
Abstract. The experimental data and theoretical views on theThe experimental data and theoretical views on the
relations between the relaxation properties and structure ofrelations between the relaxation properties and structure of
polymers are generalised. The attention is focused on the topo-polymers are generalised. The attention is focused on the topo-
logical structural level, in particular, characteristics including thelogical structural level, in particular, characteristics including the
molecular mass, the molecular mass distribution, the degree ofmolecular mass, the molecular mass distribution, the degree of
branching, and the covalent and equilibrium network parameters.branching, and the covalent and equilibrium network parameters.
In relation to the discussion of the relaxation spectrometryIn relation to the discussion of the relaxation spectrometry
concept, the physical meaning of the kinetic parameters of localconcept, the physical meaning of the kinetic parameters of local
transitions and the nature oftransitions and the nature of bb-relaxation are considered. Meth--relaxation are considered. Meth-
ods of calculation of the continuous and discrete relaxationods of calculation of the continuous and discrete relaxation
spectra from the results of relaxation and rheological experimentsspectra from the results of relaxation and rheological experiments
are described. Data establishing the relation between the relaxa-are described. Data establishing the relation between the relaxa-
tion spectrum and the topological structure of a polymer aretion spectrum and the topological structure of a polymer are
analysed. The bibliography includes 282 referencesanalysed. The bibliography includes 282 references..

I. Introduction

The relaxation properties of polymeric materials determine the
possibility of using them in practice.1, 2 Of course, the nature and
character of relaxation processes depend on the polymer struc-
ture. However, the concept of polymer structure requires a clear
definition.

A feature of high-molecular-mass compounds is that their
complex structure cannot be described in a certain single fashion.
Conditionally, it is possible to consider three interrelated struc-
tural levels, namely, a molecular, a topological and a supra-
molecular level.3 Characterisation of each level requires the use
of a specific approach.

The molecular level covers the chemical and isomeric struc-
ture, i.e., all aspects that can be described by structural formulae
accepted in chemistry. On this level polymers are not basically
different from low-molecular-mass compounds (of course, if we
are dealing with rather complex molecules). While on the subject
of chemical structure, the case in point is mainly the local
organisation of compounds (at least on the length scale of a
unit). At the same time introduction of the notion of sequences
(blocks) comprising units of different chemical structure (includ-
ing isomeric states) (copolymers) is due to the chain nature of

high-molecular-mass compounds. Besides, chain molecules (in
contrast to the molecules of low-molecular-mass compounds) can
have stereoisomers, i.e., include isotactic and syndiotactic groups
and correspondingly, blocks comprised of them. Therefore, char-
acterisation of the molecular structure of a polymer requires the
use of not only `chemical language' but also complex concepts,
which provide a quantitative description of sequences comprising
different types of units.

The second, topological, level is immediately related to the
concept of polymer chains. Here, we abstract from particular
chemical meaning and consider polymers as sets of chains. Chains
can have different lengths and different molecular mass distribu-
tions (MMDs), be linear or branched or have a complex cyclic
structure (including chemically nonbonded molecules, e.g., cate-
nanes); they can also form a continuous three-dimensional net-
work. It is the topological structure that is responsible for many
physical properties of polymeric materials.1, 3 ± 5 The concept of
local structural organisation of molecules is insufficient for an
understanding of the polymer structure on the topological level.
Apparently, the chemical notation is inappropriate for the
description of the topological structure, which has a particular
geometrical meaning. The topological structure is characterised
by graphs which include such elements as vertices (branching
points), edges (chains), etc. The graph theory ignores the edge
length, but the chain length and the chain length distribution are
quite important for the topological structure of polymers.

The topological structural level `abstracts' from the spatial
arrangement of macromolecules, which characterises the supra-
molecular structure of the polymer. In essence, this is a macro-
scopic level; nevertheless, the local structural organisation is an
important factor. For instance, the local density strongly depends
on the energy of intermolecular interaction (chemical nature of the
polymer units). The topology also plays a significant role; for
instance, the degree of polymer crystallinity is very responsive to
the degree of chain branching, i.e., to the structural level in
question.

The chemical level of the polymer structure is basic (even-
tually, chain formation involves formation of chemical bonds; the
possibility or impossibility of ring formation or branching in
macromolecules is essentially a chemical problem). However,
when considering the relations between the structure and proper-
ties of a polymer, it is convenient to discuss the effect of each level
separately.
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The relaxation properties characterise the ability of a com-
pound disturbed from the equilibrium state to return to the
equilibrium state. They are determined by the sum of all types of
motions of molecular groups, chain fragments and macromole-
cules, that is, rotational, vibrational and translational motions.
Representation of a relaxation process by the sumof suchmotions
makes it possible to obtain an idea of a spectral characteristic of
the compound.

If a process can be expressed by the sum of n independent
elementary relaxation transitions, the kinetics of the process can
formally be expressed as follows:

g�t� �
Xn
i� 1

hie
ÿt=li ,

where g(t) is the kinetic modulus, t is the running time, hi is the
relaxation spectrum and li is the relaxation time.

In the continuous case one has

g�t� �
�?
0

h�l�eÿt=ldl . (1)

Sometimes the relaxation spectrum hi or h(l), as a function of
the relaxation time li (or l), is denoted as H(l)= lh(l). A very
broad range of relaxation times can be described in a more
compact form, namely, in the logarithmic scale

g�t� �
�?
ÿ?

H�l�eÿt=ld lnl . (1a)

The frequency dependence of a relaxation process is repre-
sented by a Fourier transform of expression (1), namely

G��o� � io
�?
0

g�t�eÿiotdt, (2)

where G�(o) is the complex frequency modulus and o is the
frequency.

As can be seen, there is a one-to-one correspondence between
G*(o) and g(t), i.e., knowledge of one parameter permits determi-
nation of the other. Since expression (1) is an integral Laplace
transform of the spectrum h(l),{ there is also a one-to-one
correspondence between these quantities. A difficulty consists in
that the experimentally measured G*(o) and g(t) values (i) usually
include random (noise) or systematic errors and (ii) are obtained
within limited time and frequency intervals. The integral operator
on the right side of equality (1) is a smoothing operator, i.e.,
intensive perturbations in the h(l) function are considerably
smoothed in the g(t) function. But this also means that minor
disturbances (e.g., errors) in experimental data can introduce a
large uncertainty into solution of the problem of determination of
the relaxation spectrum h(l). Cutting off the integration limits due
to limitations imposed by experimental techniques can also be a
source of errors introduced into the results of the inverse Laplace
transform and Fourier transform.

The complex frequency modulus G*(o) is usually expressed
through its real and imaginary components

G��o� � G 0�o� � iG 00�o�, (3)

G 0�o� �
�?
0

h�l� o2l2

1� o2l2
dl ,

G 00�o� �
�?
0

h�l� ol

1� o2l2
dl ,

Their ratio, called the (mechanical, dielectric, etc.) loss factor and
given by

tand � G 00�o�
G 0�o� , (4)

is often used for the determination of individual relaxation
transitions. In this case the amplitude (intensity) of a peak in the
tand-vs.-temperature (T ) or in the tan d-vs.-frequency plots is
usually related to the content of the relaxing element (relaxer).

II. Relaxation spectrometry

In order to describe and classify local relaxation transitions,
G M Bartenev put forward a concept of relaxation spectrome-
try.1, 2, 5 As it was written in a monograph 1 that `relaxation
spectrometry itself, as a specific kind of kinetic spectroscopy,... is
in the early stage of its development and at present not all
principles of relaxation spectrometry can be considered rigorously
substantiated'.}

In fact, local character of relaxation processes means that each
process occurs (and, correspondingly, can be considered) inde-
pendently. Parameters of each process (in particular, the relaxa-
tion times) are determined by the local polymer structure, which in
turn can be characterised by these parameters. This is a distinctive
feature of relaxation spectrometry as a method for studying the
polymer structure.

A more or less broad spectrum of local relaxation times is due
to the fact that even in the simplest macromolecules (such as
polyethylene, polyethylene oxide and polystyrene molecules) one
can select a set of relaxers. Torsional motions of atoms and side
groups and crankshaft rotations of various intrachain atomic
groups are characterised by different relaxation times. Complica-
tion of the molecular structure leads to broadening of the
relaxation spectrum.

Structural description of local relaxation transitions is usually
performed by relating the position of the maximum in the temper-
ature dependence of loss factor, at a given frequency or temper-
ature scan rate, to the presence of particular molecular groups in
the polymer chain. At the point of maximum, the condition
ol=1 or W(T )l=1 is met, where W(T ) is the temperature
scan rate. Thismakes it possible todetermine the relaxation time l.

According to Bartenev,2 a relaxation transition can be repre-
sented by a jump of a relaxer through an activation barrier, i.e., the
temperature dependence of relaxation time obeys an Arrhenius
equation

l � B exp
E

RT
.

The barrier height is governed by the activation energyEwhile
the pre-exponent B characterises the volume of the relaxing
element (relaxer)

B � u5=6

�6kT=r�1=2
, (5)

where u is the volume and r is the relaxer density.
Processes due to motions of small molecular groups (group

size is much less than the size of a chain segment) belong to the
smallest-scale g-processes. Typical values of the kinetic parame-
ters characteristic of this type of motion are as follows:
B& 1079 ± 10712 s and Eg=10± 20 kJ mol71.

Larger-scale b-relaxation is characterised by B values of the
order of 2610713 s and Eb values lying between 30 and
70 kJ mol71. a-Relaxation also belongs to local processes. Usu-
ally, the temperature dependence of the a-relaxation time does not
obey the Arrhenius equation. However, in a limited temperature

{ Strictly speaking, the Laplace integral transform of the function

h(1/s)/s2, where s= l71. } See page 297 in Ref. 1.
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interval it is characterised by the parameters B* 5610712 s and
Ea=50± 70 kJ mol71.

It should be noted that almost all local transitions can be
detected by both high-frequency (NMR, EPR, acoustic, dielectric
and various mechanical dynamical methods) and low-frequency
[the same mechanical dynamical methods in the low-frequency
range, thermomechanical analysis (TMA), differential scanning
calorimetry (DSC), etc.] methods.1, 2, 6 For instance, knowledge of
the temperature dependence of the damping constant or of the
mechanical loss factor at a frequency of about 1 Hz (or fractions
of a Hertz) makes it possible to find out all these transitions.2, 5

As a rule, local relaxation transitions correspond to structural
transitions. For instance, it was shown 7 that the thermal expan-
sion coefficients of the polymers listed below change stepwise at
the following temperatures (8C):

poly(methyl methacrylate) 15, 100
poly(methacrylate) 7115,715, 25, 60
poly(n-propyl methacrylate) 785,735, 15, 30
poly(n-butyl methacrylate) 795,755,725, 20

The last-mentioned temperatures correspond to a-transitions
and the lower temperatures correspond to small-scale local
transitions.

1. Model of coupled rotators
The Frenkel ±Eyring discrete model of activated diffusion pro-
vides the basis for relaxation spectrometry. According to this
model, a diffusion act involves three consecutive stages. These are
(i) reorganisation of the environment of the diffusing species
involving formation of a `hole' of comparable volume, (ii) the
jump of the particle through the activation barrier to the `hole'
formed and (iii) reorganisation of the environment to remove the
`hole'.

According to modern concepts of the diffusion mechanism
(see, e.g., Ref. 2), the motion of a particle occurs simultaneously
with local reorganisation of the environment. The particle moves
gradually by `elbowing' particles of the environment rather than
by hopping over distances of the order of the particle size.
According to this continuous model, the particle executes a
number of steps during the hopping time and thus travels a
distance comparable with the particle size. Thus, formally both
models lead to the same results. However, the kinetic parameters
of the process (`hole' volume, energy of `hole' formation, activa-
tion energy for hopping) and, correspondingly, the parameters B
[see Eqn (5)] and E in the Arrhenius equation have a different
physical meaning.8 ± 10

The model of elastically coupled rotators 11, 12 was first
proposed by Mansfield.13 It is based on the physically more
substantiated mechanism of local relaxation.

Rotators (asterisked) execute torsional motions near the
equilibrium positions in the plane normal to the axis. The
character of motion is determined by the local (torsional) friction
coefficient zi and by the rigidity, Ki, of the bond being twisted
(rotators are enumerated from the left, so the bonds are enum-
erated from zero to n). The two outermost bonds can have a zero
rigidity (free chain) or a finite rigidity (chain is embedded into a
framework, e.g., a network).

The equations describing relaxation of this system, have the
form

x1
. � ÿK0x1 ÿ K1�x1 ÿ x2� ÿ tÿ11 x1 � (6)

� ÿx1�K0 � K1 � tÿ11 � � K1x2,

x2
. � K1�x1 ÿ x2� ÿ K2�x2 ÿ x3� ÿ tÿ12 x2 �
� K1x1 ÿ x2�K1 � K2 � tÿ12 � � K2x3,

x3
. � K2�x2 ÿ x3� ÿ K3�x3 ÿ x4� ÿ tÿ13 x3 �
� K2x2 ÿ x3�K2 � K3 � tÿ13 � � K3x4,

....................................................................

xi
. � Kiÿ1xiÿ1 ÿ xi�Kiÿ1 � Ki � tÿ1i � � Kixi�1
......................................................................

xn71

. � Knÿ2xnÿ2 ÿ xnÿ1�Knÿ2 � Knÿ1 � tÿ1nÿ1� � Knÿ1xn,

xn
. � Knÿ1xnÿ1 ÿ xn�Knÿ1 � Kn � tÿ1n �,

where xi is the angle of deviation of the dipole from its equilibrium
position and ti is treated as the effective relaxation time of the ith
dipole, which is proportional to the friction coefficient zi.

The solution is written as expansion into a series

xi �
Xn
j�1

aij exp�ÿpit�. (7)

The relaxation time li= pÿ1i is determined by the equation

where j1 1= z17 (tÿ11 +K0+K1); j1 2=K1; j2 1=K1; j2 2=
z27(tÿ12 +K1+K2); j2 3=K2; ji,i71=Ki71; ji,i= z17
(tÿ1i +Ki71+Ki); ji,i+1=Ki; jn,n71=Kn71; jn,n= zn7
tÿ1n +Kn71+ Kn); zi=1/li .

Analysis of the solution of Eqn (8) showed that if Ki55 1 for
any i, the elements relax independently with li= ti. In other
words, in this case the relaxation is governed solely by the physical
nature and by the magnitude of the local friction coefficient zi, i.e.,
by the level of local intermolecular interaction. IfKi44 1 for any i,
the structure of the Dn matrix will be identical to the structure of
the Rouse matrix for a free chain (at K0=Kn=0) or for an end-
to-end cross-linked chain (atK0 andKn 6� 0). However, in this case
the relaxation times increase by a factor of K. Thus, intrachain
interaction causes relaxation of each element to be characterised
by a spectrum of relaxation times.

To obtain a detailed description of the relaxation kinetics of
the system in the framework of the model of coupled rotators, one
should allow for the Brownian force 11 exerted on each element in
the system. Therefore, each equation in system (6) should be
augmented with the corresponding term.

Analysis of the solution of the modified system (6) showed 12

that, at times shorter than lmin (minimum relaxation time of the
chain of rotators), the correlator hcos xj (t) cos xj (0)i decreases
exponentially with the characteristic time l1. In this region the
effect of the neighbours of a given rotator can be ignored and the
motion occurs as rotational diffusion, which is not affected by
chain rigidity

lmin �
zrot

4Krot , l1 �
zrot

4 kT
� 1

4D
.

Here z1= z2= ...= zi=...= zrot is the torsional friction coeffi-
cient,K1=K2= ...=Ki =...= Krot is the twisting rigidity of the
chain and D is the rotational diffusion coefficient.

At times longer than lmin , relaxation is described by a
`stretched' exponent:*exp[7(t/l2)1/2], where

l2 �
pzrotKrot

�4kT�2 .

In this time interval themotion of a rotator is strongly affected
by the neighbouring rotators (manifestation of chain rigidity), the

..... .....

1 2 3 i n72 n71 n

...................................................................................

...................................................................................

=0 (8)Dn=

j2 1

0

j1 1

0

0

j2 3

j3 3

0

ji, i71

... jn, n71

0

0

0

0

0

0

0

0

jn, n

j2 2

j3 2

j1 2

0

0

...

...

...

...

0

j3 4

0

... ...

ji, i
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length scale of the motion being equal to the length of the rigid
chain fragment.

Note that the relations given above are valid for an infinite
chain where the effect of the end groups can be ignored. Finite
chains have also been studied.12

Thus, the character of local relaxation transitions is first of all
determined by the local viscosity. An important additional factor
is intrachain interaction, which manifests itself as the twisting
rigidity of the chain. In all cases the activation model is inad-
equate.

2. On the nature of aa- and bb-relaxation
At present there are two antipodes of opinion of the nature of a-
and b-relaxation. On the one hand, it is traditionally accepted (see
references cited in Ref. 2) that different molecular groups are
responsible for these transitions. Namely, a-transition is due to
segmental motion while b-transition is due to a smaller-scale
motion of relaxers (here, the molecular mass of the relaxer is five
to ten times smaller than that of a chain segment).

According to the other point of view (see Refs 14, 15),
relaxation in the corresponding temperature and frequency ranges
is due to the same chain fragments, namely, chain segments. This
is reasoned by the following:

1. Amorphous low-molecular-mass glasses with rigid mole-
cules (in e.g., solutions of chlorobenzene, o-dichlorobenzene and
1-chloronaphthalene in decalin, blends of chlorobenzene with
pyridine, blends of tetrahydrofuran with bromobenzene and
1-chloronaphthalene, etc.) exhibit not only the a-transition but
also a low-temperature transition, which can be associated with
b-relaxation.16 ± 23 The systems in question contain no other
relaxers, except for the rigid molecules, capable of moving as a
whole. Therefore, both relaxation transitions are due to the same
structural elements. Characteristics of the low-temperature tran-
sition are similar to those of b-relaxation in polymeric systems,
namely, it obeys an Arrhenius-type temperature dependence with
an activation energy lying in the range 17 ± 33 kJ mol71. As the
temperature increases, both transitions approach each other.
Finally, both relaxation processes in the system including low-
molecular-mass components are also observed in the polymeric
reaction product, but here the relaxation times are longer, which is
quite natural.22

2. Bershtein et al.15, 24 ± 26 showed that for certain polymers the
dependences of the heats of the b- and a-transitions on the
number, n, of monomer units are given by similar curves that
reach the plateau zone at the same n value. This is indicative of the
identity of the b- and a-relaxers in polymeric systems.

3. Liquid systems characterised by one relaxation transition,
namely, the glass transition, show a second low-temperature
transition upon compression.27 Apparently, new relaxers cannot
appear under these conditions. A possible reason is an increase in
the density of the system and, as a consequence, an increase in the
concentration of high-density fluctuations.

4. Theoretical analysis 14, 28, 29 of the relaxation of bulk amor-
phous systems that show a unique structural feature (density
fluctuations) showed the following.

The temporal correlation function c(t) is given by the Kohl-
rausch ±Williams ±Watts (KWW) formula

c�t� � a1exp
�
ÿ
�
t

t1

�b1�
� a2exp

�
ÿ
�
t

t2

�b2�
, (9)

where a1 and a2 are the pre-exponents, b1=0.33 and
b2=0.14 ± 0.27.

Analysis of expression (9) revealed the existence of two
relaxation regions. The first region corresponds to a short
relaxation time, being almost temperature independent, while
the second region corresponds to a long relaxation time and
extends with temperature. The temperature dependence of t1
obeys an Arrhenius relationship while that of t2 is described by
theWilliams ±Landell ±Ferry (WLF) equation, which is typical of

a-relaxation. It was also found that the activation energy for the
first region E1=35 kJ mol71 and 804E24 139 kJ mol71 for
the second region.

The frequency dependence of the imaginary component of the
bulk modulus exhibits two maxima. The temperature dependence
of the high-frequency peak obeys an Arrhenius relation and that
of the low-frequency peak obeys the WLF equation.

These processes, a- and b-relaxations, are characteristic of all
amorphous systems and both transitions can be initiated by the
same elements. The appearance of two regions is due to a
nonuniform density distribution, viz., a-relaxation occurs in the
high-density fluctuations while b-relaxation occurs in the low-
density ones. The former process is essentially a co-operative one
for which an important role is played by structural rearrange-
ments in the environment; as a consequence, the temperature
dependence is of the WLF type. The latter process is non-co-
operative; therefore it is described by the Arrhenius equation.

Recent studies of the structure and properties of thin polymer
films (see, e.g., Ref. 30) showed that the glass transition temper-
ature decreases appreciably if the thickness of the polymer film
approaches the diameter of the unperturbed coil. It was assumed
that this effect is due to violation of the co-operative character of
molecular motion in thin films (namely, a-transition manifests
itself as a b-transition). If by this is understood a known decrease
in the packing density in near-surface layers and thin films, this
assumption can be considered quite reasonable.

The aforesaid does not mean that b-relaxation in polymeric
systems always has segmental character. Some other mechanism,
which is due to the presence of other molecular groups, i.e., a
complex structure of polymer chains, can also be involved in
addition to the mechanism described above.

III. Manifestation of the topological structure of
polymers in their relaxation properties

Certain structural meaning can be assigned with ease to local
relaxation transitions that are mainly responsible for the level of
internal friction in a polymeric material. This level governs, e.g.,
the brittleness of the material. At the same time the relaxation
properties in a broad sense determine the deformability, long-term
strength and other characteristics related to the conformational
rearrangements and motions of macromolecules. Apparently, the
topological structure plays the key role in this case. But it is a
rather complicated task to relate the topological structure to the
relaxation behaviour of the polymer, although this problem is
undoubtedly topical. In addition it is the relaxation techniques
that can become basic to the development of non-destructive
methods of structural characterisation of polymeric materi-
als.31 ± 34

1. Molecular mass
For linear polymers the dependence of the melt viscosity, Z, on the
average molecular mass (M

7
) has the form 4

Z=KM
7n, (10)

where n=1 at M
7

4 2Me, n=3.5� 0.2 at M
7

>2Me and Me is
themolecularmass of the chain between entanglements in terms of
the Doi ±Edwards theory.11, 34

Expression (10) is a particular case of a more general depend-
ence 3, 35, 36

Z! [Z]n

or

Z!Rn,

where [Z] is the characteristic viscosity, the exponent n lies between
6 and 7 andR is the coil radius. Validity of these relationships was
shown for various types of polymers, viz., linear polymers of
different rigidity; cyclic, star-branched with different numbers of
arms and comb-like polymers, randomly branched chains and

940 V I Irzhak



highly cross-linked polymer globules.3, 37 ± 42 Therefore, the vis-
cosity cannot serve as a unique characteristic of the molecular
mass of a polymer. Other parameters of the topological structure,
namely, the molecular mass distribution and the degree of
branching also play a significant role.

The flow curves obtained for linear monodisperse polymers
exhibit a specific shape.43, 44 At relatively low shear rates g

.
(and,

correspondingly, strain t), one deals with a Newtonian flow, i.e.,
t= Z0g

.
, where Z0=KMv. However, at a certain critical shear

strain, tc, the flow character changes. Here, flow breakdown
occurs or the strain abruptly decreases with an increase in the
shear rate (the former is characteristic of monodisperse polymers
while the latter is typical of polydisperse polymers). The tc value is
independent of the molecular mass of the polymer. At the same
time the shear rate corresponding to the tc value can serve as a
measure of the molecular mass of monodisperse polymers

gc
.
(M)� tc

KMn .

Knowing the temperature dependence of the stress, e, of linear
polymers (TMA method), it is possible to relate the molecular
mass to the relaxation properties. Kargin and Slonimskii 45 first
showed that the extension of a portion of the e (T ) curve, which is
nearly parallel to the temperature axis (rubbery plateau zone,
DT=T7Tg , where T is the flow onset temperature and Tg is the
glass transition temperature) is related to the molecular mass as
follows

log

�
M

Ms

�
!

DT
C� DT

, (11)

where Ms is the molecular mass of the chain segment and C is a
constant.

It should be noted that determination of the parameter DT
faces some difficulties, which are due to the diffuse character of the
transition from the glassy to the rubbery state and from the
rubbery state to a melt flow. The character of these transient
regions depends on the width of the MMD. The validity of
relationship (11) was confirmed 46 ± 48 for a broad range of
polymers. The authors studied narrow-MMD polymers, which
made it possible to attain abrupt glass ± elastomer and elastomer ±
melt transitions. The plot of the dependence (11) is shown in
Fig. 1.

Using the temporal and the frequency dependences of the
elastic modulus, one can also relate the relaxation properties of
polymers to their molecular masses. Since the rubbery plateau
zone extends from the minimum (lmin) to the maximum (lmax)
relaxation time (see Refs 1, 24, 34), the lmin value being independ-
ent of the molecular mass and much shorter than lmax, the
extension of the plateau zone is nearly equal (in time or frequency
units) to lmax. But

lmax!Mv,

where the exponent v can take different values. Usually, it is
assumed that v=3.4. At the same time analysis of strain relaxa-
tion data showed 49 that v& 4. From the shift of the relaxation
curves as functions of the molecular mass of the polymer (Fig. 2,
lines 1, 2), i.e., based on the estimate of the extension of the
rubbery plateau zone, it was found that the v value lies between 3.3
and 3.5. Analysis of the frequency dependence of the elastic
modulus revealed a similar v value (v=3.5 from the real compo-
nent of the modulus, see Fig. 2, line 3, data were taken from
Ref. 50). It should be noted that the maximum in the G 00(o) plot
correlates with the critical shear strain tc (see Ref. 44), i.e., it also
characterises the molecular mass of linear monodisperse poly-
mers, namely, v& 3.3 (from the position of the maximum G 00

value).

The molecular mass is closely related to parameters of the
terminal zone of the complex frequency modulus curves
G*(o).4, 51 ± 54 The effective relaxation time

lef; w�o� �
G 0�o�
oG 00�o� (12)

in the terminal zone takes the limiting value, which is frequency
independent and equals the ratio of the second to the first moment
of the relaxation time distribution, i.e., is the weight-average
relaxation time

hliw �

X
i

hi�l�l2iX
i

hi�l�li
. (13)

At o? 0 , the effective relaxation time given by

1

2

3

4

5

logM

0 0.05 0.10 0.15 0.20 X
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4

Figure 1. Correlation between the temperature interval corresponding to

the rubbery plateau and the molecular mass of polymers plotted in the

coordinates of Eqn (11) [X is the numerical value of the right side of

Eqn (11), C=Tg].48

Polymers: polybutadiene (1), polyurethane-based polymers (2, 3) at

Tg=215 (2) and 250 K (3) and polyacrylonitrile (4).
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Figure 2. Relaxation parameters of linear polymers (1 ± 4) and a four-

arm star-branched polymer (5) plotted vs. molecular mass using the data

taken from different studies.

Parameter: Dlog t (1, 2),Dlogo (3, 5) andG00max (4); the plateau extension is

denoted by D; e.g., Dlogt=logtmax7 logtmin .
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lef; n�o� �
G 00�o�

o�G 0
N ÿ G 0�o�� , (14)

is the number-average relaxation time, which is also frequency
independent (G0

N is the modulus corresponding to the rubbery
plateau zone),

hlin �

X
i

hi�l�liX
i

hi�l�
. (15)

It is well known that the average relaxation times in the
terminal zone correlate with the rheological properties of poly-
mers, namely, the number-average relaxation time correlates with
viscosity and the product of the viscosity and the compliance
correlates with the weight-average relaxation time. From here it
follows that these relaxation times depend on the molecular mass.
The data for a number of monodisperse polymers are listed in
Table 1.

The parameters of dielectric relaxation are related to the
molecular masses of polymers in a similar way. Here one should
keep in mind that this can concern only those polymers in which
the dipoles and chains are aligned (A-type polymers according to
Stockmayer 57).

The effective dielectric relaxation times are defined as follows:

hleiw �
e0 ÿ e 0�o�
oe 00�o� , hlein �

e 00�o�
oDe

, o? 0 , (16)

where e0 is the conductivity, e 0 and e 00 are the real and imaginary
components of the complex dielectric permittivity, De is the
intensity of dielectric relaxation for the motion of the entire
chain (analogue of G 0

N in mechanical relaxation).
The position of the maximum in the e00(o) curve on the

frequency axis is also related to the molecular mass by a power
law (for cis-polyisoprene, the exponent is 3.8 58).

The spin ± spin relaxation measured by pulsed NMR spectro-
scopy is sensitive to the molecular mass of linear polymers.59 ± 62

At a sufficiently high temperature (T>Tg+100), the free induc-
tion decay, G(t), is defined by

G�t� �
�N
1

�p=2
0

f�g�N; y; t� P�N� sin y�dygdN, (17)

where

g�N; y; t�& exp

�
ÿo2

1�3 cos2yÿ 1�2t2 lnN
N 2

�
,

N is the number of segments in the chain and y is the angle between
the vector connecting the chain ends and the direction of external
magnetic field; o1 is the second moment of the free induction
decay curve, expressed in frequency units and P(N) is the
numerical MMD function.

However, since NMR spectroscopy is a high-frequency
method, Eqn (17) is valid for the macromolecules with molecular
masses smaller thanMe.

2. The molecular mass distribution
The problem of establishment of correlations between the MMD
and the relaxation properties of polymers has a long his-
tory;2, 4, 34, 63 ± 66 however, no unambiguous solution has been
reported so far.31, 32 Only qualitative dependences were deter-
mined. For instance, it is assumed 4 that MMD is correctly
allowed for in the following relationship for the viscosity

Z!M
7n

w ,

where M
7

w�
X
M

o�M�M, o(M) is the mass fraction of the poly-

mer with molecular mass M and n& 3, 4. More complicated
expressions, which take into account higher moments of the
MMD function, are also used. For instance, the following
expressions were proposed for creep compliance Je:64 ± 66

Je &

or

Je &
� �b

,

Here � m1=m0 , � m3=m2 , � m4=m3 , mk =X
M

o�M� Mkÿ1 is the kth distribution moment; and b=3.5 ± 3.7.

As an example Fig. 3 presents the dependences of the com-
pliance Je � hliw=hlin and polydispersity index = on the
composition of a bidisperse blend of polystyrenes with molecular
masses 4.276105 and 3.896104 (data were taken from Ref. 67).

Because of polydispersity of the polymer the flow curve
changes its shape.31, 68 ± 71 A sharp kink near the critical shear
strain disappears and the viscosity gradually decreases from a
constant value with an increase in the shear rate. The curves of the
temporal and frequency dependences of the relaxation modulus
behave analogously.32 ± 34, 72 ± 78 In the rubbery plateau zone the
modulus becomes time (or frequency) dependent; the wider the
MMD, the stronger this dependence. Broadening of the MMD

M
7

z+1M
7
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7
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7

n

M
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n M
7

z M
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Table 1. Dependence of the average relaxation times in the terminal region
on the molecular mass of polymers.

Polymer hlin hliw Ref.

Polystyrene M 3,4 M 3,7 50

Poly(methyl methacrylate) M 3,4 M 3,65 53

cis-Polyisoprene a M 3,62 M 3,69 54

1,4-Polybutadiene M 3,37 M 3,52 55, 56

aData from dielectric measurements.
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Figure 3. Compliance-vs.-polydispersity index correlations for polystyr-

ene.67

Je (1) and M
7

w/M
7

n ratio (2) plotted vs. compositions of bidisperse

polystyrene blends with the molecular masses M1=3.896104 and

M2=4.276105, where w2 is the mass fraction of the second component,

and the Y = 0.2+3.4 log(M
7

w/M
7

n) plot (3).
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also leads to fundamental changes in the character of the temper-
ature dependence of strain;32, 48, 79 ± 82 namely, the wider the
MMD of the polymer, the less pronounced the transition from
the rubbery state to flow.

Numerous attempts at establishing quantitative relations
between the character of the MMD and the relaxation behaviour
of polymers are usually based on the assumption of additivity of
the contributions of each polymer fraction to the properties. For
instance, it was proposed to describe the flow curve of a poly-
disperse polymer by the following relationship 68, 71

Z(g. )=
� �Mc

0

o�m�mdm�Mc

�?
Mc

o�m�dm
�n
, Mc �

�
tc
Kg_c

�1=n

,

where m is the integration variable.
The dynamical theory of polymers, which is based on the fixed

tube model, predicts 34 that the relaxation modulus of a bidisperse
polymer blend equals the weight-average of the relaxation moduli
of the components. Correction of the model made it possible to
derive much more complicated relationships.83 Generalisation of
various theoretical and experimental approaches led to the
following strain relaxation equation 84, 85

G�t� � G 0
N

" �?
lnMe

G1=b�t;M�o�M�d lnM
#b
,

where G(t,M) is the function describing the relaxation behaviour
of the polymer fraction with molecular massM and the parameter
b characterises the mixing rule (it allows for the mutual influence
of macromolecules of different size).

It is this factor that allows the additivity principle to be used.
However, opinions are different as to the mutual influence of
macromolecules or its manifestation in the relaxation properties
of polydisperse polymers. On the one hand, there is no denying a
strong chain ± chain interaction in polymeric systems, which is
allowed for by the concepts of entanglements 65, 66 or physical
networks.37, 86 ± 89 It was experimentally shown 83, 84, 90 ± 93 that the
longest relaxation time depends on the composition of bidisperse
polymer blends.

On the other hand it was assumed 52, 94, 95 that the effect of this
interaction can be ignored in the case of slow relaxation processes.
This was substantiated by the results of IR dichroism studies 96, 97

of chain orientation relaxation in bidisperse blends of ethylene-co-
propylene copolymers comprised of monodisperse fractions with
the molecular masses MS=5.36104, MM=1.256105 and
ML=3.76105. It was shown that the maximum effective relax-
ation time of long chains is virtually independent of the compo-
sition of the system (Fig. 4). As can be seen, the presence of shorter
chains has almost no effect on the relaxation of long chains (curves
1, 2, 4) if the concentration of the long chains is not too low.93 At
the same time the relaxation times of the chains of different length
are significantly different (cf. curves 1, 2 and curve 3).

The notion of a `low-molecular-mass' component of a bidis-
perse blend is conditional. Probably, under certain conditions this
component should be considered as a solvent, which dramatically
decreases the concentration of entanglements in a physical net-
work. It was suggested 98 that this occurs atMLM

2
e /M

3
S <0.1.

As applied to thermomechanical experiments, the additivity
principle can expressed as follows:48, 81

JT � J0�1ÿ o�M��ÿ1, o�M� �
X
M

j�M�w�T;M�,

where JT and J0 are the compliances of the polydisperse polymer
and of a hypothetical polymer with infinite molecular mass (base
line), o(M) is the integral MMD function, j(M) is the differential
MMD function and w is the Heaviside step function

w�T;M� � 0 for T < Tf;M

1 for T5Tf;M

�
,

where Tf,M is the temperature at which the transition from the
rubbery state to the flow of the polymer fraction with the
molecular massM occurs.

Only a few studies on relations between the character of
dielectric relaxation and the MMD are available (see the bibliog-
raphy in a review 52). Probably, this is due to a narrow range of
objects (A-type polymers). Studies of (mainly) bidisperse cis-
polyisoprene blends showed 99 ± 104 that the MMDmanifests itself
in dielectric and mechanical relaxation in a similar way, i.e.,

e 00�o�
De

&
G 00�o�
G 0

N

,

although the mechanisms of these processes are different, namely,
dielectric relaxation is governed by orientation correlation of the
ith and jth segments at different time instants while mechanical
relaxation is determined by orientation anisotropy of a segment.

NMR experiments showed that the polydispersity of a poly-
mer affects the shape of the free induction decay curve 61, 62 to the
extent to which theMe parameter limits the chain length.

3. Branching
Branching of polymers, as a structural factor, which manifests
itself in the relaxation properties, has been much less studied
compared to MMD. This problem has attracted attention only
recently 105 owing to the extended possibilities of the synthesis of
branched chains of a preset topological structure 106 including
`living' radical polymerisation techniques.107, 108

As mentioned above, the viscosity of polymers is independent
of their topological structure. However, the coil size is highly
sensitive to the chain structure, namely, the higher the degree of
branching of a macromolecule, the smaller the root-mean-square
radius of the coil at the same molecular mass.1, 4, 11 For instance,
the characteristic viscosities [Z] (THF solution, 30 8C) of poly-
styrenes of different topological structure are related to their
molecular masses by the following expressions:109

[Z]=9.661075M
70:73

w for a linear polymer,

[Z]=1.4261074M
70:68

w for eight-arm stars and

[Z]=6.4561074M
70:39

w for a hyperbranched polymer with

more than twenty arms.

0
0.3 0.6 0.9 w2

101

102

l /s
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Figure 4. Effective long-chain orientation relaxation time plotted vs.

volume fraction of long chains in a bidisperse polymer blend.

Molecular mass of the polymer: MS=5.36104, MM=1.256105 and

ML=3.76105. Curve 1was plotted using the data taken fromRef. 97 and

curves 2 ± 4 were plotted using the data taken from Ref. 98.

(1, 2)MS+ML, (3)MS+MM, (4)MM+ML.
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The rheological properties of branched molecules differ from
those of linear molecules with the same molecular mass.109 ± 111

Namely, they show lower viscosities and higher critical shear
rates, their melts are characterised by enhanced elasticity, which
manifests itself in particular in the magnitude of the first normal
stress difference. Branched polymers are characterised by high
longitudinal viscosities.

A relation derived in the dynamical reptation theory of star-
branched chains 34, 112 has the form

Z!
�
Ma

Me

�b

exp

�
n
Ma

Me

�
,

where Ma is the molecular mass of the arm and b and n are the
parameters of the model. Indeed, experiments 113 showed that the
viscosities of star-branched polymers at equal molecular masses
are independent of the number of arms, if this number is greater
than three, being at the same time dependent onMa (see Refs 114
and 115). This also holds for hyperbranched polymers.116 ± 118 It
was also experimentally found 41, 116, 119 ± 121 that 0.54 b42,
n<1 (theoretical values are b=2 and n=15/8).

A fundamental distinction of branched chains, which is due to
a more compact coil structure compared to linear macromole-
cules, consists in complex thermorheological behaviour.41, 122 ± 129

Since the key parameter in rheology is the coil size, the effect of
temperature on the viscosity is determined by not only the
temperature dependence of the friction coefficient but also the
thermal coefficient of the coil size 130

k � d lnhr2i
dT

,

where hr2i is the root-mean-square radius of gyration of the
macromolecule. The coefficient k increases as the degree of
branching increases.41, 125, 126 Because of this the effective activa-
tion energy of viscous flow also increases.}

According to a hypothesis by Graessley,123 a fraction of the
activation energy, which is due to the branching effect, is related to
the arm length as follows

Eb � L
Ma

Me

. (18)

The L coefficient depends on the chemical structure of the
macromolecules and the k parameter. However, the parametersL
and k are related in a rather complex fashion and can even not
show any correlation (see the data listed in Table 2).

The extension of the rubbery plateau zone depends on the
molecular mass of the branched polymers more strongly than in
the case of the linear polymers. For instance, for linear mono-
disperse polystyrene 50 the exponent, v, equals 3.5 (cf., v=4.8 for
four-arm star-branched polyisoprene 131). It was shown 116 that at
equal molecular mass, (M

7
w& 66104), the G 0(o) and G 00(o)

curves plotted for a linear polymer and a three-arm star-branched
polymer nearly merge, whereas for an eight-arm star-branched
polymer the terminal zone is shifted towards higher frequencies.
At the same time the character of the frequency dependence of the
relaxation modulus in the terminal zone is retained, namely,
G 0(o)!o2 and G 00(o)!o. Hyperbranched polymers (number
of arms is about 50) behave in a different fashion, viz., in the
terminal zone one has G 0(o)!o1.12 and G 00(o)!o0.91

(M
7

w& 2.56105); G 0(o)!o1.1 and G 00(o)!o0.85 (M
7

w&
5.756105).

An interesting method of classification of manifestations of
the topological structure in the relaxation properties of polymers
was proposed.132 The technique is based on the analysis of the
frequency dependence of the shear modulus in the d ±G* coor-
dinates [d is the loss angle, d=arctan (G 00/G 0); G* is the complex

modulus, G� �
�����������������������������
�G 0�2 � �G 00�2

q
=G 0

N], the so-called van Gurp ±

Palmen plot.133Using experimental data for a rather large number
of polymers having different topological structures (asymmetrical
and symmetrical star-branched, H-shaped and comb-like, linear
chains with variable MMD), a topology map was constructed.
The d ±G* curves exhibit a characteristic point Pc, which is
assigned a meaning of a characteristic of the topological structure
of the polymer. The set of points corresponding to a specific
topology forms a particular region in the map. Thus, location of
the Pc point in a certain region allows characterisation of the
polymer structure.

It should be noted that this is an essentially empirical and
physically unsubstantiated approach. In addition, the authors 132

pointed out that the boundaries between the areas characterising
different topologies in the topology map are not sharp.

In some sense branching and polydispersity influence the
relaxation properties of polymers in a similar fashion. The differ-
ence is that branching in the terminal zone retards the relaxation
processes. In contrast to this, relaxation at high frequencies is
accelerated.105, 134

4. The gel point
The formation of polymer networks in any way (by polyconden-
sation, polymerisation or cross-linking) is accompanied by con-
siderable broadening of the MMD as the gel point is
approached.3, 135 The attainment of a gel point is associated with
the formation of an infinite cluster,136 which then undergoes a
transformation into the gel fraction. This is accompanied by
narrowing of the MMDs of the constituents of the sol fraction
(they have a finite size).3, 135 Thus, at the gel point a polymer has a
specific topological structure, which can be characterised in terms
of fractal theory.137 The fractal dimension, Df, of a cluster relates
its volume to the mass

R!M1=Df ,

where R and M are the radius and the mass of the cluster. For
linear `massless' chains one has Df=2 (Df=5/3 with allowance
for the excluded volume).1, 66, 137 In accordance with percolation
theory the fractal dimension of clusters in the region of critical
conversion is 2.53.137 Therefore, branched macromolecules in this
region are more compact than linear chains.

The relaxation properties of a polymeric system at the gel
point are described by a power law rather than an exponential
function 138 ± 141

G(t)! t7n. (19)

The exponent n is related to the fractal dimension 142

n � D

Df � 2
,

where D is the dimension of the space (n=0.66 for three-dimen-
sional space).

} See page 137 in Ref. 4.

Table 2. Parameters of equation (18).

Polymer 103k6 /K71 Ma/Me L

Hydrogenated polyisoprene 71.3 23 ± 33 0.169

Hydrogenated polybuta-1,4- 71.05 12 ± 39 0.25

diene

Polybuta-1,2-diene *71 12 0.17

Polybuta-1,4-diene 0.39 12 ± 13 0.11

Hydrogenated polybuta-1,2- 0.5 5 ± 6 0

diene

Polyisoprene 0.3 15 ± 44 0.07� 0.02
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If the degree of conversion a is expressed in the form

e � aÿ ac
ac

���� ����,
where e is the relative conversion and ac is the critical conversion,
at a< ac the viscosity is given by Z= Z0 e7s and at a> ac the shear
modulus is given byG=G0 ar (see Refs 143 ± 146). The exponents
s and r are related to n as follows:

n � r

s� r
.

A consequence of relationship (19) is that the frequency depend-
ence of the shear modulus obeys a power law

G 0!oncos

�
pn
2

�
, G 00!onsin

�
pn
2

�
.

Therefore, tan d is frequency independent

d � pn
2

.

Theoretical estimates 146 give n=0.706.
These relations were repeatedly confirmed by three-dimen-

sional polymerisation of methacrylate-based oligomers 147 and by
end-to-end cross-linking of poly(dimethylsiloxane),148 i.e., for
irreversible processes. Similar behaviour is also characteristic of
biopolymers;149, 150 here, reversible formation of an equilibrium
network is due to a change in the physical conditions, e.g., the
temperature, pH value and concentrations of components. For
instance, when xanthane interacts with Al3+ ions, the exponent r
in the expression

tan d! or

varies from 70.1 to 0.08 depending on the solution temperature
and becomes equal to zero at 32 8C.150 The r value varies within
nearly the same limits as the pH value changes (critical pH value
is 2.9).

A decrease in the temperature of spherical particles of N-iso-
propylacrylamide microgel in a water ±methanol solution leads to
a gel ± sol transition (lowest critical solution temperature is
32 8C).151 In this case the exponent r behaves in a similar way
and takes a zero value at about 29 8C.

It should be noted that almost all transitions from the liquid to
the solid state pass through critical regions where critical clusters
are formed, i.e., nuclei of the solid phase (here, the notion `phase'
has a kinetic and not necessarily thermodynamical meaning),
which have a similar fractal structure.152

The numerical value of the exponent n varies depending on the
system. For instance, for polymerisation of methacrylate oligo-
mers n varies from0.4� 0.2 to 0.6� 0.1 and increases as the degree
of functionality of the initial oligomer increases.147 In cross-
linking of bifunctional oligo(dimethylsiloxane) having vinyl ter-
minal groups, with a polyfunctional reagent (degrees of function-
ality were equal to 4 and 11) containing:SiH reactive groups, the
n value varies from 0.69 to 0.76 depending on the system. The
cross-linking of poly(dimethylsiloxane) is characterised by n=0.5
(see Ref. 140) and curing of an epoxy resin by n=0.7 (see Ref.
153). The n values for an equilibrium gel formation are much
lower, namely, 0.225 (see Ref. 150) and 0.06 (see Ref. 151).

Components of the complex modulus of branched polyethy-
lene are related to frequency by a power law, i.e., here we deal with
a similar dependence and, therefore, the loss factor is frequency
independent 105, 154, 155 if the number of branches is larger than one
per 105 carbon atoms in the main chain.155 The fractal character-
istics of the topological structure of the critical cluster and the
branched polymer chains are fundamentally different.

5. Structural parameters of polymer networks
The topological structure of a polymer network is usually treated
as a set of cross-link points, chain fragments between cross-link
points and `tails' (pendant chains).3 The classical theory of the
rubbery state relates the equilibriummodulus to the concentration
of chains and, in the framework of the simplest model of network
structure, to the concentration of cross-link points.1, 3 However,
only active chains contribute to the elasticity of a polymer.
Therefore, typical of sparse polymer networks are such cross-
link points whose effective functionalities are lower than it follows
from chemical considerations.3, 156 ± 158 (Here, the functionality of
a cross-link point is the number of attached elastically active
chains.) The concentration of such chains is lower than the
concentration of chain fragments between cross-link points, as is
determined by the topological structure. The concentration of
active chains in highly cross-linked polymer networks is larger
than it follows from the calculations involving the concentration
of cross-link points in the network, because in this case entangle-
ments also contribute to the relaxation modulus.3 Nonuniform
spatial distribution of cross-link points manifests itself in the
properties of polymer networks;159, 160 however, even qualitative
structure ± property relations have not been established as yet. At
the same time the relaxation behaviour of polymer networks is
immediately related to parameters of the topological structure.

Indeed, it was shown 161 ± 163 that the g(t), G 0(o) and G 00(o)
relaxation curves are rather `sensitive' to the content and molec-
ularmass of `pendant' chains [polymer networks were prepared by
co-polycondensation of divinyl- and monovinylpoly(dimethylsi-
loxanes) with tris(dimethylsiloxy)phenylsilane]. The results
obtained were analysed using the empirical equation 164

g�t� � g?

�
1� j

�
tc
t

�m �
,

where g? is the equilibrium modulus, j is the concentration of
`pendant' chains and tc and m are the empirical parameters
dependent on the structure of the polymer network and on the
molecular mass of the monofunctional modifier, respectively.

Since polymer networks are characterised by the equilibrium
modulus, the thermomechanical curve will reach some limiting
equilibrium compliance value with an increase in temperature. By
studying the transition from the rubbery state to the equilibrium
state it is possible to extract information on the topological
structure of the polymer similarly to the case of non-cross-linked
systems.

In this case the additivity principle is expressed as follows:48

JT � J0

�
1ÿ

�
1ÿ J0

Jeq

�X
m

j�m� w�T;m�
�ÿ1

, (20)

where JT , J0 and Jeq are the compliance of the polymer network at
temperature T, the compliance of a hypothetical polymer with an
infinite molecular mass (base line) and the limiting (equilibrium)
compliance, respectively.

Based on experimental facts, it was assumed 48 that, similarly
to linear macromolecules, the gel fraction includes chain frag-
ments between cross-link points, which are characterised by some
molecular masses. However, the hypothesis was based on a model
of a perfect network, i.e., the authors assumed that (i) the bulk of
the polymer consisted of chain fragments between cross-link
points, (ii) there were no pendant `tails' and (iii) all cross-link
points were characterised by the same degree of functionality. A
real polymer network has an incomparably more complex topo-
logical structure and contains not only chain fragments between
cross-link points but also the sol fraction, pendant chains (`tails'),
loops and cross-link points of different functionality. All these
structural elements are also characterised by certain melt flow
transition temperatures. Apparently, at equal molecular masses
the `tails' will `flow' at a lower temperature than chain fragments
between cross-link points. In the polymer network the macro-
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molecules not attached to the network are characterised by a lower
mobility compared to the mobility in a block polymer.165 There-
fore, Eqn (20) characterises the mass distribution of elements of
the topological structure of a polymer network over the relaxation
times express through the corresponding flow temperatures. The
relations between the flow temperature and the elements of the
topological structure should be established independently in
special-purpose experiments.

While on the subject of thermomechanical properties, wemust
consider the relation between the glass transition temperature of a
polymer and the concentration, nc, of cross-link points in the
network.

The glass transition temperature, Tg, increases as nc increases
(see, e.g., Refs 156, 166). One can assume that this is a specific
manifestation of the topological structure. However, a number of
methods have been developed, which allow the glass transition
temperature to be calculated from the chemical structure of the
polymer.167 ± 169 In this case it is assumed that the variations of nc
affect only changes in the chemical structure of the polymer. For
instance, the epoxy ring opening in the course of curing of epoxy
oligomers with amines produces hydroxyl groups whose concen-
tration increases with an increase in nc. It is this parameter, which
strongly affects the level of intermolecular interaction, that
determines the glass transition temperature. At the same time the
glass transition is immediately affected by such factors as the
supramolecular structure, packing character and density fluctua-
tions.14 With inclusion of all these factors we find that the
topological structure itself does not influence the glass transition
but the changes in the topological structure cause changes in the
character of packing and in the fraction of the free volume. For
instance, it is this effect that is attained by varying the topological
structure of epoxy amine polymers by (i) introducing monofunc-
tional reagents and (ii) changing the ratio of functional groups.170

Using dielectric spectroscopy and dynamical light scattering, it
was established 171 that the parameters of the a-transition, which
vary in the course of curing of the diglycidyl ether of diphenylol-
propane with diethylenetriamine, depend on the density fluctua-
tions. Thus, the topological structure at the glass transition of
polymers manifests itself indirectly.

Compared to non-cross-linked polymers, polymer networks
in the region of the rubbery plateau exhibit a weaker dependence
of the relaxation modulus on time

G(t) ! t7m, (21)

i.e., the exponent m decreases with an increase in the degree of
cross-linking of the polymer.146, 153, 172 At the same time in the
terminal zone (long relaxation times or low frequencies) theG*(o)
and G(t) curves for the relaxation modulus and the J*(o) and J(t)
curves for compliance reach the limiting values corresponding to
the equilibrium strain.173, 174

The relaxation behaviour of polymers is described by the
Kohlrausch ±Williams ±Watts (9) 175 and Havriliak ±Negami
(HN) 176 ± 179 equations

G��o� � Glim �
G0 ÿ Glim�

1� �iot0�a
�b ,

where a and b are empirical constants related to the character of
the relaxation spectrum.177 Here G0 and Glim are the limiting
values of the elastic modulus corresponding to the low and high
frequencies, respectively, and t0 is an empirical parameter which
can be associated with the relaxation time. The HN equation is
more often used when analysing dielectric relaxation data.

Numerical values of the empirical parameters of the KWW
and HN equations depend on the polymer structure including its
topology. For instance, the parameter b (for the KWW equation
containing only one term) decreases with an increase in the
concentration of cross-link points (Table 3).179, 180

Similar results were also obtained in a broadband dielectric
spectroscopy study of the curing of the diglycidyl ether of

diphenylolpropane with bis(4-aminophenyl)methane.181

Although the KWWdependence was obeyed only approximately,
the following b values were obtained for the 10%, 20%, 40% and
70% conversions: 0.53, 0.45 ± 0.52, 0.3 ± 0.4 and 0.17 ± 0.2, respec-
tively. Despite the fact that the network is formed at degrees of
conversion exceeding 60%, it is reasonable to assume that the
trend disclosed also holds in this range of conversions. At the same
time the increase in the parameter b during the chemical reaction
gives grounds to assume whether or not the network density is an
indirectly affecting factor, whereas the chemical structure has a
direct effect on the parameter b.

A decrease in b means that the higher the concentration of
cross-link points, the smaller the decrease in the modulus with
time. This is in qualitative agreement with the data described by
relationship (21), namely, an increase in the degree of cross-
linking of the polymer leads to a decrease in the exponent m.

The parameters of the HN equation also depend on the degree
of cross-linking of the polymer network. For G0, this dependence
is obvious, viz., the value of this equilibrium elastic modulus is
proportional to the concentration of chains. For instance, it was
shown 182 that changes in the ratio of functional groups in the
reaction of polyoxypropylenetriol (POPT) with bis(4-aminophe-
nyl)methane cause appreciable changes in the compliance J0 and
elastic modulus G0 (Table 4).

The effect of cross-liking on the parameters a and b can be
followed using the data for the curing of the diglycidyl ether of
diphenylolpropane with bis(4-aminophenyl)sulfone at 140 8C (see
Table 5).183 As can be seen, the parameter a, which characterises
the width of the relaxation time distribution,181, 184, 185 decreases
with an increase in the concentration of cross-link points (the
calculated degree of critical conversion for this system is 0.57),
whereas the parameter b, which characterises the asymmetry of
the distribution function, remains unchanged. Probably, changes
in the chemical structure of the system in the course of the reaction
and, as a consequence, the glass transition also play a significant
role in this case.186 Indeed, it was shown 184 that an epoxy system
(the diglycidyl ether of diphenylolpropane+diethylenetriamine),
which undergoes a glass transition in the course of curing, is

Table 3. Effect of chain length between cross-link points (Mc) on the
parameter b.179, 180

Polytetrahydrofuran Polyvinylethylene

Mc b Mc b

650 0.40 11100 0.34

1000 0.43 1500 0.35

2040 0.49 3800 0.37

2900 0.58 non-cross-linked 0.41

Table 4. Effect of stoichiometric ratio of OH and NCO functional groups
on the J0 and G0 values in the terminal region.182

r=[OH]/[NCO] J0 /MPa71 logG0 (Pa)

POPT with a molecular mass of 710

0.67 6.27 5.207

0.8 1.67 5.777

1.0 0.40 6.399

1.3 1.42 5.848

1.5 7.45 5.128

POPT with a molecular mass of 2670

0.67 227.04 3.652

0.8 6.59 5.185

1.0 1.39 5.857

1.2 5.25 5.280

1.35 35.62 4.449
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characterised by a decrease in the parameter a and an increase in
the parameter b. At the same time a study of the formation of an
elastic urethane network in the reaction of hexamethylenediiso-
cyanate with a poly(oxypropylene)-based triol revealed an identi-
cal trend in changes in the parameters a and bwith time, but these
changes were small. An attempt 181 to establish a correlation
between the degree of cross-linking and the a value for a related
system failed. Thus, it is hard to draw an unambiguous conclusion
about the relation between the parameters of the HN equation
and the cross-link density of polymer networks based on the
results presented above.

The topological structure of polymers is correctly reproduced
in their relaxation properties, which can be studied by NMR
spectroscopy.59, 187, 188 Gotlib et al.189 established that the temper-
ature dependence of the spin ± spin relaxation time T2 in polymer
networks reaches a plateau with an increase in temperature, the
T2 lim being proportional to the average chain mass (length)
between cross-link points,M

7
c.

Studies 190, 191 of polymer networks based on poly(tetrahydro-
furan) and polyfurite [poly(oxytetramethylene glycol)] showed
that the shape of the free induction decay curve depends on the
MMD chains of the network

G�t� �
�?
0

P�N�G0�t;N �dN , (22)

where G0 (t,N) is the dependence of the free induction decay for a
monodisperse polymer with chain length N.

The theory of NMR spectra 190, 191 allows this function to be
described as a solution to the problem inverse to problem (22).
Some examples illustrating a relation between the MMD of the
chain fragments between the cross-link points of polymer net-
works and the NMR data were considered in a review.187

Apparently, estimates of the MMD function by this method
are of limited use due to at least two reasons. First, one should
take into account physical junction points (entanglements), which
behave as cross-link points in long chains. This factor `cuts off' the
high-molecular-mass region of the MMD function (see, e.g., Ref.
192). The second reason is the difference of the actual set of
topologies from that given by an ideal model of a network. The
cross-link points in real polymers are characterised by different
degrees of functionality 3, 156 ± 158 and, hence, by different mobi-
lities.156 The latter was directly shown in pulsed NMR stud-
ies.193 ± 195 Analysis of the free induction decay curves in epoxy
amine polymers modified by adding the monoepoxy component
or by varying the ratio of epoxy/amine functional groups revealed
the presence of two (and more) kinetic phases with different
mobilities. It was found that the proton concentration in these
phases is proportional to the concentration of cross-links having
different functionalities and that the mobilities of the cross-links
correlate with themobilities of the chains emerging from the cross-
links. This was shown 180, 196 by, e.g., 31P NMR, taking the
reaction of poly(tetrahydrofuran) polymer network with tris(4-
isocyanatophenyl)thiophosphate as an example (the latter com-
pound served as the component for cross-link point formation in
the polymer network).

6. Equilibrium (physical) networks
The topological structures of the equilibrium networks have been
the subject of theoretical and experimental research.197 ± 203

According to Flory,204 physical gels can be classified as follows:
Ð well ordered lamellar structures;
Ð completely disordered covalent polymer networks;
Ð mainly disordered polymer networks formed by aggrega-

tion and containing ordered regions; and
Ð specific disordered structures.
As can be seen, polymeric systems with cross-links formed by

clustering are also included. Conventional non-cross-linked poly-
mers, which exhibit, in a particular relaxation time interval, the
properties of three-dimensional polymers due to formation of
physical junction points (e.g., entanglements and/or orientation
clusters) 85, 87, 205 as well as labile networks with equilibrium cross-
links are left out of consideration. It is the last-mentioned type of
network that is of particular interest, because they can be treated
as models for covalent networks on the one hand and for non-
cross-linked polymers on the other hand.

In contrast to cross-link points in a polymer network, which
represent more or less complex fragments of the molecular
structure,3, 169 the junction points in a reversible network are
`points' in essence. Their concentration can be described by a
simple equilibrium 201, 206 ± 209

2X X2 , (23)

whereX is the content of the functional groups capable of forming
chemical bonds, whose concentration equals X2. Such bonds are
labile cross-links.

In contrast to the cross-link points in a reversible network, the
temporary junctions in a non-cross-linked polymer, which mani-
fest themselves within a particular relaxation time interval (rub-
bery plateau zone), are not related to the chemical nature of the
polymer. Indeed, entanglements, which are usually treated as
temporary junction points,34 are only due to impenetrability of
chains. The formation of nematic clusters, which can also play the
role of temporary junction points,85, 87, 205 is due to natural
properties of polymers (segment anisotropy and confined space
available for arrangement of a polymer chain due to the excluded
volume effect) rather than some specific intermolecular interac-
tion.205

Thus, the junction points of reversible networks are similar to
and at the same time different from cross-link points in non-cross-
linked and three-dimensional polymers (Table 6). The relaxation
properties of these three types of networks are qualitatively
compared in Fig. 5 (see also Ref. 201). Curve 1 is the temporal

Table 5. Dependence of the HN equation parameters on the degree of
cross-linking of a polymer network.183

Conversion a Conversion a

0.79 0.665 0.83 0.581

0.80 0.651 0.84 0.554

0.81 0.615 0.85 0.532

0.82 0.607

Note. At all conversion values, b=0.9.

logG(t)

log t

1

lmin llim lmax l �max

2 3

3 0

Figure 5. Relaxation elastic modulus plotted vs. time for a non-cross-

linked polymer (1) and equilibrium (2) and non-equilibrium (3 and 3 0)
networks.
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dependence of the relaxation modulus of elasticity of a non-cross-
linked polymer. In a particular relaxation time interval, from lmin

to lmax, in the rubbery plateau zone, the polymer exhibits the
properties of a network. Then, in the terminal zone, an abrupt
decrease in the relaxationmodulus characterises the transition to a
viscous flow state. The relaxation modulus of a three-dimensional
polymer (curve 3) in the vicinity of lmax either remains at the
plateau level (highly cross-linked polymers for which chemical
cross-link points and labile junction points are summed, curve 3 0),
or goes to the level of the equilibrium modulus (sparse networks
for which only chemical cross-links are significant). Reversible
networks (curve 2) are characterised by two plateau zones. The
former corresponds to a physical network, in which an important
role is played by both types of labile cross-link points. At
relaxation times longer than llim, the relaxation modulus is
determined by the concentration of the same cross-link points as
in the non-cross-linked polymer. However, in the presence of
functional groups interacting with one another to form cross-links
with average lifetimes shorter than llim, the lmax value appreciably
increases 201

l�max � lmax

2S2p2

12ÿ 9p� p2
,

where S is the average number of functional groups per chain and
p is the probability of formation of a cross-link. The reason for the
lowering of the relaxation rate is retardation of the diffusion
motion of chains by the newly forming labile cross-links.

The relaxation behaviour of equilibrium polymer networks
was studied 206 ± 211 taking polybutadiene modified by 4-phenyl-
1,2,4-triazolidine-3,5-dione as an example. On addition to poly-
mers, the latter compound undergoes dimerisation and forms
cross-linkswith abond energyof 57� 15 kJ mol71 (seeRef. 206).

An increase in the concentration of modifier causes an
increase in the relaxation modulus G 0

N in the rubbery plateau
zone (Table 7).211 Lowering the temperature leads to an increase
in G 0

N, which is apparently due to the temperature dependence of
the equilibrium constant (23). A significant effect of temperature
on G 0

N is a distinctive feature of the equilibrium networks.208, 209

The extension of the rubbery plateau zone and the viscosity of
polybutadiene (Mn=2.66104) are plotted vs. the concentration
of modifier in Fig. 6 using the data taken from Refs 210 and 211.
These results qualitatively substantiate theoretical conclusions,
namely,201 an increase in the concentration of active functional
groups causes an appreciable increase in the viscosity and, as a
consequence, an increase in l�max. The effect of temperature is also
quite clear, that is, lowering the temperature leads to a corre-
sponding increase in the viscosity. The extension of the rubbery
plateau zone also increases.

The concentration of functional groups also influences the
parameters of the HN equation,208 namely, with an increase in the
concentration of functional groups the parameter a slightly
increases while the parameter b substantially decreases.

Table 6. Characteristics of cross-links in different types of networks.

Chain entanglements Physical network a Chemical network

(non-cross-linked polymers) a (three-dimensional polymers)

Chemical structure of the polymer is immaterial presence of polar H-bonding groups on presence of functional groups that can

the chains is essential chemically react with one another

No energy is involved during cross-link energy of the order of units of kJ per mole energy of the order of tens of kJ per mole

creation ± loss (*RT) (410RT ) is involved during creation ± loss (5100RT ) is involved during creation ± loss

Formation and loss are non-specific formation of cross-links requires specific site formation of cross-links obeys kinetic laws

orientation and cooperative network mobility that are often complicated by diffusion

and other processes

Non-cooperative cooperativity effects are significant during usually, co-operative effects are ignored

zipping and unzipping of ladder-like structures

Solvent does not affect physical networks solvent effects can be crucial for the conventional kinetic solvent effect

equilibrium constant

a According to Ref. 199.

Table 7. Effect of degree of cross-linking of an equilibrium network on the
relaxation modulus in the region of the rubbery plateau at T=273 K.

1073 Mn Degree of modification 1075 G 0
N

(mol.%) /Pa

26 0 6.0

0.5 6.0

2 6.9

5 7.1

7.5 9.1

28 a 2 8.7

3 9.6

4 13.6

35 0 7.6

1 9.1

48.5 0 7.5

1 8.6

215 0 8.0

1 9.2

aData taken from Ref. 209 at T=237 K.
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Figure 6. Rubbery plateau extension (1, 2) and viscosity (3, 4) of

modified polybutadiene plotted vs. concentration of modifier at 273 (1,

3) 210 and 233 K (2, 4).211
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IV. The relaxation time spectrum as a means of
correct characterisation of topological structure

The possibility of obtaining a correct description of the relaxation
behaviour of polymers using the relaxation time spectrum was
initially considered as a hypothesis only.63, 64, 212 Rouse 213 first
showed that the dynamics of a polymer chain can be described
using a discrete set of relaxation times that depend on the chain
length (number of dynamical units). The totality of unambigu-
ously determined pre-exponents can also be considered as a
relaxation spectrum. Since then a number of models have been
proposed, which describe the reptationmotion ofmacromolecules
with allowance for various relaxation mechanisms of the `tube',
i.e., a region in which a restrained motion of a specified chain is
realised.4, 11, 34, 52, 214, 215 Each relaxation mechanism corre-
sponded to a particular set of relaxation times and, hence, a
relaxation spectrum. Comprehensive analysis of the dynamical
models and consequences following from them was reported in a
review.52

Some authors (see, e.g., Refs 216 ± 220) considered a theory
which provides an alternative to the reptation theory. Basic to the
new theory is the assumption that restrained chain motions are
mainly due to close packing, which leads to intermolecular co-
operativity on the length scale of a chain segment, rather than
topological junctions. In this case the formation of nematic
clusters also plays a significant role.89

Thus, in this case the relaxation spectrum, in contrast to local
relaxation transitions, has a dynamical meaning. Namely, it is
related to the polymer structure indirectly, through correlations
between the dynamical properties and topology of macromole-
cules (of course, with allowance for the conditions underwhich the
motion occurs).

1. Modified Rouse chain
The molecular structure can also to some extent affect parameters
of the relaxation spectrum, but again this occurs due to specific
features of dynamical processes. For instance, the relaxation
properties of the modified Kargin ± Slonimskii ±Rouse
model 45, 213 have been studied.214, 215, 221, 222 The relaxation
behaviour of these models was also analysed in other studies (see
Refs 223 and 224), but this concerned the frequency or temporal
dependences of the relaxation modulus while the effect of chain
modification on the relaxation spectrum was not considered.

The modification consisted of the chain units being ascribed
different friction coefficients. Stress relaxation of an unbalanced
chain comprising n units is described by a system of n equations

t1x1
.
=7x1+ x2

t2x2
.
= x172 x2+ x3

........................................ (24)
tixi
.
= xi7172xi+ xi+1

.........................................
tnxn
.
= xn717xn ,

where xi is the coordinate of the ith unit; the relaxation character-
istics of the units, which are due to different friction coefficients
(i.e., the interaction between the units and the environment), are
described by the parameter ti . Having solved the system (24), it is
possible to derive the equations of motion for all units of the chain
and to determine the change in the chain length, L= xn7 x1,
provided that the initial conditions are specified. An example of
the initial conditions is given by L(0)=1 xi(0)= (i7 1)/(n7 1),
which corresponds to a uniformly stretched equidistant chain.

The solution of system (24) in the form of a combination of
exponents for relaxation of the chain length

L�t� �
Xn
i�1

hi exp�ÿpit�,

where hi is the relaxation time spectrum, is given by the roots
zi= ti pi of the polynomial Dn=0, where Dn is the modified
Rouse matrix

Dn �

z1 ÿ 1 1 0 0 ::: 0 0 0
1 z2 ÿ 2 1 0 ::: 0 0 0

0 0 0 0 ::: 1 znÿ1 ÿ 2 1
0 0 0 0 ::: 0 1 znÿ1

����������

����������
(25)

Numerical solution of Eqn (25) makes it possible to obtain a
total of (n7 1) roots p1 , p2 , ..., pi , ... , pn71, which represent the
reciprocal relaxation times (pi= lÿ1i ) characterising the relaxation
behaviour of the entire chain. In the case of identical units the
results obtained are exactly described by the Rouse relations

lÿ1i � 4 sin2
�
p
2

i

n� 1

�
,

hi �
1

2 n

�
tan

�
ip
2 n

��ÿ2
,

where i is the mode number (i=0 corresponds to the maximum
relaxation time); hi=0 for the even i values.

Insertion of units with higher friction coefficients (type a units;
type b was ascribed to unmodified units) into the chain causes
significant changes in the set of relaxation modes. Figures 7 and 8
show that the total number of modes increases with an increase in
the number of type a units, which divide the chain into blocks
comprised of units with a low friction coefficient. However,
higher-frequency modes are grouped into `packets', i.e., form
groups characterised by similar relaxation times; a distinctive
feature is that the higher the friction coefficient of the type a units,
the smaller the separation between such modes (see Fig. 7). It is
hard to assign the relaxation modes in the relaxation time
spectrum characterising the Rouse chain to particular units. If
the relaxation properties of the type a units inserted into the chain
differ only slightly from those of the type b units (ta/tb=2), it is
possible to select `packets' of relaxation modes, which, although
they have different parameters, are `clustered' near the values
characteristic of the type b blocks. The larger the ta/tb ratio, the
smaller the separation between the modes in `packets' (see Fig. 7).
In the limiting case, chain elongation due to an increase in the
number of blocks leads to a decrease in the number of modes,

5

4

3

2

1

1073 1071 101 tb/li

Figure 7. Relaxation modes for monoblock (below horizontal lines) and

tetrablock chains (above horizontal lines) for the

a7(b7b7b7b7b7a)m structure.215

ta/tb=1 (1), 2 (2), 5 (3), 10 (4) and 100 (5).
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which becomes smaller than the total number of units because
high-frequency modes merge.

A comparison of polyblock chains with a `monoblock' one
(see Fig. 8) showed that high-frequency relaxation modes are
grouped near the values characteristic of the corresponding block.
The number of relaxation modes in a `packet' becomes equal to
the number of blocks. (In Fig. 8 we present the data for ta/tb=2
in order to distinguish between components of the `packet'.) Thus,
the units with a high friction coefficient separate blocks from one
another; because of this, the relaxation modes characterising the
units possessing different relaxation properties can be separated in
the relaxation spectrum of any chain.

The relaxation spectra of the chains having the structures
described in Table 8 are shown in Fig. 9.

If themodified unit is present in the terminal zone of the chain,
the lmax value somewhat increases, but the statistical weight of the
corresponding mode decreases. Separation of the blocks com-
prised of units with higher mobility by the units of lower mobility

leads to the appearance of peaks in the relaxation spectra, the
number of peaks being changed antiparallel to the number of
blocks. This is due to a decrease in the block length.

Thus, this example allowed us to follow how the `molecular'
structuremanifests itself in the relaxation time spectra through the
mobilities of units.

Analysis 214, 215 showed that the strain and stress relaxation
processes affect not only the relaxation spectrum (this was shown
earlier for the uniformRousemodel, see, e.g., Ref. 34) but also the
set of relaxation times. This is illustrated in Fig. 10. Apparently,
this is a consequence of an indirect relation between the relaxation
spectrum and the polymer structure through the macromolecular

1
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4

5

7

6

1073 1072 1071 100 tb/li

Figure 8. Relaxation modes for the a7(b7b7b7b7b7a)m struc-

ture.215

ta/tb=2. Figures denote the m values.
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Figure 9. Relaxation modes for chains of different structure.

For notations (1 ± 4), see Table 8.

Table 8. Effect of the structure of the modified Rouse chain on the
parameters of the relaxation spectrum (in arbitrary units).215

No. Chain structure a lmax hliw hlin

1 1 ± (1)18 ± 1?F 174 143 20

2 5 ± (1)18 ± 1?F 265 224 25

3 5 ± (1)12 ± 5 ± (1)5 ± 1?F 261 232 27

4 5 ± (1)3 ± 5 ± (1)6 ± 5 ± (1)4 ± 5 ± (1)2 ± 1?F 331 282 36

aFigures are the ratios of the friction coefficients of the units a and b;

subscripts denote the number of units in the block and F is the force

exerted on the chain.
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100

101
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li (arb. u.) a

hi (arb. u.) b

1071 100 101 liR (arb. u.)

100 101 li (arb. u.)

Figure 10. Correlation between the relaxation times li and liR (a) and the

stress relaxation spectra (b, curves 1 and 2) and deformation relaxation

spectra (b, curves 3 and 4) obtained for chains comprising ten (1, 3) and

twenty (2, 4) units.
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dynamics. This is also indicated by the fact that physically
substantiated spectrum cannot be obtained under any initial
relaxation conditions. For instance, if in the initial state the
chain units are arranged nonuniformly, a number of pre-expo-
nents can take negative values.225

2. Methods of calculation of the relaxation spectra from
experimental data
The viscoelastic behaviour of polymers can be conveniently
characterised by a spectrum of relaxation times. Usually, it is
believed 4, 5 that one can determine and predict the viscoelastic
behaviour of polymers under any strain and loading conditions
from the known relaxation spectrum. However, the relaxation
spectrum was obtained in explicit form only for molecular models
(see above). Comparison of the results of modelling with exper-
imental data on certain relaxation properties gives no assurance of
correctness of the former. In order to assess the ability of a
theoretical model to describe experimental data, one should
compare the model relaxation spectra with the experimental
ones, which thus play the role of a generalised characteristic.
Therefore, methods of calculation of relaxation spectra, which are
based on analysis of experimental data (mainly temporal and
frequency dependences of the elastic modulus) have been contin-
uously developing.226

Calculations of the relaxation time spectrum from the known
real and imaginary components of the elastic modulus belong to
the class of ill-posed problems; therefore, the uniqueness problem
of the results obtained poses.226 ± 229

a. Effective relaxation time as a characteristic of the relaxation
spectrum
Is it always necessary to represent the relaxation time distribution
function in explicit form? It was shown 49, 51, 88 that as a quantita-
tive characteristic it is sufficient to use the effective relaxation
time lef

1

lef
� ÿd lnG�t�

dt
�

X
i

hil
ÿ1
i exp�ÿt=li�X

i

hi exp�ÿt=li�
�
X
i

wi�t�lÿ1i ,

where hi is the relaxation spectrum and wi (t) is the relaxation time
distribution function in the time domain, which is related to hi at
t=0 as follows

wi �
hiX
i

hi
.

The use of the parameter lef for comparison of experimental
stress relaxation data with the dependences obtained using the
polymer dynamics models led to good results.49, 51 For instance,
the Rouse and Doi ±Edwards models with the known (and
different!) relaxation spectra give significantly different depend-
ences lef(t). In the Rouse model the parameter lef is proportional
to t at lmin4 t4lmax , i.e., in the region where the relaxation
modulus of elasticity is proportional to t71/2. In the Doi ±Ed-
wards model the parameter lef in the rubbery plateau zone is
proportional to t 1/2.

The temporal dependences of the relaxation shear modulus
and the effective relaxation time of narrow-MMD polystyrene
(Mw/Mn=1.03) plotted using the data taken from Ref. 230 are
shown in Fig. 11. In the transient region corresponding to
transition from the glassy state to the rubbery plateau zone the
parameter lef is nearly proportional to the square root of time, the
dependence in the rubbery plateau zone is nearly linear (the
exponent is 1.2) and then it becomes weaker in the region where
the effect of themolecular mass becomes pronounced. Eventually,
the parameter lef takes a constant value equal to the maximum
relaxation time. It was shown 49 that the stress relaxation behav-
iour of other monodisperse polystyrenes (see Refs 74, 231, 232)
also obeys these laws, with the maximum relaxation time being

proportional to M4 (Fig. 12). This dependence cannot always be
revealed. Indeed, if the molecular masses vary with a not too large
interval, the dependence mentioned above can be distorted.
Besides, if the molecular mass of a polymer varies over a broad
range, the relaxation measurements are usually carried out at
appreciably different temperatures and then their results are
reduced to a certain specified temperature using the principle of
temperature ± time superposition. Small uncertainties introduced
when using this procedure can lead (and do lead, see the data
shown in Fig. 12) to errors. Analysis of the whole array of
experimental data showed validity of the power law mentioned
above. This dependence was also reported in other studies.104, 233

4
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Figure 11. Shear modulus (a) and effective relaxation time (b) of poly-

styrene plotted vs. time.230

Mw61073=80 (1), 125 (2), 193 (3), 239 (4), 267 (5). The reduction

temperature was 129 8C.
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Figure 12. Maximum relaxation time plotted vs. molecular mass of

polystyrene (1 ± 4) using the data taken from Refs 231, 74, 230 and 232,

respectively.

Reduced temperature /8C: 160 (1), 139 (2, 3) and 127 (4).

The dashed line describes the dependence lmax ! M4.
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The fact that for monodisperse polymers lef in the rubbery
plateau zone is proportional to t1.2 can indicate that the relaxation
spectra of these compounds are more similar to the Rouse
spectrum with respect to this characteristic.

Knowing the frequency dependence of the effective relaxation
time, it is possible to determine 51 two parameters with different
degrees of averaging over the relaxation times. In this case analysis
is carried out using the real G 0(o) and the imaginary G 00(o)
components of the relaxation modulus of elasticity separately.

Similarly to the case of the frequency dependence of the
relaxation modulus, the frequency domain is divided into three
zones with respect to the character of the frequency dependence of
the effective relaxation time. These are the terminal zone (zone I,
low frequencies), the rubbery plateau zone (zone II) and the high-
frequency zone (zone III) .

As mentioned above [see expression (12)] the effective relax-
ation time lef w(o) in the terminal zone I reaches a limiting value,
which is frequency independent and equals the ratio of the second
to the first moment of the relaxation time distribution, i.e., is the
weight-average relaxation time [see relationship (13)].

In zone III at o?? one has

lw III �

X
i

hiX
i

�hi=li�
.

Since short relaxation timesmake a greater contribution to the
last-mentioned expression, one gets lw III< lw I and the lw II (o)
dependence in zone II (rubbery plateau zone) is a decreasing
function of frequency.

The effective relaxation time [see expression (14)] at o? 0
(region I) is the number-average relaxation time, which is also
frequency independent

hlin I �

X
i

hi�l�liX
i

hi�l�
.

In region III one has

lef n�o�?

X
i

hi=liX
i

hi=l
2
i

.

This value can be either small or rather large depending on the
character of the relaxation spectrum. Therefore, in region II the
lef n�o� dependence can show rather complex behaviour.

Thus, analysis of the frequency dependence of the effective
relaxation time makes it possible to estimate the relaxation time
spectrum using a number of distribution moments. In particular,
the ratio

gI=
hliw I

hlin I
characterises the width of the relaxation time distribution in
region I.

The relaxation spectrum of the Rouse model is given 33 by the
relationship hi= n71, where n is the chain length. Therefore, in the
terminal zone one gets

hliw I � lmax

Xn
i�1

i ÿ4

Xn
i�1

i ÿ2
& lmax

and

hlin I �
lmax

n

Xn
i�1

i ÿ2 &
lmax

n
.

Because, in accord with the Rouse model, lmax is proportional
to n2, the parameter hliw I also increases in proportion to n2 and
hlin I increases in proportion to n. The distribution width, gI,
increases proportionally to the polymer chain length (Table 9).

The following relationships are valid in zone III:

hliw III � lmax

nXn
i�1

i 2
&

lmax

n2
,

hlin III � lmax

Xn
i�1

i 2

Xn
i�1

i 4
&

lmax

n2
,

Thus, the distributionwidth g is independent of chain length in
this frequency region.

In the Doi ±Edwards reptationmodel the relaxation spectrum
is given 34 by the expression hi= i72; therefore, in zone I one has

hliw I � lmax

Xn
i�1;3:::

i ÿ6

Xn
i�1;3:::

i ÿ4
& lmax,

hlin I �
8

p2
lmax

Xn
i�1;3:::

i ÿ4 & lmax .

The distribution width gI is independent of chain length.
For zone III one has

hlin III � lmax

nXn
i�1

i 2
&

lmax

n2
,

hliw III � lmax

Xn
i�1

i ÿ2

n
&

lmax

n
,

and gIII increases in proportion to n.
In the rubbery plateau zone (zone II) the parameter lw II is

proportional to o71 for the Rouse model and to o71/2 for the
Doi ±Edwards model; respectively, ln II!o71/2 and ln II!o71.
From here the ratios of the average relaxation times for these
models are also different, namely, the parameter gII decreases in
the former and increases in the latter case nearly proportionally to
the square root of the frequency.

Thus, different frequency dependences of the average relaxa-
tion times and their ratios reflect significant differences between
the relaxation spectra of the models under consideration.

The average relaxation times and their ratios depend on the
structures of the polymer chains. This dependence can be illus-
trated taking nonuniformRouse chains (see above) as an example.
We will consider chains whose structures can be expressed
through the friction coefficients of units as follows:

Table 9. Dependences of characteristics of the effective relaxation time on
the chain length for various models.51

Model hlin I hliw I lmax gmax omax

Rouse model n1 n2 n2 7 7 n1

Doi ±Edwards n3 n3 n3 7 7 n0

model

Modified Rouse n1 n1.66 n1.7 n0.58 n72.2 n0.66

model

gI
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F/ (1717175)m71717175, where m=0, 1, 2, 3, 4. The
relaxation spectra calculated for these model chains are shown in
Fig. 13. As can be seen, in contrast to the Rouse and the
Doi ±Edwards models, the nonuniform Rouse chain model leads
to the formation of an essentially non-monotonic discrete relax-
ation spectrum. Qualitatively, the frequency dependences of the
average relaxation times (Fig. 14) obey the same pattern as the
analogous theoretical dependences shown above. However, the
g(o) dependence is basically different, namely, pronounced max-
ima appear in the curves. Quantitative relation of these parame-
ters to the chain length also differs from the corresponding
relations derived for the models considered above (see Table 9).

In the frequency regions I and III the parameters hliw, hlin
and g take constant values, the average relaxation times in zone I
being proportional to the chain length n=4(m+1) raised to the
power 1.66 and 1.00 for hliw I and hlin I, respectively; here for the
average relaxation time ratio one has gI! n0.66 (see Table 9); in
zone III the parameters hliw III and hlin III are independent of n.
The frequency dependence of the ratio of the average relaxation
times in the rubbery plateau zone can be quite accurately
described by a power law with an exponent of about 0.5. The
height of the maximum and its position on the frequency axis
depend on the chain length, namely, gmax! n0.58 and
omax! n72.2.

Thus, the nonuniform Rouse chain model is intermediate
between the Rouse and the Doi ±Edwards models with respect
to the relaxation properties. This shows that the relaxation
characteristics in question (effective relaxation times and their
ratio) are rather sensitive to both the type of motion (the Rouse
and Doi ±Edwards models) and the chain structure (the classical
and nonuniform Rouse models).

As an example Fig. 15 presents the frequency dependences of
the effective relaxation times of polystyrene, obtained 51 using the
tabulated data.50 In the terminal zone the effective relaxation
times are frequency independent and can be determined as the
average values hliw I and hlin I .

The dependence of the average relaxation times on the
molecular mass is described by a power law hli*Ma. The
exponents for hliw I and hlin I differ from each other (see
Table 9), being in the former case larger than in the latter. For
all polymers under study (data were taken from Refs 53, 57, 58)

the dependence of hlin I on the molecular mass is characterised by
an a value of about 3.4. The same exponent value is also
characteristic of the known dependence of viscosity on the
molecular mass.4

The value of the exponent at M depends on the procedure of
averaging over the relaxation times. This concerns both the
limiting values and the rubbery plateau zone. Analysis of the
dependences presented in Fig. 15 showed that at all molecular
masses an increase in frequency causes a nearly linear (more
exactly, the exponent approaches a value of 0.9) decrease in
hlin II while hliw II is proportional to o70.75, so the corresponding
ratio increases in proportion to o0.15. With allowance for this
dependence, which is common to all narrow-MMDpolymers, one
can assume that their relaxation spectra are intermediate between
broad relaxation spectra characteristic of the Rouse model and
narrow relaxation spectra characteristic of the Doi ±Edwards
model. The shape of the g(o) plots points to a similarity between
the relaxation spectra of real polymers and those of the polymers
corresponding to the modified Rouse model.

100 101 lf (arb. u.)
1073

1072

1071

hi

1

2

3

5

4

Figure 13. Relaxation spectra calculated for modified Rouse chains

F/ (1717175)m71717175 with m=0 (1), 1 (2), 2 (3), 3 (4) and 4

(5).51
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Figure 14. Frequency dependences of average relaxation times (a, b) and

their ratios (c) obtained for the modified Rouse chains whose relaxation

spectra are shown in Fig. 13.51

Notations (1 ± 5) correspond to those used in Fig. 13.
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Comparison of the distribution parameters in zone III is
complicated by the fact that real polymers undergo glass tran-
sitions in this frequency region. In contrast to a similar depend-
ence obtained inmodel calculations, here a pronouncedmaximum
in the frequency dependence of the parameter gII is not an artifact;
rather, it has a particular physical meaning. Probably, the
appearance of this maximum characterises the glass transition.
Thus, the g(o) dependence, as well as the loss factor tan d, can be
used for the description of this transition.

Depending on the molecular mass, the transition points are
located at different positions on the frequency axis (see Fig. 15 c),
namely, an increase in the molecular mass leads to a shift of the
transition point towards lower frequencies. The position of the
maximum on the frequency axis is nearly proportional to M72;
the exponent being almost equal to that for the nonuniformRouse
model (n72.2).

b. Continuous relaxation spectrum
In fact, the development of theKargin ± Slonimskii ±Rousemodel
led to the idea that the relaxation spectrum characterising the
viscoelastic properties of polymers is a continuous function,213

because the number of modes in the Rouse spectrum equals the
number of chain units and the difference between the relaxation
times of the `neighbouring' modes is much less than the relaxation
times, i.e., (li+17li)55 li. This concept dominated in the poly-
mer science in the 1950s ± 1960s.63, 212 The relaxation behaviour of
polymers was described using relaxation spectra, which were
represented by a wedge, `box' or their combination.212 Even at
present some authors often use a continuous function instead of
the calculated discrete spectrum (see, e.g., Ref. 234) assuming that
only this representation is physically substantiated. Moreover, an
opinion was offered 228 that discretisation is a necessary prereq-
uisite for using numerical methods of solving the problem of
determination of continuous relaxation spectrum from experi-
mental data.

In mathematics, the determination of a spectrum is reduced to
inversion of the Laplace transforms (1), (1a) or the Fourier
transform (2), i.e., this is a quite solvable problem

H(l)=HÃ (s)=
1

2pi

�?
0

g�t�estdt, (26)

where s=1/l.
The difference is that (if we ignore the problems of accuracy

and ambiguity of experimental data), first, the integration limits in
expressions (1a) and (26) are limited by the experimental con-
ditions; second, the g(t) and G*(o) curves are non-analytical
curves and therefore integral (26) can be calculated only using
approximate numerical methods.

Probably, the most efficient 235 and, at the same time, the
oldest 236 is the method based on the use of the expansion of the
inverse Laplace transform (1a) into a series 237

Hn(l)=
1

�nÿ 1�!
Xn
i�1
�ÿ1�iam

dig�t�
d�ln t�i

�����
t�il

, (27)

which is a particular case of a general relationship

h�l� � limn? ?

�
�ÿ1�n ntnÿ1

�nÿ 1�!
dnh�t�
dtn

�����
t�nl

�
.

The ani coefficients are calculated using the recurrent relation

ani=(n7 1)an71, i+ an71, i71,

i4 n.
Usually, only two first terms of the series (27) are included in

calculations of the relaxation spectra, therefore

H�l� � ÿdg�t�
d lnt

����
t�l
� d2g�t�

d �lnt�2
�����
t�2 l

. (28)

Recently, this method was evaluated and then widely used for
the characterisation of the structures and for the prediction of the
properties of materials based on polyolefins in the studies by
Kimel'blat et al.238 ± 242 The initial data represented the curves of
the pressure drop in the cylinder of a capillary viscosimeter in the
non-steady-state flow of a polymer melt through a capillary after
stopping the plunger. The authors believed that the pressure drop
and a parallel decrease in the shear rate were due to themechanism
proposed by Vinogradov 43, 44 with allowance for a broad relaxa-
tion time spectrum due to polydispersity of the polymer.68 ± 71

Thus, the calculated characteristics of the relaxation spec-
trum, namely, the average relaxation times hlin, hliw and hliz
should correlate with characteristics of the MMD of the polymer.
For instance, it was stated 243 that `dispersion in the MMD and
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Figure 15. Frequency dependences of average relaxation times (a, b) and

their ratio (c) at T=180 8C obtained for monodisperse polystyrene using

the data taken from Ref. 50.

M61073=3000 (1), 770 (2), 275 (3), 128 (4), 70 (5) and 39 (6).
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dispersion in the relaxation spectrum go hand in hand'. Indeed,
corresponding correlations were established for polyethylene and
polyethylene copolymers.242 For instance in the case of high-
density polyethylene one has

logMn=4.14+0,147 log hlin
with the correlation coefficient r2=0.89,

lgMw=4.64+0.839 lg hliw
with the correlation coefficient r2=0.96 and

lgMz=4.57+1.131 lg hliz
with the correlation coefficient r2=0.92.

Here

hlin �
�
H�l�d lnl� �H�l�=l�d lnl , hliw �

�
lH�l�d lnl�
H�l�d lnl ,

hliz �
�
l2H�l�d lnl�
lH�l�d lnl .

Correlations between characteristics of the relaxation spec-
trum and the topological structures of polymers are illustrated in
Fig. 16 where the average relaxation times are plotted vs. the
composition of polymer blends with different molecular masses
(Fig. 16 a) and vs. the degree of cross-linking (Fig. 16 b).

Numerous examples of correlations between characteristic
features of the relaxation spectrum and the technological and
physicomechanical properties of materials based on polyolefins
can be found in a monograph.242 It is the shape analysis of the
spectral curve that allowed the author of the monograph 242 to

optimise the procedure of welding of high-density polyethylene
pipes and predict the lifetime of such pipes. The curves of the
relaxation spectra of ethylene ± propylene rubbers served as cri-
teria in evaluating the stability of the synthesis of such materials.
Optimisation of the composition of thermoplastic composites and
weldment are also based on analysis of specific features of the
shape of the relaxation spectra. It is important that it was the
relaxation spectra rather than the experimental pressure drop
curves that were used as sensitive tools in the above-mentioned
and similar research and development studies.

c. Discrete relaxation spectrum. Regularisation methods
Methods of determination of a discrete relaxation spectrum have
been analysed in detail in a review byMalkin 226 who tried to show
that the determination of a relaxation spectrum in order to
interpret experimental data has no physicalmeaning in the general
case because the final result is not unique. Therefore, in comparing
the properties of materials with different topological structures it
is more appropriate to lean upon characteristic data points
obtained in direct relaxation experiments rather than the relaxa-
tion spectrum calculated using these data, because, according to
Malkin,226 the relaxation spectrum is `nothing more than a
method of possible approximation of experimental data within
the limits of measurement error, which is convenient for various
applications in the framework of the theory of viscoelasticity of
continuous media'. Nevertheless, numerous calculations of the
relaxation spectra have been and are being reported.

Physically, an approach 244 widely used in the analysis of the
free induction decay curves (see, e.g., Ref. 193) seems to be the
most evident. The method involves successive determination of
the exponents and pre-exponents of the ln[g(t)] function at t??.
In this case the kinetics of the decay is governed by the exponent
with the longest relaxation time. Of course, such a division of the
relaxation curve is quite rough and exponents with similar decay
constants are indistinguishable.212, 244 However, calculations of
model functions (in particular, the Rouse relaxation curve)
showed that the first three terms of the relaxation spectrum (with
the longest relaxation times) can be determined quite accurately.
The advantage of this approach is the possibility of estimating the
maximum relaxation time. In particular, the relation lmax!M4

was established 230 using this procedure.
Essentially the same strategy was used in another study.245

The orientation relaxation curve of polystyrene samples,
expressed by the Legendre polynomial P2(t), was approximated
by three exponents, which provided the best agreement with the
experimental data. The relaxation times thus obtained were
significantly different, e.g., l1=0.7, l2 =39 and
l3=1.656104 s (obtained for a polymer with a molecular mass
of 2.346106 at a temperature, which is 208 higher than the glass
transition temperature). The relaxation time l1 was independent
of the molecular mass while the other two relaxation times were
related toM as follows: l2!M0.5 and l3=2 l1M1.6.

To determine a relaxation spectrum is to find the solution to a
problem inverse to problem (1). To this end, the following relation
is used:

g�t� � K�h�l���t� � e�t�,
whereK is the operator relating the function h to the experimental
data g, and e(t) is the error. Often, K is a linear operator, which
corresponds to the Fredholm integral equation. Examples of
linear inverse problems are provided by the analysis of exper-
imental data obtained by NMR spectroscopy, static light scatter-
ing and results of resistor conductivity measurements. The linear
rubbery state theory also includes nonlinear problems. Besides, as
mentioned above (see Introduction), inevitable experimental
errors complicate calculations of the relaxation spectrum using
expression (1). Finally, experimental data are always available
within a limited range of argument values. Taken altogether, this
makes the problem of calculating the relaxation spectrum an ill-
posed problem.226, 246 ± 248
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Figure 16. Average relaxation times hlin (1), hliw (2) and hliz (3) plotted
vs. composition of a bidisperse blend of low-density polyethylenes (LDPE)

(a) and vulcanisation time of butyl rubber (b).242
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The case for the problem inverse to the problem described by
Eqn (3) is somewhat different. Indeed, Winter showed 228 that the
frequency dependence of the relaxation modulus, G*(o), is the
best source of initial experimental data for calculating the relax-
ation spectra. Also, mention was made 228 that the g(t) function
can be determined more accurately from the same G*(o) depend-
ence rather than direct measurements. Systematic and statistical
errors can be corrected using the Kramers ±Kronig relation

G 0�o�
o2

� 2

p

�?
0

G 00�x�
o2 ÿ x2

dx ,

(x is the integration variable), which leads to the following equal-
ity (at h>0)

l

1� �ol�2 �
2

p

�?
0

x

1� �xl�2
dx

o2 ÿ x2

for any l.
Listed below are criteria which an algorithm for calculating a

relaxation spectrum should satisfy. The choice of these criteria is
an expression of personal preference rather than objective defi-
nition. The preferences of the author of Ref. 228 are as follows:

Ð good fit of experimental data;
Ð the algorithm should be able to find the optimum amount

of detail which can be extracted from experimental data without
producing artifacts;

Ð the format of the relaxation spectrum should not be
predetermined; it has to be freely adjustable during the processing
of the experimental data;

Ð the resulting parameters should have physical meaning;
Ð minimisation of the experimental data truncation errors;
Ð checking of experimental data quality is required (the data

are always inconsistent to some extent, because the signal-to-noise
ratios differ for G 0 and G 00; this may cause a large discrepancy
between fit and experimental data);

Ð the relaxation spectrum H(l) should be expressed by a
function or a sum of functions, which can be integrated easily;

Ð the number of parameters of the model functions should
not be large;

Ð the computation time should be short.
Calculations are based on the assumption that there exists a

functionH(l), which is sufficiently smooth that it can be taken as
linear within small intervals [lÿi , l

�
i ] around li.

To carry out calculations with a computer, the function g(t)
should be discretised

g�t� �
�?
0

H�l�d lnl �
X?
i�1

�li�1
liÿ1

H�li�d lnli �
X?
i�1

H�l1�D1,

where

Di �
1

2
ln
liÿ1
li�1

.

The discretising frequency is given by oi=1/Di. The expres-
sion for g(t) takes the form

g�t� � g0 �
XN
i�1

hiexp

�
ÿ t

li

�
, (29)

where hi=H(li)Di.
The use of two data series (G 0 and G 00) eliminates the problem

of ill-posedness. For the same reason simultaneous use of the g
modulus and compliance data leads to the same result.249 The
uniqueness of the solution to the problem is due to the fact that the
gmodulus and compliance are interrelated.

The key point in calculations is minimisation of an error
functional

1

Z

XZ
i�1

��
G 0�oi�
Ĝ0i

ÿ 1

�2

�
�
G 00�oi�
Ĝ00i

ÿ 1

�2�
� min,

where

G 0 �
XN
i�1

hi
�oli�2

1� �oli�2
, G 00 �

XN
i�1

hi
oli

1� �oli�2
,

and GÃ 0i and GÃ 00i are the data measured at Z frequencies oi .
The parameters li. hi, N are freely adjustable during the minimi-
sation.

Analysis showed that the results of minimisation depend on
the N value, but a stable solution is reached after a reasonably
short time (in this case the error functional becomes independent
of N). Thus, the number of modes in the relaxation spectrum is
limited by the minimum N value responsible for stability of the
solution. Usually, N4 20.

A `parsimonious' relaxation spectrum thus obtained is unique
in the sense that different discrete sets of hi and li values lead to the
same continuous functionH(l).

Based on the results of experimental studies of polypropy-
lene,250 polybutadiene 56, 141, 251 and polystyrene,141, 234 using the
IRIS program (please visit a website at URL http://128.119.197/
Lab/IRIS.html) it was concluded that the relaxation spectra of
monodisperse polymers can be represented by two arms, a
decreasing arm at l4l1 (l1 corresponds to the inflection point)
and an increasing arm at l5l1

H(l)=
mG 0

N

��
l
lc

�ÿng
�
�

l
lmax

�ne
�
at l4lmax,

(30)

0 at l> lmax.

The lc value is determined from the equality H(lc)=H(lmax) =
mG 0

N (the subscripts `g' and `e' at the exponents denote `glass' and
`elastic', respectively).

Figure 17 presents some examples of this type of relaxation
spectra, which are called the BSW spectra.{

Taking polybutadienes with different topological structures as
examples, it was shown 251 that the BSW relaxation spectra consist
of three regions, viz., a decreasing arm at l4l1, an increasing arm
at l14l4lmax and an abrupt cut-off region at l> lmax

{BSW abbreviation is an using the first letters in the surnames of the

authors of Ref. 234.
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Figure 17. Continuous relaxation spectra of polystyrene 50 (1 ± 3) and

low-density polyethylene 263 (4).

M61073=39 (1), 275 (2) and 3000 (3).
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H�l� �
�
Hg

�
l
lc

�ÿng
� neG

0
N

�
l

lmax

�ne
�
exp

�
ÿ
�

l
lmax

�b�
, (31)

where

Hg � neG
0
N

�
l

lmax

�ne
�
l1
lc

�ng

,

and l1 is the instant at which the first two branches merge (or
intersect). Usually, ng& 0.67, ne& 0.30 and b=2.

It should be noted that the relaxation spectrum described by
Eqn (31) does not meet the smoothness condition. At the lmax

point, the curve exhibits an abrupt kink. In particular, if in the
double logarithmic coordinates the spectrum is sectionally linear
but has abrupt wings, themethod cannot be used. It was shown 252

that in this case one should use regularisation methods .
A regularisation method involves minimisation of the error

function Vx(ln h) (see Refs 252 and 253).

Vx�ln h� �
XM
i�1

1

�s 01�2
�
G 0s�oi� ÿ

�?
ÿ?

�oil�2
1� �oil�2

H�l�dlnl
�2
�

�
XM
i�1

1

�s 001�2
�
G 00s�oi� ÿ

�?
ÿ?

oil

1� �oil�2
H�l�dlnl

�2
� xR�ln h�,

where s is the standard deviation of the Gaussian error function.
The regularisation term,R(ln h), imposes constraints based on the
a priori information on the shape of the relaxation spectrum. The
regularisation parameter x `weights' the constraints with allow-
ance for the a priori knowledge.

At present, a number of program packages { (e.g., NLREG,254

GENEREG,253 CONTIN 255 and FTIKREG256) developed for
solving ill-posed problems by the regularisation method are
available.

The assumption of smoothness means that

R�ln h� �
�?
ÿ?

�
d2ln h

d�ln l�2
�2
d lnl .

Taking into account abrupt changes in the function in the
wings leads to a more general expression for R

R�ln h� �
�?
ÿ?

�d2ln h=d�ln l�2�2���������������������������������������������
1� �ad2ln h=d�ln l�2�2

q d lnl , a5 0.

The problem thus formulated was solved 252 using the Edge
Preserving Regularisation (EPR) and Edge Preserving Nonlinear
Regularisation (EPNREG) programs. The approach considered
here can be employed if there are reasons to assume that the
relaxation spectrum is smooth except for the inflection points in
the l1 and lmax regions (at 1074 and 100 s, respectively). A
decrease in the long-time region was reported 154 to be a linear
function in the double logarithmic coordinates (slope is*710). It
should be noted that both the EPR and IRIS calculations give
nearly identical results in the region l4 lmax .

In essence, the criterion for uniqueness of solution formulated
byWinter 228 means that the set of relaxation times is insignificant
for the determination of a continuous relaxation spectrum. There-
fore, a relaxation spectrum can be determined as a solution of the
`semi-inverse' problem (i.e., a problem with a prescribed set of
relaxation times). It is this solution that was proposed in Refs 257
and 258.

Liu 257 reported a mathematical approach to the determina-
tion of a discrete relaxation spectrum from the temporal depend-
ence of the relaxation modulus or creep compliance. The method
is based on approximation theory.259 According to Liu, `discrete
relaxation and retardation times do not necessarily have any
physical meaning since the continuous relaxation modulus and
creep compliance can be approximated arbitrarily closely by
discrete variables with different sets of relaxation and retardation
times'. Starting from this point, Liu experimented with the
following sets of relaxation times: lk= l/k, lk= l/k2, lk= l/rk

(k is the mode number and r is an empirical constant). The
function was minimised using the non-negative least squares
method and the MATLAB software package,

F�g0; g1; :::; gn� �
Xm
i� 1

wi�G��ti; n� ÿ G�ti��2 ,

where F�G0;G1; :::;Gn� � minF�g0; g1; :::; gn� at g0, g1, ..., gn50,
w1, w2, ..., wm are non-negative weights,

G��t; n� � g0 �
Xn
j� 1

gje
ÿt=lj .

Yet another set of relaxation times is given by:258

li � lmin

�
lmax

lmin

��iÿ1�=�Nÿ1�
,

where i is themode number andN is the limiting number ofmodes.
Then, the function k~K~hÿ~Gk was minimised by the least

squares method with a constraint ~h5 0.

~Ki; j �
�oilj�2

1� �oilj�2
, i=1, ..., m; j=1, ..., N,

~h � fhjg,
G0i � h0i�oi�, i=1, ..., m,

G00i � h00i �oi�; i=m+1, ..., 2m,

m5N.

Experimental data on the frequency dependence of the relax-
ation modulus G*(o) of poly(dimethylsiloxane) were used as the
input data. The relaxation spectrum thus determined was used for
calculating the viscosity Z0 and compliance J 0

e as follows

Z0 �
XN
i� 1

hili , J 0
e �

1

Z20

XN
i� 1

hil
2
i .

The results obtained were in good agreement with experimental
data,

Z0 �
G 0�o�
o

, o? 0 ; J 0
e �

G 00�o�
�G 0�o��2 , o? 0.

An interesting method of calculation of a relaxation spectrum
was proposed by Davies and Anderssen.260, 261 The relaxation
spectrum h(l) was related to

gab �
�b
a

h�l�dl �
�ln b
ln a

H�l�d lnl .

A narrow frequency range [ab] was divided into a small odd
(2L7 1, L=2, 3, 4) number of intervals and centred on an
experimental frequency range, which in turn was divided into k
discrete frequencies ok=o0 exp (kr). Usually, one had
o0=1073 ± 1072 and r= p/(2L7 1). The expressions for the
relaxation modulus components were as follows

{These programs are available on the Internet at URLs

http://www.itp.ac.cn/english/itpnet/cpcindex/cpcindex.html and

http://cpc.cs.qub.ac.uk/simmaries/ADOQ.
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As can be seen, this method also does not require a search for
discrete relaxation times; it involves calculations of the function
h(li) for a set of relaxation times li.

Among the key sources of ill-posedness of the problem of
determination of a discrete relaxation spectrum is that the
function being minimised is linear with respect to h(l) and
nonlinear with respect to l. A method 262 of linearisation of
functions involves transformation of the components of the
complex modulus into new functions Un and Vn using the
polynomial Pn

Un�o�2 � G 0�o�
Yn
i�1
�1� l2i o

2� �
Xn
i�1

ui�o2�i ,

Vn�o�2 � oG 00�o�
Yn
i�1
�1� l2i o

2� �
Xn
i�1

vi�o2�i ,

Pn�o�2 �
Yn
i�1
�1� l2i o

2� �
Xn
i�1

pi�o2�i .

Now we have a linear problem, viz., search for the coefficients
pi and ui or pi and vi , which can be solved using the least squares
method. Each pair of these coefficients is in mutually unique
correspondence with the pair li and h(li), which is given by a
system of simple algebraic equations.

Applicability of this linearisation technique was demonstrated
by comparing an artificially constructed relaxation spectrum with
a relaxation spectrum calculated from the corresponding relaxa-
tion function. Besides, calculations of the relaxation spectrum
from G 0 and G 00 (polystyrene, 179 8C) gave almost coinciding
results (Fig. 18).

Finally, Jensen 263 reported determination of a relaxation
spectrum using a version of the Monte Carlo method called
`simulating annealing'.} The technique involves the generation of
trial values of hi and li and the search for a global minimum of the
error function. The method imposes no constraints on the
relaxation spectrum and does not require smoothness or even
continuity. A drawback of the technique is a rather long compu-
tation time (in some cases more than 106 functions should be
calculated in order to reach a global minimum). Similarly to the
study by Winter 228, the number of modes was limited to avoid
fitting of noise, so the so-called `parsimonious' relaxation spec-
trum was determined. The number of modes was chosen to be
equal to that at which the dependence of the minimum value on
the number of modes reached a plateau.

The relaxation spectrum of low-density polyethylene calcu-
lated using this technique is presented in Table 10.

The relaxation spectrumwas also calculated 103 from dielectric
relaxation data using the `false position' algorithm. The method
involves a comparison of experimental dependence (in this case
the spectrum of dielectric loss e 00) with a calculated dependence
obtained using an arbitrary distribution function. The distribu-
tion function is refined by taking into account the error obtained
and the iterative procedure is repeated until coincidence of the
calculated and experimental data. Of course, the method requires
a priori knowledge of the form of the distribution function;
otherwise, a problem of uniqueness of the results obtained is
posed.

Except for the authors of Refs 262 and 263, researchers are
inclined to believe that only a continuous relaxation spectrum has
physical meaning. In this case the relaxation spectrum can serve
for characterisation of both the topological structure and the
specific features of macromolecular dynamics. Discretisation can
be arbitrary, being no more than a trick for computations. But
here, first, it remains unclear how this inference can be related to
the results of calculations of the models, which either directly or
indirectly lead to the concept of a discrete relaxation spectrum.
Second, a comparison of the continuous relaxation spectra shown
in Figs 17 and 18 reveals ambiguity in the results of calculations.
Therefore, one has to conclude that attempts at calculating a
discrete relaxation spectrum (at least most of those considered
above) failed.

Unfortunately, it is impossible to put forward a criterion for
`correctness' of a relaxation spectrum, because it can be deter-
mined if the condition for coincidence of the calculated and
experimental data for g(t) or G*(o) with certain accuracy is met.
This inevitably means fulfillment of rheological characteristics,
because the stress tensor components sij are related to the
relaxation function g(t) (see Ref. 4)

s1 2= s2 1= g
.
�t
0

g�tÿ t1�dt1,

}The program is available at the website http://www.netlib.org.

103

104

105

hi /Pa

1

2

1073 1071 101 l /s

Figure 18. Relaxation spectra of polystyrene calculated from G 0 (1) and
G 00 (2).262

Table 10. Relaxation spectrum of low-density polyethylene at 150 8C.263

k lk /s hk /Pa k lk /s hk /Pa

1 4.22690885 8.6331 4 0.03429959 7770.0291

2 0.90131057 270.2802 5 0.00724564 23416.7956

3 0.15323119 2296.5292 6 0.00089831 111882.6500
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s1 17 s2 2=2g
.
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�t
0

�tÿ t1�_g�tÿ t1�dt1,

where g
.
is the shear rate.

We believe that discussion of relaxation spectrum calculations
concerns in fact two independent problems. One of them is
concerned with the physical correctness of the mathematical
models describing interrelations between viscoelastic character-
istics and based on the concept of a relaxation spectrum. The other
problem is to develop a corresponding mathematically correct
formalism. Of course, it is irrational to criticise and reject a
convenient fundamental concept of the relaxation spectrum on
the basis of non-reliable results of spectrum reconstruction
obtained in the framework of (mathematically) unstable models.
Therefore, in the text below we will consider a stable method of
calculation of a relaxation spectrum.

3. Stable method of calculation of a relaxation spectrum. The
relaxation times distribution function
An approach 264, 265 to the representation of a relaxation spectrum
using the distribution functions 266 and Stieltjes integral 267 pro-
vides an alternative to the methods considered above. Let P(l)
denote the integrated intensity of a relaxation spectrum. Then, the
functions g(t) and G(o) can be expressed via the Stieltjes integral
with respect to P(l)

g�t� �
�?
0

exp

�
ÿ t

l

�
dP�l� , (32)

G�o� �
�?
0

iol
1� iol

dP�l� . (33)

A discrete relaxation spectrum corresponds to a step distribu-
tion function

P�l� �
XN
k� 1

hkw�lÿ lk� , (34)

where w is the Heaviside step function. A continuous relaxation
spectrum corresponds to the distribution function given by

P�l� �
�l
0

h�x�dx (35)

(x is the integration variable), i.e., P(l) is an antiderivative of the
density h(l).

The problem of uniqueness of the function P(l) and stability
of P(l) to perturbations in g(t) and G*(o) has been studied.265 In
constructing P(l) from the kinetic function g(t) (the procedure for
relaxation spectrum reconstruction in the frequency domain
differs insignificantly) it was shown that uniqueness of P(l)
follows from one-to-one reversibility of the Laplace transform.
The notion of stability was formulated in terms of the weak
convergence of monotonic functions in the positive semiaxis R+

as the following continuity principle.267, 268

Let gn ,Pn (n=1, 2,...), g,P be a sequence of kinetic curves and
corresponding distribution functions. Then convergence
gn(t)? g(t) at any 04 t<? is equivalent to weak convergence
Pn)P in R+.

This statement was proved 265 by combining the Helly selec-
tion principle for a converging subsequence of monotonic func-
tions and the property of uniqueness.

The properties of uniqueness and continuity mean that a
problem inverse to problem (35) with respect to P(l) rather than
h(l) is well-posed and solution to this problem does not require
application of a regularisation technique.

The development of a method of stable reconstruction of P(l)
from approximate values of the kinetic and frequency moduli
required introduction of the notion of a generalised solution as a

solution to the problem of error functional minimisation. In the
simplest case (quadratic functional) the procedure involves sol-
ution of the following problems�

T

n�t�
� �?

0

exp

�
ÿ t

l

�
dP�l� ÿ g�t�

�2
dt?min , (36)

�
O

m�o�
� �?

0

iol
1� iol

dP�l� ÿ G�o�
�2
do?min , (37)

where n(t) and m(o) are some non-negative weighting functions,
which determine the error functional, andT andO are respectively
the domains in which the experimentally measured g(t) and G(o)
functions are defined. The search for a minimum is carried out in
the class of all distribution functions.

A solutionP(l) to problems (36) and (37) is called an optimum
integral representation (OIR) of the corresponding functions of
the kinetic or frequency moduli. In setting these problems it is
possible to impose, without significant complication, various
constraints that allow for the a priori information on the relaxa-
tion spectrum. The choice of the weighting functions is free, being
governed by the a priori knowledge of the distribution of exper-
imental errors. For instance, it is appropriate to use the coeffi-
cients n(t) and m(o) for relatively narrow (2 ± 3 decades) ranges of
changes in t and o, respectively. The choice of the n(t)= t71 and
m(o)=o71 weighting functions provides a logarithmically uni-
form error functional, which can naturally be used in treatment of
data characterised by a broad range of changes in t, o (more than
four decades). The properties of existence, uniqueness and stabil-
ity of OIR have been proved.264 It was found that the overstability
is unexpectedly high, namely, the OIR is stable to both integrally
small errors of the functions g(t) and G(o) and to white noise of
finite amplitude superimposed on these functions. All the results
are also valid for amore general combined error functional, which
permits reconstruction of P(l) from the real and imaginary
components of G(o) or from their combination.

Numerical implementation of this method requires a finite set
of measuring times {tj}, j=1, ..., n. When a continuous problem is
discretised by introducing a grid with a fixed arrangement of
nodes {li}, i=1, ..., m, the desired distribution function is
approximated by the step function

P�l� �
Xm
i� 1

hiw�lÿ li� , (38)

where h={hi}, i=1, ..., m is the set of unknown non-negative
coefficients. Application of some linear quadrature formulae to
the outer integrals in expressions (36) and (37) gives the following
discrete analogues, respectively

Xn
j� 1

nj

�Xm
k� 1

exp

�
ÿ tj
lk

�
hk ÿ g�tj�

�2
?min, h5 0, (39)

Xn
j� 1

mj

�Xm
k� 1

iojlk
1� iojlk

hk ÿ G�oj�
�2

?min, h5 0. (40)

Here nj , mj is a set of positive weighting coefficients determined by
the totalities of the nodes {tj} and {oj}. These coefficients are
included in the quadrature scheme. For instance, constant weight-
ing coefficients are obtained when the rectangle formula is applied
to uniformly distributed nodes at n(t)=1, m(o)=1 or to loga-
rithmically uniformly distributed nodes at n(t)= t71,
m(o)=o71.

Problems (39) and (40) are solved by the quadratic program-
ming technique using some efficient finite-step algorithms incor-
porated into standard mathematical software (MAPLE,
MATLAB) and FORTRAN libraries (IMSL, CXML), including
the non-negative least squares method algorithmNNLS.269 Some
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difficulties in numerical solution can arise from the high dimen-
sions of these problems (m and n can be of the order of several
hundreds); good approximation of initial continuous problems
(36) and (37) by discrete analogues requires about 10 to 30 nodes
(tj , oj , lk) per decade of corresponding range.

When a relaxation spectrum is reconstructed from model and
experimental data, the experimental and calculated grid patterns
have no effect on the quality of the solution, only the node density
is significant. Different grid patterns require calculations of differ-
ent sets of weights. The resulting antiderivative step distribution
function P(l) coincides with an accuracy determined by the grid
densities and errors in g(t) and G(o). Non-uniqueness of the
solution (this is possible atm> n) is of no concern because any set
of the parameters h, at which minima of expressions (39) and (40)
are reached, gives an equivalent approximation of the relaxation
spectrum distribution.

Because the relaxation spectrum distribution functions recon-
structed by this method are only stable in a specific `weak' sense, it
is appropriate to mention those characteristics of the relaxation
spectrum that are related to this kind of stability. By definition of
weak continuity, stable are linear integral average distribution
functions of the type�

R�

f�l�dP�l� ,

where f (l) is some continuous averaging function. A particular
case of averaging is provided by the moments for which f(l)= ln.
The plot of the distribution function is stable in the sense
mentioned above, namely, as `entire geometric figure'. On the
contrary, local numerical characteristics, in particular, the density
h(l)=dP(l)/dl, are unstable. Conversion of a discrete relaxation
spectrum into the density function by direct interpolation of a
comb-like plot of d-functions does not lead to `weak stability', as
was postulated byWinter.141 A correct smoothing of arbitrary, in
particular, discrete relaxation spectra requires an integral averag-
ing over one or another kernel.

The working efficiency of this method was exemplified 265 by
reconstructing the relaxation spectrum of an oligomeric nonuni-
form Rouse chain,214, 215 a continuous BSW-spectrum 141 and the
frequency modulus of polystyrene from experimental data.234

A model example of relaxation spectrum reconstruction from
the relaxation kinetics of the length of an equidistant chain
containing n=6 nonuniform units involved calculations of the
frequency dependence of the relaxation modulus G*(o) using
relationship (2). Noise produced by a software generator of evenly
distributed random numbers was applied at the calculated (t, o)

nodes, the noise intensity, e , being equal to 1072 and 1073 of the
corresponding amplitude. The calculated hi and li coefficients and
the corresponding moments

mk �
�
lkdP�l�

for k=0, 1, 2 are listed in Table 11. Simulation of experimental
data was carried out using n=300 logarithmically uniform time
values and frequencies in the ranges t2 [1074 and 103]
o2 [1071, 105], respectively, and the spectrum reconstruction
was performed following the scheme given by expressions (39)
and (40) on a logarithmically uniform grid containing m=400
nodes in the range l2 [1072, 102].

Analysis of the data listed in Table 11 showed that the
relaxation spectrum reconstructed from G is more similar to the
exact spectrum than the relaxation spectrum reconstructed from
the g data. As noise (e value) decreases, the accuracy of the
calculations increase. Although the calculated relaxation spec-
trum is somewhat different from the theoretical spectrum, in all
cases the moments coincide excellently.

Yet another example involved the relaxation spectrum recon-
struction from the frequency-dependent stress relaxationmodulus
determined in a series of experiments.234 Data for monodisperse
polystyrene withM=36106 were analysed using a complex data
array (n=44). Calculations following scheme (40) involved a
logarithmically uniform grid with m=400 in the range
l2 [1075, 104].

A discrete relaxation spectrum reconstructed using the OIR
technique is shown in Fig. 19. Experimental data were fitted to the
theoretical curve G(o) calculated after reconstruction with a
quadratic error of about 1% (see Fig. 19 a). In Fig. 19 the OIR
and IRIS reconstructed plots are superimposed. The errors in the
approximation of the frequency-dependent relaxation moduli in
both reconstructed relaxation spectra are similar (with respect to
the order of magnitude), but the error of the OIR method is
`random' while the plot of the error of the IRIS procedure clearly
exhibits systematic `waves' (see Fig. 19 b). The plots of the
distribution functions in Fig. 19 d are parallel in the range
l2 [1074, 101]. In this case a parallel shift of the distribution
functions owing to initial jumps indicates a significant discrepancy
between the reconstructions, which is due to insufficient width of
the data window in the high-frequency region.

Thus, in the intermediate range the OIR and IRIS recon-
structed relaxation spectra are similar in terms of the distribution
functions, although the parameters of individual lines are appre-
ciably different (see Fig. 19 c).

Table 11. Parameters of the relaxation spectrum of a modified Rouse chain calculated using the OIR technique (l in arbitrary units).

Exact spectrum a e=0.01 e=0.001

reconstructed from g(t) b reconstructed from G(o) c reconstructed from g(t) d reconstructed from G(o) e

l h(l) l h(l) l h(l) l h(l) l h(l)

0.55866100 0.228761071 0.428161071 0.586561073 0.58136100 0.263761071 0.100061071 0.809361074 0.60886100 0.169961071

0.10686101 0.140961071 0.94396100 0.191061071 0.59496100 0.143261072 0.58136100 0.761061072 0.62306100 0.126861071

0.16716101 0.353361071 0.96606100 0.465661071 0.16436101 0.137661071 0.59496100 0.187261071 0.15686101 0.631061073

0.31656101 0.906961072 0.17606101 0.187461072 0.16816101 0.386261071 0.14646101 0.829361072 0.16056101 0.394161071

0.10876102 0.41866100 0.10416102 0.41726100 0.10656102 0.104761071 0.14986101 0.359361071 0.25476101 0.966861072

0.10666102 0.106761071 0.10906102 0.40866100 0.33606101 0.103661071 0.26066101 0.961461073

0.10006103 0.383161072 0.10006103 0.117661072 0.34386101 0.791561073 0.10656102 0.822661071

0.10666102 0.552161071 0.10906102 0.33746100

0.10906102 0.36306100 0.89106102 0.764561076

0.91186102 0.304461074

a m0=0.5, m1=4.666, m2=49.67; bm0=0.4998, m1=4.907, m2=84.82; c m0=0.5004, m1=4.788, m2=61.69; d m0=0.5, m1=4.665, m2=49.66;
e m0=0.5, m1=4.668, m2=49.9.
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The Stieltjes OIR theory provides an explanation for similar-
ity of integral characteristics of seemingly distinct results obtained
using different versions of relaxation spectrum reconstructions.
Consistency occurs if these results are quite well approximated by
experimental data and meet the condition of belonging to a
`convex local weakly compact set', which can be separated out
by, e.g., a simple non-negativity condition. In accord with theOIR
theory in this case the relaxation spectrum will be similar to the
exact spectrum in terms of distribution functions, irrespective of
the procedure employed to obtain the spectrum.

It should also be noted that representation of the relaxation
spectrum in the form of integral distribution function P(l)
eliminates the problem of non-uniqueness of such a representa-
tion. Examples given in Ref. 265 show that seemingly different
relaxation spectra give almost the same function P(l). Probably,
this is the reason why experimental data are `insensitive' to the
local shape of the relaxation spectrum, as was shown in many
studies and summarised in a review.226

The OIR technique makes it possible to determine stable
values of the moments (as well as any integral characteristic) of a
relaxation spectrum. Local characteristics of the relaxation spec-
trum, in particular, the limiting relaxation times, are unstable and
of little informativity. Therefore, the dependence of the maximum
relaxation time on the procedure for relaxation spectrum recon-
struction 226, 229 is insignificant because the relaxation properties
are determined by the distribution moments, which are highly
stable characteristics.

At the same time this mathematical approach allows exper-
imental methods of determination of relaxation spectra of poly-
mers to be divided into methods producing artifacts and those
providing rational results. Formally, the problem of minimisation
of an error functional on the class of monotonic distribution

functions always has a unique solution, i.e., the OIR. By definition
the resulting spectrum provides the best plausible explanation for
experimental data when using a linear model with a non-negative
relaxation spectrum, which has a physical meaning and is related
to the polymer structure. But in linear theory one can face a
problem of sign-alternating expansion of the viscoelastic func-
tions in terms of exponential modes. This is indicated by the
impossibility of correctly (with an accuracy to noise) reproducing
the experimental dependences, g(t) and G(o), using the OIR
found. For instance, if in the chain retraction problem considered
above the initial state of the chain is not equidistant, it is
impossible to obtain a non-negative relaxation spectrum repro-
ducing the model relaxation because some pre-exponents in
expression (1) are negative. This shows that determination of a
relaxation spectrum as a characteristic of the polymer structure
requires a particular experimental design.225 It is known that
relaxation of a Rouse chain under stress and strain gives some-
what different relaxation spectra (see Ref. 33 and Fig. 10).
Apparently, this is due to the fact that the polymer structure
manifests itself indirectly if the entire chain moves (therefore the
relaxation spectrum depends on the character of chain motion).
This is clearly seen when comparing the Rouse andDoi ±Edwards
models.33

Thus, the problem of reconstruction of a monotonic relaxa-
tion time distribution function from the kinetic curve or frequency
modulus is mathematically correct. But it should be interpreted in
the framework of the OIR method rather than traditional meth-
ods for fitting a set of parameters of a point spectrum or as a
solution of an integral equation of the first kind with respect to the
density function of a continuous spectrum.

Summing up, the method 264, 265 of calculation of relaxation
spectra is characterised by the following features.

The accuracies of reconstruction of the relaxation spectrum
distribution function and any integral average characteristics of
this distribution function are only limited by the systematic error
and the `density' of experimental data.

Theoretically, the OIR technique allows a relaxation spectrum
to be reconstructed with arbitrary accuracy from a set of kinetic or
frequency data obtained in any range. However, when narrowing
such ranges, one should significantly improve the accuracy of data
and the size of the data array.

Reliable reconstruction of the relaxation spectrum requires
that the experimental data window be wider than the interval in
which the relaxation spectrum is located (by 1 ± 2 orders of
magnitude for the `kinetic' reconstruction and by 3 ± 4 orders of
magnitude for the `frequency' reconstruction). Otherwise the
distribution function can be determined with an accuracy of the
initial jump, the local structure of which is not informative, and
the accuracy of determination of moments decreases abruptly.

Statements that the relaxation spectrum is a fiction are sense-
less, because they are based on mathematically incorrect formal-
isms for both discrete and continuous descriptions. Of course,
stable OIR mathematical formalism for reconstruction of relaxa-
tion spectra from the data of dynamical experiments does not
mean that the relaxation spectrum is a physical reality. However,
this approach makes revision of the results of relaxation experi-
ments on the basis of stable interpretation of the relaxation
spectrum in terms of distribution functions, aimed at establishing
the applicability range of the notion of a relaxation spectrum as a
fundamental characteristic and its relation to the polymer struc-
ture, promising and topical.

4. Manifestation of topological structure in relaxation
spectra
Interrelations between the relaxation behaviour and topological
structure of polymers have beenwell documented (see Section III).
However, information on immediate relations between the relax-
ation spectrum and parameters of topological structure is scarce.
The reason is quite understandable, that is, ambiguity of calcu-
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Figure 19. Relaxation spectrum of monodisperse polystyrene with

M=36106 reconstructed from the complex frequency modulus G(o)
using the data taken from Ref. 50.

(a) Experimental G 0(o), G 00(o) curves (1) and the corresponding calcu-

lated curves (2, 3); (b) relative errors in approximationG 0(o): error in OIR

reconstruction (1), error in IRIS reconstruction (2); (c) reconstructed

discrete relaxation spectrum: the OIR spectrum (1) and the IRIS spectrum

(2); (d) distribution functions of reconstructed discrete relaxation spectra:

the OIR spectrum (1) and the IRIS spectrum (2) (data were taken from

Ref. 265).

Topological structure and relaxation properties of polymers 961



lations (see Section IV.2). Nevertheless, a little body of data are
available.

First of all mention may be made of the studies of the BSW
spectra and of the studies carried out by Winter et
al.57, 83, 138 ± 141, 152, 172, 228, 234, 250, 251, 270

The dependence of the characters of the BSW spectra on the
molecular masses of the monodisperse polymers [see relationship
(31) and Fig. 17] is determined by two parameters, lmax and l1 .
The former parameter is related to M by a conventional expres-
sion

lmax � KMa,

or, according to Ref. 56,

lmax � lc

�
M

Mc

�a

.

The lmax/lc ratio determines the extension of the rubbery
plateau zone, the physical meaning ofMc is similar to that ofMe.
Correspondingly, l1 is defined by

l1 � lc

�
M

Mc

�ane=�nc�ng�
.

The numerical values of the parameters of the BSW spectra of
polystyrene and polybutadiene listed in Table 12 were taken from
Refs 57 and 83.

Based on the results of studies of monodisperse polystyrene/
monodisperse polybutadiene binary blends,83, 234 it was concluded
that the resulting relaxation spectrum can be expressed as follows

H�l� �
X
i

BiHi

�
l
Ai

�
,

whereX
i

Bi � 1, B2=w 2
2 + aw1w2, a& 0.1,

if the molecular masses of the components differ insignificantly
and wi is the mass proportion of the fraction. The Ai coefficients
weakly depend on the blend composition. They are related to the
molecular masses of the components, namely,Ai= lmax, i, b /lmax, i

is the ratio of the maximum relaxation times of the blend
component and of the homopolymer.

Clearly, this ratio is inconsistent with the postulated 34, 271

additivity with respect to relaxation times.
However, it should be noted that the relaxation spectrum of a

blend, calculated by the EPRmethod,252 has little in commonwith
the BSW spectrum, although for monodisperse polymers both
methods, EPR and IRIS, give identical relaxation spectra (see
above).

When establishing relations between the relaxation properties
and MMD of polymers, the dependences of relaxation times on
the molecular mass are often considered. If the case in point is the
dependence of lmax or any other average characteristic (e.g., hliw)
on the molecular mass of the type lmax*Ma , this is quite
understandable. But some authors (see, e.g., Refs 104, 258, 271 ±
273) assume this dependence for each relaxation time in the
relaxation spectrum and simply use the function h(Ma ) instead
of h(l). It can be shown with ease, taking, e.g., the Rouse
relaxation spectrum as a simple example, that this replacement is
incorrect because a change in the chain length first of all leads to a
change in the number of modes.

Studies of star-branched polymers 251 revealed a much more
complicated formof the BSW spectrum compared to the spectrum
described by the equation of the type (31). Namely, it was found
that expression (31) should be augmented with the following term

n0G0

�
l
l0

�n0

exp

�
l
l0

�b

.

The relaxation parameters of the (thus) modified BSW spectra
of various star-branched polybutadienes of regular structure are
listed in Table 13. Within the limits of experimental error, the
parameters G 0

N, Hg and lc can be considered independent of the
molecular mass and the number of arms, whereas the parameters
G0, lmax and l1 seem to be stronger dependent on the molecular
mass rather than the number of arms. The l0 parameter is affected
by both structural characteristics. The authors of Ref. 251
believed that these results are consistent with theoretical con-
cepts.274, 275 However, the available data are insufficient for
making quantitative estimates.

Analysis of the relaxation spectra calculated by the OIR
technique is also based on a very small amount of data 276, 277

because the problem, as applied to polymers, was formulated only
recently.264, 265

Figure 20 presents the relaxation spectra of polymers in terms
of the integral distribution functions, which were reconstructed
using the OIR technique and the data taken from Ref. 50. In this
connection a problem is posed by the methods for comparison
and, hence, quantitative characterisation of distribution func-

Table 12. Numerical values of parameters of the BSW spectra of poly-
styrene and polybutadiene.

Parameter Polystyrene Polybutadiene

G 0
N /Pa 2.286105 1.656106

ne 0.23 0.23

ng 0.67 0.73

lc /s 261074 4.0461077

Mc 1.666104 2.7146103

a 3.43 3.52

T /8C 180 28

Table 13. Numerical values of parameters of the relaxation spectra of star-branched polybutadienes (for all polymers, ng=0.67, ne=0.30 and b lies
between 0.8 and 1).251

Number of arms 1073 Ma G 0
N /MPa lc /s 1074 lmax /s l1 /s Hg /MPa 103 G0 /MPa 1076 l0 /s

Linear 155 1.65 0.86 90 40.5 0.49 7 7
polybutadiene

4 11.25 2.19 0.55 0.4 8.61 0.66 7 7
62 6.3 2.51 0.37 0.015 2.38 0.75 6.08 0.0065

64 23.9 2.00 0.53 0.75 10.2 0.59 17.8 0.55

124 6.8 2.51 0.37 0.015 2.38 0.75 6.08 0.0305

125 13 2.72 0.54 0.3 7.75 0.82 1.48 0.6

114 26.1 2.05 0.66 2.5 17.4 0.62 0.89 4.92

127 47 1.66 1.00 5.4 25.5 0.49 11.2 13.2
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tions. The most obvious is the method of central moments,278

which in the case of the Stieltjes integral are defined by

mk�l� �
�
�lÿ hli�kdP�l� ,

where hli is the arithmetic mean of a random quantity l. A set of
appropriate characteristics includes the dispersion s=(m2)1/2,
asymmetry (skewness) g1= m3/s3 and excess g2= m4/s473. Cor-
responding characteristics of the distribution functions shown in
Fig. 20 are listed in Table 14. As can be seen, the average
relaxation times and dispersions depend on the molecular mass
(see also Table 1), whereas the asymmetry and excess show no
dependence within the limits of data scatter. Therefore, one can
state that the relaxation spectra of monodisperse polymers with
different molecular masses, expressed in terms of the distribution
function P(l), are similar.

The data listed in Table 15 show that the MMD of polymers
affects their relaxation spectra. Thismanifests itself not only in the
average and maximum relaxation times and dispersion but also in
the g1 and g2 values (relaxation spectra were constructed using the
OIR technique and the results reported by Watanabe and
Kotaka 67). A comparison with various polymer blends showed
that the additivity principle is not valid for at least one binary
blend (molecular masses were 4.276105 and 3.896104). Namely,
the maximum relaxation time was composition independent;
correspondingly, the dispersion was much larger than the value
characteristic of the polymer blend.

This is qualitatively consistent with the conclusions drawn in
another study.83 Unfortunately, data for quantitative character-
isation are insufficient. Nevertheless, it is clear that representation
of a relaxation spectrum in the form of the distribution function
P(l) can serve as a reliable basis for establishment of interrelation
between the relaxation spectrum and the topological structure of
the polymer. This research avenue requires intensive development.

V. Conclusion

Many researchers have put forward the idea of using the relaxa-
tion properties of a polymer for non-destructive quantitative
characterisation of topological structure. This first of all concerns
theMMDas the key structural parameter of high-molecular-mass
compounds.31 ± 33 However, experience showed that the use of the
relaxation curves leads to incorrect conclusions, because these
methods are based on quite different and arbitrary mixing rules.83

We believe that it would be more appropriate to use the relaxation
spectrum, because it is obviously related to the polymer structure.
Indeed, `...a normalised relaxation spectrum is a replica of the
shape of the MMD curve'.243 Here, two problems arise, namely,
(i) calculations of relaxation spectra from relaxation data and (ii)
establishment of a relation between the relaxation spectrum and
the polymer structure.

In this review we tried to show some ways of attacking these
problems. The OIR technique provides a means of stable calcu-
lations of relaxation spectra in the form of the distribution
function P(l), which in turn serves as a reliable basis for the
establishment of correlations between the relaxation spectrum
and the polymer structure.

This approach seems to be not unique. For instance, the
Havriliak ±Negami equation (see above) is related 177, 243 to the
empirical relaxation spectrum, which is based on the Cole ±Cole
model.279 The spectral parameters thus obtained correlate with
the MMDs of some polyethylenes.243 Probably, other character-
istics of the topological structure can also be extracted from this
type of relaxation spectra.

Nearly five decades ago G L Slonimskii put forward a
basically different approach to analysis of the relaxation proper-
ties of polymers.280 The method involves expression of the

0.6

0.7

0.8

0.9

1.0

P(l)
1 2 3 4 5 6

74 72 0 2 log l (s)

Figure 20. Relaxation spectra of monodisperse polystyrene-based poly-

mers plotted in the form of distribution functionsP(l) using the data taken
from Ref. 50.

M61073=39 (1), 70 (2), 128 (3), 275 (4), 770 (5) and 3000 (6).

Table 15. Characteristics of the distribution functions P(l) for bidisperse polystyrene blends (processed data taken from Ref. 67).

w2 lmax /s hlin /s hliw /s s g1 g2

1.0 >10000 1.91 8708 129 77.5 6010

0.4 10000 9.54 4455 206 47.9 2322

0.2 21.5 0.0408 9.895 0.634 33.7 791.15

0.1 13.6 0.0113 6.028 0.261 157.9 2228

0,05 12.4 0.0050 2.263 0.1065 1718 4951

0.01 11.3 0.0025 1.196 0.0546 12450 36500

0 0.022 0.0020 0.0112 0.0043 3.34 11.9

0.4 add 10000 3.95 4609 134.9 73.3 5429.5

0.2 add 10000 1.97 4620 95.38 103.7 10861

0.1 add 10000 1.15 5262 77.78 127.5 16381

Table 14. Characteristics of the distribution functions P(l) for monodis-
perse polystyrene-based polymers having different molecular masses.

M hlin /s hliw /s s g1 g2

3 000 000 2070 20750 31200 1.34 70.181

770 000 19.93 56.05 32.01 1.702 4.566

275 000 0.916 3.245 4.326 2.807 6.387

128 000 0.0465 0.09115 0.0379 70.984 70.707

70 000 0.0045 0.00706 0.0029 70.965 70.776

39 000 9.45661074 6.3261074 1.42361074 0.834 6.5761074

Topological structure and relaxation properties of polymers 963



relaxation relations between stress s and strain e using fractional
derivatives

s�t� � Ela
dae�t�
dt a

, 04a4 1.

At a=0, one gets an equation for the Hooke model (pure
elasticity) while the equation derived at a=1 describes a New-
tonian flow.

However, attempts at using this approach in studies of
particular systems (see, e.g., Ref. 281) have been undertaken
only recently. Clearly, in this case we deal with quite a new view
of the mathematical formalism and physical meaning of the
relaxation spectrum. Here, one must keep in mind that `... if
modelling is intended to understand or to discover new phenom-
ena, the exact mathematical model should be sufficiently sophis-
ticated, especially when several branches of solutions have
different physical meanings. Hence, the study of a sophisticated
exact inverse problem may be not only a pure mathematical
research but also an applied one, where interactions between
ways of modelling and inverse theory are essential'.282

This review has been written with financial support from the
Russian Foundation for Basic Research and the Government of
the Moscow Region (Project r2004naukograd No. 04-01-97202).
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