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I. Introduction

The value of critical conversion in the formation of cross-linked
polymers, the so-called gel point, characterises the transition of a
system from a fluid state to a state with an equilibrium elastic
modulus. It is a parameter of great importance both in applied and
theoretical studies. At conversions smaller than the critical con-
version, a polymer is characterised by a finite molecular mass. At
higher conversions, the molecular mass becomes formally infinite,
or, in mathematical terms, higher moments of molecular-mass
distribution, starting from the second one, become infinite. The
formation of an insoluble gel can result in complications in
technological processes of polymer synthesis and, vice versa,
finding the relationship between the critical conversion, on the
one hand, and the structural and kinetic parameters of the process,
on the other hand, makes it possible to state the conditions for
forming a cross-linked polymer with required physico-mechanical
characteristics.

The gel point determines the flow threshold in a polymeric
system being formed, and finding the dependence of this value on
kinetic and structural parameters is an important problem. For
example, polymer properties in the critical point have recently
become a subject of scientists' attention.1 The relaxation proper-
ties of polymeric systems on transition from a sol to a gel have a
distinctive feature due to the fact that macromolecules in this
point are characterised by a specific structure shaped as fractal

trees with an extraordinarily broad size distribution. The relaxa-
tion modulus has a power-law rather than exponential time
dependence;1 ± 4 this is characteristic of pre-gel rather than post-
gel regions. It follows that the real and imaginary components of
the relaxation modulus are congruent and that the loss tangent is
independent of frequency. Obviously, correct assessment of the
critical conversion region in the formation of a three-dimensional
polymeric system occurring by any mechanism can make it
possible to determine conditions required to obtain a material
with predefined properties.

The problem of determining the critical conversion for the
polycondensation of f-functional monomers was solved by Flory 5

and Stockmayer 6 by statistical methods using combinatory anal-
ysis. The formulas they obtained were confirmed by kinetic
calculations 7, 8 and by experimental data.5, 8 They are applicable
provided that intramolecular reactions (reactions between groups
belonging to a single macromolecule) do not occur. It was later
shown that probabilistic approaches are applicable only to those
systemswhere the so-called substitution effect is absent, i.e., where
kinetic constants do not change during the process.7, 9, 10 Other-
wise, a strict kinetic calculation is required.

Three-dimensional polymerisation is usually described
according to Flory 5 and Stockmayer 11 using the probabilistic
approach,12 which is of quite limited use for polymerisation
processes. Monte Carlo computer simulation, which is also
based on the probabilistic approach, was found to be more
efficient.13 ± 15 Other approaches were also proposed, based on
the analysis of infinite systems of differential equations describing
different kinetic schemes of the polymerisation process: a method
based on the calculation of the instantaneous value of molecular
mass distribution;11, 16 ± 20 approximation of a system of ordinary
differential-difference equations by a continuous system of partial
differential equations;21 ± 28 the method of moments;29 ± 35 the
method of generating functions;7, 36, 37 numeric inversion of z- 38

and Fourier transformations;39 methods of discrete weighed
residues;40 ± 42 numeric fractionation 43 ± 45 and discrete population
balance.46, 47 These methods were mainly used to evaluate the
molecular mass distribution parameters in the formation of linear
and branched polymers, and it is only in restricted cases (see, e.g.,
Refs 7 and 48) that they were used to find critical conversion
values.

The formulas obtained by any of these methods were not
confirmed by experimental data. However, their validity was not
disputed, because it is well known that intramolecular cyclisation
occurs rather intensely under ordinary three-dimensional poly-
merisation conditions due to the fast chain growth in the case of
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the radical mechanism and the low concentration of chains at
early process stages.8 Repeated cross-linking between a single pair
of chains (formation of multiplet nodes and `staircase' macro-
molecular structures) is also believed to be a factor that decreases
the effective concentration of inter-chain cross-links and thus
increases the critical conversion.49 Because of this, radical poly-
merisation is a typical microheterogeneous process.50 The combi-
nation of all these reasons makes it difficult to expect that any
theoretical dependencies would be obeyed.

In this review, we intend to determine the applicability ranges
of the statistic and kinetic approaches. Based on this, well-
founded results on the calculation of critical conversion values
with different mechanisms of formation of cross-linked polymers
will be presented. The author has previously developed the bond
blocks (BB) concept.9, 51 This approach, which combines kinetic
and probabilistic methods, makes it possible to simplify consid-
erably the solution of problems that cannot be solved using the
purely statistical method. In this review we consider the results of
critical conversion calculations obtained by this method.

Thus, the review consists of three parts. The first part presents
the results of statistical calculations (`ideal' polycondensation);
the second part, the results obtained using the BB concept (`non-
ideal' or `nonstatistical' polycondensation); the third part, the
kinetic calculations that allowed the determination of the gel point
in three-dimensional polymerisation processes to be carried out.

II. Methods for the description of the kinetics of
formation of cross-linked polymers

Unlike low-molecular compounds (not bodies!) that are defined
almost unambiguously by their chemical formulas, the structures
of polymers, and hence their properties, are not exhausted by their
chemistry. Polymer structure is a multilevel characteristic, and the
topological level is the most important.8 In fact, the properties of
linear polymers cannot be described if their molecular mass
distribution is neglected. For cross-linked polymers, the concen-
tration of nodes and the length distribution of internode chains
are the most important structural parameters. Branched and star
polymers and dendrimers differ principally both from each other
and from linear polymers due to differences in their topological
structures. Therefore, consideration of the polymer formation
kinetics should not be limited to chemical reactions; it is also
necessary to analyse how the polymeric chain is formed.

Taking the above considerations into account, we should
discriminate at least two reaction types: polymerisation type
and, tentatively speaking, polycondensation type (called `Addi-
tion Polymerisation' and `Stepwise Polymerisation' in English-
language literature). Turning aside from chemistry, the reagents
involved in these reactions can be described by vectors; in the
former case, as R(m,n,p), where R is a macromolecule comprising
m units, n functional groups (for vinyl polymers, n is the number of
double bonds) and p active centres; m, n, p=0, 1, 2, 3, ... etc., to
infinity; in the latter case, as R(m,n).

This is certainly the easiest description method, which does
not take certain details of the topological structure into account,
but these characteristics suffice for the solution of the problem of
interest, viz., determination of the gel point.

The former reaction type is described by the following scheme:

where I is the initiator; f is the initiation efficiency (number of
active centres formed in one initiation act); R(0,0,1) is a primary
active centre; ki, kp, ktr, ktd, kX and kY are the rate constants of
initiation, growth, square-law termination by recombination and
disproportionation, chain transfer on transfer agent X and linear
inhibition-type termination on agent Y.

For simplicity, it was assumed when developing this scheme
that initiation occurs by monomolecular decomposition of initia-
tor I and that the reactivity of functional groups does not depend
on the complexity and size of the macromolecule that carries them
(Flory's principle 5). The reactivity of active centres in the chain
growth, transfer and termination is also independent of this
factor.

The second reaction type is described by the scheme (also with
the use of Flory's principle)

This is a simplified version where it is assumed that the
reacting functional groups belong to a single type.

Schemes (1) and (2) result in infinite systems of differential
equations. For scheme (1):

dI

dt
� ÿkiI,

dR�0; 0; 1�
dt

� f kiIÿR�0; 0; 1� (kpF+kXX+ktR+kYY)+kXXR,

dR�i; j; l�
dt

� ÿR�i; j; l� [kp(lF+jR)+l(kXX+ktR)]+R(i,j,l+1)6

6(kYY+kXX+ktdR)+kp
Xi;j;l
m;n;p

f�n�kÿ p�R(i7m, j7n+1,l7p)+

+p(j7n+1) R(i7m, j7n+1,l7p)]R(m, n, p)}+ (3)

� 1

2
ktr
Xi;j;l
m;n;p

��lÿ p� 1�R(i7m, j7n+1,l7p+1) (p+1)6

6R(m,n,p+1)].

In the above equations, I is the initiator concentration,

R �
X?
i;j;l

lR(i, j,l) is the total concentration of active centres, X is

the concentration of the chain transfer agent, Y is the concen-
tration of the linear termination agent, F is the total concentration
of reactive functional groups, and kt= ktr+ ktd is the overall
square-law termination constant.

For scheme (2)

dR�i; j�
dt

� ÿkjR�i; j�
X?
m;n�1

nR�m; n��

� 1

2
k
Xiÿ1; jÿ1
m;n�1

�jÿ n�R�iÿm; jÿ n� nR(m,n). (4)

Infinite systems of differential equations can be solved only in
convolute form. The simplest method involves the use of generat-
ing functions 7, 36, 37

F�q1; q2; q3� �
X?
i;j;l

qi1q
j
2q

l
3R�i; j; l�, (5)

where q1, q2, q3 are arbitrary variables.
This procedure results in relatively simple partial equations

that are principally soluble (in simplest cases, they can even be
solved analytically).52

In generating function terms, system (3) gives a partial
equation (its development can be found, e.g., in Refs 7 and 52) of
the form:

I
ki

fR(0,0,1)
kp

ktr

ktd

R(i,j,l) + R(m,n,p)

R(i+m, j+ n7 l,l+ p)

R(i+m,j+ n,l+ p7 2), (1)

R(i,j,l71)+R(m,n,p7 1)

kX
R(i,j,l) + X R(i,j,l7 1)+R(0,0,1),

kY
R(i,j,l) + Y R(i,j,l7 1).

k
R(i, j) + R(m,n) R(i+m, j+ n7 2). (2)
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qF�q�
qt
� fkiq3I� kp

�
q3

qF�q�
qq2

qF�q�
qq3

ÿ q3F
qF�q�
qq3

ÿ

ÿq2R
qF�q�
qq2

�
� �kYY� kXX��1ÿ q3�

qF�q�
qq3

� (6)

� 1

2
ktr

�
qF�q�
qq3

�2
� �ktd ÿ q3kt�

qF�q�
qq3

R;

where q: (q1,q2,q3).
A similar equation describing polycondensation has the form

qF�q�
qt
� ÿkq2

qF�q�
qq2

F� 1

2
k

�
qF�q�
qq2

�2
, (7)

where

F �
X?
i;j;l

jR�i; j�.

Equation (6) cannot be solved analytically even in its simplest
version. Numeric solution encounters the problem of finding a
general expression for critical conversion (for arbitrary values of
kinetic constants). We shall try to answer this question below.

In the version presented above, Eqn (7) is much more simple
than Eqn (6) and has an analytical solution. In any case, as shown
in Ref. 53, the solution of Eqns (6) and (7) branches in some
instant of time tc, which corresponds to the gel point, and finding
this point solves the problem. However, it is not possible to obtain
such a simple analytical or even numerical solution in more
complex cases, for example, if the reaction involves several types
of functional group with different reactivity. Therefore, a method
to solve the problem based on a statistical approach was sug-
gested.5, 6

III. Statistical methods

Flory was probably the first to suggest the use of the statistical
approach to describe the polycondensation kinetics and the
structure of polymers obtained by this method.5, 54 The molec-
ular-mass distribution upon f-functional polycondensation was
calculated using combinatorial analysis and the critical conver-
sion condition was obtained. Later calculations were based on the
use of a formalised and therefore simpler and more elegant
method,55, 56 which is based on the theory of branching proc-
esses.57

Assuming that cyclisation reactions are excluded, the struc-
ture of a macromolecule is represented 8 as a branching tree; any
chain unit or a whole fragment can be considered as the root.
Reagent molecules are chosen as such fragments in order to link
the macromolecule structure with the process of its formation.
After that, the probabilities of transitions from generation to
generation are considered (the root is taken as the zeroth gener-
ation). Probabilities are analysed in terms of generating functions.
The kinetic parameters of the process, the depth of conversion by
functional groups and their concentrations determine the proba-
bilities of transitions.

The key point of the theory of branching processes 57 is that
the generating functions for probabilities of transitions from
generation to generation do not depend on the generation number
(except the zeroth one), and their calculation requires that
algebraic rather than differential (!) equations be solved.

Let us consider the principle of finding the critical conversion
in a simple example, viz., f-functional polycondensation.

In each generation except the zeroth generation, an f-func-
tional unit can derive a maximum of f71 units; the probability of
the event that each functional group reacts, i.e., derives a new unit,
equals the conversion value (a). Thus, the generating function of
probabilities is

Z�q� �
Xfÿ1
i�0

qi
�fÿ 1�!

i !�fÿ iÿ 1� a
i�1ÿ a�fÿiÿ1 � �1ÿ a� aq�fÿ1. (8)

The gel formation condition is determined from the solution
of the equation

u�q� � qZ�u�q�� � q�1ÿ a� au�q��fÿ1. (9)

The generating function u (q) characterises the molecular mass
distribution of a polymer. The moments of this function corre-
spond to distribution moments. For example, u (1) is the first
moment of distribution, and the first derivative on q at q=1 is the
second moment of molecular mass distribution.

The critical conversion equals the value awhere the derivative
qu�1�=qq turns to infinity

qu�q�
qq
� �1ÿ a� au�q�� fÿ1�

� q�fÿ 1��1ÿ a� au�q��fÿ2 qu�q�
qq

. (10)

At q=1, we have u(1)=1 and

qu�1�
qq
� 1

1ÿ a�fÿ 1� . (11)

Hence we obtain the gel formation condition (critical con-
version):

ac(f71)=1. (12)

The equation for the first distribution moment u(1) has only
one root u(1)=1 below the gel point. Starting from the time
instant corresponding to critical conversion, the second root
u(1)<1 appears, which characterises the fraction of the soluble
polymer (the sol fraction),

u(1)={17a[17u(1)]}f71, (13)

1ÿ u�1� � a�fÿ 1��1ÿ u�1��f1ÿ fÿ 2

2!
a�1ÿ u�1���

(13a)

��fÿ 2��fÿ 3�
3!

a2�1ÿ u�1��2 ÿ :::g.

Dividing both parts of this equation by [17 u(1)] and equat-
ing the equation root to unity (gel point), we obtain the same
expression (12) for critical conversion.

The conversion value is found by solving the differential
equation for functional groups

dF

dt
� ÿkF2,

a � 1ÿ F

F�0� . (14)

We present below formulas for determining the critical con-
version for different cases of polycondensation.

1. Monomers with different functionality and single-type
functional groups with equal reactivity (reactions between any
groups are possible):

ac�h f iw ÿ 1� � 1, (15)

h f iw �
X
i

ini;

ni �
imiX
j

jmj

,

where mi is the molar concentration of a monomer containing i
functional groups. Thus, h f iw is the weight-average functionality.

2. Monomers with different functionality and different-type
functional groups (A and B), in which single-type groups cannot
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react with each other and the rate constant of the reaction between
different-type groups is the same.

acAac B�h fA iw ÿ 1��h fB iw ÿ 1� � 1. (16)

Since

FA07FA=FB07FB,

hence

aA �
FB0

FA0

aB,

where FA0 and FB0 are the initial concentrations of the corre-
sponding functional groups.

If the reactivities of functional groups are initially different, it
is acceptable to use the statistical approach. For example, the
secondary and primary hydroxy groups are non-equal in reac-
tivity in the reaction of glycerol (B) with diisocyanate (A). There-
fore, the formula for critical conversion will have the form

2

3
acA�2acB1 � ac B2� � 1, (16a)

where the indices 1 and 2 correspond to the primary and
secondary hydroxy groups of glycerol, respectively. The conver-
sions of functional groups aB1 and aB2 are determined by solving
the corresponding kinetic equations. If the reactivities are equal,
i.e., ac B1= ac B2, we obtain the formula (16).

In the case that the functional groups of reagents differ in
reactivity, it is also necessary to modify formula (16). Assume that
in the reaction

Af �
X
i

Bi ? products

(the subscript indicates the number of reactive functional groups
in a monomer molecule), the functional groups of each monomer
Bi have different rate constants of the reaction with A. Therefore,
each of them will have its own value of conversion ai at any given
instant in time. Hence, one can write:

�fÿ 1�acA
X
i

�iÿ 1�niac i � 1. (16b)

It is obvious that we obtain Eqn (16) at ai = a.
3. Cross-linking of polymeric chains with a bifunctional

reagent. If each polymeric chain unit carries a functional group,
then this is essentially the case described above, with the difference
that the weight-average functionality of the polymeric reagent
equals the weight-average degree of polymerisation (hPiw), which
is generally much greater than unity. Furthermore, the concen-
tration of the cross-linking agent mA is usually much lower than
the concentration of polymer functional groups. It hence follows
that acA& 1; therefore, Eqn (16) is transformed to the form

acBhPiw � 1. (16c)

Equations (16c) and (15) coincide formally.
If reactive functional groups are not contained in each unit

and their molar fraction is r<1, then h f iw = rhPiw, and,
accordingly,

acBrhPiw � 1. (16d)

Simple relationships obtained by the statistical method are
widely used in the analysis of various polycondensation processes.
However, the so-called substitution effect is usual for polyfunc-
tional reagents: the reactivity of functional groups changes after
one group has reacted. In fact, the reaction rate constants for the
primary (k1) and secondary amino group (k2), which appears as a
result of the first reaction, are different in the reaction of epoxy
compounds with an amine (Table 1).

The results of calculating the molecular mass distribution in
linear polycondensation with the substitution effect depend on the
calculation method.7 Hence, the statistical approach is not suit-
able in this case. It has been shown 48, 59 that a statistical

calculation gives wrong results for critical conversion if the
formation of a cross-linked polymer involves the substitution
effect.

It was found equally fruitless to use the statistical approach for
solving the cyclisation problem.60 It was shown 61 that, as in the
previous case, only a kinetic solution can give correct results.

Later, a hypothesis on the applicability limits of the statistical
calculation method was proposed.62 Its applicability limits were
fully established using the BBs concept.9, 63 However, attempts to
use this method to describe the kinetics of polymer formation in
the presence of the substitution effect were made previously 64 and
were continuing until recently.65, 66

IV. The bond block concept as a method to solve
problems involving the substitution effect

The bond block concept 9, 51, 63, 67 assumes a combination of
kinetic and statistical methods. It is this concept that made it
possible to develop a general approach for determining the gel
point; the formulas resulting from statistical calculations are
obtained as a special case if certain conditions are met. The
`bond block' concept is not yet widespread, therefore let us
consider it in more detail.

A bond block is understood as a structure that can belong to
any macromolecule or cross-linked polymer.63 It is represented as
a connected graph G, whose verges and nodes are bonds and
atoms (units) connected by these bonds. The total set of concen-
trations of all bond blocks in a system characterises unambigu-
ously its composition and structure. In this sense, the
concentration y(G) is analogous to the polymer molecular mass
distribution function in terms of the information it contains. On
the other hand, it is richer, as it not only describes the length
distribution of chains but also characterises the molecular and
topologic structure of a polymeric system.

Whenwe speak of bonds, wemean those which result from the
reaction under consideration. Hence, the BB concept is closely
related to the process chemistry. Each bond is determined by the
groups (units) connected by that bond: an a7a bond connects A
units, an a7b bond connects A and B units, etc. In other words,
identification of different units is meaningful only as an attribute
(characteristics) of a bond. The total set of BBs unambiguously
characterises the chain size and structure.

In the case of a linear homopolymer, BBs only differ in the
number of bonds but not in their type, as in the example presented
above. Therefore, the relationship between the concentrations of
BBs and chains has a simple form in this case:

yn �
X?
i�n
�iÿ n�xi, (17)

where yn and xi are the concentrations of BBs and chains,
respectively; their sizes are shown by the indices. The (i7n) factor
equals the number of ways to arrange a BB of n bonds in a chain
containing i units.

The reverse relationship follows from Eqn (17)

Table 1. Relative rate constants (k2/k1) of addition of the second epoxy
group to the amine.58

T /8C DDS a MDAb MDEA c MCDAd

80 0.46 0.65 7 0.67

135 0.42 7 0.66 0.64

160 0.51 7 7 0.70

aDDS is 4,40-diaminodiphenylsulfone, bMDA is 4,40-methylenediamine,
cMDEA is 4,40-methylenebis(2,6-diethylaniline), dMCDA is 4,40-methy-

lenebis(3-chloro-2,6-diethylaniline).
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xi � yiÿ1 ÿ 2yi � yi�1. (18)

The condition (18) can be generalised for chains and BBs with
any configuration if the terminal block (TB) concept is intro-
duced. A TB is understood as a BB in which one of the units
bordering the block is also a terminal unit of the chain (polymeric
structure).

The TB concentration (zi) is expressed through the BB con-
centration:

zi � yiÿ1 ÿ yi � yiÿ1�1ÿ y1�. (19)

(For simplicity, here we used symbolic multiplication as addition
of indices.)

If the number of terminal groups zki (the superscript identifies
the terminal member type) in a selected polymeric structure is
more than unity, then

zk;mi � zki �1ÿ ym1 � � yiÿ1�1ÿ yk1��1ÿ ym1 �. (20)

If there are several terminal groups (branched polymer), the
numbers of multiplicands and superscripts in formula (20)
increase accordingly.

A polymeric chain with any topology (excluding rings!) can be
defined as a TB where the number of terminal groups equals the
number of terminal groups of a macromolecule (all the block's
bonds are broken). This number equals two for a linear chain. In
this case, we come to the relationship (17). For an arbitrary
number and type of terminal groups, we obtain

xi � yiÿ1
Yn
j�1
�1ÿ yj1�. (21)

Thus,

xi �

yiÿ1 ÿ yi

yiÿ1 ÿ y1i ÿ y2i � y1;2i�1

yiÿ1 ÿ
X3
j�1

yji � y1;2;3i

8>>>>><>>>>>:
(22)

and so on.
An example of the use of formulas similar to those presented

above [(17) ± (22)] was considered by Hsieh and Randall.68 To
calculate the number of sequences in ethylene and butene copoly-
mers, they used NMR data that allowed the concentrations of
short TBs (containing one, two, and three units) to be found.

The system of kinetic equations for BBs was obtained from a
usual scheme of chain formation and a (17)-type relationship. Let
us develop equations for linear polycondensation

where X1, X2, Xi, and Xj are reagents.
The corresponding system of differential equations has the

form

dx1
dt
� ÿ2k1x21 ÿ k2x1

X?
j�2

xj,

dx2
dt
� k1x

2
1 ÿ k2x1x2 ÿ k3x2

X?
j�2

xj,

(24)
dx3
dt
� k2x1�x2 ÿ x3� ÿ k3x3

X?
j�2

xj,

dxi
dt
� k2x1�xiÿ1 ÿ xi� ÿ k3xi

X?
j�2

xj �
1

2
k3
Xiÿ2
j�2

xjxiÿj, i=4, 5, ... ,

where x1, x2, x3, xi, xj are the chain concentrations.
After substituting (17) into (24) we obtain

dy0
dt
� 0,

dy1
dt
� k1�y0 ÿ y1�2 � �y1 ÿ y2���k2 ÿ k1��y0 ÿ y1��

� 1

2
�k1 ÿ 2k2 � k3��y1 ÿ y2��, (25)

dy2
dt
� �k2 ÿ k3��y1 ÿ y2��y0 ÿ 2y1 � y2��

� 1

2
k3
X2
j�0
�yj ÿ yj�1��y2ÿjÿ1 ÿ y2ÿj�,

dyi
dt
� �k2 ÿ k3��yiÿ1 ÿ yi��y0 ÿ 2y1 � y2��

� 1

2
k3
Xi
j�0
�yj ÿ yj�1��yiÿjÿ1 ÿ yiÿj�, i=3, 4, ...

where the concentration of bond blocks y0 equals the total number
of units in the system and is therefore a constant; y1 is the total
number of bonds; the y1/y0 ratio is the conversion depth.

System (25) is as infinite as system (24). However, the distinc-
tive feature is that it is a closed system starting from the second
termof the series (y2), and can therefore be solved numerically by a
sequential method: yi can be calculated if all the preceding values,
viz., yj, j< i, are known. The truncation of the system occurs
naturally: there is no sense in calculating the variables whose
concentrations cannot be measured. For example, if an experi-
ment allows the determination of sequences consisting of a
maximum of five units, why should the concentration of a six-
unit sequence be determined? Thus, in this case the system to be
solved will consist of five equations. A similar statement corre-
sponds to chain concentrations obtained from (25) by substitution
of yi into Eqn (18).

Analysis of the structure of kinetic equations for BBs showed
that a simple rule is observed: all the possible ways of formation of
a given block are totalled. This simplifies considerably the
formulation of kinetic equations for BBs. In this case, the TB
concept becomes of key importance: in essence, the TB concept is
a generalisation of the `functional group' concept. In fact, a
reaction between functional groups results in one bond, or a single
BB (y1). A terminal block is a functional group with units (one,
two or more) bound to it. The formation of a TB results from
reactions of simpler TBs with starting reagents; the structures of
all the reaction participants are simpler than the structure of the
starting block. Thus, the system of equations for any arbitrary
complex structure appears to be closed, and the requirements of
an experiment determine the blocks for which the kinetic problem
should be solved.

Analysis of the system of differential equations for BBs
showed 9, 51, 67 that it can be broken into groups of equations in
such a way that the concentrations of BBs described by these
equations can be calculated directly by solving that group of
equations. The concentrations of larger BBs can be found using
probabilistic methods. If such a group consists of a single block,
i.e., a block involving only one bond, the probabilistic approach is
applicable to calculations of a polymeric structure of any com-
plexity. In almost all cases it is possible to separate such structures
of minimum size from which structures of arbitrary complexity
and size can be combined. It was found 9, 51, 67 that the criterion of
`simplicity' consists of the absence of substitution effects on the
reactivity of functional groups. Such effects can exist within a
`simple' block.

for terminal block

for linear chain with terminal
groups of types 1 and 2

for branched chain with
three terminal groups

k1
X1+ X1 X2,

Xi+1, i= 2, 3, ... (23)X1+ Xi

k2

k3
Xi+Xj Xi+j, i, j= 2, 3, ... ,

Methods of calculation of the critical conversion in the formation of network polymers 255



Thus, the use of the BB concept makes it possible to simplify
the solution of kinetic problems, because it becomes unnecessary
to formulate differential equations for all sizes of blocks. It is
sufficient to solve these problems for elementary blocks and to use
probabilistic calculations for larger blocks. In other words, the
method based on the BB concept combines the advantages of both
kinetic and probabilistic approaches.

Let us illustrate the application of the BB concept to the
solution of the problem of critical conversion for a particular
system, viz., epoxide bifunctional oligomer ± pentafunctional
amine.69 The presence of primary and secondary hydrogen
atoms in the latter creates prerequisites for the substitution effect.
If BB concentrations are used, then, as in the statistical calcu-
lation, not molar concentrations of reagents are used but func-
tional fractions of reactive groups (ni) and probabilities of
reactions of the corresponding groups, i.e., conversion degree (ai).

The functional fractions of the corresponding groups ni that
are capable of reacting with the amine (the functional fraction of
which equals nA) can be represented as

ni �
NiX
j

Nj

,

where Ni is the molar concentration of the corresponding groups
at a given instant in time (at a given conversion); moreover,

Ni= i mi,

where m is the molar concentration of a reagent containing i
reactive functional groups. The balance condition isX

i

Niai � AaA,

where the i index corresponds to the epoxide reagents and the A
index corresponds to the amine. The values of ai and ni are found
by solving the corresponding systems of kinetic equations.

The structure of the network is determined by the concen-
tration of nodes with different functionality; in this case, frag-
ments of the amine-type hardening agent play the role of nodes. It
is these structural elements that are bond blocks, whose concen-
tration in this case should be calculated by the kinetic method, i.e.,
by solving the appropriate kinetic equations. The functionality of
a node is determined by the number of oligomeric fragments
bound to it.

In the case of the `bifunctional epoxide oligomer ± pentafunc-
tional amine' system [e.g., diethylenetriamine (DETA) contains
one secondary and two primary amino groups], it is necessary to
distinguish primary and secondary amino groups from the very
start of the reaction. If we designate the numbers of primary and
secondary hydrogen atoms by digits (the first and second digit,
respectively), the following groups are involved in the building of
the network:

A(41) Ð original amine, node of zero functionality;
A(40) Ð amine with reacted secondary amino group; its

functionality is 1, and it is a terminal fragment in the network;
A(22) Ð reaction product of a primary amino group; its

functionality is 1, and it is a terminal fragment;
A(21) Ð functionality 2, intermediate fragment;
A(03) Ð functionality 2, intermediate fragment;
A(20) Ð trifunctional node;
A(02) Ð trifunctional node;
A(01) Ð tetrafunctional node;
A(00) Ð pentafunctional node.
If the ratio of reaction rate constants of secondary and

primary amino groups is designated as

b=
k2
k1

,

then the system of equations for all amino groups can be
represented as follows:

dB

dt
�7B{4A(41)+4A(40)+2A(22)+2A(21)+2A(20)+

+ b [A(41)+2A(22)+A(21)+3A(03)+

+2A(02)+A(01)]},

dA�41�
dt

�7(4+b) BA(41),

dA�40�
dt

� [bA(41)7 4A(40)]B,

dA�22�
dt

� [4A(41)7 2(1+b)A(22)]B,

dA�21�
dt

� [4A(40)+2bA(22)7 (2+b)A(21)]B, (26)

dA�03�
dt

� [2A(22)7 3bA(03)]B,

dA�02�
dt

� [3bA(03)+2A(21)7 2bA(02)]B,

dA�20�
dt

� [bA(21)7 2A(20)]B,

dA�01�
dt

� [2bA(02)+2A(20)7 bA(01)]B,

dA�00�
dt

� bA(01)B.

The concentrations of nodes with different functionality
change in the course of a reaction (Fig. 1). Characteristically, the
concentration ± conversion curves for different b values are sim-
ilar in appearance: the maximum concentration of nodes with a
given functionality corresponds to a single value of conversion
depth, irrespective of the relative rate constant of the reaction
involving the secondary amino group. On the other hand, the
maximum value varies as a function of the kinetic parameters of
polycondensation.

Since it is assumed that the reactivity of epoxy groups is
unchanged during the reaction, the network structure can be
calculated using a statistical approach based on calculated node
concentrations.

According to the theory of branching processes,

u�q� � x

�
1ÿ a� a

X
nAiu

iÿ1�q�
�
, (27)

where a is the conversion degree of epoxy groups; nAi is the
functional fraction of i-functional nodes.

Differentiation of the equation results in an expression for the
gel formation condition

a
X
i

�iÿ 1�nAi � 1. (28)

Formally, Eqn (28) coincides with the critical condition for f-
functional polycondensation (15); however, the difference is that
the weight-average functionality h f iw changes during the process,
i.e., it is a function of the conversion a.

The plots

y�a� � 1ÿ a
X
i

�iÿ 1�nAi

are presented in Fig. 2 for different b values. The ac value is
determined by the condition y(a)=0. The critical conversion
values for the diepoxide ±DETA system for different b values are
presented below.

b 1.0 0.7 0.5 0.3 0.1 0.01

ac 0.5 0.507 0.514 0.524 0.535 0.535
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Thus, the solution result depends on the b value; this does not
follow from the statistical theory at all. However, it can be shown
easily that the known formula for the dependence of nAi on
conversion is obtained if the applicability conditions of the
statistical approach are met. In fact, according to statistics,

Ai � A
f !

i !�fÿ i�! a
i
A�1ÿ aA� fÿi, (29)

where Ai is the concentration of the i-functional node and f is its
maximum possible functionality (f=5 for DETA).

Since

nAi �
iAiX
i

iAi

,

substituting (29) into (28) we obtain

a�fÿ 1�aA � 1,

which coincides with Eqn (16) for a system of a bifunctional and
an f-functional reagent.

The ratio of b constants affects considerably the gel point if the
reagents are present in a non-equivalent ratio (Fig. 3).

When the scheme of a branching process is constructed (the
statistical stage of solving the problem), the functionality of nodes
that are formed should be taken into account. The presence of
monofunctional reagents in the reaction mixture shifts the gel
point towards higher conversions.69 In this case, the gel formation
condition has the form of Eqn (28); however, the presence of a
monofunctional `terminator' should be taken into account in the i
index (as above, it means the node functionality). Here the
functionality equals the number of added bifunctional oligomers
rather than the number of hydrogen atoms that have reacted.

The strong dependence of the critical conversion on the
concentration of the monofunctional modifier results from the
decrease in the functionality of nodes (Table 2, Fig. 4). In
comparison with the plots of changes in the concentrations of
nodes with different functionality presented in Fig. 1, similar
curves in Fig. 4 are shifted to the right along the x axis, the
stronger the higher the content of the monofunctional modifier.
While the final state of the system did not depend on the values of
kinetic constants in the former case, in the latter case the presence
of a monofunctional modifier strongly affects the structure of the
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Figure 1. Dependencies of the concentrations of network nodes with

different functionality on conversion for b=1 (a), 0.5 (b), 0.1 (c).69

Node functionality: (1) 0, (2) 1, (3) 2, (4) 3, (5) 4, (6) 5.

a0.48 0.50 0.52 0.54

0.10

0.05

0.00

70.05

70.10

y(a)

1 2 3 4 5 6

Figure 2. Graphical solution of the equation for finding the critical

conversion at b=1 (1), 0.7 (2), 0.5 (3), 0.2 (4), 0.1 (5), 0.01 (6).69
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Reagent concentration ratio
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0.7
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0.9

1.0
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Figure 3. Dependence of the critical conversion on the ratios of the

concentrations of amine (A) and epoxide oligomer (B) at different b
values.69

A/B at b=0.1 (1), 1 (2); B/A at b=0.1 (3) and 1 (4).
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network formed, hence the gel point becomes unreachable at some
concentration of the modifier.

Unlike a monofunctional modifier, a bifunctional modifier
does not affect the critical conversion since neither of the
components breaks network chains, hence the functionality of
nodes does not depend on which of them is bound to an amine
fragment. In this case, critical conversion is determined by the
equation

�abnb � a2n2�
X
i

�iÿ 1�nAi � 1, (28a)

where the `b' index corresponds to the main oligomer and the `2'
index corresponds to the modifying one,

abnb+ a2n2: aef.

Both the difference of reaction rate constants of epoxy groups
corresponding to different oligomers and the relative concentra-
tions of oligomers affect the aef value but do not affect the gel
point.

The use of the approach considered above for the solution of
the problem of critical conversion values for other systems was
considered by Deberdeev et al.69, 70.

V. Three-dimensional polymerisation

Polymerisation can be regarded as a process with a pronounced
substitution effect. In fact, interaction of an active centre with a
functional group recovers the active centre, i.e., its reactivity
changes. If there is no reagent with unchanged reactivity, the
statistical approach to the description of such reactions is not
applicable in any form (neither directly nor with the use of the BB
concept). However, the statistical approach proposed long ago by
Stockmayer 11, 71 and improved by Gordon 72 is widely used even
now.18 ± 20, 73 ± 76

In essence, based on the statements of the statistical theory,
the gel point condition for three-dimensional polymerisation
consists of the requirement

ac �
1

, (16e)

i.e., this is considered as a cross-linking process. In this formula, ac
is the critical branching, a value introduced by Flory and Stock-
mayer;5, 71 r is the molar fraction of the bifunctional monomer if
(as often happens) a mixture of mono- and bifunctional mono-
mers is considered. The relationship between ac and conversion
was determined by solving kinetic equations describing the con-
sumption of functional groups of monomers.72

Attempts were made to solve the problem kinetically. How-
ever, either the conditions used were not quite correct in some
cases 77 ± 79 or approximate and particular solutions were
obtained.7

It should be noted that the question of experimental validation
of theoretical calculations was non-topical for a long time, since it
is well known that their feasibility conditions are not realised in
three-dimensional polymerisation:7, 8, 50 the fast chain growth by
the radical mechanism and the low chain concentration at early
stages of the process result in rather intense intramolecular
cyclisation.8, 80 ± 82 In this case, multiple cross-linking between a
single pair of chains (formation of multiplet nodes and `staircase'-
type macromolecular structures) is also regarded as a factor
decreasing the effective concentration of interchain cross-links
and thus increasing the critical conversion. Because of that,
microheterogeneous behaviour is typical of radical polymerisa-
tion.8, 50, 83, 84

However, recent studies on living radical three-dimensional
polymerisation (see, e.g., Ref. 85) showed that the relationship
(16e) is not fulfilled either,86 though cyclisation does not play a
significant role,87 and the microheterogeneous character of the
process does not manifest itself.86, 88

It is convenient to solve Eqn (6) not in general form but by
transforming it to a system ofmoments of the generating function.

r(Pw
7

71)

Table 2. Critical conversion values at different monofunctional compo-
nent concentrations (n1) and different relative reaction rate constants of
the modifier with primary (k1) and secondary (b2) amino groups (b1 is the
relative reaction rate constant of the secondary amino group with the
epoxy group of the main oligomer).69

n1 k1=1, k1=5, k1=1, k1=0.5, k1=0.5,

b1=b2=1 b1=b2=1 b1=b2=0.5 b1=b2=1 b1=b2=0.5

0 0.500 0.500 0.514 0.500 0.514

0.1 0.527 0.527 7 0.527 0.542

0.2 0.559 7 0.572 7 0.574

0.3 0.597 7 7 0.597 0.613

0.4 0.645 0.645 0.655 7 0.661

0.5 0.707 7 7 0.707 0.722

0.6 0.790 7 0.794 7 0.804

0.65 0.845 0.845 7 7 0.857

0.7 0.913 7 0.912 0.913 0.923

0.74 0.981 0.981 0.980 7 0.987
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Figure 4. Dependencies of the concentrations of network nodes with

different functionality on conversion for b=1at n1=0 (a), 0.2 (b), 0.4 (c),

0.6 (d).

Node functionality: (1) 0, (2) 1, (3) 2, (4) 3, (5) 4, (6) 5.69
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Differentiation of Eqn (6) by all the qi followed by equating them
to 1 results in a system of differential equations for generating
function moments and hence, moments of macromolecule distri-
bution by length, chain functionality, and number of active
centres. Obviously, all of these values are functions of time:
N=F(1) is the total concentration of chains (zero moment);

first moments:

M � qF�1�
qq1

�
X
i; j; l

iR�i; j; l�

is the total concentration of monomeric units in the system;

F � qF�1�
qq2

�
X
i; j; l

jR�i; j; l�

is the total concentration of functional groups,

R � qF�1�
qq3

�
X
i; j; l

lR�i; j; l�

is the total concentration of active centres;
second moments:

Fij :Fij�1� �
q2F��q�
qqiqqj

at q � 1:

F11=
X

i(i71)R(i,j,l),

F12=
X

ijR(i,j,l),

F13=
X

ilR(i,j,l),

F22=
X

j(j71)R(i,j,l),

F23=
X

jlR(i,j,l),

F33=
X

l(l71)R(i,j,l).

The system of differential equations for generating function
moments has the form

dI

dt
=7ki I,

dN

dt
= fkiI7 kp FR7

1

2
ktR27 kYY,

dM

dt
=0,

dF

dt
=7kpFR,

dR

dt
= fkiI7 ktR27 kYY,

dX

dt
=7kXXR,

dF11

dt
=2kpF12F13+ kt(F13)2, (30)

dF12

dt
= kp(F13F22+F12F237RF12)+ ktF13F23,

dF13

dt
= kp(F13F23+F12F33+RF12)7 (kXX+ kYY)F13+

+ kt(F337R)F13,

dF22

dt
=2 kp(F22F237RF22)+ kt(F23)2,

dF23

dt
= kp[(F23)2+F22F337RF23+RF22]7

7 (kYY+ kXX)F23+ kt(F337R)F23,

dF33

dt
=2 kpF23(F33+R)7 2(kYY+ kXX)F33+

+ kt(F337 2R)F33.

The solution of the system makes it possible to obtain
comprehensive information about the course of polymerisation,
including the value of critical conversion.

As noted above, the mathematical criterion of the formation
of a cross-linked polymer is that the second moment of molecular
mass distribution turns to infinity. However, it is the number of
functional groups (as well as the number of active centres) that
determines the chain growth rate during gel formation. Hence,
distribution of macromolecules by functionality is the determin-
ing factor. In terms of generating functionmoments, it is the value
of the second moment of the generating function by functionality

F22�t� �
X
i; j; l

j�jÿ 1�R�i; j; l; t�.

In a series of studies, Irzhak et al.49, 89 ± 92 used the method
considered above to study three-dimensional polymerisation
processes involving different mechanisms: living polymerisation
with instant and slow initiation, without and with chain transfer;
polymerisation with square-law and linear termination. The main
results of these studies are presented below.

The plots ofF22(t) during living polymerisation in the absence
of chain transfer reactions under instant initiation conditions are
presented in Fig. 5. One can see that F22(t) increases by orders of
magnitude (tends to infinity) in a very narrow range of conver-
sions. Therefore, the critical conversion can be determined, with-
out a considerable inaccuracy, as the x-axis intercept of the
asymptote to the F22(t) ± a curve. As calculations showed,89 the
critical conversion ac obtained by this method is an unambiguous
function of the starting F22(0) value at a given concentration of
active centres I0 and does not depend on the starting concentration
of functional groups, F(0).

The dependence of ac on F22(0) for living polymerisation with
instantaneous initiation is presented in Fig. 6. It is evident that the
square-root law is obeyed with good accuracy in this case; the

0.00 0.04 0.08 a

0

4

8

12

log[F22(t)] (mol litre71)

1 2 3 4 5

Figure 5. Kinetic curves of changes in the second moment of function-

ality distribution F22(t) on instant initiation.

I0=1073 mol litre71; F22(0)=20 (1), 5 (2), 1 (3), 0.5 (4), 0.1 (5).89
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straight lines corresponding to different concentrations of active
centres are parallel to each other. Analysis showed that the critical
conversion value is described by the formula

a2cF22�0�
I0

� 1. (31)

The forms of the formulas (31) and (16) are similar. It fact,
taking into account that

F22�0�
F�0� � h f iw ÿ 1,

formula (31) can be converted to

a2cr( �fw71)=1. (31a)

However, this is just an outward similarity, since the r value, which
is the ratio of concentrations of functional groups and active
centres is much more than unity, whereas the FB0/FA0 in formula
(16) is close to unity. Furthermore, there is no multiplier charac-
terising the distribution of the second reagent (active centres) by
functionality. Anyway, it could not be present here because of the
facts noted above, i.e., that the starting molecules of active centres
are monofunctional [R(0,0,1)/I0=1] and that they are not con-
sumed in polymerisation. Probably, the presence of the second
power of ac in formula (31) originates from the fact that the
achievement of the critical point requires the reaction of at least
two (per one chain) groups belonging to polyfunctional (branch-

ing) monomers, rather than the simultaneous reaction of two
different functional groups, as is the case in Eqn (16).

Solution of the problem of radical copolymerisation of mono-
and bifunctional monomers by the Monte Carlo method 93

resulted in an empirical relationship, whose form is similar to
Eqn (31). The dependence of the critical conversion pc on the
inhibitor concentration CI, the fraction of vacant lattice points
CV, and the molar fraction of bifunctional monomers fbif was
determined using the formula

pc �
C0:45

I

f 0:47
bif �1ÿ CV�

.

As one can see, there are some differences, viz., the index of
power differs somewhat from 2 and the relative concentration of
branching (bifunctional) comonomer appears in place of the
second moment by functionality. The first difference is explained
by the fact that cyclisation can be taken into account in the
simulation of polymerisation. Therefore, the gel point should shift
towards higher conversions in comparison with that calculated
analytically. As regards the molar fraction of the branching
comonomer, its use is not substantiated by any considerations.

Bansil et al.93 reached the conclusion that the relationship
obtained agreed with the ideas of Flory and Stockmayer. How-
ever, on the contrary, the calculation presented in that study
suggests that there was no agreement.

Analysis of polymerisation processes with more complex
mechanisms confirms the latter conclusion. Results for living
polymerisation under slow initiation conditions are presented in
Fig. 7. One can see that the ac vs. F22(0) plots in logarithmic
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Figure 6. Dependencies of ac on F22(0) in the case of instant initiation.

I0= 1074 (1), 1073 (2), 1072 (3), 1071 (4), 1 mol litre71 (5).89
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Figure 7. Dependencies of ac on F22(0) in the case of slow initiation.
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coordinates have the form of parallel straight lines demonstrating
the relationship

ac * �F22�0��ÿ0:67,

shifted along the y-axis depending on the initiation rate. All the
results are described with high accuracy by the following relation-
ship:

a3c
kpF

2
22�0�

kiI0
� 1. (32)

However, it is obvious that this result does not at all correlate
with formulas provided by the statistical theory. On the other
hand, both Eqns (31) and (32) relate the critical conversion value
with the weight-average functionality of the starting monomer
mixture referred to the concentration of chains [Eqn (31)] or to the
rate of their accumulation [Eqn (32)].

It should be noted that the formulas (31) and (32) are some
limiting cases that are obtained from a more general expression at
Wi ? ? (instant initiation) or Wi ? 0 (slow initiation). The
following formula can be an example:

a2cF22�0�
I0

� 1ÿ exp

�
ÿ ki
kpacF22�0�

�

.

However, this result cannot be obtained in explicit form
because the system (30) does not have an analytical solution. On
the other hand, numeric calculation (Fig. 8) showed that the
formula (31) is correct under the condition

ki
kpacF22�0�

5 6.

If

ki
kpacF22�0�

<1,

then the critical conversion value is determined by the expression
(32). The term `instant initiation' should be used in the case
ki/kp>0.1 mol litre71.

Dusek and Somvarsky 94 gave a kinetic solution of the prob-
lem for living polymerisation with slow initiation. It was shown
that the results given by the suggested approach differed from
those of statistical calculations. Calculations carried out using the
system (30) (taking into account that initiation occurs when an
initiator reacts with a functional group) also give a somewhat
different result (Table 3).

The difference between the critical conversion values is not
high at a low inhibitor concentration and a low initiation
constant, but it increases with an increase in these parameters.

Probably, the results of kinetic calculations differ because Dusek
and Somvarsky 94 did not use the kinetic approach quite consis-
tently: in order to take into account the interaction of active
centres with `dangling' functional groups, they derived a branch-
ing process and obtained the G1(za) probability generating func-
tion [see Eqns (14) ± (16) in Ref. 94]. However, both variants give
critical conversion values that differ considerably from those
obtained using the statistical approach.

The significant dissimilarity between the results obtained and
the statistical conclusions is also obtained if the concentration of
chains is determined by a more complex mechanism, viz., chain
transfer or chain termination.89, 90

The relationships between the ac, F22(0) values and the chain
transfer rate for instant and slow initiation are demonstrated in
Fig. 9. In both cases, invariants characteristic of processes in the
absence of chain transfer are plotted along the y axis. By selecting
appropriate coordinates for the y axis it becomes possible to `plot'
the entire set of `experimental' data on consolidated curves. The
left branches of such curves correspond to the relationship

ac &
1

2

kXX0

kpF22�0�
, (33)

i.e., critical conversion is determined by the ratio of the chain
transfer rate to the growth rate on functional groups belonging to
polyfunctional (branching) monomers.

The right branches of the curves for instant and slow initiation
obey the relationships (31) and (32), respectively. The crossover
points are described by the following relationships:

at ki??

at ki? 0

1

ki
kpacF22�0�
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Figure 8. Dependence of ac on the initiation rate in generalised coor-

dinates L ±Y.49

The curve shows the regions where the relationships (31) and (32) are

obeyed.

L= a2cF22(0)/I0, Y= ki/kpacF22(0); log(ki/kp)=75 (1), 74 (2), 73 (3),

72 (4),71 (5), 0 (6), 1 (7).

Table 3. Critical conversion calculation results: kinetic methods (I, II); statistical methods (III).

I0/m0 ki/kp=0.01 ki/kp=0.1 ki/kp=1.0 ki/kp=10

I II III I II III I II III I II III

0.001 0.020 0.020 0.015 0.030 0.031 0.022 0.032 0.033 0.023 0.032 0.033 0.023

0.01 0.046 0.048 0.036 0.083 0.089 0.063 0.100 0.108 0.075 0.105 0.109 0.076

0.1 0.102 0.112 0.081 0.204 0.236 0.168 0.316 0.367 0.257 0.332 0.385 0.279

0.5 0.177 0.204 0.146 0.375 0.448 0.324 0.707 0.758 0.643 0.864 0.855 0.809

Note. I, III are data from Ref. 94, II is calculation using system (30); F(0)=10, F22(0)=20, monomer concentration m0=5 mol litre71.
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Therefore, if kX/kp& 1 and X0& I0, one should use the
formula (33) at F22(0)<X0 and the relationships (31) and (32)
at F22(0)>X0. However, it is obvious that if F22(0)<X0, then ac
exceeds 1, i.e., the gel point cannot be reached. Thismeans that it is
the formulas (31) and (32) that make sense for practically
important polymerisation conditions, i.e., the chain transfer
reaction and hence the actual length of the polymeric chain are
not of importance in determining the critical conversion. In other
words, the concentration of active centres in the former case and
the initiation rate in the latter case are of importance not as factors
determining the chain length but as those setting the concentration
of the second reagent that participates in the formation of a
macromolecule, which is an active centre.

Similar conclusions are obtained from analysis of polymer-
isation reactions with chain termination.90, 92 The corresponding
formulas are presented in Table 4.

It is usual for three-dimensional radical polymerisation that a
dilute solution of primary macromolecules in their own monomer
is formed at early stages. Chain units carry functional (`dangling')
groups; subsequent conversion of such groups is determined by
two factors. On the one hand, the local concentration of these
groups in the vicinity of a reactive end of a macroradical can be
considerably higher than the mean bulk value, which results in
their higher consumptionwith formation of intrachain rather than
interchain cross-links. Because of that, both the apparent reac-
tivity of `dangling' groups and the critical conversion increase.8

On the other hand, shielding of `dangling' groups by the polymeric
chain itself decreases the reactivity due to the steric factor,
particularly if aggregation occurs. Finally, the substitution effect
can manifest itself, i.e., a change in the double bond reactivity,
depending on whether it belongs to a monomer molecule or to a
monomeric unit of a macromolecule. The combined effects of all
these factors complicate the determination of the actual mecha-
nism of the formation of cross-links in three-dimensional radical
polymerisation.

In fact, conversion of double bonds (a1) and `dangling' groups
(ap) was observed separately in a number of studies 88, 95 ± 97 on the
kinetics of three-dimensional radical polymerisation. It was found
that ap reaches 0.2 ± 0.4 at initial reaction stageswhere a1 is close to
zero. In terms of relative reactivity e (e= kp2/kp1, where kp1 and
kp2 are reaction rate constants of chain growth on original and
`dangling' double bonds), this gives e44 1.

The following copolymerisation systems were used: mixtures
of styrene with 0.2 mol.%± 2 mol.% of divinylbisphenol 88, 98 ± 100

and mixtures of MMA with 1%±2% of ethylene glycol dimetha-
crylate.98 In both cases, there are no reasons to believe that the
reactivity of vinyl groups can increase when they are `hung' on a
polymeric chain. Probably, the increase in the local concentration
of `dangling' groups in the vicinity of the reactive macroradical
end is the determining factor in both cases.

When three-dimensional radical polymerisation is carried out
in the living chain mode,86, 88 kp2/kp1& 0.3. This means that at the
very start of the reaction, the concentration of macromolecules is
high and the chain lengths are small, therefore the effect of local
concentration of `dangling' groups ceases and their decreased

(instant initiation)

(slow initiation)

kpF22�0�
kXX0

&

kXX0

kpI0

�kXX0�2
kpkiI0

(34)

a

b

1072 100 104102 106

F22Wi=�kXX0=kp�3

�a2c�x� ÿ a2c�0��F2
22�0�=Wi

1
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1073 1071 101 103

�a2c�x� ÿ a2c�0��F22�0�=I0
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Figure 9. Dependencies of ac onF22(0) in the case of instant (a) and slow

(b) initiation and chain transfer.83

I0=1074 mol litre71: (a): X0=0 (1), 1 (2 ± 4, 6); 1071 mol litre71 (5);

kX/kp=1073 (1, 2), 1072 (3), 1071 (4 ± 6); (b): Wi = 1074 (mol litre71)2

(see {). X0= 0 (1), 1 (2 ± 4), 1071 (5); kX/kp= 1073 (1, 2), 1072 (3), 1071

(4, 5). The numbers at the plots show the slopes of the straight lines.

Table 4. Critical conversion calculation formulas.89 ± 92

Process small F22 high F22 Criterial

conditions

Living polymer- a2cF22

I0
& 1

a2cF22

I0
& 1

ki
kp
>

�����������
I0F22

p
isation, instant

initiation

The same+
ac &

1

2

kXX0

kpF22

a2cF22

I0
& 1 F22 ><

�kXX0�2
k2pI0chain transfer

Living polymer- a3cF
2
22

Wi

& 1
a3cF

2
22

Wi

& 1
ki
kp
<

�����������
I0F22

p
isation, slow

initiation

The same+
ac &

1

2

kXX0

kpF22

a3cF
2
22

Wi

& 1 F22 ><
�kXX0�3
kpk

2
i I0chain transfer

Slow initiation,
ac & 0:33

ktR

kpF22

a3cF
2
22

Wi

& 1 F22 ><

�����������
k31Wi

q
k2ptermination by

recombination

Slow initiation,
ac &

1

2

kt YY

kpF22�0�
7 7

linear termination

`Substitution' effect,
ac &

1

2

����������
ktWi

p
kp2Z22

7
kp1Z22����������
ktWi

p <
kt
kp2termination by

disproportionation

{The initiation rate was attributed to the chain growth constant, therefore
the (mol litre71) 2 measurement units were obtained.
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reactivity in comparison with the original monomer is observed. It
is likely that steric restrictions play a decisive role in this system.

On the other hand, it is obvious that the substitution effect can
manifest itself in the three-dimensional radical polymerisation of
diene monomers. This should primarily affect the structure of the
cross-linked polymer:101 a decrease in the reactivity of dangling
groups in comparison with the original functional groups results
in the formation of `loose' interpenetrating clusters, while its
increase results in compact, closely packed `grains'.

Changes in the reactivity of functional groups within the
suggested calculation scheme were taken into account by Korolev
et al.91 It was shown that it is necessary to separate original
(monomeric) reagents from all polymeric chains and to introduce
an own generating function for such chains

Z�q� �
X
i

q1q
i
2mi

(mi is the concentration of the i-functional monomer). For
example, in the case of bifunctional oligomers (e.g., dimeth-
acrylates)

Z�q� � q1q
2
2m2.

The kinetic scheme of mi consumption expressed by the
equation

dmi

dt
� ÿkp1i miR

(kp1 is the growth rate constant on functional groups belonging to
monomers) gives an ordinary differential partial equation for the
generating function

qZ�q�
qt

=ÿkp1q2
qZ�q�
qq2

R, (35)

solution of which by the characteristics method gives

Z�q� �
X
i

q1�q2eÿkp1t�imi�0�, (36)

where

t �
�t
0

R�x�dx

(x is the variable of integration);mi(0) is the starting concentration
of the i-functional monomer.

Equation (35) can be represented as a system for moments
taking the distribution by functional groups (the `2' index) into
account

dZ

dt
� ÿkp1RZ2,

dZ2

dt
� ÿkp1R�Z2 � Z22�,

(37)
dZ22

dt
� ÿkp1R�2Z22 � Z222�,

dZ222

dt
� ÿkp1R�3Z222 � Z2222�,

etc.

This system is not closed.
However, it should be taken into account that the initial

reaction mixture consists of monomeric molecules with limited
functionality. This fact makes it possible to truncate the system of
equations. In fact, since

Z2�q� � q1
Xn
i�1

iqiÿ12 mi,

Z22�q� � q1
Xn
i�1

i�iÿ 1�qiÿ22 mi, (38)

Z222�q� � q1
Xn
i�1

i�iÿ 1��iÿ 2�qiÿ32 mi

etc.,

Z22(1)=0 for linear polymerisation; Z222(1)=0 if the function-
ality does not exceed two (n4 2); Z2222=0 if n is no greater than
three.

Naturally, the scheme describing radical polymerisation is
more complex than Scheme (1). The system of differential
equations for macromolecule concentrations and generating
function moments changes accordingly. The initial conditions
change as well: at t=0 m(1,i,0)=mi(0), all R(i, j, l)=0.

Calculations showed 91 that the result obtained above is true
with rather high precision, viz., the critical conversion value
depends only on the second distribution moment by functionality
for initial molecules, Z22(0). Therefore, (31)- and (32)-type for-
mulas are valid for living polymerisation. Results of calculations
for radical polymerisation (with chain termination) are presented
in Table 4.

As noted above, comparison of theoretical conclusions with
experimental data for polymerisation processes is very difficult.
Owing to the high distribution nonhomogeneity of reactive
macromolecules in the reaction volume at early stages, intrachain
cyclisation and aggregation of polymeric coils are highly probable
at early stages. Therefore, assessment of the validity of particular
formulas requires that the distribution nonhomogeneity ofmacro-
molecules be minimised. This can be achieved by minimising the
degree of polymerisation by increasing the rates of chain transfer
or chain termination reactions. When polymerisation occurs in
the living chain mode, the steady-state concentration of active
centres decreases by several orders in comparison with a similar
value for polymerisation under ordinary conditions.85, 102 As a
result, the concentration of chains is rather high even at small
conversion levels. Therefore, the cyclisation probability decreases
considerably in this case, too.87 It can also be expected that
cyclisation would contribute insignificantly to polymerisation if
the content of the branching comonomer in the reactionmixture is
decreased.

These approaches were used in a number of stud-
ies 75, 86, 87, 90, 98, 103 on the determination of the critical conversion
value in three-dimensional polymerisation processes.

Ide and Fukuda 86 carried out radical copolymerisation of
styrene with certain bifunctional monomers in the presence of
2,2,6,6-tetramethylpiperidinyl 1-oxide, a stable radical that
ensured the living polymerisation mode. The content of the
bifunctional reagent

f2 �
m2

m2 �m1

in the original mixture did not exceed twomolar percent. As noted
above, both factors (the living polymerisation mode and the small
f2 value) contribute to the insignificance of intrachain cyclisation.
Some of the results obtained are presented in Table 5.

The fact that the calculation result obtained using formula
(16e) exceeds the experimental critical conversion value suggests
that this calculation is faulty; on the other hand, the overestimated
values obtained using formula (31) can be due to the inaccuracy of
determination of the number of chains, which may easily be
smaller than I0. Thus, experimental results can be regarded as
evidence of the validity of the formula (31).

The use of dodecanethiol as the chain transfer agent in the
polymerisation of neopentyl dimethacrylate 98 decreased the
weight-average degree of polymerisation. As this value decreases
from 142 to 49, the critical conversion value increases but remains
higher than that calculated using formula (16e). Since formula
(33) gives even lower values, it is not possible to assess the validity
of the suggested approach. The cyclisation probability remains
considerable even at such relatively low chain lengths.
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The effect of the number of branching links in a chain on the
critical conversion value is demonstrated by data in Table 6.

Calculation gives lower critical conversion values in both
versions. This suggests that cyclisation occurs at such a low
content of the divinyl monomer. In fact, the molar fraction of
the monomer was lower by an order of magnitude in the living
polymerisation experiments described above; it is this factor that
predefines the absence of cyclisation.

It is of note that statistical calculation gives overestimated gel
point values. This may misguide researchers who assess the
contributions of cyclisation to the polymerisation process. For
example, the experimental gel point value in the polymerisation of
triethylene glycol dimethacrylate in the presence of benzoquinone
(0.05 mol litre71) as the inhibitor was found to be 0.19.90 Stat-
istical calculations gave a much higher value, viz., 0.72, which is
physically unreasonable. Calculation with the use of formulas
shown in Table 4 gave 0.18, which is very close to the experimental
value. The corresponding values at the inhibitor concentration of
0.01 mol litre71 are as follows: 0.135; 0.14; 0.036. In other words,
cyclisation does not occur, judging by statistical calculation
results. However, accurate calculation using the formulas in
Table 4 indicates the opposite situation.

Thus, the statistical approach cannot be used to analyse three-
dimensional polymerisation.

VI. Conclusion

In conclusion, it should be emphasised that calculation of critical
conversion values in the case of the formation of network
polymers can be regarded as a particular solution of a more
general problem, viz., determination of molecular mass distribu-
tion parameters or, more exactly, distribution of macromolecules
by functionality. Quite a few approaches have been proposed for
this purpose; however, their physical substantiation is provided
only in some cases. In this reviewwemade an attempt to determine
the applicability conditions of different solution methods,
depending on the polymer formation mechanism. Calculation of

molecular mass distributions is a problem of current interest for
polymer technology, so the criteria formulated here appear to be
quite significant.

In the review we summarise the achievements in the calcu-
lation methods for the critical sol ± gel transition point during
polymer formation. One can state with certainty that the
principles underlying these methods are also applicable to the
formation of physical gels.104 In particular, the relationship
between the temperature and the gel transition concentration
of biopolymers discussed by Matveev 105 is determined, in
essence, by general regularities of network structure formation,
though in this case the nature of nodes is rather specific: the latter
are formed due to phase separation rather than chemical
reactions.
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