
Abstract. The fundamentals of the theory of formation of surfaceThe fundamentals of the theory of formation of surface
complexes (or the surface complexation theory, SCT), which iscomplexes (or the surface complexation theory, SCT), which is
used in processing the results of studies on the equilibria inused in processing the results of studies on the equilibria in
multicomponent ion exchange sorption systems, are outlined.multicomponent ion exchange sorption systems, are outlined.
The advantage of the theory is the use of the sorption character-The advantage of the theory is the use of the sorption character-
istics of binary ion exchange systems for the description andistics of binary ion exchange systems for the description and
calculation of multicomponent equilibria with allowance for thecalculation of multicomponent equilibria with allowance for the
medium pH value. The solutions to some problems of nonlinearmedium pH value. The solutions to some problems of nonlinear
sorption dynamics theory obtained using the description of multi-sorption dynamics theory obtained using the description of multi-
component equilibria in the framework of the SCT model arecomponent equilibria in the framework of the SCT model are
considered. Experimental data on the concentration distributionsconsidered. Experimental data on the concentration distributions
of components in frontal and displacement chromatograms areof components in frontal and displacement chromatograms are
compared with the results of corresponding numerical calcula-compared with the results of corresponding numerical calcula-
tions using various sets of parameters of the SCTmodel (includingtions using various sets of parameters of the SCTmodel (including
versions with allowance for the effect of complexation reactions inversions with allowance for the effect of complexation reactions in
the mobile phase). The bibliography includes 88 referencesthe mobile phase). The bibliography includes 88 references..

I. Introduction

The aim of this review is to highlight a recently developed model
for the description of multicomponent ion exchange equilibria
and its applications to nonlinear sorption dynamics theory. The
model is called the theory of formation of surface complexes (or
the surface complexation theory, SCT), because it assumes that
near the surface of a sorbent (ion exchanger) each kind of
counterion is located in the form of a surface complex within an
individual Stern layer. Application of the SCT approach to
nonlinear theory of multicomponent sorption dynamics and

chromatography is a specific, complicated theoretical problem,
which is solved by the authors of this review.

In the text below we will briefly outline a number of earlier
models for the description of sorption phenomena (in some cases,
with consideration of surface ion complexation).

Inorganic and organic ion exchange sorbents consist of either
a crystalline or a polymeric matrix and various functional groups.
Depending on the pH value of the solution contacting the ion
exchanger, functional groups can be protonated or dissociated.
Therefore, such sorbents can interact with ions in the liquid phase.
As a result, sorption of ions at the surface of the ion exchanger
becomes possible.1 The surface charges produce an electric field
directed normal to the surface. Consideration of the resulting
electrostatic interactions led to development of variousmodels for
the description of sorption equilibria.2 ± 5

Helmholtz postulated 1 that the surface charges are compen-
sated by counterions which are located within an ordered (outer
Helmholtz) layer some distance from the sorbent surface. The
distribution of counterions is governed by the degree of hydration
of the solute molecules. Gouy and Chapman 3, 4 treated counter-
ions as mass points randomly distributed over a diffusion layer. In
this model, the corresponding electrostatic potential and charge
density are described by the Poisson equation.

Later, Stern 5 used a combination of the two approaches
mentioned above. He assumed that a fraction of counterions is
located within an ordered layer near the sorbent surface, while the
rest of the counterions are distributed over the neighbouring
diffusion layer. The Stern model included finite sizes and thermal
motion of hydrated ions.

Modern models consider not only electrostatic interactions
but also chemical interactions (solvation of metal ions,6 ± 8 proto-
nation of ligands,9 adsorption) and a specific interaction between
protons and hydroxyl ions.10

Yet another theoretical approach treats the adsorption of
counterions as a result of (mainly) chemical interactions between
functional groups located on the sorbent surface and dissolved
species. Sorption of protons (or other ions) is considered as a local
equilibrium established as a result of corresponding reactions.
Specific (in the case of protons and hydroxyl ions) and non-
specific (for other ions) interactions cause the formation of ion
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pairs at the sorbent surface, which can be treated as various
types 1, 2 of surface complexes.11

In this case, to include the additional contribution of electro-
static interactions to the adsorption,7, 8, 12 ± 16 one should know the
electric capacitance of the sorbent. This parameter is usually
unknown; therefore, a constant ion exchanger capacity
model 15, 17, 18 is employed. Detailed consideration of this model
can be found in the literature.12, 19, 20

Spectroscopic studies of the surfaces of ion exchangers
revealed 21 that correct description of the adsorption of counter-
ions requires a sorption model with more than one near-surface
ion layer to be used. This led to the development 12, 22, 23 of a triple-
layer model with the sorbent surface, b-plane and the diffusion
layer as the first, second and third layers, respectively. In the
framework of this model counterions can be adsorbed on both the
outer layer (b-plane) and the inner layer (sorbent surface).

The surface adsorption of counterions on ion exchange resins
was studied 24 using the Gouy ±Chapman model 3, 4 taking a
weakly functionalised Amberlite XAD-2 resin as an example.
Applicability of the SCT approach to the description of individual
properties of different types of sorption sites was first appreciated
by Horst 25 who used the triple-layer model to describe the ion
exchange equilibrium on commercially available weakly acid
resins.

Initially, the SCT model was developed only for weakly acid
polymeric ion exchangers.25 Further stages of its development and
application to the quantitative description of ion equilibria in
various organic ion exchange materials have been well docu-
mented.26 ± 36 In this model individual sorption layers are credited
to each kind of counterion. Then, themodel was extended to other
ion exchange systems and currently it permits the description of
pure cation or anion exchange equilibria 26, 29, 36 on various
resins 27, 28, 35 and activated alumina and carbons,30 ± 32, 36 as well
as of the adsorption of heavy metal salts.33, 34

The basic SCTmodel assumptions and the results obtained by
applying the model to the description of equilibria in various
multicomponent ion exchange systems including different types of
ion exchangers 25 ± 36 are presented in Sections II ±V.

The use of the SCT approach appeared to be rather fruitful for
solving a number of problems of nonlinear dynamics of
multicomponent ion exchange sorption.37 ± 53 Methods for solu-
tion of these theoretical problems with consideration of equilibria
using the SCT model as well as the results obtained are described
in Sections VI ±X.

II. Uptake of ions due to protonation/dissociation
reactions of surface groups

1. Simplified description of reactions on charged surfaces of
amphoteric ion exchange resins
In deriving mathematical relationships of the surface complex-
ation theory we will consider an idealised planar sorbent surface
containing OH groups as sorption sites. We also assume that the
sorption sites are uniformly distributed over the sorbent sur-
face.26, 27 In liquid-phase systems the surface OH groups can be
protonated in two ways.

In acid media the sorbent surface (S) containing the OH
functional groups can be protonated following the reaction

S7OH+H+ S7OH�2 . (1)

To meet the condition for electroneutrality, the positive
charge of the surface must be balanced by the negative charge of
an anion (e.g., Cl7 ion)

S7OH�2 + Cl7 S7OH2Cl. (2)

From Eqns (1) and (2) it follows that sorption of acids can
occur in sufficiently acid media similarly to the uptake of acids
with weakly basic ion exchangers.

In alkaline solutions the surface hydroxy groups can disso-
ciate and release protons to the liquid phase

S7OH S7O7 +H+. (3)

The negative surface charges must be compensated by the positive
charges of, e.g., Na+ cations

S7O7 +Na+ S7ONa. (4)

Taken together, Eqns (3) and (4) describe a cation exchange on an
arbitrary cation exchanger.30, 31, 36

Each protolysis model mentioned above holds for the descrip-
tion of the uptake of acids or the exchange of protons for other
monovalent cations in arbitrary pure anion or cation exchange
processes. If the equilibrium state is considered for amphoteric ion
exchangers and a liquid phase containing various cations and
anions, the uptake of anions will decrease with an increase in the
pH value until sorption is completely suppressed. The exchange of
protons for cations increases in the same way. The pH regions of
almost exclusive sorption of cations (or anions) are separated by
the region corresponding to the maximum possible concentration
of neutral surface groups. In this transient region, sorption of both
cations and anions occurs, resulting in coverage of the surfacewith
equal amounts of chemical equivalents of positively and nega-
tively charged counterions.30, 31, 36

2. Basic SCT model assumptions
During the protonation or dissociation of the surface OH groups
either a positive or negative electrostatic potential is generated,
which depends on the pH value and on the ionic strength of the
liquid phase. Due to the sorption of counterions at functional
groups this potential is decreased. The SCT model assumes that
each kind of counterion (i) is located at a characteristic distance
from the surface. Therefore, ordered electrical double layers of
Stern layers (1, ..., i, ... ,N) are formed near the surface. The layer
sequence begins at the sorbent surface: S|1|...|i|...|j|...|N|D, where
D is the most distant diffusion layer. The excess surface charge is
balanced by the charges of counterions in the diffusion layer,
which also contains co-ions (Fig. 1 a).26 ± 36
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Figure 1. Stern layers (St) near an amphoteric surface (a) and the plot of

electrostatic potentialC vs. distance, L, from the surface of sorbent (b).30
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As a consequence, the electrostatic potential C continuously
decreases along the normal to the surface. The arrangement of
counterions and the potential distribution within the Stern layers
and within the diffusion layer for different types of ion exchangers
have been well documented (see, e.g., Refs 26 ± 28, 30, 31, 34, 36).
The arrangement of counterions and co-ions within the Stern
layers is schematically depicted in Fig. 1 a and the corresponding
electrostatic potential distribution for a solution containing Cl7,
NOÿ3 and Na+ ions is shown in Fig. 1 b. The C(L) dependence
between the layers i|(i+1) is linear, because each electrical double
layer is an electric capacitor of capacitance C(i, i+1). The ions
sorbed within the layers 1|...|j|...|N form a system of capacitors
connected in series. The potential distribution in the diffusion
layer D (this layer is not shown in Fig. 1) is described by the
Poisson ±Boltzmann equation 26 ± 31, 36 and the potential reaches a
zero value in the liquid phase (see Fig. 1 b).

The equilibrium between the solid and liquid phases is mainly
governed by protolytic reactions (1) ± (4). Therefore, it is protons
(H+) sorbed at the surface that are responsible for the electrostatic
potential. It is assumed that the anion rather than the cation layers
are located closer to the surface (see Fig. 1 a).

3. Sorption equilibrium relationships in the SCT model
a. General assumptions
The equilibrium relationships in the SCT model were derived
assuming that

Ð functional groups are uniformly distributed across a planar
surface;

Ð activity coefficients in the ion exchanger phase equal unity;
Ð any ion exchange is treated as replacement of a surface

complex by a new one [as a consequence, the charge of the surface
sorption sites (zR) is defined as the least common multiple of the
charges of the counterions involved in the exchange process].

b. Surface reactions
Let us consider the derivation of the equilibrium relationships
taking a simple system containing Cl7 and Na+ ions as an
example (for the arrangement of the Stern sorption layers, see
Fig. 1 a except for the NOÿ3 ions). The protolytic reactions (1) and
(3) at the surface can be described using the mass action law (the
corresponding expressions contain the local equilibrium con-
stants). For instance, the protonation and dissociation/neutrali-
sation reactions are characterised by the following
constants:30, 31, 36

protonation [reaction (1)]

K �H �
c�SÿOH�2 �

c�H��Stc�SÿOH� , (5)

dissociation/neutralisation [reaction (3)]

K ÿH �
c�SÿOH�

c�SÿOÿ�c�H��St
. (6)

The sorption of counterions (Cl7 and Na+) is considered in a
similar way:30, 31, 36

sorption of anions [reaction (2)]

K ÿCl �
c�SÿOH2Cl�

c�SÿOH�2 �c�Clÿ�St
, (7)

sorption of cations [reaction (4)]

K �Na �
c�SÿONa�

c�SÿOÿ�c�Na��St
. (8)

The subscript St denotes the corresponding Stern sorption
layer. The unknown concentrations, c(i)x , of the component i at a
point x of the electric field within the sorption layers are excluded
from consideration. They are expressed via the experimentally

determined liquid-phase concentrations [c(i), mol litre71] using
the Poisson ±Boltzmann relationship 26 ± 28, 30, 31, 36

c�i�x � c�i�exp
�
ÿ z�i�F

RT
Cx

�
, (9)

where F is the Faraday constant (in C kmol71) and Cx is the
electrostatic potential at the distance x from the sorbent surface
(in volts).

The sorption of anions (in this case, chloride ions) includes the
sorption of protons [see Eqn (1)] followed by the sorption of
chloride ions [see Eqn (2)]. Since we have a sequence of reactions
(1) and (2), the equilibrium constant for this process in the
S7OH�2 portions (see Fig. 1 a) is given by 30, 31, 36

KH
Cl � K�HK

ÿ
Cl. (10)

The uptake of cations (in this case, Na+) develops as the
competitive sorption of protons and sodium ions. As a conse-
quence, the equilibrium constant for cation exchange equals the
ratio of the corresponding individual equilibrium constants given
by expressions (6) and (8) (see Refs 30, 31, 36)

KH
Na �

K ÿH
K�Na

. (11)

Using Eqns (5) ± (11), we get 30, 31

KH
Cl �

c�SÿOH2Cl�
c�SÿOH�c�Clÿ�c�H�� exp

�
F

RT
�CS ÿCCl�

�
, (12)

KH
Na �

c�SÿOH�c�Na��
c�SÿONa�c�H�� exp

�
F

RT
�CS ÿCNa�

�
, (13)

where CS is the electrostatic potential of the sorbent surface (in
Volts).

It was shown 30, 31, 36 that the concentrations of the surface
complexes, c(S7Oi), are converted into solid-phase loadings q(i)
(in mg-equiv g71) of the sorbent, namely, q(OH), q(Cl7) and
q(Na+) [q(OH) denotes the surface groups which remain undis-
sociated and unprotonated].

Therefore, the pre-exponents in relationships (12) and (13)
contain exclusively those quantities which can be determined
experimentally. In the SCT model both expressions are called the
generalised separation factors (Qi

j) (see Refs 26 ± 36). After intro-
ducing dimensionless sorbent loadings

y�i� � q�i�
qmax

, (14)

where qmax is the maximum loading, the coefficients Qi
j are given

by:30, 31, 36

QH
Cl �

q�Clÿ�
q�HOÿ�c�H��c�Clÿ� �

y�Cl�
y�HOÿ�c�H��c�Clÿ� ,

QH
Na �

q�HOÿ�c�Na��
q�Na��c�H�� �

y�HOÿ�c�Na��
y�Na��c�H�� .

(15)

Similar relationships can be derived for any monovalent
counterions.

c. Binary parameters
The electrostatic potential differences in Eqns (12) and (13) can be
expressed via the surface charge densities in the series of electric
capacitors formed by the Stern layers, via the charge densities in
the diffusion layer 26 ± 28 and via the loadings, y(i), of the ampho-
teric sorbent surface with Cl7 and Na+ ions.30, 31, 36 Mathemat-
ical treatment of the corresponding equations in the framework of
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the SCT approach gives the following expressions for the gener-
alised separation factors: 30, 31, 36

logQH
Cl � logKH

Cl �m�H;Cl��ÿy�Cl� � y�Na��, (16)

logQH
Na � logKH

Na �m�H;Cl�y�Cl� �m�H;Na�y�Na�. (17)

The parametersm(H,i) in Eqns (16) and (17) depend on the electric
capacitance [C(S,i), in F m72] of the capacitor formed by the
sorbent surface and the corresponding Stern layer (i). They are
defined as follows 26 ± 31, 36

m�H; i� � 1

ln10

zRqmaxF
2

A0C�S; i�RT
, (18)

where A0 (in m2 g71) is the specific surface area of the sorbent,
zR<0 for cation exchangers and zR>0 for anion exchangers.
For binary exchange the numerical value of the parameter zR
equals the least common multiple of the charges of two counter-
ions.30, 31, 36

The general relationship of the SCT model for a system
containing an arbitrary number of monovalent counterions can
be deduced from similar considerations. For the component i it
has the form 30, 31, 36

logQH
i � logKH

i �
Xiÿ1
j�2
�m�H; j�V�j�y�j�� �m�H; i�

Xn
i

V�i�y�i�. (19)

Here i and j are the indices of counterions (i=2, 3, ..., n;
j=2, 3, ..., i71); i=1 corresponds to hydrogen ions; and V(j)
and V(i) are the signs of the charges of the counterions, namely,
V(i)=71 for anions and V(j)=+1 for cations.

For a given component i the second term in expression (19)
describes summation of the parameters for those counterions j,
which in these Stern layers are located closer to the surface than
the species i. The third term comprises the parameters for the
counterions located at longer distances from the surface than the
ions i. For an ion exchange system containing n counterions there
are n71 equations of the type (19).

It is of great importance that all binary parameters of the SCT
model {logKH

i ; m(H, i)} from i=2 on can be successively eval-
uated from the experimental data for binary exchanges. Since in
the framework of the SCT approach all equilibria are calculated
using these pairs of binary parameters, the equilibrium constants
for multicomponent ion exchange systems can be determined in a
similar way. Some examples of calculations of multicomponent
equilibria using the SCT model are given below.

d. Extension to systems containing mixtures of monovalent and
multivalent counterions
During the exchange of a divalent counterion for two monovalent
counterions the divalent species replaces two adjacent ions at the
surface. If the liquid phase contains one kind of divalent ions to be
exchanged for the monovalent ions initially present in the sorbent,
it is necessary that the sorbent have divalent sorption sites. They
can be formed by two monovalent sites. As a consequence, two
types of surface complexes, namely, two monovalent counterions
(e.g., Cl7) Ð two monovalent sites (type a) and divalent counter-
ion (e.g., SO2ÿ

4 ) Ð two monovalent sites (type b) exist and
exchange near the surface.

For a system containingH+,Na+,Cl7 and SO2ÿ
4 counterions

the generalised separation factors are given by the following
expressions:30, 31, 36

for exchange of SO2ÿ
4 anions involving protonation [see Eqns

(1) and (2)] and the formation of a complex of the type b

QH
II SO4

� c��SÿOH�2 �2�SO2ÿ
4 �

c�SÿOH;SÿOH��c�H���2c�SO2ÿ
4 �

; (20)

for exchange of Cl7 anions involving protonation [see Eqns
(1) and (2)] and the formation of a complex of the type a

QH
IICl �

c�SÿOH2Cl;SÿOH2Cl�
c�SÿOH;SÿOH��c�H���2�c�Clÿ��2 ; (21)

for Na+/H+ exchange and the formation of a complex of the
type a

QH
IINa �

c�SÿOH;SÿOH�
c�SÿONa;SÿONa��c�H���2 . (22)

The subscript `II' means that expressions (20) ± (22) were derived
assuming the presence of divalent sorption sites.

The probability, p(i,i), for two adjacent monovalent counter-
ions i,i to be found on the surface is given by 31, 32

p�i; i� �
�

y�j�P
y�j�

�2X
y�j�, (23)

where
P

y�j� is the sum of the dimensionless loadings of the
sorbent with all monovalent counterions. Using the dimensionless
loadings y(i), the separation factors (20) ± (22) can be expressed as
follows:30, 31, 36

QH
II SO4

� y�SO4��y�H� � y�Cl� � y�Na��
�y�HO��2�c�H���2c�SO2ÿ

4 �
, (24)

QH
IICl �

�y�Cl��2
�y�HO��2�c�H���2�c�Clÿ��2 : �QH

ICl�2, (25)

QH
IINa �

�y�HO��2�c�Na���2
�y�Na��2�c�H���2 : �QH

INa�2. (26)

Analogous relationships can be derived for those relatively
rare cases where trivalent cations (e.g., Al3+) are involved in ion
exchange processes.

e. Equilibrium parameters for differently charged counterions
If an ion exchange system contains exclusively monovalent
counterions and a sorbent contains divalent sorption sites, the
equilibrium parameters logKH

II i and mII(H, i) should be trans-
formed to the parameters for monovalent sorption sites logKH

I i

and mI(H,i) using the following relationships 30, 31, 36

logKH
I i �

logKH
II i

2
, (27)

mI�H; i� �
mII�H; i�

2
. (28)

If an ion exchange system contains a mixture of monovalent
and divalent counterions, calculations should be carried out
assuming divalent sorption sites. The equilibrium parameters
logKH

I i andmI(H, i) derived for systems with monovalent counter-
ions should be replaced by the parameters logKH

II i and mII(H, i)
converted using relationships (27) and (28).

4. Pure cation (anion) exchange on weak electrolyte resins
a. Weakly acid ion exchangers
The equilibrium of the uptake of, e.g., Na+ cations onweakly acid
ion exchangers can be schematically described as follows:

where is the polymeric matrix of the ion exchanger (according
to commonly accepted designations, the species under the hori-
zontal line refer to the ion exchanger phase). Normally, weakly

R7COOH +Na+ R7COO77Na+ +H+, (29)

R
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acid ion exchangers cannot adsorb anions. Hence, the terms for
anions in the general Eqn (19) of the SCT model vanish. Corre-
spondingly, the equation of the SCT model is simplified 30, 31, 36

logQH
Na � logKH

Na �m�H;Na�y�Na�. (30)

b. Weakly basic ion exchangers
The uptake of a mixture of cations and anions (e.g., H+ and Cl7)
by weakly basic polymeric ion exchangers can be written as

Because weakly basic ion exchangers do not sorb alkali metal
and alkaline-earth metal cations, Eqn (16) is simplified 30, 31, 36

logQH
Cl � logKH

Cl ÿm�H;Cl�y�Cl�. (32)

The uptake of chloride ions by the protonated functional
groups of the ion exchanger is also described as the exchange of
Cl7 ions for hydroxy groups 34

In this case consideration of the ion equilibrium in the frame-
work of the SCT model is performed analogously to that given in
Section II.3 and leads to the following relationship

logQOH
Cl � logK OH

Cl �m�OH;Cl�y�Cl�. (34)

5. Strongly acid and strongly basic ion exchangers
The SCTmodel also allows the relationships for the description of
equilibria for sorption of ions by strongly acid and strongly basic
resins to be derived from Eqn (19). However, one should keep in
mind that in the case of cation exchangers the hydrogen ions
cannot be assumed to be adsorbed on the surface, because of
complete dissociation of the ion exchanger. Besides, protons are
surrounded by the hydration shell and therefore cannot closely
approach the surface. Similar considerations also hold for another
sorbent ± sorbate pair, namely, a strongly basic anion exchanger
and OH7 ions. For both strongly acid and strongly basic ion
exchangers the sequence of the Stern layers begins with the layer
corresponding to that kind of counterions which is located in the
closest proximity to the surface.30, 31, 36

6. Liquid-phase equilibrium relationships
The liquid-phase ion equilibria are calculated using the following
equations: relationships for the dissociation of water, mass
balances for each component and the condition for electroneu-
trality. The activity coefficients in the liquid phase can be
calculated from the ionic strength of the solution using the
Debye ±HuÈ ckel relationship.54

Note that in systems containing water, hydrolysis of trivalent
(e.g., Al3+) cations should be taken into account. The formation
constants of the charged and neutral molecules can be found in the
literature (see, e.g., Refs 54 ± 57).

III. Uptake of ions due to Lewis acid/Lewis base
interactions

1. Reactions on the sorbent surface
The sorption of chloride ions by weakly basic anion exchangers
can be treated as adsorption of the acid by free amino groups [see
Eqn (31)]. A similar character of the uptake of cations and an
equivalent amount of anions is due to the Lewis-base properties of
amino groups, which can be coordinatively bound to Lewis acids
(metals, M). Taking chloride and copper ions as examples, the
equation for this kind of sorption can be written as fol-
lows:33, 34, 38, 55

Metal coordination can occur in a variety of fashions.
Figure 2 shows a schematic (in the framework of the SCT
model) diagram of the Stern layers for an ion exchange system
containing protons, two kinds of divalent metal cation M2�

A and
M2�

B and monovalent and divalent anions XÿA and X2ÿ
B .

We will assume that metals are present in the liquid phase
exclusively as divalent cations. To derive the equilibrium relation-
ships, let us consider the competitive uptake of metal salts and the
corresponding strong acids.33, 34 First, we will analyse a simple ion
exchange system containing one kind of metal and one kind of
anion species, namely, protons (H+), metal cations (M2+) and
monovalent anions (X7). As mentioned above, the surface charge
of the ion exchanger equals the least common multiple of the
charges of the ions sorbed. In the case under study (divalentmetals
M2+), for the parameter zR we have zR=2 (see Ref. 34). The
surface reactions can be written as follows:33, 34

sorption of strong acids (HX)2 or H2X2

overall

sorption of metal salts

overall

The concentrations of surface complexes and
(in mg-equiv g71) in the reactions (38)

and (41) characterise the loadings of the resin with the acid and
metal salt, respectively. Applying the mass action law to processes
(38) and (41) and taking into account relationship (14), we get the
following relationships for calculations of the formation constants
of the complexes

KH2X2
� y�H�

y�RÿNH2�cSt�M2���cSt�Xÿ��2
, (42)

R7NH2 +H+ +Cl7 R7NH�3 7Cl7. (31)

(R7NH2) .H2O+ Cl7 R7NH�3 7Cl7 +OH7. (33)

R7NH2 + Cu2+ + 2Cl7 R7NH2[Cu2+(Cl7)2]. (35)

R7(NH2)2 + 2H+ R7(NH�3 )2, (36)

R7(NH�3 )2 + 2X7 R7(NH�3 7X7)2, (37)

R7(NH2)2 + 2H+ + 2X7 R7(NH�3 7X7)2 ; (38)

R7(NH2)2 +M2+ R7(NH2)27M2+, (39)

R7(NH2)27M2+ + 2X7 R7(NH2)27[M2+, (X7)2] , (40)

R7(NH2)2 +M2+ + 2X7 R7(NH2)27[M2+, (X7)2]. (41)

R7(NH�3 7X7)2
R7(NH2)27[M2+, (X7)2]
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Figure 2. Ion layers near the surface of a weakly basic ion exchanger

during the uptake of metal salts (L is the distance from the surface).34
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KMX2
� y�M�

y�RÿNH2�cSt�M2���cSt�Xÿ��2
, (43)

where y(H), y(M) and y�RÿNH2� are the loadings of the resin
with the acid and metal salt and the concentration of neutral
functional groups, respectively.

By applying the Boltzmann relationship and using the descrip-
tion of the sequence of electrical double layers as electric capaci-
tors connected in series near the surface in the framework of the
SCT model it is possible to derive the expressions relating the
generalised separation factors to the loadings of the resin with the
metal salt and acid 33, 34

logQMX2
� logKMX2

ÿ 2

ln10

F2qmax

RTA0C2

y�X�, (44)

logQH2X2
� logKH2X2

ÿ 2

ln10

F2qmax

RTA0C1

y�H�ÿ

ÿ 2

ln10

F2qmax

RTA0C2

y�X�.
(45)

Using designation

B � 2

ln10

F2qmax

RTA0

,

Eqns (44) and (45) can be written in a more compact form

logQMX2
= logKMX2

+m2y(X), (46)

logQH2X2
= logKH2X2

+m1y(H)+m2y(X), (47)

where

m1 � ÿ
B

C1�H;M�
, m2 � ÿ

B

C2�H;M�
. (48)

From Eqns (46) and (47) it follows that four parameters (m1,
m2 and the formation constants of the complexesKMX2

,KH2X2
) are

required for the description of equilibria in the system under
study.

2. Ion exchange systems containing two different metals
Competitive sorption in a system with higher dimension com-
pared to that of the system considered above can be treated in a
similar way. For instance, for a ternary system containing two
different metal cations, MA andMB, and one kind of anion, Xz(X),
we get the system of three equilibrium relationships 33, 34

logQMBXn
� logKMBXn

ÿ B

C3

y�X�, (49)

logQMAXn
� logKMAXn

� B

C2

�
y�MB� ÿ y�X��ÿ B

C3

y�X�, (50)

logQH2Xn
� logKH2Xn

ÿ B

C1

y�H��
(51)

� B

C2

�
y�MB� ÿ y�X��ÿ B

C3

y�X�,
where

m1 � ÿ
B

C1�H;MA�
, (52a)

m2 �
B

C2�MA;MB�
, (52b)

m3 � ÿ
B

C3�MB;X�
. (52c)

As a consequence, six equilibrium parameters of the SCT
model are needed for the ternary ion exchange system containing

two kinds of metal ion, M2�
A and M2�

B , and the acid H+X7. The
geometric interpretation of Eqns (44) ± (47) is straightforward
and evaluation of the binary parameters {logK, m} of the SCT
model is simple.26 ± 31, 33 ± 36 In the text below we will give some
illustrative examples.

Note that numerical values of the parameters {logK,m} of the
SCT model for the binary (bin) systems remain unchanged for
ternary (tern) systems, namely 33, 34

logKtern= logKbin, (53)

m1, tern=m1, bin. (54)

The quantitym3 of the ternary system corresponds tom2 in the
binary case 33, 34

m3, tern=m2, bin ; (55)

the parameterm2 of the ternary system H/MA/MB is calculated as
the difference between the respective m1 values of the binary
subsystems H/MA and H/MB

m2, tern=m1, bin(MA)7 m1, bin(MB). (56)

This treatment of the ternary ion exchange system can be
extended tomulticomponent systems containingN different metal
cations (Mi, i=A, ... i, ... , N) and one type of anion, Xz(X).

IV. Evaluation of the SCT model parameters from
experimental data

Experimental studies of ion exchange equilibria were carried out
taking systems containing either cation or anion exchang-
ers 26, 29, 36 as well as systems containing amphoteric ion exchang-
ers (in particular, activated alumina and activated carbon) 30 ± 32, 36

as examples. Adsorption equilibria were studied for the sorption
of heavymetal salts by commercially available ion exchangers and
by weakly basic anion exchangers.33, 34 Methods of pre-treatment
of these materials and the experimental conditions necessary for
obtaining the corresponding equilibrium data have been well
documented.26 ± 36 In particular, experimental studies of equilibria
in amphoteric systems were carried out at constant concentrations
of counterions in the liquid phase and at constant amounts of
alumina or activated carbon in each sample. The sample volume-
to-mass ratios were adjusted in such a way that the degree of
sorption and the equilibrium concentration were sufficiently high
to be measured reliably. The equilibrium state is mainly governed
by the pH value of the liquid phase; therefore, this parameter was
varied in each series of samples. The experimental conditions have
been reported in detail.29 ± 31

To investigate the adsorption of heavy metal salts, the ion
exchange resin samples were equilibrated with acid ±metal salt
mixtures of different composition. Systems containing hydro-
chloric and sulfuric acids were studied.33, 34 Numerous experimen-
tal data for ion exchange systems were processed using the SCT
model in order to evaluate the binary parameters {logK i

j; m(i, j)}
(see Refs 26 ± 32, 34 ± 36).

1. Calculations of the SCT model parameters using
experimental data
a. Pure cation or anion exchange
In evaluating the equilibrium parameters of the SCT model the
generalised separation factors Q j

i can be determined using the
experimental data (the equilibrium concentrations of counterions
and resin loadings). Then, a linear dependence of logQ j

i on yimust
be plotted. For binary cation or anion exchange systems the
corresponding plots allow sets of binary equilibrium parameters
{logK i

j, m(i, j)} of the SCT model to be determined from the
Y-intercept and the slope of the straight line, respectively.

Figures 3 ± 8 show a number of examples for different types of
polymeric ion exchangers.26 ± 31, 33 ± 36 In Fig. 3 we present linear
dependences for two weakly acid resins. Systematic deviations
from linearity were found only at small loadings. This is due to the
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fact that basic relationships (19) of the SCT model were derived
neglecting low concentrations of counterions in the diffusion layer
D. They can be included for simple systems (see above), which
leads to good agreement between the results of calculations and
experimental data for the dependence of logQ j

i on yi.27 Two kinds
of sorption sites were discriminated for the sorption of Cu2+

counterions by acrylic resin Lewatit CNP 80 (see Fig. 3 a): the
amount of copper ions adsorbed directly on the surface reaches up
to one third of the maximum resin loading, while other Cu2+ ions
are located far from the resin surface. This is in agreement with the
published data on the character of the bonding of Cu2+ ions to an
acrylic matrix.57

Experimental data and the results of SCT calculations of
exchange of several anions on a weakly basic ion exchanger are
shown in Fig. 4. The visual appearance of the straight lines in the
plots indicates that sulfate ions are sorbed at a longer distance
from the sorbent surface (larger slope of the corresponding line)
compared to chloride and nitrate ions in spite of preferred uptake
of the SO2ÿ

4 ions by the ion exchanger.
Figure 5 presents the results obtained in evaluating the

equilibria with two strongly acid ion exchangers. Exchange of
magnesium and sodium counterions and protons for the same

calcium ion used as a reference in the calculations of binary
equilibria with other counterions was studied. Similarly to Figs 3
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Figure 3. Generalised separation factors QH
cat plotted vs. loading of

sorbent with cations (cat) for the exchange of various divalent cations

for protons with two weakly acid ion exchange resins, Lewatit CNP 80 (a)

and Amberlite IRC 50 (b).31

Cation: Mg2+ (1), Ca2+ (2), Zn2+ (3) and Cu2+ (4). Experimental data

(full and open circles and full and open triangles) were obtained at

different metal salt concentrations in the liquid phase.
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and 4, the dependences of logQ j
i on yi are approximated by

straight lines. However, the regions of deviations from linearity
are somewhat larger, which can be due to higher mobility of the
counterions in such resins.

Data for anion exchange equilibria on a strongly basic ion
exchanger are shown in Fig. 6. As can be seen, the exchange of
monovalent anions (Cl7/NOÿ3 , Cl7/HCOÿ3 ) is described by
horizontal straight lines. A slightly negative slope was found for
the Cl7/HCOÿ3 exchange (see Fig. 6 b). The SCT approach treats
this as an artifact, which is due to the fact that the ternary ion
exchange system contains not only HCOÿ3 ions but also CO2ÿ

3

species ignored in the binary calculations. The exchange of sulfate
ions is characterised by an increase in the slopes of the logQ j

i ± yi
dependences with an increase in y(SO4) (kink of the lines in
Figs 6 c, d ). Obviously, in this case different near-surface Stern
layers are formed, which are successively filled with sulfate ions.
This is consistent with the fact that strongly basic anion exchang-
ers contain a variety of functional groups. Again, we can state that
divalent sulfate ions are sorbed at longer distances from the
surface compared to monovalent counterions (see Figs 6 c, d ).

Evaluation of ion exchange equilibria using the SCT model
were successfully extended to the systems containing organic
counterions, e.g., oxalate, malate and EDTA species. It was
found that the corresponding separation factors logQ j

i are linear
functions of yi and the binary parameters {logK i

j; m(i, j)} of the
SCT model were determined (Table 1).

Figure 7 presents the results of calculations of equilibria on
two chelating selective resins Lewatit TP 207 and Amberlite
IRC 718 containing iminodiacetate groups for the exchange of

protons for divalent (calcium, magnesium, copper, zinc and
nickel) cations. Analogous dependences obtained in calculations
of equilibria on resins containing aminophosphonate functional
groups are shown in Fig. 8. In both cases linear dependences of
logQ j

i on yi can be deduced. The equilibrium constants {logK A
B ;

m(A, B)} calculated using the experimental data for equilibria on
different resins are listed in Table 1.

b. Amphoteric surfaces
In the framework of the SCT model evaluation of equilibria on
amphoteric surfaces requires a more sophisticated procedure
compared to those considered above. The first step (prior to
calculations) is the assumption of a certain sequence of the Stern
layers. Calculations begin with the evaluation of the equilibrium
for the exchange of protons at the surface and counterions in the
adjacent (first) layer. Calculations of the sorption of ions in the
next Stern layer require the corresponding parameters for the first
layer. Determination of the SCT model parameters for the third
Stern layer requires both sets of binary parameters {logKA

B ;
m(A,B)} of the two inner (first and second) layers. The procedure
should be continued until all sets of binary parameters for all the
Stern layers are calculated. The sequence of the Stern layers is
treated as determined correctly if both calculated sets of binary
parameters {logK A

B ;m(H, i)} of the SCTmodel show amonotonic
increase in the parameter values with the distance from the
surface. If this condition is not met, the computational procedure
must be repeated using a modified sequence of Stern layers.

Let us consider a system of Stern layers forH+,Cl7, NOÿ3 and
Na+ on activated alumina (see Fig. 1) as a simple example. The
equilibrium parameters are calculated using the following rela-
tionships of the SCT model:30, 31, 36

logQH
Cl = logKH

Cl +m(H,Cl)[y(Na)7 y(Cl)7 y(NO3)], (57)
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logQH
NO3

7m(H,Cl)[7y(Cl)]= logKH
NO3

+
(58)

+m(H,NO3)[y(Na)7 y(NO3)],

logQH
Na 7m(H,Cl)[7y(Cl)]7m(H,NO3)[7y(NO3)] =

(59)

= logKH
K +m(H,K)y(Na).

Evaluation of the equilibrium data on the sorption of Cl7,
NOÿ3 and SO2ÿ

4 ions on the Compalox AN7V 800 alumina and on
the uptake of carbonate and sulfate ions and Na+ cations by
activated carbon using relationships (57) ± (59) has been
reported.26, 30, 31, 36 Although the experimental data obtained for
the sorption of sodium ions were not satisfactory, calculations led
to linear dependences of logQ j

i on yi.

2. Sorption of metal salts
The binary SCT parameters {logKA

B ; m(A,B)} characterising the
sorption equilibria for metals (M) are calculated using Eqns (46)

and (47). The SCT parameters for the sorption of metal salts (m1,
m2 and the formation constants of complexes, KMX2

and KH2X2
)

can be evaluated from experimental data as follows. The first step
involves plotting logQMX2

vs. the dimensionless loading of the
resin with the anions X7, yX. Linear regression (lines in Fig. 9 a)
gives the parameters logKMX2

as the Y-intercept and m2 as the
slope of the regression line. Then, the quantity (logQMX2

±m2yX) is
plotted vs. y(H+) using the experimental data and the m2 value
obtained (full and open circles and full and open triangles in
Fig. 9 b). Linear regression using Eqn (47) again gives the param-
eters KH2X2

and m1 (see the corresponding line in Fig. 9 b).34 The
results of calculations for a number of systems for exchange of
various metal cations and Cl7 anions with a weakly basic ion
exchanger are illustrated in Fig. 9. The binary SCT parameters
{logK A

B ; m(A, B)} for the H+/M2+/Cl7 systems on the Purolite
A 109 anion exchanger were calculated 34 using relationships (46)
and (47) with consideration of the sorption (see Fig. 2) of two
kinds of anions (Cl7 or SO2ÿ

4 ).

Table 1. Parameters of the surface complexation theory for strongly basic resins.26, 32, 33 ± 35

Resin A/B zR logKA
B m(A, B) Resin A/B zR logKA

B m(A, B)

Amberlite IRA 410 Cl7/HCOÿ3 1 0.45 -0.26 Amberlite IRC 50 H+/Cu2+ 72 5.72 0.84

NOÿ3 /HCOÿ3 1 0.83 0.10 Amberlite IRA 93 OH7/Cl7 71 5.35 1.32

NOÿ3 /Cl7 1 0.46 0.06 OH7/NOÿ3 71 4.65 1.32

NOÿ3 /SO
2ÿ
4 2 0.47 2.62 OH7/SO2ÿ

4 72 9.65 5.65

71.03 a 4.45 a Amberlite IRA 68 OH7/NOÿ3 71 3.88 0.67

Amberlite IRA 458 NOÿ3 /Cl7 1 0.42 0.00 Dowex MWA-1 OH7/Cl7 71 5.85 0.17

Cl7/SO2ÿ
4 2 70.4 1.54 OH7/NOÿ3 71 5.40 0.17

Amberlite IRA 996 NOÿ3 /Cl7 2 0.91 -0.08 OH7/SO2ÿ
4 72 15.85 3.95

NOÿ3 /SO
2ÿ
4 2 2.6 2.98 Lewatit S 100 Ca2+/H+ 72 0.55 1.35

Amberlite IRA 958 Cl7/CuX27 (see b) 2 71.66 1.46 Ca2+/Na+ 72 0.23 1.47

Cl7/NiX27 (see b) 2 71.82 1.53 Ca2+/Mg2+ 72 0.40 0

Imac HP 555 Cl7/NOÿ3 2 0.61 2.24 Dowex HCRS Ca2+/H+ 72 0.60 1.49

Cl7/NOÿ2 2 70.76 1.86 Ca2+/Na+ 72 0.20 1.77

Cl7/SO2ÿ
4 2 0.33 1.57 Ca2+/Mg2+ 72 0.42 0

Cl7/H2PO
ÿ
4 2 70.85 1.85 Lewatit TP 207 H+/Mg2+ 72 3.80 8.20

Cl7/Y (see c) 2 1.08 1.27 (iminodiacetate H+/Ca2+ 72 3.15 5.55

Cl7/Z (see d) 2 0.79 1.48 groups) H+/Cu2+ 72 70.30 2.05

Wofatit SN 36L Cl7/NOÿ3 2 0.40 2.51 H+/Ni2+ 72 1.80 1.80

Cl7/NOÿ2 2 70.71 2.58 H+/Zn2+ 72 2.60 1.90

Cl7/SO2ÿ
4 2 0.48 1.43 Amberlite IRC 718 H+/Mg2+ 72 4.70 9.65

Cl7/H2PO
ÿ
4 2 70.27 1.56 (iminodiacetate H+/Ca2+ 72 4.12 8.23

Cl7/Y (see c) 2 1.08 1.44 groups) H+/Cu2+ 72 0.20 1.40

Cl7/Z (see d) 2 0.79 1.37 H+/Ni2+ 72 2.30 1.25

Sybron Ionac SR-6 Cl7/NOÿ3 2 1.10 2.33 Purolite S 940 H+/Cu2+ 72 1.44 2.15

Cl7/NOÿ2 2 70.31 2.33 (aminophosphonate H+/Ni2+ 72 2.63 4.22

Cl7/SO2ÿ
4 2 0.45 1.40 groups) H+/Zn2+ 72 1.96 2.02

Cl7/H2PO
ÿ
4 2 70.10 1.58 H+/Cd2+ 72 1.65 3.28

Cl7/Y (see c) 2 0.97 1.44 H+/Co2+ 72 3.11 2.22

Cl7/Z (see d) 2 0.88 1.33 H+/Ca2+ 72 3.37 5.62

Lewatit CNP 80 H+/Na+ 71 3.65 2.78 H+/Na+ 71 1.34 3.71

H+/Mg2+ 72 6.49 2.88 Purolite S 950 H+/Cu2+ 72 1.66 1.56

H+/Ca2+ 72 5.95 2.88 (aminophosphonate H+/Ni2+ 72 3.03 3.31

H+/Zn2+ 72 5.80 0.89 groups) H+/Zn2+ 72 2.30 1.18

H+/Cu2+ 72 4.35 e 0 H+/Cd2+ 72 2.44 1.66

H+/Cu2+ 72 5.00 2.13 H+/Co2+ 72 2.96 2.11

H+/Al3+ 76 11.32 3.95 H+/Ca2+ 72 2.81 4.81

Amberlite IRC 50 H+/Na+ 71 4.38 2.38 H+/Na+ 71 1.95 3.71

H+/Mg2+ 72 7.73 2.32 H+/NH�4 71 1.29 5.11

H+/Ca2+ 72 7.40 2.32

a y(SO4)>0.6. bX=EDTA. cY is oxalate ion. d Z is malate ion. e y(Cu)>0.33.
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V. Calculations of multicomponent equilibria using
the SCT model

Calculations of multicomponent ion exchange equilibria in an
arbitrary system require a system of conditions to be fulfilled.
These are conservation of masses of the components, electro-
neutrality in the liquid phase and in the ion exchanger phase and
chemical equilibria (for, e.g., dissociation or complexation) in the
liquid phase.26 ± 36

The conditions for electroneutrality (stoichiometry) of
exchange describe the constancy of chemical equivalents of
components in the liquid phase (Xs) and in the resin phase (ys),
respectivelyX

s�A
Xs � 1;

X
s�A

ys � 1; s=A, B, C, E... , (60)

Xs=
zscs
c0

, ys �
as
a0

,

where c0 and a0 are the coefficients for conversion of the
corresponding concentrations cs and as into dimensionless form.

The major advantage of the SCT approach is that the
equilibria in multicomponent ion exchange systems {1, ..., i, ..., j,
...} can be predicted with ease provided that the binary parameters
{logK i

j; m(i, j)} for a number of binary exchanges, i/j, of the
components of the system under study are known. It is partic-
ularly convenient if the binary parameters for the exchange of
different counterions for the same (reference) counterion are
obtained. Consideration of equilibria in a ternary system contain-
ing three ions, namely, A (reference), B and C leads to the
following relationships:26

logQ A
B = logK A

B +m(A, B)[y(B)+ y(C)], (61)

logQ B
C = logK B

C +m(B, C)y(C). (62)

As shown above, the equilibrium parameters of the SCT
model for the binary exchange A/B in the ternary system A/B/C
are the same as in the pure binary case. This also holds for the
binary parameters of the A/C exchange. Therefore, only the B/C
exchange parameters should be determined, which can be done
with ease. The logK B

C values are calculated using the relation-
ship 26

logK B
C = logK A

C 7 logK A
B , (63)

while the unknown slope m(B,C) in Eqn (62) can be determined
using representation of the sequence of Stern layers by electric
capacitors connected in series (for substantiation, see above).26 ± 31

Since the parameter m(i, j) is defined in relationships (18) or (48)
via the electric capacitance, C(i, j), of the capacitor formed by two
Stern layers (i, j), one can make use of the well-known expression
for the capacitance (C) of two capacitors connected in series (AB
and BC)

1

C�A;C� �
1

C�A;B� �
1

C�B;C� . (64)

Thus, we get 26, 31, 32, 36

m(B,C)=m(A,C)7 m(A,B). (65)

Similar relationships were also derived for multicomponent ion
exchange systems containing more than three types of counter-
ions.

In Figs 10 ± 12 we present a number of examples of the
experimental data and the results of calculations of multicompo-
nent equilibria using the SCT model and corresponding data on
binary ion exchange.

Figure 10 shows the results obtained for the sorption of
different counterions by a weakly acid resin, which originally
was in the Ca2+ form, in a quaternary ion exchange system. The
equilibria are represented as the dimensionless loadings of differ-
ent cations plotted vs. the pH value. As can be seen, the
experimental data and the SCTpredictions are in good agreement.
Similar results were also obtained for strongly acid and strongly
basic ion exchangers.26, 31, 32, 36 In both cases the results of
calculations exhibit reasonable agreement with the experimental
data.
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Figure 9. Plots of generalised separation factors for the sorption of

hydrochloric acid and different metal chlorides (Mi) onto the weakly

basic ion exchanger Purolite A 109.34

The parameterm2 was calculated using Eqn (46) (a); the parameterm1 was

calculated using Eqn (47). Mi: Cu (1), Ni (2), Cd (3) and Zn (4).
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Figure 10. Experimental data (full and open circles and open triangles)

and the calculated curves of ion exchange equilibria in the quaternary

system Mg2+/Ca2+/Zn2+/H+ on the Lewatit CNP 80 weakly acid ion

exchanger (originally in the Ca2+ form) obtained using the SCT model at

MgCl2 concentrations of 25 (a) and 50 mol litre71 (b), ZnCl2 concen-

tration of 5 mol litre71 and HCl concentration of 10 mol litre71 (see

Ref. 26)

Zn2+ (1), Ca2+ (2) and Mg2+ (3).
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The exchange of three ions with a strongly acid ion exchanger
(Lewatit S 100), which exhibits no preferred affinity towards a
particular ion, is illustrated by Fig. 11. Here, we deal with similar
concentrations of all components; therefore, the ternary equili-
brium can be represented using the triangular diagram. Some
differences between the experimental and calculated values for the
resin phase can be explained by neglect of the concentration of the
counterions in the diffusion layer D adjacent to the most distant
Stern layer: N|D (see above).

Figure 12 presents a comparison of the experimental data (full
and open circles) with the loadings y(i) calculated using the SCT
model for the NiCl2/NiSO4/HCl/H3BO3 and Ni(SO3NH2)2/HCl/
H3BO3 systems on the Purolite S 950 resin containing amino-
phosphonate functional groups.

The individual equilibrium parameters of amphoteric sorb-
ents were determined above. In Fig. 13 we compare the exper-
imental data on the adsorption equilibria for various counterions
(protons, carbonate and chloride ions and calcium cations) on
activated carbon.As can be seen, an increase in the pH value of the
solution causes the relative loading with chloride ions to decrease
and the loadings with calcium, hydrogen and carbonate ions to
increase. Nevertheless, the uptake of calcium is small (i.e., the
sorbent capacity towards the sorption of these cations is low).
Comparison of the results of calculations and experimental data
also demonstrates a high predictive power of the SCT model.

The results of an experimental study on the adsorption of
CuCl2 and NiCl2 on the Purolite A 109 weakly basic anion
exchanger are presented in Fig. 14 as functions of the pH value.
These data are in reasonable agreement with the results of
calculations using the sets of binary parameters {logK A

B ;
m(A,B)} of the SCT model.26 ± 36
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Figure 11. Experimental data (full circles) and the calculated curves of ion

exchange equilibria in the ternary system Na+/Mg2+/Ca2+ on the

Lewatit S 100 strongly acid ion exchanger for the resin phase (I ) and

liquid phase (II ) obtained using the SCT model.26

y(Na)+y(Ca)+y(Mg)=1;X(Na)+X(Ca)+X(Mg)=1; c0(Mg)=2.5,

c0(Na)=50 mmol litre71.
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Figure 12. Experimental data (full and open circles) and the calculated

curves of ion exchange equilibria in the systemsNiCl2/NiSO4/HCl/H3BO3

(a) and Ni(SO3NH2)2/HCl/H3BO3 (b) on the Purolite S 950 amino-

phosphonate resin (originally in the Ca2+ form) obtained using the SCT

model.35

(a): c0(NiCl2)=4, c0(NiSO4)=6, c0(HCl)=10, c0(H3BO3)=

5 mmol litre;

(b): c0(Ni(SO3NH2)2)=10, c0(HCl)=10, c0(H3BO3)=5 mmol litre71;

Ni (1) and Ca (2).
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Figure 13. Experimental data (full and open circles and full and open

triangles) and the predicted loadings of activated carbon (Chemivron F

100) with various species calculated using the SCT model (curves) .32

Species: SOH2Cl (1), SOH (2), (SOH2)=CO3 (3) and (SO2)=Ca (4).
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Figure 14. Experimental data (full and open circles) and the predicted

loadings of the Purolite A 109 anion exchanger with copper chloride (1)

and nickel chloride (2) calculated using the SCT model (curves).34

c0(CuCl2)= c0(HCl)=5, c0(NiCl2)=25 mmol litre71.
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VI. Application of the SCT model to nonlinear
theory of multicomponent sorption dynamics and
chromatography
The sorption equilibria characterise the fundamental thermody-
namic properties of an ion exchange system.58 ± 68 The first step in
solving problems of multicomponent sorption dynamics is to
choose a model for multicomponent equilibria. Until recently
the main difficulty consisted in the lack of models suitable for
correct description of multicomponent equilibria in real sorption
systems. However, in spite of the development of such models, the
model of competitive multicomponent sorption proposed by
Langmuir remains the most popular as yet. It should be consid-
ered as an idealised model, because the separation coefficients, aij,
of components in such a nonlinear system of multicomponent
equilibria are assumed to be constant and independent of the
concentrations {X1,..., Xn} in the mixture of n ions (compo-
nents).58 ± 66 In this case the exchange of equally charged ions is
described by the following analytical relationships:58 ± 66

Xeq
i �

a1iyi
U
� yi=

Xn
s�1

aisys ,

U �
Xn
s�1

a1sys � a1n �
Xnÿ1
s�1
�a1s ÿ a1n�ys,

or

yeqi �
ai1Xi

V
� Xi=

Xn
s�1

asiXs ,

(66)

V �
Xn
s�1

as1Xs � an1 �
Xnÿ1
s�1
�as1 ÿ an1�Xs,

V � 1

U
.

Here a are the binary separation coefficients, (s,i) or (i,s), of
the components in the n-component mixture

ais �
yi=Xi

ys=Xs

,

ais �
1

asi
, i,s=1, 2, ..., n, (67)

and y andX are the dimensionless concentrations of ions (i or s) in
the sorbent phase and in solution, respectively.

The Langmuir model 67 of an idealised localised monolayer
was proposed for a one-component system. This simple model is
inapplicable to multicomponent mixtures; however, it was for-
mally extended tomulticomponent systems.58 ± 66, 68 Studies on the
multicomponent Langmuir model and a number of related
phenomenological models were thoroughly reviewed.58 ± 62, 65, 66

In particular, it was shown 58 that application of the mass action
law relationships to the exchange of equally charged ions in a
mixture [with consideration of the condition for electroneutrality
(60)] allows the sorption equilibria to be formally described by
Eqns (66). Analytical relationships (66) and (67) for the descrip-
tion of competitive multicomponent sorption equilibria have long
been known.58 ± 66, 68 The symmetric and simple form of these
relationships permits their use in not only numerical solution to
problems of the sorption and ion exchange dynamics (for analysis,
see Refs 58 ± 66, 69 ± 71) but also electrophoresis theory.72

In his review 64 Tondeur analysed theoretical concepts and
problems of multicomponent sorption dynamics and chromatog-
raphy. He pointed out three properties of the Langmuir model
which have a significant impact on themodern view of competitive
multicomponent sorption dynamics. These are the kinetic
approach to the description of equilibria, the symmetric form of
relationships (66) and (67) for the Langmuir isotherms and the
implications beyond the scope of adsorption theory (see, e.g.,
Ref. 72).

The basics of the kinetic approach leading to relationships (66)
are as follows:64 (1) an adsorption equilibrium is treated as
equality of the sorption ± desorption rates simultaneously for all
components; (2) the desorption rate of each component is propor-
tional to the relative coverage of the sorbent surface with the
corresponding component; and (3) the adsorption rate is propor-
tional to the product of two factors, viz., the concentration of a
given component in the liquid phase and the fraction of uncovered
sorbent surface.

Using relationships (19) and (60), it was shown 26 that the
Langmuir competitive model (66) and (67) is naturally described
as a particular case for the SCT model provided that two
conditions are simultaneously met, namely, all exchanging coun-
terions have equal charges and all SCT parametersm(i, j) are equal
to zero. The latter condition means that all the electrical double
layers |i j| have infinitely large electric capacities [see Eqn (18)].
Therefore, in the framework of the SCT model the Langmuir
multicomponent sorption corresponds to the formation of surface
complexes of various ions on the same Stern layer (at the surface
near the reactive sites).26 In this case, the generalised separation
factors Qi

j of the SCT model [see Eqn (19)] are transformed into
the constants ais [see Eqn (67)] of multicomponent Langmuir
isotherms [see Eqn (66)].

The separation factors aij characterise the relative selectivity of
the sorbent in binary exchange i/j. Namely, if aij>1, the compo-
nent i has a higher affinity than the component j . The ith
concentration distribution ratio

gi �
yi
Xi

characterises the affinity towards sorbent of each ith component
of an n-component mixture. Using the concentration distribution
ratios, an `affinity sequence' of the species (1>2>...>
i>...>j>...>n) is determined, which is widely used in studies of
the dynamics ofmulticomponent sorption systems. In the `affinity
sequence' the species are arranged in order of decreasing g
(gi> gj). Therefore, the species i (with smaller number in the
affinity sequence) possesses a higher affinity towards the sorbent
compared to the species j, because gi> gj (or gi/gj>1).

When the mixture composition {X1, ..., Xn} is varied, the
position of the components in the `affinity sequence' may remain
unchanged (the so-called `invariant affinity sequence') or it may
vary (this is called `inversion' or `selectivity reversal').51 ± 53, 58, 60, 65

For the Langmuir isotherms (66) inversion is impossible because
the separation factors are constants and the affinities of the
mixture components remain unchanged. Using Eqns (49) ± (51)
of the SCT model, the effect of affinity inversion on the shape of
multicomponent frontal and displacement chromatograms in the
case of ion exchange in the H+/M2�

A /M2�
B /An7 (An7 is an anion)

systems was studied.51 ± 53

From the general theory of chromatography it follows that the
behaviour of multicomponent concentration waves propagating
in a sorption column is mainly governed by the set of adsorption
properties of themixture components which form the correspond-
ing `affinity sequence'.51 ± 53, 58 ± 66Multicomponent sorption equi-
libria are mainly responsible for the order, shape and velocities of
propagation of such waves (examples can be found in the
literature 46, 47, 51 ± 53, 58 ± 66).

The sorption dynamics is described using, e.g., the term `effect
of interference of mixture components' (see a monograph 58 and
reviews 63 ± 65). Generally, the interference of species can arise as a
consequence of various forms of their interaction. There are the
equilibrium interference effects (mutual influence of species on the
equilibrium interphase distributions) and the kinetic interference
effects (mutual influence of species on the time taken to establish
the equilibrium between the concentrations of a given component
in the disperse and continuous phases in the presence of other
components). The equilibrium and kinetic interference effects can
arise simultaneously upon changes in the state of components
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(molecules or ions) due to chemical reactions (e.g., complex-
ation).58

Successful solution to a number of problems of sorption
dynamics and chromatography related to interference of species
and propagation of multicomponent concentration waves became
possible after introducing the fundamental coherence con-
cept.58, 73 ± 76

The multicomponent model of liquid chromatography is
described by a system of nonlinear mass balance equations for
each ith component of amixture containing n components 58 ± 66, 77

d
a0
c0

qyi
qt
� qXi

qt
� u

qXi

qZ
� 0; (68)

a0
c0

qyi
qt
� zi�Xi ÿ Xeq

i �yi��, (69a)

or

qyi
qt
� bi�yeqi �Xi� ÿ yi�. (69b)

Here d: (17 e)/e (e is the layer porosity); t is time (in s); u is the
flow rate of the mobile phase (in m s71); Z is the distance along
the sorption layer (in m); and zi and bi are the kinetic coefficients
(in s71) for the film diffusion kinetics and intraparticle diffusion
kinetics of limiting stages, respectively.

The mass balance equations (68) and (69) make use of the
dimensionless concentrations of the components in the liquid
phase (Xi) and in the sorbent phase (yi). The equations (69a) or
(69b) represent phenomenological model equations of sorption
kinetics for mixtures. They are based on the concept of linear
driving forces,78 ± 82 according to which the rate of a kinetic
process in the sorbent phase for a given component i is propor-
tional to the corresponding kinetic coefficient zi or bi. In the case
under study the effects of longitudinal dispersion are considered
insignificant; therefore, themass balance equation (68) ignores the
longitudinal dispersion in the sorption layer of the column.

The system of equations (68) and (69a) [or (69b)] should be
augmented with the system of equations for multicomponent
sorption isotherms yeqi (X) [or the system of reverse relationships
Xeq

i (y)], which determines the equilibria between the concentra-
tions of the mixture components in the mobile liquid phase (Xi)
and in the sorbent phase (yeqi ):

yeqi �X� � �Xeq
i �y��ÿ1,

yeqi �X� � yeqi �X1; X2; :::;Xn�, (70)

Xeq
i �y� � Xeq

i �y; y2; :::; yn�.

To include the relationships of the SCT model of the type (19)
for multicomponent ion exchange equilibria in these considera-
tions, one should elaborate relevant computational methods, as
well as procedures for solving the dynamic equations (68) and
(69). Here, the condition for stoichiometry (equivalence of
exchange) [see Eqns (60)] should be taken into account.

The SCT model was employed to describe the dynamics of
simple (A/B) binary ion exchange systems in which the concen-
tration fronts of the A/B exchange in the column are consid-
ered.37 ± 39, 43 The shape of the concentration profile, XA(Z,t), is
governed by the shape of the binary isotherm yeq(XA), which
depends on the binary parameters {KA

B ;m(A,B)} of the SCTmodel
and on the counterion charge ratio, zA/zB (see Refs 26, 36 ± 39, 50).
The corresponding relationships of the SCT model for the (A/B)
binary ion exchange systems have the form

yeqA �X eq
B =zB�2=zB

yeqB �Xeq
A =zA�2=zA

� KA
Bexp�ln10�mABy

eq
B ��, (71)

where yeqB � 1ÿ yeqA ; X eq
B � 1ÿ X eq

A .

The binary exchange isotherms calculated at different values
of the parameters {KA

B ; m(A,B)} and different zA/zB ratios are
shown in Figs 15 and 16 (see also Ref. 26). As can be seen, their
curvatures and asymmetries depend on the joint effects of the two
SCT parameters. The curvatures of the isotherms monotonically
increase with an increase in the parameters m(A,B) (see Fig. 15)
and KA

B (see Fig. 16). A comparison of the plots for the same
values of the SCT parameters at different zA/zB ratios (dash-and-
dotted curves in Figs 15 and 16) shows that the larger the zA/zB
ratio, the higher the curvature of the isotherm.

The SCT isotherms for equally charged counterions at m=0
(dashed lines in Fig. 15) are reduced to the Langmuir isotherms.
In the region of normalised concentrations (0< yeq,Xeq<1), the
binary Langmuir isotherms are symmetrical with respect to the
back diagonal.26 At the same time, the binary SCT isotherms for
exchange of differently charged counterions (zA 6� zB) are essen-
tially asymmetric (see, e.g., inflection points in the plots in
Fig. 16).
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Figure 15. Binary A/B ion exchange isotherms at zA/zB=1 and K A
B =2;

m(A,B)=0.2 (1), 0.5 (2), 1.0 (3), 1.5 (4) and 2 (5).50

Two Langmuir isotherms [m(A,B)=0; K A
B =2 and 5] are shown by the

dashed lines and the diagonal of the `concentrational rectangle' is shown

by the dotted line.
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Figure 16. Binary A/B ion exchange isotherms at zA/zB=3/2 and

m(A,B)=1; KA
B =1 (1), 2 (2), 5 (3), 10 (4) and 100 (5).50

The diagonal of the `concentrational rectangle' is shown by the dotted line.
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VII. Steady-state binary concentration
distributions

The results of computer simulation were compared with the
theoretical results obtained using analytical solutions of the mass
balance equations (68) and (69) for binary (A/B) ion exchange and
a steady-state concentration front XA using relationship (71) at
different values of the binary parameters {KA

B ;m(A,B)}.37 ± 39, 42, 43

This was done (for analytical solutions, including differently
charged ions zA, zB and the case m=0, see Refs 37 and 38) using
an original code written for calculations of the dynamics of ion
exchange in multicomponent systems. To test the code and
evaluate the accuracy of the results obtained, the breakthrough
binary output curves were calculated for both intraparticle (see
Ref. 38) and film diffusion kinetics 37, 43 in various nonlinear ion
exchange systems.

The mass balance equation (69a) for binary exchange of
equally charged ions (zA= zB) was found to be integrable at
0<m(A,B)<1 assuming film diffusion kinetics. The corre-
sponding analytical solutions which describe steady-state concen-
tration waves for A/B binary exchange were first reported
recently.42 In Fig. 17 we compare the results of numerical simu-
lation and the theoretical results obtained using analytical sol-
utions.42,50 Shown are the output concentration distribution
curves for a binary ion exchange system at different HETP values.
The parameter HETP characterises the efficiency of the sorption
layer in the column. It is related to the kinetic coefficient z (or b) by
a simple algebraic relationship,82 which in the case of film
diffusion kinetics has the form

HETP=
2u�a0=c0�2

z�1� da0=c0�2
.

From the general theory of chromatography it follows that the
higher the curvature of the SCT isotherms the greater the slope of
the calculated profiles of the corresponding concentration
fronts.39, 42, 50 Clearly, the smaller the HETP value for the same
isotherm the narrower the concentration front (cf. curves 1 ± 3 in
Fig. 17).

Agreement between the results obtained using analytical
solutions and numerical calculations for steady-state concentra-
tion fronts in A/B binary exchange systems points, first, to high
accuracy of the iterative numerical procedure employed for both
ion exchange equilibria and component concentrations in a
dynamic sorption process and, second, to successful implementa-
tion of the SCTmodel in computer simulation of the ion exchange
dynamics in nonlinear multicomponent systems.

Summing up, note that Kiefer 83 studied a number of binary
systems containing metal ions (Cu2+/Ca2+, Ni2+/Ca2+, Zn2+/
Ca2+, Cd2+/Ca2+) and compared the calculated and experimen-
tal output concentration curves obtained with columns filled with
various Purolite resins (S 950, S 940, D3342, D3343). As an
example in Fig. 18 we present the curves for the Zn2+/Ca2+ ion
exchange system on the Purolite S 940 resin. As can be seen, the
results of numerical calculations are in agreement with experi-
mental data.

VIII. Computerised description of ion exchange
dynamics in multicomponent systems using the
SCT model

Nonlinear mass balance equations for multicomponent systems
are solved using the method of finite differences and an appro-
priate explicit numerical computational scheme (predictor ± cor-
rector).84 To calculate various types of multicomponent equilibria
based on the SCT model, iterative procedures have been devel-
oped.37 ± 40, 43, 44, 46 ± 53

Test calculations ofmulticomponent frontal and displacement
chromatograms using an original code have been
reported.37 ± 39, 50 As an example, in Figs 19 and 20 we present
such chromatograms for Langmuir-type ion exchange systems
[see Eqns (66)] containing equally charged ions (A, B, C, E) that
form the `affinity sequence' A>B>C>E in order of decreasing
affinity towards sorbent. The chromatograms in Figs 19 and 20
were obtained for the ternary (A/B/C) and quaternary (A/B/C/E)
exchange systems, respectively.
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Figure 17. Steady-state breakthrough concentration distributions for

binary exchange at the SCT model parameters K A
B =2, m=0.12 and

different heights of equivalent theoretical plate (HETP). HETP=0.5 (1),

1 (2) and 2 cm (3).42 Solid lines correspond to analytical solutions and

dashed lines correspond to the results of numerical calculations; column

length is L=30 cm; film diffusion kinetics.
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Figure 18. Breakthrough concentration dependences for the Zn2+/Ca2+

exchange on the Purolite S 940 ion exchanger.83

Film diffusion kinetics (1) and intraparticle diffusion kinetics (2). Full and

open circles stand for experimental data while the results of calculations

are shown as solid curves; BV is the number of column volumes.
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Figure 19. Steady-state concentration profiles in the output chromato-

gram for a ternary exchange system of equally charged ions A/B/C;

column length L=100 cm.38, 39

Concentration plateau: R1 {0.9; 0.1; 0}, R2 {0.466; 0.533; 0},

R3 {0.3; 0.7; 0}.
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For multicomponent Langmuir systems the concentrations at
the plateau Rs (see Fig. 19) or Ms (see Fig. 20) separating the
concentration s-waves (s is the wave number; s=1, 2,...) were
calculated 37 ± 41 analytically using the relations derived for the
idealised equilibrium dynamic model (see Refs 58 and 74). In the
steady-state regime the concentrations at the plateau on the left
(Rs or Ms) and on the right (Rs+1 or Ms+1) of a concentration
s-wave depend exclusively on the equilibrium properties of the ion
exchange systems and are determined by the parameters of multi-
component Langmuir isotherms [separation factors aij, see
Eqn (67)].58 Both analytical solutions and computer simulation
of the dynamic process gave the same values of the concentrations
X
�s�
i at the multicomponent concentration plateau.
The results of numerical calculations of the concentration

profiles shown in Figs 19 and 20 were compared with the results
obtained using a number of analytical solutions 63, 69 ± 71 for multi-
component Langmuir systems assuming that all components of
the mixture are characterised by the same dispersion parameters
(b1= b2= ...= bm or z1= z2= ...= zm). Here, it is convenient to
use a simple criterion derived from analytical solutions for the
Langmuir isotherms.63, 69 ± 71 At equal kinetic dispersion factors of
the steady-state waves of the mixture components, relationships
between the dimensionless and normalised concentration distri-
butions (N s

i ) for each ith component of the multicomponent
mixture are linear

N s � N s
i �

Xi ÿ X s
i

X s�1
i ÿ X s

i

� N s
j �

Xj ÿ X s
j

X s�1
j ÿ X s

j

, (72)

1< i, ..., j<m.

From this it follows that the variable concentration N s in the
multicomponent concentration s-wave is the same for all compo-
nents. Similar linear relationships were obtained 37 ± 39 in com-
puter simulation of theRsRs+1 andMsMs+1 concentration waves
(see Figs 19 and 20) in the Langmuir systems, which indicates a
high accuracy of numerical calculations.

Column experiments 83 with a number of ternary and quater-
nary ion exchange systems showed that the corresponding equi-
libria are well described by the SCTmodel.25 ± 36 Multicomponent
frontal and displacement chromatograms for the exchange of
various metal ions (Cu2+, Ni2+, Zn2+, Cd2+, Ca2+) were
obtained. Experimental studies 83 and numerical calcula-
tions 37 ± 39 were carried out for both film diffusion and intra-
particle diffusion kinetics. As an example, Fig. 21 shows the
experimental chromatographic data obtained for a quaternary
exchange system and the corresponding results of numerical
calculations. A comparison revealed reasonable agreement
between the theory and experiment, especially taking into account

the difficulties in obtaining such multicomponent chromatograms
and their relative accuracy.

Thus, the above-mentioned method of numerical calculations
of the ion exchange dynamics in multicomponent systems and the
iterative procedure for calculations of multicomponent equilibria
allows the SCTmodel to be successfully employed in studies of the
dynamic behaviour of nonlinear multicomponent ion exchange
systems.

IX. Modelling of the dynamics of ion exchange due
to Lewis acid/Lewis base interactions, as applied to
multicomponent systems

The approach to modelling of multicomponent ion exchange
systems based on the SCT model (see Section VIII) was
extended 49, 51 ± 53 to calculations of the dynamics of the sorption
of metal salts involving coordination bonding due to the Lewis-
base properties of amino groups of weak-electrolyte ion exchang-
ers (see Section III). In this case, anions of thesemetal salts are also
sorbed in solution near the surface of the weak-electrolyte ion
exchanger. According to the SCT model, the distribution of
counterions (M2+) and co-ions (X7) near the resin surface is
shown in Fig. 2.33, 34

To model this mechanism of sorption, the system of dynamic
equations (68) and (69) must be augmented with the SCT
equilibria (49) ± (52). The corresponding SCT equilibria are calcu-
lated iteratively and the equilibrium ion concentrations (yeqi ; Xeq

i )
thus obtained are included in the computational scheme for the
concentration distributions in the concentration wave moving
through the column.49, 51 ± 53

Two examples illustrating the results of computer simulation
of frontal and displacement chromatograms for the H+/M2�

A /
M2�

B /An7 (An7=Cl7, SO2ÿ
4 ) ion exchange systems 43, 49, 51 ± 53

are shown in Fig. 22. Since in this system the H+/M2�
A /M2�

B /An7

ion exchange due to the Lewis acid/Lewis base interaction is
accompanied by sorption of metal salt anions, the conditions for
electroneutrality in solution and in the sorbent phase have the
form:49, 51 ± 53

XAn7=XA + XB + XH, (73a)

yAn7= yA + yB + yH. (73b)

Ion exchange systems for exchange of various metals (Cu2+,
Ni2+, Zn2+, Cd2+) accompanied by sorption of various anions,

0

0.4

0.8

600 800 1000 t /min

Xj

M1

M2

M3

M4

Figure 20. Steady-state concentration profiles in the output chromato-

gram for a quaternary exchange system of equally charged ions A/B/C/E;

column length L=30 cm.38, 39

Concentration plateau:M1 {0.4; 0.3; 0.2; 0.1},M2 {0; 0.616; 0.264; 0.118},

M3 {0; 0; 0.885; 0.115},M4 {0; 0; 0; 1}.
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Figure 21. Experimental (full and open circles and open triangles) and

calculated (curves) chromatograms for the Cu2+/Ni2+/Zn2+ exchange on

a column with the Purolite S 940 ion exchanger (originally in the Ca2+

form).50, 83

The dashed lines correspond to film diffusion kinetics and the solid lines

correspond to intraparticle diffusion kinetics; Ni (1), Zn (2) and Cu (3).
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namely, chloride ions (Cl7, see Fig. 22 a) or sulfate ions (SO2ÿ
4 ,

see Fig. 22 b) were studied.49, 51 ± 53 The anion distribution was
calculated using Eqn (73a). Dynamic calculations were carried
out using the experimental 33, 34 values of the binary SCT param-
eters {KA

B ; m(A,B)}.
The total concentration c0 (in mol litre71) of the components,

metal salt ions and protons at the column input was kept constant

zAc
0
A + zBc

0
B + zHc

0
H = c0

or in the dimensionless form

X0
A + X0

B + X0
H =1.

A dimensionless parameter commonly accepted in chroma-
tography (see Fig. 22)

BV=
Vt

V0

� ut

L

denotes the number of the column volumes, V0, which passed
through the cross section of the columnof lengthL, and character-
ises the elapsed time t from the start of the process. The BV values
(see Fig. 22) indicate that the dynamic displacement of metal ions
accompanied by the sorption of Cl7 anion is more than three
times slower than an analogous process accompanied by the
sorption of SO2ÿ

4 anions. Indeed, Figs 22 a and 22 b show that
displacement of metal ions (both Ni2+ and Cu2+) is much more
efficient in the presence of divalent SO2ÿ

4 anions compared to
monovalent Cl7 anions. The influence of the inversion effects on
the dynamic behaviour of various related systems for two types of
weakly basic anion exchangers has been considered.51 ± 53

X. Dynamics of ion exchange in multicomponent
systems with allowance for ion complexation in the
mobile liquid phase

Using the SCTmodel, relationships describing chemical reactions
in the liquid phase can be included in calculations of multi-
component equilibria in a relatively simple way.26, 32 However, in

this case the theory of chromatography requires that the nonlinear
multicomponent system of dynamic mass balance equations be
transformed and represented in the form:44, 46, 47, 50

d
a0
c0

qyi
qt
� qXsum i

qt
� u

qXsum i

qZ
� 0; i=1, 2, ... . (74)

Now the total concentration of each component, Xsum i, includes
not only the concentration of the ion i in the liquid phase but also
the corresponding fractions of this component in various com-
pounds formed as a result of chemical reactions. This approach to
simulation of the dynamics of various ion exchange systems with
allowance for chemical reactions was employed 44 ± 50 in calcula-
tions of the dynamics of the H+/M2�

A /M2�
B ion exchange with

inclusion of complexation reactions.
Let us calculate various ion concentrations taking the

H+/M2�
A /M2�

B exchange with inclusion of complexation reactions
in the mobile (liquid) phase of a chromatographic column as an
example. Multicomponent equilibria in these systems are
described by the SCTmodel (see Section II) while the accompany-
ing complexation reactions in the mobile (liquid) phase of the
column are described by relationships related to the mass action
law.

For instance, the ion exchange H+/Ni2+/Co2+ (`affinity
sequence' H>Ni>Co) in the presence of citrate ion (Cit37) as
a complex-forming agent can be calculated using the following
system of relationships:44, 46, 47, 50

K1=X1X4, K2=X1X7/X6,

K3=X1X8/X7, K4=X1X5/X8,

K5=X3X5/X14, K6=X2X5/X9,

K7=X2X
2
5/X10, K8=X2X8/X11,

(75)

K9=X2X7/X12, K10=X5X11/X13,

K11=X3X8/X15, K12=X3X7/X16.

Here the constant parameters are K1=10714 [the dissociation
constant of water, in (mol litre71)2] and the reaction constants
K2 ±K12 listed in Table 2; Xi are the dimensionless concentrations
of the ions (i=1±3) and the components formed as a result of
chemical reactions (i=6±16):

i Species i Species

1 H+ 9 NiCit7

2 Ni2+ 10 NiCit4ÿ2
3 Co2+ 11 NiHCit

4 OH7 12 NiH2Cit+

5 Cit37 13 NiHCit3ÿ2
6 H3Cit 14 CoCit7

7 H2Cit7 15 CoHCit

8 HCit27 16 CoH2Cit+

In accordance with the mass conservation law we have

X0(Cit)=X5+X6+X7+X8+X9+2X10+X11+

+X12+2X13+X14+X15+X16. (76)

This equality describes the constancy of the total amount of the
complex-forming agent (Cit37) in solution.

As usual, in describing the ion exchange we have to take into
account the relations of equivalence for the concentrations of free
ions (H+/Ni2+/Co2+) in the ion exchanger and in solution:

y1+ y2+ y3=1, (77a)

X1+X2+X3=1. (77b)

0.2

0.6

1.0

Xi
a

0 2 4 6 8 L /m

0.2

0.6

1.0

Xi b

Figure 22. Calculated concentration (Xi) distributions along a chromato-

graphic column filled with the Purolite A 109 weakly basic anion

exchanger for the H+/Cu2+/Ni2+/An71 exchange accompanied by

sorption of Cl7 (a) and SO2ÿ
4 anions (b).51

H+ (open circles), Cu2+ (dashed lines) and Ni2+ (solid lines);

c0=0.3 mol litre71,X 0
H =0.1,X 0

Cu =0.5,X 0
Ni =0.4;BV=7.4 (a), 2 (b).
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In this case the number of the differential mass balance
equations (74) for the concentrations Xsum1(H+), Xsum 2(Ni2+)
and Xsum3(Co2+) equals three (n=3):

Xsum1(H+)=X17X4+3X6+2X7+X8+X11+

+2X12+X13+X15+2X16, (78a)

Xsum2(Ni2+)=X2+X9+X10+X11+X12+X13, (78b)

Xsum3(Co2+)=X3+X14+X15+X16. (78c)

Numerical simulation of the dynamics of such ion exchange
systems was carried out using the experimental 83 values of the
binary SCT parameters {KA

B ; m(A,B)} obtained for various
Purolite resins. The corresponding parameters of the Purolite
S 940 and S 950 resins are listed in Table 2. The complexation
constants Ki included in relationships (75) can be found in the
literature (see, e.g., Ref. 54). To illustrate the large differences
between the values of these constants (orders of magnitude), the
corresponding data are listed in Table 2.

The nonlinear multicomponent system of dynamic mass
balance equations (74) ± (78) was numerically solved by the
method of finite differences. In this case, in addition to the
numerical schemes based on the SCT equilibria (19), iterative
procedures for solving the Eqns (75) and (76) describing the
complexation reactions with allowance for the relations of equiv-
alence (77) must be included. A software package for calculations
of the dynamics of various multicomponent ion exchange systems
including quinary systems has been created.44 ± 48, 50 Some exam-
ples are given in Table 2.

Based on the models elaborated, the propagation of n-com-
ponent concentration waves formed in the sorption field of the
column was calculated. A number of calculated output frontal-
displacement curves for the ion exchange sorption and regener-
ation in two ion exchange systems are presented in Figs 23 and 24
as examples. Here, shown are the distributions for the exchange of
metal ions (A2+/B2+); the concentration of the third exchanging

ion (H+) is low and the corresponding curves are therefore
omitted.

The multicomponent output frontal and displacement chro-
matograms presented in Fig. 23 in the pseudo-3D space {Xi, t, s}
are the same as those given in two dimensions in Fig. 24 c. The
distributions in Fig. 23 clearly illustrate the relative positions of
the output concentration curves during the sorption and regener-
ation processes, obtained for columns of different length Ls. The s
values (s=1, 2, 3, 4) for columns of different length L1,2,3,4

(Ls/HETP=30 or 60) are plotted on the y axis directed `perpen-
dicular' to the plane of Fig. 23.

In Fig. 24 a, b we present the calculated output concentration
curves obtained for the ion exchange systems Nos 1 and 8 (see
Table 2) with allowance for the effect of chemical reac-
tions.44 ± 48, 50 To compare the dynamic behaviour of different

Table 2. Parameters for calculations of ion exchange dynamics in multicomponent systems with inclusion of exchange equilibria described in the
framework of the SCT model and complexation reactions.46, 47, 50

System Purolite Ion exchange Complex-forming agents Reaction Binary SCT parameters

No. resin constants a

logKH
j m(H,j)

1 S 950 H+/Ni2+/Ca2+ H2BO
ÿ
3 , SO3NHÿ2 , Cl7 K1 ±K12 3.03 3.31

2.81 4.81

2 S 950 H+/Ni2+/Ca2+ H2BO
ÿ
3 , SO

2ÿ
4 , Cl7 K1 ±K12 3.03 3.31

2.81 4.81

3 S 940 H+/Cu2+/Ca2+ SO2ÿ
4 K1 ±K4 1.44 2.15

3.37 5.62

4 S 940 H+/Cd2+/Ca2+ NH3, NOÿ3 K1 ±K12 1.65 3.28

3.37 5.62

5 S 940 H+/Zn2+/Ca2+ NH3, Cl7 K1 ±K12 1.96 2.02

3.37 5.62

6 S 950 H+/Ni2+/Zn2+ Cit37 K1 ±K12 3.03 3.31

2.3 1.18

7 S 950 H+/Ni2+/Na+ Cit37 K1 ±K10 3.03 3.31

1.95 1.82

8 S 940 H+/Co2+/Na+ Cit37 K1 ±K8 3.11 2.22

1.34 3.71

9 S 940 H+/Zn2+/Co2+ Cit37 K1 ±K11 1.96 2.02

3.11 2.22

10 S 950 H+/Ni2+/Co2+ Cit37 K1 ±K12 3.03 3.31

2.96 2.11

aK2=102, K3=4.4, K4=6.36106, K5=6.2, K6=1.26, K7=1.66, K8=50.1, K9=461073, K10=0.008, K11=831.
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Figure 23. Output concentration distributionsXi (t) shown in the {Xi, t, s}

space for H+/Ni2+/Ca2+ exchange; column lengths are L1,3=30 HETP

and L2,4=60 HETP.46, 50

Ni1,2/Ca1,2 sorption (solid lines), L1,2; Ca3,4/Ni3,4 regeneration (dashed

lines), L3,4.
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ion exchange systems, Fig. 24 c also shows the calculated output
curves obtained for the former system in the absence of complex-
ation reactions.

A comparison reveals essential changes in the character of the
output concentration curves for the same system caused by the
effect of complexation reaction. The output curves of both
sorption and regeneration processes obtained with inclusion of
complexation exhibit no long `tails' (see Fig. 24 a, b); the shapes of
the output curves in Fig. 24 b obey an identical pattern and the
corresponding solid and dashed lines nearly match one another.

In the case of conventional ion exchange the regeneration
processes are characterised by the output concentration curves
with very long `tails' (see Fig. 24 c), which significantly slow down
the regeneration. Besides, both sorption and regeneration accom-
panied by complexation proceed at higher rates and the output
concentrations of the displaced ions are much higher. Therefore,
the allowance for chemical reactions permits a more efficient
regeneration of ion exchange columns.

XI. Conclusion

The surface complexation theory used for calculations of multi-
component equilibria has been developed during the last dec-
ade.25 ± 36 It is based on a relatively simple model for the
arrangement of ions, which are assumed to be located in ordered
Stern layers extended parallel to the planar sorbent surface.

The description of arbitrary equilibria in the framework of the
SCT model is based on the concept of generalised separation
factors, which can be determined using experimental data on
binary exchange. The dependence of these coefficients on the
sorbent composition provides valuable information on the binary
equilibria. An individual sorption equilibrium can be character-

ised by two constant parameters of the SCT model, {Ki�1,
m(i,i+1)}, which are independent of the pH value or the ionic
strength of the solution (liquid phase).26, 30, 31, 36 These parameters
also remain constant in arbitrary multicomponent systems for
which simple (binary) equilibria can be calculated for a wide range
of experimental conditions.26 ± 36 The SCT model treats multi-
component equilibria as a kind of superposition of several simple
equilibria and allows them to be calculated using the parameters
of binary subsystems.26 ± 36 Arbitrary chemical equilibria in the
liquid phase with inclusion of dissociation, association or com-
plexation phenomena can be taken into account in a relatively
simple manner for both multicomponent equilibria 30, 31, 36 and
dynamic systems.44 ± 48, 50

One field of application of the SCT model is the prediction of
multicomponent ion exchange kinetics. The potentialities of the
approach were demonstrated in calculations of the film diffusion
kinetics where this method for the description of equilibria was
implemented in solving the Nernst ± Planck equations.85, 86

Sorption equilibria in ternary and quaternary systems with
strong- and weak-electrolyte ion exchangers can be predicted very
accurately even with inclusion of chemical reactions. The method
was incorporated into commercially available software for the
design of demineralisers in ultrapure water production.87

The theory of formation of surface complexes (or the surface
complexation theory, SCT model) can be applied with ease to
calculations of the performance of sorption filters. It has been
implemented in simple approximate equilibrium calculations
using an idealised model in which the filter is represented by a
series of stirred tanks (layer-by-layer calculation technique). This
approach was shown 88 to be suitable for quite correct prediction
of, e.g., combined softening and dealkalisation of water with
weakly acid ion exchangers.

The SCT model has also been incorporated into more sophis-
ticated procedures for calculations of dynamic systems based on
the theory of multicomponent sorption dynamics and chromatog-
raphy. This field of application of the SCT approach seems to be
quite promising because no appropriate models for multicompo-
nent equilibria suitable for the description of the properties of real
sorbents (ion exchangers) were proposed until recently.37 ± 53

In a particular case where the SCT parameters m(i,i+1) of all
binary exchanges equal zero, the SCT equilibrium relationships
are reduced to the well-known multicomponent Langmuir iso-
therms. This allows the accuracy and correctness of the methods
elaborated for solving problems of multicomponent sorption
dynamics to be evaluated.37 ± 42

Currently, evaluation of the dynamic behaviour of nonlinear
multicomponent ion exchange systems is based on the results of
calculations of the output column concentration distributions for
various ion exchangers.37 ± 53 Newly developed iterative proce-
dures for calculations of multicomponent equilibria and new
software permit successful implementation of the SCT model in
the computational schemes for calculations of the dynamic
behaviour of nonlinear multicomponent ion exchange systems.

In spite of obvious simplifications of the SCT model, the
results obtained demonstrate the efficiency of this method in the
calculations of multispecies equilibria and the kinetics and
dynamics of sorption in multicomponent systems. The SCT
approach can be used in both basic research and applied (in
particular, engineering) studies.

Calculations of the propagation of multicomponent concen-
tration waves in the sorption fields of ion exchange columns
involve computer simulation. To facilitate perception of the
complex dynamics of ion exchange, a kind of computer visual-
isation is used, namely, animation of the dynamic processes
occurring in the chromatographic column.48 ± 53

The results presented in this review have been obtained with
financial support from the Deutsche Forschungsgemeinschaft
(DFG, joint German ±Russian Project Nos 463 RUS 113/596/
0-1 (R) and 436 RUS 113/83), Deutsche Akademische Aus-
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Figure 24. Calculated concentration distributions for H+/A2+/B2+ ion
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H+/Co2+/Na+ exchange with inclusion of chemical reactions (a); H+/

Ni2+/Ca2+ exchange with inclusion of chemical reactions (b); and H+/

Ni2+/Ca2+ exchange ignoring chemical reactions (c); solid lines describe

the ion exchange (B/A) sorption of the mixture, Xi (t); dashed lines
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TauschDienst (DAAD, Project No. 325 sm) and the NATO
Foundation (Project No. SA 12-2-02, CRG.971709).
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