is the free fall acceleration and Z is the fluid viscosity. Since
the number of particles in a fractal aggregate is related to the
aggregate size by relation (2), the sedimentation velocity is

us � us0

�
R

a

�dfÿ1
, (30)

where us0 is the sedimentation velocity of a single particle.
From relationship (30) it follows that us increases as the

aggregate size increases. Therefore, for rather small primary
particles there is a critical aggregate size such that for any larger
size sedimentation dominates Brownian motion in aggregation
processes. The critical size, Rs, can be determined with ease
assuming that the times taken for the aggregate to travel the
average inter-aggregate distance by sedimentation and by Brow-
nian diffusion are equal. Simple estimation showed167 that
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Rs ! aj1=4df

�
3kT

4pDrga4

�1=4df
, (31)

where j is the volume fraction of primary particles.
In the initial stage of growth, the settling aggregates are small

and insensitive to hydrodynamic stress. However, after reaching a
certain critical size they can undergo restructuring. There are two
ways of determining the critical size. If sedimentation of already
grown aggregates occurs, the critical size is found by analogy with
the critical aggregate size in shear flow [see expression (28)]: in the
case of sedimentation one has

Fh& 6pZRus

and the first critical radius is given by

Rr ! a

�
3El

4Drga2

�1=�1� df � dc�
. (32)

The exponent in expression (32) equals*0.25 and the critical
radius weakly depends on the elastic modulus of the single unit.
When comparing the calculated and experimental data, one
should take into account the possibility of restructuring, which
causes densification of aggregates and an increase in their fractal
dimension. Restructuring of aggregates was both numerically
simulated 143, 144 and observed in model colloidal sys-
tems;24, 34, 136, 137, 146, 168 the fractal dimension usually varied
from 1.8 to 2.4.

The second critical radius corresponds to the case where
sedimentation is accompanied by growth of fractal aggregates. If
attractive interparticle forces acting between two collision-coagu-
lated aggregates are smaller than the hydrodynamic force, the
resulting structure will be broken and the aggregates will move
away from each other. In this case, the limiting aggregate size is
determined assuming that the attractive force is equal to the
hydrodynamic force. If the molecular attractive force dominates,
the bonding force for two spheres (particles) separated by the
distance hs is given by

Fb �
Ha

12h2s
,

whereH is the Hamaker constant. In this case, the limiting radius
of the settling aggregates is

Rb ! a

�
1

16pDra2h2s

�1=df
. (33)

It can be determined from experimental data or estimated
assuming that the molecular attraction force equals the steric
repulsion force. The results obtained from size distribution
calculations for the settling aggregates 169, 170 and from model
experiments 171, 172 confirmed the existence of the limiting sizes
defined by relationships (28) and (33).

A number of experimental procedures for determining the
fractal dimension of aggregates using sedimentation analysis is
based on the fact that the hydrodynamic radius differs only
slightly from the radius of gyration. The deposit density

js !R dfÿ3
h (34)

was compared 173, 174 with the viscosity of a dispersion of fractal
aggregates

Zd �
n

�1ÿ bvja�cv
, (35)

where bv and cv are some constants in the empirical dependence 175

of the dispersion viscosity on the volume fraction of the solid
phase (cv& 5.2 and bv& 0.4) and ja!R 3

h is the volume fraction

of aggregates in the dispersion. The radius of fractal aggregates
was estimated from the data on the dispersion viscosity while the
fractal dimension was evaluated from the sedimentation volume.
The fractal dimension can also be determined using the aggregate
viscosity and settling velocity data.176, 177

The settling velocity, us, of a dispersion is related to the
sedimentation volume, Vs as follows 178

us � A0

�
Vs

V0

��dfÿ1�=�3ÿdf��
1ÿ B0

Vs

V0

�cv
, (36)

where A0 and B0 are some constants and V0 is the sedimentation
volume of non-aggregated particles.

Methods of determination of the fractal dimension only from
the sedimentation velocity of aggregates of different size, charac-
terised by the same df value were proposed.179, 180 They involve a
special procedure for processing experimental data 180 followed by
finding a correlation between the sedimentation velocities of two
fractal aggregates and a third aggregate formed from the first two
aggregates.179 (It should be noted that modern methods allow the
particle aggregation process to be monitored with ease and are
therefore often used for practical purposes,181 in particular, for
preparation of aerosols possessing high sedimentation stability.)
Given a constant number of particles, from relationship (30) it
follows that the sedimentation velocities of the three fractal
aggregates must be related as follows

udf=�dfÿ1�s1 � udf=�dfÿ1�s2 � udf=�dfÿ1�s3 , (37)

By measuring the settling velocities of the aggregates it is possible
to unambiguously determine their fractal dimension. Experiments
carried out following the design mentioned above gave df=1.97
and 1.19 for aerosol particles of soot and magnesia, respectively.
These values are in good agreement with those found for the same
systems using electron microscopy.

It is possible to determine the fractal dimension by studying
the sediment morphology.182 However, this approach can be
practically implemented only when using non-destructive meth-
ods of investigation.

If aggregates are composed of small particles or if the density
difference between the disperse phase and the disperse medium is
small, sedimentation can slow down due to thermal motion of
particles and aggregates. Since in the gravitational field the local
concentration of monomers varies with height, the characteristic
aggregate size will also change with height.183 By measuring the
density of the disperse phase and the aggregate sizes at different
heights one can determine the fractal dimension and draw some
conclusions about salient features of structural organisation of
aggregates.

Sedimentation of colloidal dispersions is not completed by the
formation of loose deposit. Usually, the height of the deposit layer
slowly decreases with time due to densification of fractal aggre-
gates. The consolidation dynamics were studied by Potanin and
Russel 184 who preliminarily established that the bulk viscosity, Zv
and the yield stress,Pc, of the deposit (fractal aggregates) are given
by

Zv !
�
1ÿ j
jm

�ÿk
jgZ , (38)

Pc !
�
1ÿ j
jm

�ÿk
jgP ,

where jm& 0.61 is the limiting volume fraction of filling and kj is
a fitting parameter,

gZ �
3� 2dc
1ÿ df

,
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gP �
3

3ÿ df
.

The results of calculations using relations (38) are in good
agreement with the experimental data 185 for oleic acid stabilised
by alumina particles. The best agreement with the experiment was
achieved using a two-fraction model for the sedimenting disper-
sion, which deals with the deposit itself and the dispersion, which
settles without formation of an elastic network.

4. Fractal gel rheology
Recently,186 a typical example of a detailed rheological study of a
gelating colloidal dispersion was reported. The subject of this
investigation was a colloidal dispersion of 43-nm silica particles.
Flocculation was initiated by adding a salt. The dispersion
structure was determined using small-angle X-ray scattering
while the storage and loss moduli were determined by oscillation
shear rheometry. The scale range of surface fractality was found;
however, the fractal dimension was not determined. It was shown
that an elastic gel network is formed as time passes. It was
established that a slow process proceeds in the system, which
results in the change (namely, an increase) in the gel storage
modulus but leaves the local structure of the gel virtually
unchanged. Shear-induced breakdown of the gel network causes
no significant changes in the local structure of the dispersion,
whereas the storage and loss moduli decrease substantially. The
kinetics of recovery of the moduli mentioned above, measured
after shear relieving, differs from the kinetics of growth of the
samemoduli in the course of flocculation. The laws established are
characteristic of fractal colloidal gels of different nature. In
particular, the experimentally observed 187 rheological behaviour
of a gel of protein molecules was explained only using the fractal
approach.

Based on a model treating a gel as an ensemble of contacting
fractal aggregates, a simple relation between the elastic modulus
of gel and the volume fraction of particles was obtained 14

Ee !j�1�z�=�3ÿdf�, (39)

where z is the parameter responsible for the size dependence of the
elastic constant of a fractal object (Ke) 188

Ke !
K0

Rz . (40)

Since then, the elastic and rheological characteristics of gels
have been analysed with inclusion of the concept 139, 140 of elastic
chains, which are responsible for elastic energy transfer in
aggregates and characterised by the chemical dimension.

Considerable attention in theoretical studies has been paid to
the so-called weak gels composed of nanoparticles. The formation
of loose fractal aggregates in these systems causes gelation even at
very low particle concentration (2 vol.%±3 vol.%). Such systems
possess unusual rheological properties. For instance, two regimes
ofNewtonian flow of dispersions of silica particles at low and high
shear stress can differ in viscosity by nine orders of magnitude. At
the same time, it is possible to analyse these systems theoretically.
The rheological properties of such gels have been the subject of a
large number of studies (see , e.g., Refs 138 and 189 ± 195).

At low shear rates, the viscosity of a gel is determined by
relaxation processes related to breakdown and nearly complete re-
formation of interparticle bonds. As the shear rate increases, stress
overshoot occurs. In this case the energy dissipation mechanism
changes. The system goes to the state of a dispersion of hydro-
dynamically interacting fractal aggregates. In fact, the system
seemingly goes from the `solid-like' to the `liquid-like' state.

Since in this case the interparticle interaction plays the
determining role, the rheological characteristics depend not only
on the gel structure but also on the parameters of the interparticle

interaction. The most important parameters are the bonding
energy, Uc ; the bonding force, Fc ; and the force constant

kel �
d2U

dh2s
� kg

Fc

hc
& kg

Uc

h2c
, (41)

where U is the potential of the interparticle interaction, hs is the
distance between the particle surfaces and hc is the distance
between the particle surfaces at the potential well minimum.

From the equations for the balance of forces and the energy
balance one can derive 195 the dependences of the rheological
characteristics of weak gels on the volume fraction of particles of
the disperse phase.

In the case of oscillating small-amplitude perturbations, the
storage modulus is given by

G 0! cgk
1=2
g cÿ11

Fc

a2
jgG , (42)

where cg is a constant of the order of unity,

c1 �
Uc

kT
exp

�
ÿ zcUc

kT

�
(zc is the coordination number of the particles in the aggregate)
and

gG �
7� 2dc ÿ 2df

3ÿ df
.

At low shear rates, the dispersion viscosity is

Z! cZc
ÿ2
1 t0

Fchc
a3

jgZ , (43)

where cZ is a constant,

t0 �
kT

6pZ0a
3

is the characteristic time of particle diffusion in the disperse
medium and Z0 is the viscosity of the disperse medium and

gZ �
7� 3dc ÿ 2df

3ÿ df
.

At high shear rates, the effective viscosity is given by

Z � Z0

�
1ÿ ja

jm

�ÿ2:5jm

� 1

g
cZ

Fchc
a3

j2
a

�
j
ja

��5ÿ2dfÿdc�=�3ÿdf�
, (44)

where ja=j/ji is the volume fraction of aggregates and
ji& (Rg/a)

dfÿ3 is the volume fraction of particles in the aggregate.
The former parameter depends on the shear rate and aggregate
strength and can be determined using the relationship

5p
2
ZgR2

g &Fc

�
j
ja

�1=�3ÿdf�
, (45)

corresponding to the case where the hydrodynamic stress applied
to the aggregate equals the ultimate strength of the aggregate. The
model correctly reproduces the experimental data. In particular,
analysis of Eqn (44) revealed a Newtonian rheology of gel at high
shear rates.

The hypothetised gel flowmechanism 195 was confirmed 196 by
numerical simulation under constant shear. Gel was shown to
have a yield point and three flow regimes corresponding to
increasing stress were revealed. At low strain, no stress overshoot
occurs and the system is in viscoelastic flow state. An increase in
the strain applied causes fragmentation of the system into large
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aggregates and transition to the viscoplastic flow state. This
favours further fragmentation of aggregates and then the system
goes to the pure viscous flow state.197

The dependences obtained 198 for a two-dimensional system of
colloidal particles in a complex potential with inclusion of bending
elasticity of the interparticle bonds are similar to rela-
tions (42) ± (44). The dynamics of gel in shear flow were simulated
by the Monte Carlo method. The formation of a fractal gel in the
system was followed by applying a shear strain. The temporal
evolution of the stress developed in gel and the dependences of the
stress on the relative deformation and on the steady-state shear
rate were traced. Most dependences showed a power-law behav-
iour, which is typical of fractal structures. Analogous power-law
dependences were obtained from similarity considerations, which
also allowed the relations between the exponents and the fractal
parameters of gel to be followed. Fragmentation studies of fractal
aggregates in shear flow showed that this process is to a great
extent determined by the bending elasticity of the interparticle
bonds.

IV. Optical properties of fractal aggregates

In Section II, structure-dependent peculiar features of small-angle
light scattering were considered assuming single scattering and
small sizes of primary particles constituting fractal aggregates
compared to the emission wavelength.

A study going beyond the scope of this approximation was
reported.199 To include the multiple scattering effects and the fact
that the particle size is comparable with the emission wavelength,
the light scattering intensity was calculated in the framework of
the Mie theory. Each scattering particle in the aggregate was
considered as being in some effective medium characterised by a
refractive index corresponding to the average aggregate density.
The approach was developed 200 with allowance for the fact that
the optical characteristics of the effective medium containing the
scattering particles vary with the fractal aggregate density. As a
result, the form-factor responsible for the scattering by a single
particle appeared to be position-dependent, thus affecting the
total scattered intensity. The method proposed allows additional
information to be extracted (in particular, not only the fractal
dimension but also the aggregates sizes were determined).

This approach was experimentally evaluated 201 taking light
scattering by aggregates of 0.8-mm latex particles as an example.
Experiments involved variation of the concentration and the
extent of aggregation of primary particles. Using the Mie theory
for the description of scattering by single particles, a greater body
of information was obtained from both small-angle and large-
angle light scattering data. This allowed not only the fractal
dimension of aggregates but also the aggregate size distribution
to be determined.

Interesting results were obtained in studies on the behaviour
of electromagnetic radiation in fractal aggregates and on the
spectrum of the scattered radiation, especially in the presence of
nonlinear effects.

The optical properties of fractal aggregates were first studied
by Shalaev and Stockman 202 who calculated some optical char-
acteristics in the self-consistent approximation with inclusion of
the dipole ± dipole interaction between monomers. It was shown
that fractal aggregates possess unique optical properties, which
differ from the properties of single particles and continuous
media. The formation of a fractal causes broadening and splitting
of the characteristic lines of the primary particles in the absorption
spectrum; however, these lines remain centred near their initial
positions, which correspond to the minimum absorption of the
fractal. Therefore, the lines can still be treated as resonance ones,
which is associated with a fast decrease in the fractal density on
going towards its periphery [see Eqn (1)].

Broadening of the lines of themetallic particles forming fractal
aggregates was confirmed experimentally (see , e.g., Ref. 203). It is
used for monitoring the growth of aggregates in colloidal dis-

persions even under very fast aggregation conditions.204, 205 The
theoretical approach 202 was developed by Karpov et al.,206 who
provided an explanation for all features in the spectra of aggre-
gated colloidal silver particles. In particular, it was found that the
second peak in the absorption spectrum of a colloidal dispersion is
due to two predominant geometric parameters of aggregates (the
size of primary particles and the distance between neighbouring
particles) rather than specific resonances in the ensemble of
particles. These parameters predetermine the increase in the
spectral density of the surface plasmon resonances in a specific
wavelength range, which manifests itself in the spectra of sols
characterised by rather narrow size distribution of the primary
particles (5 to 25 nm).

Yet another important property of fractals is production of
surface-enhanced Raman scattering (SERS) by impurity sites.203

This provides an explanation 207 for the experimental observation
of the strongest SERS signal from aggregated metallic particles in
colloidal solutions.

Studies on the nonlinear optical properties of fractal aggre-
gates of metallic particles showed that aggregation causes a
dramatic enhancement of the nonlinear optical response in the
region of plasmon resonance characteristic of single metallic
particles.202, 208 ± 221 When the frequency of incident radiation is
off resonance, the decay rate of the absorption of a fractal
aggregate is lower compared to single particles while the absorp-
tion coefficient per particle increases. The imaginary part of the
polarisability of a particle in the cluster is related to the detuning,
D, by the following power-law dependence 210

w 00�D�! a2p�apD�doÿ1, (46)

where ap is the distance between primary particles and do is the
optical spectral dimension (this parameter lies between 0.3 and 0.6
for different types of fractals). From this relationship it follows
that the frequency dependence of the particle's response in the
aggregate dramatically differs from the resonance dependence for
a single particle. Namely, absorption of the incident wave far from
resonance is still high and slowly decreases obeying a power-law
dependence as the frequency detuning increases. In some cases,
the absorption cross-section increases so greatly that it is more
appropriate to describe the situation in terms of the transpar-
ency ± opacity transition in fractal aggregates.222

The results of calculations of the absorption coefficients of
fractal and non-fractal aggregates of metallic particles were
presented in a comprehensive study 223 of clusters grown in
different aggregation regimes. According to calculations, the
absorption spectrum of fractal aggregates must have a complex
pattern in contrast to the absorption spectrum of non-fractal
aggregates, which exhibits a single sharp maximum. For fractal
aggregates, the absorptionmaximumno longer corresponds to the
resonance frequency and there is a system of absorption maxima
whose positions and intensities are governed by the aggregate
structure and by the number of particles in the aggregate.

Fractal aggregates can also sustain optical (dipolar) eigen-
modes,210 which can be localised in some range of wavelengths
that are shorter than the emission wavelength.210, 214 This favours
concentration of the electromagnetic energy in the domains whose
size is smaller than the diffraction limit of conventional optical
devices.

The dispersion equation for the eigenmodes of a fractal
aggregate has the form

l! ap�a3pD��doÿ1�=�3ÿdf� , (47)

where l is the emission wavelength.
Near the resonance frequency (a3pD55 1;), the dipolar eigen-

mode is delocalised. As the frequency detuning increases
(a3pD& 1), the eigenmode becomes well-localised at the wings of
the absorption bands, i.e., l& ap . Localisation of optical excita-
tions favours creation of strong local fields, which leads to giant
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enhancement of resonant Rayleigh and Raman scattering and
nonlinear light scattering 215 ± 217, 224, 225 observed in colloidal
dispersions of some metals. Photomodification of fractal aggre-
gates of silver particles 226 was also explained by localisation of
optical excitations.

The results of calculations of dipolar modes localised on
fractals are presented in Fig. 1. The local field intensity distribu-
tions (shown in Fig. 1 are the isolines corresponding to different
electromagnetic field intensities) clearly indicate localisation of
the electromagnetic field on the fractal object.

The typical size of fractal aggregates composed of nearly
10-nm particles does not exceed the emission wavelength in the
optical or IR spectral region. Therefore, such aggregates can be
treated as elementary dipoles. Nevertheless, their nonlinear opti-
cal characteristics are to a great extent determined by fluctuations
of the electromagnetic field inside the aggregates. The correspond-
ing numerical calculations 214, 227 ± 233 showed that the zones of
large fluctuations are localised in different small domains of
fractals and their positions vary as the emission wavelength varies.

Estimation of the enhancement factor gave

Ge & dr

�
1� D2

d2r

�
jw 00�D�j , (48)

where dr is the reciprocal Q-factor of resonance, which is deter-
mined by resonance amplitude and width. As can be seen, the
enhancement factor can be very large at D 44 dr .

The calculated dependences of the enhancement factor for
different ensembles of particles (regular packs and fractal aggre-
gates of metallic silver particles characterised by a fractal dimen-
sion of 1.78) are presented in Fig. 2. As can be seen, the
enhancement factor increases to the greatest extent in the case of
fractal aggregates. Local enhancement of electromagnetic waves
can be explained as follows. In spite of a loose structure, fractal
aggregates are characterised by a high probability of finding
several particles near a given particle. This is due to the fact that
the correlation function of a fractal structure decreases regardless
of how the origin of coordinates is chosen.1 Because of this,
neighbouring particles in fractal structures are always strongly
coupled. As a result, at any orientation and polarisation of the
field there are resonant ensembles of particles, which causes
excitation of localised optical modes far from resonance.

Thus, a broad spectrum of localised resonance modes of a
fractal aggregate is due to the dipole ± dipole interaction between
constituent particles. Localisation of modes in different randomly

located cluster domains causes large local fluctuations of the field
and the appearance of `strong-field' and `weak-field' domains. In
the case of fractal colloidal aggregates of nearly 10-nm silver
particles the localisation length varies with the emission wave-
length and equals&100 nm in the blue spectral region and 20 nm
in the near IR region.

Shalaev 223 reported the results of calculations of the enhance-
ment factors of other nonlinear optical effects in fractal aggregates
(four-photon scattering, second optical harmonic generation and
Raman scattering). The enhancement mechanism of nonlinear
optical effects is analogous to the mechanisms of localisation of
optical radiation and enhancement of local fields (see above).

Predictions of giant enhancement of the nonlinear optical
properties of single particles 202, 206 ± 221 aggregated into fractal
structures were experimentally tested in the studies of four-photon
scattering and nonlinear refraction and absorption.234, 235 Aggre-
gation of initially isolated particles into fractal aggregates led to
an increase in the conversion factor of four-photon scattering by a
factor of 106 and to enhancement of nonlinear refraction and
absorption by a factor of 103. Localisation and large fluctuations
of local fields in fractals were observed using near-field scanning
optical microscopy.214, 231 ± 233 Experiments 231 were carried out
with fractal aggregates (df=1.78) of 10-nm silver particles. The
aggregates were excited by laser radiation at 488 and 514.5 nm. It
was established that the field localisation length is 60 to 140 nm,
which is in good agreement with the results of calculations.

The list of the nonlinear optical properties of fractal aggre-
gates considered above is far short from being complete. Exper-
imental evidence of nonlinear gyrotropy of fractal silver clusters
due to non-local interaction and its enhancement upon aggrega-
tion of silver nanoparticles in a colloidal solution was also
reported.236 Using a specially developed procedure, the contribu-
tions of the local and non-local effects to gyrotropy were distin-
guished. Measurements showed that aggregation of particles into
fractal aggregates with df=1.7 causes a substantial increase (by
about two orders of magnitude) in the contribution of nonlinear
gyrotropy.

Localisation of dynamic excitations on disordered structures
(in particular, fractals) is a universal property and plays a
significant role in many physical processes.237 ± 241 In addition to
localisation of light-induced dipolar excitations, the fractal struc-
ture also favours `trapping' of electromagnetic radiation (light).217

The light `trapping' mechanism is similar to the mechanism of
localisation of electromagnetic field (see above). At the same time,
a somewhat different mechanism of light trapping in a fractal
aggregate was reported.242 This mechanism `works' in the case of

Figure 1. Electromagnetic field intensity distribution on a model fractal

aggregate.223
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Figure 2. Enhancement factor as a function of the wavelength for fractal

aggregates (1), randomly distributedmetal particles with the same packing

density (2) and close-packed metal particles (3).223

The total number of particles in systems is 500. Calculated using the

parameters for silver.

The characteristics of fractal disperse systems 925



rather large aggregates and is associated with the predicted 243

strong localisation of light in close-packed granulated media due
to the motion of photons along loop trajectories. This light
localisation mechanism requires that the aggregate be composed
of weakly absorbing particles, the photon wavelength be compa-
rable with the aggregate size and the positions of particles in the
cluster be strongly correlated. In this case, at low fractal dimen-
sions of aggregates (a critical df value of 2 was obtained 242) this
trapping mechanism also leads to high concentration of the
electromagnetic field in fractal aggregates, thus providing an
explanation for high reactivity of nanoparticles in fractal aggre-
gates.242

The fractal structure of aggregates is also responsible for
enhancement of the Rayleigh resonant scattering of electromag-
netic radiation. The corresponding numerical and analytical
calculations were reported by Shalaev, Botet and Jullien.215 The
enhancement factor of the Rayleigh scattering

FR �
ss

Nss1

(ss is the scattering cross-section for a fractal aggregate composed
of N particles and ss1 is the scattering cross-section for a single
particle) depends on the fractal dimension and the aggregate size.

For small aggregates one has

FR !
N

a3pdr
�a3pD�do�1. (49)

For large aggregates
at df<2 one has

FR !
�ap=l�ÿdf

a3pdr
�a3pD�do�1,

at df=2 one has

FR !
�ap=l�ÿ2
a3pdr

ln��kap�2N��a3pD�do�1,

and at df>2 one has

FR !
�ap=l�ÿ2
a3pdr

N1ÿ2=df�a3pD�do�1, (50)

In conclusion, it should be recalled that aggregates of con-
ducting particles in composition materials near the percolation
threshold also have a fractal structure. Therefore, percolation
systems are also characterised by fluctuations of electromagnetic
field and possess nonlinear optical properties.223 The nature of the
magnetic field fluctuations in and nonlinear optical properties of
percolation systems has much in common with the corresponding
features of fractal aggregates. Because of this, we leave the
percolation systems out of our consideration.{

V. Capillary phenomena in fractal systems

1. Wetting of fractal surfaces
The contact angle on a fractal surface greatly differs from the
contact angle on a smooth surface. Theoretically, the contact
angle on the fractal surface was determined by Hazlett 245 who
studied the case where the droplet size exceeded the length scales
on which the scaling relations are valid. This situation is typical of
macroscopic systems. The expressions derived for the contact
angle on the fractal surface were confirmed experimentally.246 ± 249

Here, we will present the relationship for the contact angle, which

corresponds to a more general case 250 where the droplet size is
comparable with the scale range of surface fractality of the
substrate. In this case, the contact angle depends on the effective
radius, Rd , of the droplet and is given by }

cos yf � cos y0

��
1ÿ �g02=g01��d2=d1�2ÿdf

1ÿ �g02=g01�
��

d1
Rd

�2ÿdf�
, (51)

where d1 is the size of the molecules of the liquid; d2 is the size of
the molecules of the gas (or equivalent phase);
cosy0= (g027g01)/g12 , y0 is the contact angle on the smooth
surface and g01 , g02 and g12 are the energies of the liquid/solid,
gas/solid and gas/liquid interfaces, respectively. If the droplet size
exceeds the longest length scale from the scale range of surface
fractality, Rd should be read as denoting the latter parameter.

From relationship (51) it follows that an increase in the
droplet size causes the cosine of the contact angle to increase in
absolute value. Thismeans that the droplets increasingly better (or
worse) wet the surface as the droplet size increases. Deterioration
ofwetting of fractal surfaces was confirmed experimentally.246, 247

Fractal surfaces possessing very high water- and oil-repellent
abilities were reported.248 The results obtained in a large series of
experiments on the water- and oil-repellent properties of fractal
surfaces were discussed.249 To impart these properties to the
surface of anodised aluminium with df=2.19, it was treated
with perfluoroalkyltrichlorosilanes and perfluorinatedmonoalkyl
phosphates, respectively. The dependences of the contact angle of
a water/ethanol mixture on the smooth and fractal surfaces of
anodised aluminium treated with various modifiers are shown in
Fig. 3. As can be seen, the contact angle on the smooth surface
gradually increases as the surface tension increases, while in the
case of the fractal surface the regions of slow change in the contact
angle are separated by a discontinuity region. Figure 4 presents a
correlation between the contact angle on the fractal surface and
the contact angle on the smooth surface. The experimental data
are well fitted by the equation

cos yf � cos y0

�
d1
Rd

�2ÿdf
, (52)

which is a particular case of relationship (51).
The fractal nature of the substrate affects not only the contact

angle. Investigations of capillary phenomena on fractal surfaces
require some relationships to be revised. In particular, the

{Readers who are interested in this problem are addressed to a review,244

which presents a comprehensive treatment of these effects.

}The fractal dimensions of surfaces will be also be denoted as df . We

believe this should not cause any misunderstanding.
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Figure 3. Contact angle of a water/ethanol mixture on a smooth (1) and

fractal (2) anodised aluminium surface treated with various modifiers as a

function of the surface tension of the mixture.249
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possibility of significant changes in the kinetics of heterogeneous
nucleation on fractal surfaces was pointed out.250 In addition to
the classical chemicalmechanism ofmanifestation of theRebinder
effect, yet another mechanism becomes possible 251, 252 in the case
of wetting of a metal surface with an eutectic mixture of metals or
with some other liquid metal. It is believed 251, 252 that high
roughness and the fractal structure of the interface can favour
creation of a high concentration of photons in the region of metal/
metal or metal/eutectic mixture contact. The high photon concen-
tration may cause amechanical disruption of the surface of solids.

Wetting studies of fractal surfaces are closely related to the
problem of determination of the characteristics of porous bodies.
To solve this problem, two approaches were developed. One of
them is based on capillary condensation on fractal surfaces
(wetting of a porous body), while the other is based on a mercury
porosimetry technique (intrusion of a nonwetting fluid into a
porous medium).

At first, consider the problem of intrusion of a nonwetting
fluid into a porous body, because it is somewhat simpler.} As
mercury intrudes a nonwetting porous body, the first to be filled
are those pores whose radius of curvature, rh, meets the condition

rh 5
2ghj cos y0j

p
, (53)

where p is the pressure of mercury, gh is the surface tension of
mercury and y0 is the contact angle on the smooth surface. This
relationship has a simple physical meaning, viz., for a pore to be
filled withmercury, the external pressuremust exceed the capillary
pressure. Here, the radius of curvature determined by the sign of
equality in relation (53) acts as the length scale in measuring the
fractal surface area. The surface area, S, of the mercury/porous
body interface is determined from the workWh done in intruding
mercury, which is fully spent for an increase in the interface area,

Wh � ÿSgh cos y0 � ÿ
�V
0

pdV, (54)

where V is the volume of mercury intruded in the porous body.
The fractal dimension of the surface of the porous body is

determined from experimental data using the equation

df � 2ÿ d lnS�rh�
d ln rh

. (55)

This approach was proposed by Neimark.255 A somewhat
different method of determination of the fractal dimension of a
model porous bodywas developed earlier,256 but it is applicable to
particular cases only. The necessity of refinement of relation (55)
was pointed out,257 because a part of the mercury surface does not
contact the solid phase. More accurate relationships allowed one
to attain agreement between the data on the fractal dimensions of
porous bodies obtained using mercury porosimetry and adsorp-
tion techniques.

It should be noted that such a refinement is not always
necessary. The need for refinement is most probably due to poorly
pronounced fractal structures of the porous bodies under study.
One should employ a specific procedure (see Ref. 258) for choos-
ing those portions in the S(p) plot that correspond to the fractal
structure. Correct choice of such portions allows the fractal
dimensions of various objects (soot, aerogels) determined from
mercury porosimetry data 258 to be in agreement with the values
found using small-angle X-ray scattering and adsorption meth-
ods.

A capillary condensation based version of the adsorption
technique was also proposed.255 The method assumes that a
sufficiently thick adsorption film covers the whole surface of a
porous body. The surface area of the film/vapour interface is
governed by the vapour pressure; the radius of curvature of the
meniscus acts as a `probe' size and is given by

rl �
2glVm

kT ln�ps=pv�
, (56)

where gl is the surface tension of the liquid,Vm is the volume of the
molecule, ps is the saturated vapour pressure and pv is the current
vapour pressure. The expression for the pressure dependence of
the surface area, Sl , of the liquid/vapour interface can be found
from the work done in forming the interface and has the form

Sl �
RT

gl

�Gmax

G

ln

�
ps
p

�
dG, (57)

where G is the adsorption (in moles) and Gmax is the maximum
adsorption. The fractal dimension is then determined from
Eqn (55) using the radius rl instead of r .

A modified capillary condensation method was
reported.259, 260 However, it cannot be considered rigorously
substantiated.

2. Restructuring of aggregates
Capillary phenomena play a significant role in the evolution of
fractal aggregates. There are two types of capillary phenomena.
The first type includes condensation of liquids on aerosol fractal
aggregates. Capillary forces acting at the liquid/vapour interface
can cause changes in the aggregate structure provided low
strength of fractal aggregates. The second type of capillary
phenomena is responsible for the evolution of aggregates due to
`sintering' of particles.

Experiments 261, 262 revealed changes in the structure of aggre-
gates 261, 262 exposed to cyclic variation of the relative humidity of
the atmosphere. At first, experiments were carried out to obtain
qualitative information. Detailed studies 263 involved (i) variation
of the composition of aerosol soot particles and of the duration of
condensation ± evaporation cycles and (ii) measurements of the
fractal dimension of aggregates at different instants. Based on the
results obtained, it was concluded that capillary forces play the
determining role in the evolution of aggregates and a linear
correlaton between the fractal dimensions of aggregates before
and after condensation cycle was established. It was shown that
the coefficient of proportionality is to a great extent determined by
the degree of particle hygroscopicity. A mechanism of change in

}We will not dwell on specific features of the mercury porosimetry

technique. Detailed information on the subject can be found in, e.g.,

Refs 253 and 254.
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Figure 4. Correlation between the contact angle on the fractal surface

and the contact angle on the smooth surface for water/ethanol mixture.249
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the structure of aggregates was proposed 264 and applied to
aggregates of carbon black particles in water and benzene
vapours. To change the extent of hydrophobicity, the aggregates
were exposed to polyethylene glycol vapours. The extent of
particle hydrophobicity was monitored by the adsorption iso-
therms of water vapours. Experiments showed that the change in
the aggregate structure strongly depends on the size of condensate
droplets. If the droplets were rather large, densification of the
entire aggregate occurred to give a dense globule. At small droplet
sizes, densification of a small (mainly central) region of the
aggregate occurred. A simple model was also proposed in this
study, which qualitatively reproduced the experimental depend-
ences.

Asmentioned above, capillary forces also change the structure
of aggregates in the absence of condensate. Densification of
carbon black aggregates on short-term heating to 300 8C265, 266

and of silica aggregates on prolonged storage 267 was observed.
However, in the latter case the mechanism of densification is still
to be clarified (formally, the Ostvald ageing and sintering of
particles were assumed). The change in the fractal dimension of
carbon black particles on heating was also reported.268 A detailed
experimental study on the effect of heating on the fractal charac-
teristics of silver particles was carried out.269 Aggregates of
particles were heated in an inert gas stream over different periods
of time at temperatures between 25 and 520 8C. A good correla-
tion between the heating time, temperature and the fractal
dimension of aggregates was established (Fig. 5). Based on the
results obtained, the possibility of targeted change in the fractal
dimension of aggregates of silver particles by varying the temper-
ature and heating time was suggested. The experimental data were
in good agreement with the results of Monte Carlo simulation of
the sintering of fractal aggregates.270

It should be noted that sintering of fractal aggregates is not
necessarily accompanied by an increase in their fractal dimension.
For instance, it was shown 271 that sintering of rather large fractal
aggregates affects the lower and upper cutoff lengths only,
whereas the fractal dimension of aggregates remains virtually
unchanged. Experiments 272 with silica aerogels confirmed these
theoretical results. More detailed models for sintering of aerogels,
which predict a constant fractal dimension, were also pro-
posed.273 ± 275 A detailed study on the laws of changes in the
fractal dimension of sintered aggregates was carried out.276 Using
numerical experiments, the relation between the aggregate size
and the evolution of its fractal dimension was followed. At small
sizes, sintering is unavoidably accompanied by an increase in the

fractal dimension. As the aggregate size increases, changes in the
fractal dimension become progressively less pronounced in spite
of essential changes in the aggregate morphologies.

A thermodynamic analysis 277 of sintering of fractal aggre-
gates involved establishment of conditions under which densifica-
tion of the aggregate structure begins. The possibility of
fragmentation of aggregates was also revealed. The calculated
temperature dependences of the fractal dimension of gold aggre-
gates coincided with the experimental data.

Numerical simulation of sintering of two-dimensional fractal
aggregates due to particle diffusion along the perimeter was
carried out 278 using the known aggregation procedure 279 that
allows structures with prescribed fractal dimension to be grown.
Fragmentation of fractal aggregates was also simulated. The
number of fragments was shown to be proportional to the initial
surface area of the aggregate. The coefficient of proportionality
was a complex function of the fractal dimension of the aggregate
(it is only known that this coefficient decreases as df increases).

VI. The fractal surface

Many materials, from classical adsorbents to ore particles, have
fractal surfaces.280 In this Section, we will consider the fractal
surfaces of porous bodies except for aerogels because of specific
morphological features of their surfaces.

The fractal dimension of a surface can be determined using
different methods. These are measurements of the surface area
using molecules of different size, the micrographs of the cross-
sections of porous bodies, the dependence of the surface area of
porous particles on their sizes, the time taken to transfer the
excitation energy from donor molecules to the adsorbed acceptor
molecules, the small-angle X-ray scattering and adsorption meas-
urements, the hydrodynamic permeability of porous bodies, the
rates of surface chemical reactions, the kinetics of adsorption,
etc.281 ± 283 Many of these methods are based on the description of
the kinetics of processes proceeding on fractal surfaces, which
requires introduction of new concepts and dimensions. Because of
this, we will restrict ourselves to analysis of the classical methods
of determination of the fractal dimension of the surface and point
out some new approaches. There are a few studies concerned with
the development of various models of porous bodies (see, e.g.,
Refs 284 and 285) and they have much in common with the
models employed for the description of growth of fractal aggre-
gates.

The fractal dimension of porous bodies can be determined in a
different manner; however, we will not dwell on all of them. Here,
mention may be made that the procedure recommended 286 by the
IUPAC involves the determination of the fractal dimension of a
porous body from the pore size distribution

dVp

drp
! r2ÿdfp , (58)

where Vp and rp are the pore volume and pore size, respectively.

1. Small-angle X-ray scattering
Small-angle X-ray and neutron scattering have long been used for
the determination of the structure of porous bodies. These
methods are suitable for studies on the length scales from atomic
sizes to those observed using conventional optical microscopy.
This scale range covers virtually all known porous media, being a
prerequisite for a wide use of these experimental techniques. The
dependence of the scattered intensity, I(q), on the scattering angle
(vector), q, is determined by the structure of the porous body.

X-Ray scattering occurs by collisions with electrons while
neutron scattering occurs by collisions with atomic nuclei. The
scattering by atomic nuclei is governed by the isotope composition
of the nuclei. Using various combinations of isotopes, it is possible
to enhance or mask certain properties intrinsic in the structure of

1.8

2.2

2.6

3.0

df

0 200 400 T /8C

3

2

1

Figure 5. Fractal dimension of silver aggregates plotted vs. heating

temperature.269
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the porous body. No significant differences between the results
obtained by neutron and X-ray scattering were established.

Peculiar features of the atomic structure do not manifest
themselves in the case of small-angle scattering. Because of this,
the scattering curves are usually analysed using the two-phase
model of a porous body, which assumes that the porous body
comprises two phases of constant density, a solid and a void. The
intensity of scattering by the fractal surface is given by 287

I�q� � pc�Dr�2IeG�5ÿ df� sin
�
p�df ÿ 1�

2

�ÿ�6ÿdf�
, (59)

where c is a constant, Dr is the electron density difference (or the
neutron scattering length difference) between two phases, Ie is the
intensity of scattering by single electron (or by one scatterer) and
G(x) is the gamma function.

At small q , the fractal dimension is determined from the slope
of logarithm of the scattered intensity plotted vs. logarithm of the
scattering angle.

At df=2, expression (59) represents the well-known Porod
law for X-ray scattering by smooth surfaces,288, 289 according to
which

I�q�! qÿ4. (60)

This relationship was extended 290 to the case for emission
wavelengths comparable with the radius of curvature of smooth
surfaces and the corresponding corrections to the Porod law were
derived. Yet another expression for the scattered intensity with
inclusion of the surface curvature corrections has the form 291

I�q�! qdfÿ6 � qdfÿ8
�6ÿ df��5ÿ df�

12
6 (61)

6
�

1

R1R2

� 3

8

�
1

R1

ÿ 1

R2

�2 �
,

whereR1 andR2 are the principal radii of curvature averaged over
the inner (fractal) surface. This relationship was used to determine
the fractal dimension of typical adsorbents and the necessity of
allowance for the surface curvature corrections in the case of
porous bodies was confirmed.

2. Adsorption technique
On length scales shorter than 1 nm the fractal dimension of a
surface can be determined by measuring the adsorption capacities
of monolayers of molecules of different size d, and comparing
them with the dependence of the surface area on d

S�d�!
�
1

d

�dfÿ2
. (62)

The method of determination of the fractal dimension based
on evaluation of the surface area according to Brunauer ±
Emmett ± Teller using molecules of different size is often objec-
tionable.292 This is due to the fact that the surface sites of
particular molecules are not known with certainty. As a result,
different authors report contradictory data on the fractal dimen-
sions of the same materials, including the values exceeding the
limiting df value (df=3). It should be noted that in some cases one
fractal dimension can appear to be insufficient for complete
characterisation of the fractal structure of the surface of adsorb-
ents with a complex structure of the pore space. Therefore, one
should introduce a hierarchy of fractal dimensions for a given
porous body,293 which can be treated as a particular characteristic
of inhomogeneity of the porous body. Introduction of the
hierarchy of fractal dimensions corresponds to the so-called
multifractal approach (see Section IV in Ref. 1).

On length scales from 1 to 100 nm the fractal dimension is
determined from polymolecular adsorption data using two meth-
ods. The first is based on the dependence reported by Pfeifer et

al.294 (the number of molecules necessary to cover the free surface
of the adsorption layer decreases as the layer thickness increases).
In the case of adsorption on fractal surfaces, a modified Frenkel ±
Halsey ±Hill equation is used

ln

�
p

p0

�
� ÿ AF

kTGn , (63)

where p is the pressure of the adsorbing gas, p0 is the saturation
pressure,AF is the parameter determining the adsorbate ± adsorb-
ent molecular interaction and G is the number of moles of the
adsorbed gas. Ignoring the surface tension effects, one gets

n � 3

3ÿ df
.

If the contribution of surface tension predominates,295, 296

then

n � 1

3ÿ df
.

These relationships are valid for self-similar surfaces. In the
case of self-affine surfaces, of great importance is the roughness
index (a) determining the relation between the surface `width,' w,
and the lateral size, L, of the surface

w!La.

If the surface tension effects are weak, n=3; if they predominate,
n=2/a71 at a>0.5 and n=3 at a<0.5 (see Ref. 297).

The Frenkel ±Halsey ±Hill equation was used by different
authors to estimate the fractal dimensions of various porous
bodies.298 ± 300 Recently, the fractal dimension of the surface of
adsorbents has been determined using the Dubinin ±Astakhov
equation generalised to the case for fractal surfaces.301 ± 303 The
Neimark method 304 ± 306 (see above) is also often used to this end.

The fractal dimensions determined using the methods men-
tioned above were compared in the framework of model calcu-
lations.307 The emphasis was placed on the inclusion of the effect
of finite scale range of surface fractality. According to calcula-
tions, the fractal dimensions determined using different methods
are equal to one another if the range of scales covers two orders of
magnitude and can differ by more than 10% if it does not exceed
an order of magnitude. This conclusion was confirmed 308 by
measuring the fractal dimensions of titania aerogels prepared
under different conditions. It was shown that the monolayer and
polymolecular adsorption techniques give similar results, though
the corresponding fractal dimensions can differ by nearly 0.1. An
analogous conclusion was drawn 309 from comparison of the
results obtained using different methods in the experiments with
silica particles prepared by hydrolysis of tetraethoxysilane in
microemulsions. Even the fractal dimensions determined using
different methodologies 255, 260 appeared to be similar, though the
earlier studies sometimes revealed distinctions between the results
obtained by these methods.

Yet another method of determination of the fractal dimen-
sions of porous bodies from the adsorption data was developed by
Olivier and co-workers.310 ± 312 The approach involves construc-
tion of the so-called composite adsorption isotherm assuming
independent adsorption in pores of each size. For pores of a
particular size, the adsorption isotherm is calculated by employing
density functional theory.311 On these assumptions and on impos-
ing the fractal structure of the surface it is possible to construct a
composite isotherm whose shape is determined by the fractal
dimension of the surface. Comparison of the experimental and
model isotherms allows the fractal dimension of the porous
medium to be determined. The fractal dimensions of some objects
determined using the composite adsorption isotherm were com-
pared 312 with the fractal dimensions estimated using the Fren-
kel ±Halsey ±Hill and Neimark equations. It was shown that the
fractal dimensions determined using different methods are related
by a linear dependences with different slopes (they are determined

The characteristics of fractal disperse systems 929



by the pore size scales on which the surface exhibits fractal
properties).

Yet another reason for significantly different results obtained
for different adsorbents using different methods is that porous
bodies are characterised by some hierarchy of fractal dimensions
rather than a single fractal dimension value (see above). The
distribution of fractal dimensions can be rather broad and usually
covers the values determined in single experiments.303

Two important features should be pointed out. The lower
limit of the scale range of surface fractality can be found 304 by
comparing the adsorption isotherm for a given sample and the
standard adsorption isotherm for the smooth surface. (Strictly
speaking, Neimark and Unger 304 reported the upper limit of the
scale range of surface fractality.) At the same time, the method
proposed provides no possibility for the surface fractality to be
established unambiguously and requires additional studies.

The fractal structure of the surface governs the shape of the
adsorption isotherms. This is due to the fact that the fractal nature
of the substrate affects the properties of the adsorption
layer.313, 314 In particular, it was shown 315 that the inclusion of
adsorbent surface fractality allows the Temkin adsorption iso-
therm to be obtained in the case of non-interacting adsorbate
molecules. It was also assumed that wide use of the Temkin
isotherm can be explained by frequent occurrence of adsorbents
with fractal surfaces.

3. Surface profiles
The adsorption technique is usually employed in studies of the
closed fractal surfaces. The fractal dimension of an open surface
can be determined by measuring the surface profiles (a single
profile for isotropic surface). In the case of anisotropic surfaces,
one cross-section is insufficient. There are several methods of
processing the surface profile. In particular, it is possible to obtain
the height (hf ) correlation function using the relationship

Rs�y� � hhf�x�hf�x� y�i, (64)

or to determine the structure function

Ss�y� � h�hf�x� ÿ hf�x� y��2i, (65)

where x and x+ y are the coordinates in the xy plane.
For fractal surfaces, both the height correlation function and

the structural function are related to y by a power-law dependence

Ss�y�!Rs�y�! y6ÿ2df .

The possibilities of determining the dimensions of the open
fractal surfaces using scanning probemicroscopy data and surface
profile measurements were analysed in detail.316 It was shown that
the shape of the correlation or structural function permits not only
the fractal dimension to be determined but also the characteristic
length scale of surface fractality to be revealed in the case of self-
affine surfaces.

Going to longer length scales exceeding the upper limit of
surface fractality does not mean 317 a constant surface area
measured by probes of different size. Even on long length scales,
the surface area measured depends on the probe size because it
becomes rough due to fluctuations. In this case, the surface area
measured decreases obeying a power law as the probe size
increases,317 the exponent being dependent on the fractal dimen-
sion in a much more complex manner compared to relation (62).

Peculiarities of the behaviour of the structure and correlation
functions as well as problems that arise in determining the fractal
dimension of anisotropic surfaces were considered in detail by
Wu.318, 319 In particular, it was shown that the fractal dimensions
of model surfaces can depend on the type of the function (Ss orRs)
employed in the computational procedure. The fractal dimension
can also be a function of other physicochemical parameters of
solids.320

4. Other methods
An original method 321 of determination of the fractal dimension
of metallic surfaces involves scattering studies of surface plasmon
polaritons (SPP) by rough surfaces. In the case of well-developed
fractal surface, localisation of the SPP is possible. The scheme of
calculations of the fractal dimension using the laws of SPP
scattering was evaluated taking films grown by evaporation ±
condensation in different regimes suitable for preparation of
smooth and rough surfaces. The fractal dimensions determined
are in good agreement with those found using the film surface
profiles.

The fractal dimensions of the surfaces of conducting solids can
be determined using electrochemical methods. Comparison of the
fractal dimensions determined using atomic force microscopy and
cyclic voltammograms appeared to be similar.322

The method proposed 323 for semiconductor films involves
measurements of the photocurrent from their surface. It was
assumed that the photocurrent (If) is proportional to the absorbed
energy and, correspondingly, to the surface area of the specimen.
In this case

If *Ldf , (66)

where L is the linear dimension of the specimen.
Experiments 323 carried out using films of different linear size

gave the fractal dimensions which coincided with those deter-
mined for the same films using atomic force microscopy.

Yet another method of determination of the fractal dimen-
sions of the open surfaces was proposed in a study 324 on the laws
of scattering of helium atoms by silver submonolayers of different
structure on Pt (111). According to calculations, the scattered
intensity is related to the difference between the tangential
components of the wave vectors of the incident and scattered
atomic beams (Dk)

Ia�Dk�* �Dk�dfÿ4. (67)

This relation was confirmed experimentally. The technique seems
to be promising because experimental methods of studies on
scattering of atoms and molecules by solid surfaces are well
developed.

VII. Aerogels

Aerogels are used as heat insulators, catalyst supports,325 reser-
voirs for flammable fluids and elements of acoustical and optical
devices,326 in Cherenkov counters 327 and solar cells,328 for the
growth of photoluminescent silicon crystals 329 (in this case,
aerogels themselves can possess photoluminescent properties 330).
Aerogels are highly porous, low densitymaterials characterised by
small pore sizes. They are produced by drying hydrogels prepared
by a sol ± gel process under supercritical conditions. In particular,
the most widely used silica aerogels are prepared by hydrolysis of
tetraethoxysilane or tetramethoxysilane in aqueous alcoholic
solutions. Aerogels of other metal oxides are prepared from
corresponding alkoxides.326

The sol ± gel process involves hydrolysis of precursors fol-
lowed by polycondensation of hydrolysis products. Particles
formed during polycondensation (sol) aggregate and then form a
continuous network (gel). Preparation of gel is followed by its
drying. Depending on the drying regime, a glass, ceramic or
aerogel can be obtained. The density of aerogels can be varied
within two orders of magnitude from several hundredth to
1 g cm73.

Studies of aerogels face some difficulties 331 because of strong
perturbations introduced into the structure of aerogels when using
conventional methods such as mercury porosimetry, thermopor-
osimetry and adsorption technique. Therefore, these objects are
often studied using contact-free methods, viz., small-angle neu-
tron, light and X-ray scattering as well as optical, acoustical and
thermomechanical methods.
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It has long been established using small-angle X-ray 332, 333

and neutron 334, 335 scattering that aerogels have a fractal structure
on the length scales from several to 1000�A and that their mass
fractal dimensions lie between 2.1 and 2.4. The pore surface of
aerogels is also fractal; the parameter df can approach the limiting
value (&3).

The longest length scale, x, of aerogel fractality is usually
called the correlation length (by analogy with the correlation
length in percolation theory). The size of fractal domains is, as a
rule, from several tens to a hundred of nanometres. The density of
aerogels equals that of the gel-forming fractal clusters and is
determined by the correlation length

r�x� � r0

�
x
a

�dfÿ3
, (68)

where r0 is the density of the substance the primary particles of
radius a are made of. The pore size distribution for aerogels also
obeys a power-law dependence.336

Consider the results of several recent investigations on the
structure of aerogels. Reidy et al.337 reported a small-angle
neutron scattering study of the structures of three aerogels
prepared by hydrolysis of tetraethoxysilane (TEOS), triethoxysi-
lane (TES) and trimethoxysilane (TMS). Three gel models were
employed, the interference, fractal and maximum entropy ones.
The firstmodel assumes that aerogel is composed of homogeneous
spheroidal granules with a prescribed aspect ratio and lognormal
size distribution.338 According to the second model, gel comprises
fractal fragments of size x. The thirdmodel treats gel as a systemof
homogeneous particles and derives a particle size distribution
consistent with the maximum configuration entropy.339 Analysis
of scattering patterns showed that the TEOS aerogels were best
described by the maximum entropy model, while the TES and
TMS aerogels were best described by the fractal model (a version
with fractal primary particles for TES aerogels and with fractal
surface of the pore space for TMS aerogels).

The structures of aerogels can be modified in a different
manner. The most efficient way is to introduce an aerosil into
the disperse medium. This can result in aerogels which either have
no fractal structure 340 or have a binary fractal structure.341 When
aerogels were prepared from sodium silicate solutions, the gel
structure was strongly dependent 342 on the pH value of the
medium, which can be attributed to the change in the surface
charge of the primary particles, which governs the rate of
coagulation and the fractal dimension of aggregates. The addition
of hydrogen peroxide to aerogels prepared by hydrolysis ofmethyl
silicate led to somewhat unexpected results.343 Namely, the fractal
dimension of certain systems remained unchanged and even
increased as their density decreased.

The mechanical properties of aerogels are of great practical
value and therefore attract particular attention. The power-law
dependence of the Young's modulus, E, of aerogels on their
density r (r0 is the density of the framework-forming material)

E � E0

�
r
r0

�m

(69)

was confirmed in numerous studies. The exponent m is not a
universal scaling factor; even for the silica-based gels it varies from
2.5 to 3.8 depending on the substances used for the preparation of
aerogels and on the regimes of subsequent drying and heat
treatment. Apparently, this exponent is related to the fractal
dimension of aerogel; however, this was not rigorously substanti-
ated. A possible relation is as follows:344

m � 5ÿ df
3ÿ df

. (70)

The mechanical properties of aerogels are often described
using the bulk modulus Kb , which relates the change, Dp, in the

pressure applied to a sample to the relative change in the sample
volume

Dp � ÿKb

�
DV
V

�
. (71)

The moduli E and Kb are related by

Kb �
E

3�1ÿ 2n� ,

where n is the Poisson ratio.
The modulus Kb is also related to the density by a power-law

dependence

Kb � rkb , (72)

where the exponent kb for silica aerogel varies from 3.08 to 3.38
(the mean values are &3.2 and 3.6 in the regions of plastic and
elastic deformation, respectively).345 Analysis of a large array of
experimental data on the elastic moduli of aerogels revealed 346 an
unambiguous relation between the parameter kb and the pore size
distribution and a hierarchy of pore size distributions over a broad
range of length scales provided that relationship (72) is valid.

At temperatures below 1 K, the specific heat of aerogels obeys
the law

Cp *T ac ,

where the exponent ac (ac& 1.4) is virtually independent of the
density of ultralight aerogels (r<0.4).347 The thermal conductiv-
ity of aerogels is a constant at low temperatures and increases in
proportion toT at (at& 1.2) at higher temperatues. At low temper-
atures, the specific heat of aerogels is determined by the phonon
density of states. Brillouin scattering studies revealed that the
frequency dependence, Nv(o), of the density of phonon states at
the wavelengths comparable with the length scales of domains of
the fractal structure of aerogels deviates from the dependence
typical of the phonon spectrum. Namely, this dependence still
obeys a power law but the exponent changes from (d71) to
(dfr71)

Nv(o)*odfrÿ1.

The new exponent is called a fracton or the spectral dimension.
For silica aerogels, dfr& 1.3. The fracton dimension characterises
specific features of the oscillations of those aerogel fragments
which have a fractal structure. Peculiarities of the vibrational
spectra of fractal structures and aerogels have been analysed in
detail (see Refs 189 and 348, respectively); therefore, we will not
dwell on them.Mentionmay bemade that the fracton concept was
first proposed by Alexander and Orbach.237

Fractons are natural oscillations of a fractal. If aerogel is
treated as a set of fractal clusters, fractons characterise peculiar
features of their vibrational dynamics. Strictly speaking, the
fracton dimension of clusters `grown' in numerical experiments
can be determined only in analogous numerical simulation (see,
e.g., Ref. 349). According to calculations, the fracton dimension
weakly depends on the fractal dimension. At the same time, an
analytical relation between these dimensions was derived in the
framework of a certain model. A simple equation was pro-
posed,350

dfr �
df

1� b�3ÿ df�
, (73)

in which the parameter b determines the dependence of the
velocity of sound, us , on the aerogel density

us�r�! rb.
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Relation (73) was reported 351 as a particular case of general
relations derived for elastic and thermal characteristics of hierar-
chic structures. Some other relationships are as follows:

b � mÿ 1

2
, (74)

at � dfr �
1ÿ 2dfr

df
,

ac � dfr.

In addition to Brillouin scattering, the Raman light scattering
also plays a significant role in studies of aerogels. It was shown 352

that the response of the Raman scattering by aerogels depends on
the frequency of electromagnetic radiation (o) and is described by
a universal law

wR�o�*oÿf, (75)

where the exponent f is determined by three dimensions, viz., the
mass fractal dimension, df ; the fracton dimension, dfr , which
characterises the density of vibrational states; and the dimension
ds characterising the deformation of particles by fractons. The
dependence of the exponent f on these dimensions is determined
by themechanism of Raman scattering. If themechanism involves
the interaction between permanent and induced dipoles, then

fdd � 2

�
dfr
df

ÿ
df ÿ 3ÿ ds

��� 1 . (76)

If the mechanism involves modulation of the polarisability by
atomic oscillations, one has

fp � 2

�
1ÿ dfrds

df

�
. (77)

Relationships (75) ± (77) were verified taking silica aerogels of
different density as examples.353 Gels were heat treated and
exposed to hydrostatic load and uniaxial compression. Experi-
ments with all samples showed that the parameter f is independ-
ent of the density of gel and remains unchanged during heat
treatment of aerogels resulting in their densification. However,
mechanical deformation favoured a decrease in f due to a change
in the fracton dimension of the loaded samples.

Changes in other mechanical and fractal characteristics of
aerogels due to their densification were also studied.354 ± 356

Structural changes were mainly detected using small-angle X-ray
scattering. Densification of aerogels caused the correlation length
to decrease, while the fractal dimension slightly increased (Fig. 6).
As a rule, the corresponding parameters of the densified aerogels
and of the initially more dense aerogels coincided. In some cases
the fractal dimension of the mechanically compressed aerogels
remained unchanged.356

More significant were the changes in the fractal dimension
upon densification by sintering.357 ± 359 Analysis
showed 271, 274, 360, 361 that, in spite of an increase in the fractal
dimension of aerogels on sintering, a great body of information on
the initial structure is retained. The difference betweenmechanical
compression and sintering consists in that sintering causes densi-
fication of the network of bonds while mechanical compression
causes restructuring of aggregates without formation of new
bonds. Noteworthy is that the changes in the structure of aerogels
on compression or sintering implicitly affect their physicochem-
ical properties. For instance, it was shown both theoretically 362

and experimentally 363 that the gas permeability of aerogels
depends solely on their density which can vary over a wide range.

Aerogels have a fractal pore surface.308, 330, 364 ± 370 The fractal
dimension can be determined by various methods and usually lies
between 2.5 and 2.8, though in some cases can reach the limiting
values 2.92 ± 2.98 (see Refs 308 and 364). The fractal dimension of

the surface of aerogels strongly depends on the procedure
employed for the preparation of gel (more exactly, on the regimes
of drying,365 ± 368 ageing 369 and mechanical treatment.370) Heat
treatment of aerogels usually causes the fractal dimensions of their
surfaces to decrease, while mechanical treatment can cause both a
decrease and an increase in df .370

No rigorous correlation between the bulk fractal dimension of
aerogels and the fractal dimension of their surfaces was estab-
lished as yet. Even an increase in the bulk fractal dimension was
observed 369 in the experiments on ageing of aerogels accompanied
by a dramatic decrease in the fractal dimension of the surface from
2.75 down to a value of 2, which is typical of a non-fractal surface.

VIII. Conclusion

The methods of fractal geometry are widely used in natural
science. As shown by the material presented in this review and in
Ref. 1, intensive research on the fractal structures is being carried
out. Because of the extensive literature on the subject, many
aspects of physical chemistry of the surface phenomena and
colloidal systems are left out of consideration. We can only give
a short list of the most important research avenues. The fractal
approach is employed in the studies on the properties of
foams 371, 372 and on the kinetics of binding of bioactive molecules
with surface-immobilised receptors.373 ± 378 The fractal analysis is
used to describe replacement of nucleotides in DNAmolecules 379

and to analyse spontaneous aggregation of multilayered lipid
vesicles.380 Recently, considerable attention has been paid to
fractal aggregates growing in sea water.381, 382 Sedimentary rocks
also have fractal surfaces.383 ± 385 The fractal structure of cracks
developing in brittle materials and polymers 386 ± 388 is described
using not only the conventional fractal approach but also multi-
fractal methodology.389, 390 The behaviour of grain boundaries in
polycrystalline materials 391 and their transformations on expo-
sure to various external factors 392 is considered in the framework
of fractal formalism. Reversal of the magnetisation of thin
polycrystalline layers is treated 393 as a development of fractal
clusters composed ofmagnetic domains. Fractal concepts are used
in studies on capillary electrophoresis 394 and simulation of
growth of gallstones.395 This list of research avenues that success-
fully employ the concepts of growth of fractal structures is far
short from being complete.
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In spite of extensive literature concerning the fractal struc-
tures in various colloidal systems, many problems are still to be
solved. The totality of experience accumulated during the last
two decades shows that often solving new applied problems
requires revision of the foundations of theory of fractal objects.
Therefore, the development of fractal concepts is inevitable.
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