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Abstract. Modern quantum-chemical methods for the construc-
tion of approximate many-electron wave functions differing from
the traditional Hartree—Fock approximation are considered.
Attention is focused on the methods based on the use of symmetric
groups and nodal surfaces of many-electron wave functions. A
new interpretation of the Pauli exclusion principle is discussed.
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1. Introduction

The latest achievements in theoretical chemistry are largely related
to quantum chemistry. The advent of computers with vector
processors such as CRAY and CYBER in the late-1970s —early-
1980s affected appreciably the status of quantum-chemical calcu-
lation.! Even more pronounced changes in computational quan-
tum chemistry were induced by the appearance of computers with
parallel processors.

The applications of computational quantum-chemical meth-
ods have now gone far beyond the limits of traditional fields of
chemistry (organic, inorganic, physical) and have extended into
many fields of physics, biology, pharmacology, materials science,
etc. The range of these applications is being extended because
more and more problems can be tackled by the techniques of
computational chemistry, which has become a generally recog-
nised source of valuable information. Computers can supplement
(and in some cases replace) conventional laboratory techniques if
experimental information is either insufficient or cannot be gained
due to temperature, concentration or procedural restrictions.

Reliable quantum-chemical predictions of the electronic
structure and physicochemical parameters of molecular systems
are based on ab initio methods, which are more rigorous than the
single-electron Hartree — Fock (HF) approximation and take into
account electron correlation. The development of these methods
receives most attention.!~> Numerous computer programmes
taking account of the electron correlation effects, to some extent,
have now been developed.
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Owing to all-round computerisation and the availability of
major quantum-chemical software programmes to chemists, some
of these programmes have lately been regarded as routine.
Whereas 30 years ago the predictions of quantum chemists were
met, at best, with scepticism, now there is rather a risk of
overestimating the reliability of quantum-chemical results. It
should be borne in mind that the magical words ab initio do not
always ensure high accuracy computations.

One can hardly be confident that quantum-chemical predic-
tions are correct, if, for example, the errors in determining the
system energy, which are involved in any ab initio computation
due to the neglecting of or incomplete allowance for the electron
correlation effects, prove to be much greater than the estimated
activation energies, barriers to internal rotation and inversion,
chemical bond dissociation energies, efc. Therefore, to obtain
reliable physicochemical information using ab initio methods,
effective ways of taking account the electron correlation are
required. It is not by chance that the problems of accurately
calculating correlation effects based on primary principles are
regarded as highly important in quantum chemistry.

Unfortunately, computational procedures for the elimination
of correlation errors are not embedded in all routine quantum-
chemical programmes. Until chemists who run modern comput-
ing machinery realise its limited scope, even the most expensive
ab initio computations will be fraught with artifacts and illegit-
imate conclusions.

A critical analysis' 3 of the trends and prospects for the
development of modern quantum chemistry has shown that
traditional ab initio calculations have reached a sort of limit.
This calls for searching for new ways of solving the Schrédinger
equation for many-electron systems, other than those based on the
HF approximation. While working along this line, we proposed
an approximate method for solving this equation and called it the
many-electron wave function (MWF) method.®

The MWF technique is based on in-depth mathematical
analysis of the generally accepted interpretation of the fundamen-
tal Pauli exclusion principle, which actually forbids not only
‘trivial’, but also many other seemingly quite allowable electron
configurations. A specific feature of the proposed method is that,
in conformity with the views of the founders of quantum mechan-
ics — W Heisenberg, P Dirac and E Schrodinger — paramount
importance is ascribed to analysis of the properties of the nodal
surfaces of antisymmetric MWFs.

The foundation of the MWF method is composed of two
fundamental statements.
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1. Generalisation’ of the Courant—Hilbert theorem for the
case of precise non-relativistic many-electron wave function ¥ for
the electronic state with a specified spin.

2. An original hypothesis,® according to which the Pauli
exclusion principle should be interpreted as the prohibition for
two electrons with identical spins to occur on the same equipo-
tential surface in a given configuration space.

The MWF method has now been tested using a number of “test
systems’ most representative of quantum mechanics.

I1. Retrospective view on the development of ab
initio methods in quantum chemistry

Since the HF method in ab initio approximation is free from
experimental or adjustable parameters, and allows a simple and
vivid interpretation of the calculated properties, many quantum
chemists do not see the point in developing alternative
approaches, referring to the sharp increase in the degree of
computerisation of theoretical investigations observed in the last
decade and to the progress in computer engineering already
attained (and expected in the future). Indeed, the last ~50 years
have seen the transition from scalar computers (three successive
generations) to modern vector computers and computing poten-
tial has sharply increased.

Chemists already have powerful computers of a new architec-
ture at their disposal. Perhaps, not only supercomputers but also
sets of computers operating in parallel with hundreds or thou-
sands of simultaneously operating units could play an important
role in the further development of quantum chemistry and could
initiate a new avalanche of more accurate ab initio calculations
based on the HF approximation. However, most likely, this would
have an adverse effect on the development of theoretical quantum
chemistry, as it is much easier to apply well-developed theoretical
methods to new systems than to develop absolutely new
approaches.

One should bear in mind that apart from the obvious
advantages, the Hartree—Fock approximation has substantial
drawbacks. These drawbacks are due to the fact that in the use
of this approximation, the number of two-electron integrals grows
as m(m + 1)/2, where m = n(n + 1)/2, and n is the number of the
basis functions. This sharp (~n*) dependence imposes natural
restrictions on high-precision ab initio calculations for large
molecular systems. In addition, the electron correlation effects
are often great. For example, the HF approximation does not
describe adequately the dissociation of even diatomic molecules,
especially Bes and F, (Table 1). Usually, such drawbacks can be
eliminated only partially on switching to Configuration Interac-
tion (CI) methods, despite the impressive number (~ 10°) of
configurations additionally taken into account.

However, the popularity of the CI methods is held up by the
fact that the ab initio calculation, which reaches in accuracy the

Table 1. Dissociation energy (in V) of diatomic molecules.!

Molecule HF calculation Experiment
H» 3.64 4.75
Li» 0.17 1.07
Be> see 0.10
B> 0.89 3.09
C 0.79 6.32
N> 5.20 9.91
0> 1.28 5.22
—1.37 1.66
LiH 1.49 2.52
HF 4.38 6.10

#The HF approximation gives a purely ‘repulsive’ curve for the depen-
dence of energy on the distance between the nuclei.

‘Schrédinger’ limit, is not physically obvious, its results requiring
interpretation like experimental data. The point is that in high-
precision ab initio methods, taking into account the configura-
tional interaction, the total wave function is ‘smeared’ over many
thousand determinants, whose clear interpretation is impossible.
It is noteworthy that the implementation of CI methods for
complex molecular systems currently does not provide even a
90% allowance for the electron correlation energy.

At first glance, this is surprising. Indeed, for N = 2 (N is the
number of electrons) for example, for a helium atom or a hydro-
gen molecule, the problem is solved by a high-precision ab initio
method using an advanced computer with an accuracy in energy
down to 10~# a.u. in fractions of a second. Meanwhile, for N = 3
(Li atom) or N =4 (LiH molecule), the same computer can
ensure, at best, an accuracy of ~0.001 a.u. after running for
several hours, i.e., the duration of an equivalent high-precision
calculation increases on passing from N = 2 to N = 4 by approx-
imately ten (!) orders of magnitude. This is accompanied by a
catastrophic complication of the problem, to such an extent that
equally high-precision ab initio calculations are absolutely imprac-
ticable for complex electron systems

This means that on passing to systems with N = 3, the
computational situation changes in principle. This brings about
the viewpoint that, due to the substantial growth of the number of
mathematical operations involved in the use of the Self Consistent
Field (SCF) scheme, even for an insignificant increase in the
number of electrons, high-precision ab initio calculations have
no prospects in most fields of chemistry and materials science,
because they are forcibly meant for relatively small molecules.
Therefore, researchers still pay considerable attention to further
development of semi-empirical methods. However, this is not a
priority line of research, although it is still important. At present,
the problem of searching for fundamentally new methods to solve
the Schrodinger equation for many-electron systems is being
brought to the forefront.!

The specialists engaged in quantum chemistry refuse more and
more often basis concepts related to the model of independent
particles, which are fairly well known to most of physical chemists.
Instead, they have started to borrow diverse theories from solid-
state physics, nuclear physics and related fields,! 3 in which
N-particle problems are solved for N —» co. The mathematical
apparatus used to solve these problems, which had been developed
for ideal translationally invariant systems, was modified in the last
decade; first of all, the simplifications related by translational
symmetry were eliminated, because this is not inherent in finite
molecular systems.

Ab initio methods using the concept of Atomic Pseudo-
potential or Effective Core Potential (ECP) have been developed.
The introduction of this notion made the computation much
simpler and reduced it to considering only valence electrons. Due
to the ‘passivity’ of the core electrons of the inner electron shells,
their influence on the valence electrons is often not taken into
account explicitly, but is modelled by the ECP. Therefore, the
work content of ab initio quantum-chemical calculations sharply
decreases. In addition, it becomes possible to include, without
much difficulty, the relativistic effects created mainly by the core
electrons.’

Many pseudo-potential methods imply the presence of Ny
valence active and N core passive electrons. The full Hamiltonian
(in atomic units) for a system of N = N, + N. electrons is
represented in the form

SR o Y i o= 1 Z'Z
HthWEW(n)%Z; > R (1)

i=1 i A<B

i<j' i

where WA(r,«) is the model pseudo-potential describing the
interaction of valence electrons with the nucleus and with core
electrons of atom A; r is the distance between the electrons, ZC‘ is
the shielded charge of the atomic nucleus (Z = Z* — N%), R is
the distance between the nuclei; 4 and B are the numbers of atom
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nuclei, and 7, and j are the numbers of electrons. For any chemical
element, W (r; ) is a fixed and transferable operator that is usually
determined from calculations of atomic wave functions in the HF
approximation.

The authors of many publications have used, not without
success, by analogy with ECP, schemes of effective single-frag-
ment potentials that simulate the presence of chemically inactive
functional groups in molecular systems. The intuitive reasons in
favour of these schemes look rather convincing, although they can
hardly be called substantiated.

In view of the above, one can plainly see why some research-
ers 19-20 have started bringing Density Functional Theory (DFT)
to the forefront of quantum chemistry. The idea of using DFT to
calculate the ground-state total energies of many-electron systems
was put forward by Thomas and Fermi.?!-22 Their model implies a
completely uncorrelated electron motion. A real N-electron object
is matched to some fictitious system of non-interacting electrons,
which is not identical but equivalent to this object. This system has
the same electron density p (r) as the initial system, consisting of
interacting electrons.

Initially, the Thomas — Fermi model was perceived as a useful
simplification based on the assumption that the energy of this
quantum system can be expressed in terms of the electron density.
This hypothesis has been formally proven by the Hohenberg—
Kohn theorem,!? according to which the ground-state energy of a
system of electrons in an external field is the functional (moreover,
the only) of the single-particle density p(r). After the appearance
of this theorem, the interest of researchers in the DFT has sharply
grown.

Modifications of DFT have been described in numerous
publications (see, for example, the studies 2~ 14). It is worthy to
note that the early Slater model, borrowed from the solid-state
physics, actually reduces the problem of solving the many-particle
Schrédinger equation to the solution of the one-particle differ-
ential equation

1
{fzv% + V) + v (r)] Pl () = gl (), 2
where V2 (r) is the Coulomb potential (including the contribution
of the electron self-action), V2= (r) is the exchange Slater potential

x 3ol s
VR0 = =3[ o] =ar S ®

‘P,’.Y* is a single-electron orbital and S;Y“ is its energy.

Expressions (2) and (3) reflect the essence of the so-called X,
method. A scaling parameter o appeared historically during the
development of the X, method and is included in its name. An «
value, chosen from the 2/3 to 1 range, is usually accepted for the
calculations.

The Slater potential has been successfully used in quantum
chemistry for many years, despite the lack of a strict theoretical
substantiation of its use for inhomogeneous electron density. A lot
of effort was concentrated on the problem of improving of
potential (3), which favoured to a considerable extent the success-
ful development of general DFT methods involving the exchange-
correlation potential

.= @)
where E.. is the exchange-correlation energy functional.

Among the variants of DFT, the Kohn—Sham (KS) variant is
currently the most popular and best developed.!! This version can,
in principle, be considered as a quantum-mechanical general-
isation of the Thomas— Fermi model. In this scheme, the solution
of the many-electron Schrédinger equation is reduced to the
solution of a single-electron equation of type (2), in which the
full effective potential is the sum of three potentials: nuclear
Viue(r), the classical Coulomb electron V(r), and the exchange-
correlation Ve(r) potentials. The magnitude of the exchange-
correlation potential at point r is assumed to depend only on the

electron density p(r) at this point. The resulting single-electron
equation is solved by iterations; hence, this scheme is self-
consistent.

The KS equation closely resembles the Hartree — Fock equa-
tion. The difference is that in the KS equation, the orbital-
dependent exchange HF operator is formally replaced by the
exchange-correlation (taking into account the electron correla-
tion) operator Vec(r), which depends on p(r) (and on the spin
density in the spin-polarised DFT versions). Therefore, the form
of the matrix elements of the ‘modified Fockian’ become simpler
and, in practice, single-electron molecular orbitals (MO) y; can be
represented by linear combinations of not only Gaussian type
functions (GTF) but also other functions such as Slater type
orbitals (STO), numerical Hartree — Fock atomic orbitals, planar
waves, efc. The use of GTF in the KS, as in the Hartree — Fock
theory, accelerates the computation of multicentre integrals,
opens up the way for constructing efficient and precise basis sets
that are still relatively small, simplifies the analytical determina-
tion of the energy gradients, etc. Moreover, all the experience
accumulated in the HF theory regarding the selection of basis sets
can be used in the DFT calculation of molecular systems.

As applied to molecules with large numbers of atoms, some
variants of the SCF approach based on DFT prove to be much
more attractive than ab initio methods, because the number of
arithmetic operations in DFT increases as ~ N 3, rather than ~ N4
as in the HF approximation or ~N3 as in the CI scheme. At
present, DFT is a rapidly developing field of quantum chemistry.
The popularity of DFT is largely determined by the fact that it
allows one to study complicated and real rather than model
objects, while requiring much fewer resources and less computer
time than the HF calculations. Moreover, DFT usually provides
much better agreement with experiment, especially for transition
element compounds.!?

In the KS model, the equality of the densities p(r) in the real
and equivalent systems is provided by the functional Vks(r). If this
functional was known exactly, it would be possible to determine
the energy of a real system by solving a model single-particle KS
equation. Unfortunately, the exact form of this functional is most
often unknown; therefore, the only way forward than is to use
model forms.

The exchange-correlation functional should be defined in such
a way as to ensure the required accuracy of property calculations.
As a rule, it exhibits an appreciable dependence on the accepted
geometry of the system and the set of basis functions chosen; the
convergence of the results is often deteriorated upon increasing
the size of the basis set.?? Therefore, it is not always clear whether
the recommended functionals tested for determination of partic-
ular characteristics would be suitable for accurate prediction of
other, qualitatively different characteristics of chemical com-
pounds.

A number of expressions for Vec(r) have now been proposed
within the framework of the Local Density (LD) approxima-
tion.'2~ 15 Almost all these expressions can formally be reduced to
the following formula

Vee(r) = a(r) V2 (r), 5

whose form emphasises the relationship between the LD approx-
imation and the X, method [¢f. Eqn (3)]. Note also that numerous
Local Spin Density (LSD) and Gradient-Corrected Local Spin
Density (GCLSD) functionals have been developed; in addition to
the spin densities p* and p#, these contain their gradients Y/ p* and
WV pP, which take into account the non-uniformity of spin distri-
butions in real systems compared to the spin distributions in the
homogeneous electron gas models, in which the motion of
electrons is uncorrelated.!® Gradient-corrected functionals have
markedly increased the reliability of the DFT-based methods.

It should be especially emphasised that the LD approximation
plays more or less the same role in modern DFT as ascribed to the
HF approximation in the theory of many-electron systems. Mean-
while, the LD approach has a substantial benefit as it is less
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labour-consuming, despite the partial allowance for electron
correlation (within the electron gas model). The main difficulty
in using LD approximation is the lack of strict systematic methods
for correcting errors, i.e., the corrections applied often rely on the
researcher’s flair.

Apart from the inclusion of gradient corrections into the
energy functional, the idea of combining the HF and LD approx-
imations has been implemented beyond the LD scheme,!® giving
rise to a more labour-consuming but more efficient method. This
method makes use of a special three-parameter hybrid B3LYP
functional (Becke—Lee—Yang—Parr) that contains three semi-
empirical coefficients (a9 = 0.80, a. = 0.72, a. = 0.81), selected by
experimental data adjustment of 56 atomisation energy, 42
ionisation potential, 8 proton affinity and 10 atomic energy values
for a specially selected set of molecules. Currently, the B3LYP
approximation is universally used to perform high-precision
calculations of thermochemical and spectroscopic parameters for
relatively simple molecular systems. The B3LYP functional in
combination with specially constructed basis sets of a moderate
size have also proved applicable for studying structure — property
relationships (see the references cited in Ref. 23).

Analysis of the use of local approximation for the exchange
contribution 225 has shown that the most serious errors are due
to the changes that take place to the ‘angular’ nodal surfaces of
wave functions.

The Quantum Monte Carlo (QMC) methods brought to
quantum chemistry in the 1970s—1980s from nuclear physics
may appear quite promising.?®~2® The most widely used QMC
approaches are the Variational Quantum Monte Carlo (VQMC),
Diffusion Quantum Monte Carlo (DQMC) and Green’s Function
Quantum Monte Carlo (GFQMC) methods. These methods are
closely related to one another, but each has its own specific
features, advantages and disadvantages.

The main approximations of VQMC are, in principle, the
same as those of the traditional analytical variational approach;
however, the required integrals should be found using special
Monte Carlo methods. In this approximation, the expected total
electron energy (E) is estimated using the local energies
(Ee= H ¥,/¥,) for the trial wave function ¥, and using its
square as the weight factor

letz([fp[/t/q/[)dr Z 'Pz H'P‘/qjt)
(E) = = lim = : (6)
J‘I’fdr

In expression (6), summation is usually carried out over the
arbitrary points in the electron configuration space, which is
characterised by probabilities proportional to ¥2. As in analytical
variational computations, the (E) value is an upper estimate of
the Schrodinger energy.

With this approach there is no need to carry out numerical
integration; to determine Ej.., one only has to calculate the
HW,/¥, values at specified points. Therefore, this function can
acquire any form and even contain the electron—electron distan-
ces ry; in an explicit form. Hence, by using relatively simple trial
functions, one can take into account the electron correlation
effects with much higher accuracy, which would result in a much
lower expected energy for a molecular system than that corre-
sponding to the Hartree — Fock limit.26-27

The so-called diffusion version of the QMC method is physi-
cally explicit and provides high accuracy to the energetic charac-
teristics of atoms and molecules, because the correlation energy is
often taken into account to 80% —100%. The expediency of using
the DQMC method to solve the stationary Schrédinger equation

R) + V¥(R)

= E¥(R) @)

can be easily understood by paying attention to the formal
similarity between the non-stationary Schrédinger equation for a
single electron of mass m. in imaginary time t = iz

Y(r,t) h o, -
PP 2meV Y(r,7) — V()P (r,1) (8)
and the branching diffusion equation
R
w = DV*C(R, 1) — kC(R, 1), )

where R is a 3 N-dimensional vector that specifies the coordinates
of N electrons in a molecular system. The potential energy
operator for the system has the form

LB W I I

i Ti i=1A=1 T

Z ZZAZBG .

A>B

(10)

As previously, the 7 and j subscripts designate the electrons, 4 and
B correspond to the nuclei, e is the charge of the electron and Z 4 is
the charge of nucleus A. The second term in the right-hand part of
Eqn (9) describes the concentration C of particles that diffuse with
probability k (the first-order rate constant for a chemical reac-
tion), the random path Ar they effectively travel in time At being
determined through the diffusion coefficient D using the Einstein
relation

1 (Ar)?
- 11
2 At an
It is assumed that the ¥(R,7) value corresponds to C(R,?), V(R) to
k and h?/2me to D.

In the diffusion version of the QMC method, the function
Y(R,7) acquires the meaning of the density of imaginary ‘walkers,’
the search for the solution of stationary Eqn (7) is equivalent to
the search for the solution of a type (8) equation for an equili-
brium stable state. When simulating the Schréodinger equation in
imaginary time, Ar and Azin relation (11) are chosen in such a way
as to ensure that D is close to 4/ 2m, . In particular, for the H,
molecule with fixed 4 and B nuclei (the Born—Oppenheimer
approximation), the Schrodinger equation in imaginary time has
the following form (in atomic units):

@'{’ ! 1V2'P VY,
ot

the potential energy operator (/), without allowance for the
internuclear repulsion, being determined using the formula
. 1 1 1 1 1
+

9
'a T T T T2

V2W+ 12)

(13)

where r; 4 is the distance between electron 1 and the proton 4, and
r12 is the interelectron distance. Then, in designations of the
diffusion equation, we have D = 1/2and k = V.

Along with DQMC, the GFQMC technique is often used;?°
this is underlain by the fact that the time-independent Schrédinger
equation can be written in the form

=y viw 2 YRy g

= R),
where k2 = —2mE/h*. For the k2 value to be positive, the energy
value should be negative. Hence, it is necessary to specify an
appropriate reference level of the potential energy. The Green
function for Eqn (14) that satisfies the required boundary con-
ditions (¥ — 0 for R — o0) can be represented as follows

R)+K*¥(R) = (14)

k|IR' — R|
R|3N/2—1 >

K3n/2-1
n)*N? kIR —

G(R—R') = (15)

where K is the modified Bessel function and N is the number of
electrons.
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The search for ¥(R) within the framework of the GFQMC
method is accomplished by iterations using the arbitrary initial
wave function ¥Yo(R)

V(R)

¥, (R) = JG(R ~ R)—=>¥,(R)dR. (16)

The iteration procedure is carried out until the verification shows
that the process convergence has been attained. In essence,
G(R - R') in Eqn (16) is the probability of transforming one
electron configuration (R) into the other (R') through arbitrary
motion of each electron.

The solution of the Schrédinger equation for molecules by the
GFQMC method is faced with substantial difficulties caused, first
of all, by the properties of the Coulomb potential and the
antisymmetry requirement. The time-dependent many-electron
wave function ¥Y(R,) is represented at the initial instant [¥(R,0)]
as a set of 3V coordinates of electrons. For example, for LiH, this
ensemble would consist of 12 Cartesian coordinates that deter-
mine the spatial arrangement of each of the four electrons. Any
specified electron configuration defines one point (R) in a
3N-coordinate space, the set of these allowed configurations is
considered as a configurational ensemble.

If the second addend in the right-hand part of Eqn (8) were
missing, this would correspond to the usual diffusion equation
with coefficient D, and would describe particle ‘walk’ in the
configuration space. However, only in the presence of this addend,
is Eqn (8) applicable to branching processes, for example radio-
active decay, or the exponential development of populations. This
branching is due to a decrease in the probability density in the
regions with greater values for the V(R) potential and its increase
in the regions with a low potential energy.

The interpretation of Eqn (8) as a diffusion equation implies
that the ‘walker’ density [i.e., ¥(R,?)] should always be positive.
Since the phase of the function ¥Y(R,?) is arbitrary, the function
can also always be negative; it must have one sign. This require-
ment is equivalent to the absence of nodes in the ¥(R,?) function.

However, in the case of Fermi systems, the MWF can have
nodes or a change in the sign. Therefore, to retain the analogy with
the diffusion equation, the regions of positive and negative MWF
values should be considered separately. The exclusion of the
‘walk’ between these regions is called the fixed-node approxima-
tion of the QMC method. Equation (8) is solved by the variational
method separately for each node-free region, with application of
the conditions W(R,t) = 0 only at the boundary of this region. As
applied to the branching diffusion process, this means that as soon
as a ‘walker’ reaches the boundary of its region, it is destroyed.

Until recently, researchers have paid relatively little attention
to the topological structure and other properties of MWF nodal
hypersurfaces. In practice, the QMC method was used most often
to upgrade the existing MWFs with known nodal hypersurfaces.

The trial function W(R,t) should possess the following
properties:

(1) be rather simple, which would allow fast calculation of the
value of the function and its derivatives;

(2) be a smooth and well-defined function of the argument R,
in order to avoid difficulties in the calculation of the local energies
(HYP Vo)

(3) have nodal surfaces close to the Schrédinger ones, in order
to ensure a sufficiently high accuracy calculated to the energy.

The last two requirements are better fulfilled when ¥, is close
to the exact solution of the Schrédinger equation. Therefore, when
determining ¥4, it is expedient to invoke everything that is known
about the sought-after exact solution (symmetry conditions,
boundary conditions, ezc. ).

It has been recommended 27-28 to divide the electron config-
uration space into two parts by means of a hypersurface in which
Y(R) = 0 for any electron pair with parallel spins. Then, the
resulting MWF would possess the required antisymmetry if it is
specified to be positive on one side and negative on the other side

of the nodal hypersurface. For describing excited electron states, a
larger number of such hypersurfaces are required.

However, it is no confidence that the above arbitrary division
of the electron configuration space would give a wave function
corresponding to the ground state. Moreover, a mathematically
feasible solution of the Schrédinger equation does not always have
a physical meaning. Without strict rules for defining the nodal
hypersurfaces, finding a sufficiently accurate upper estimate of the
desired energy may require variation of the chosen nodal hyper-
surfaces.

The application of Eqn (8) to the branching walk is faced with
certain difficulties. The point being that the branching rate,
proportional to the Coulomb potential, can become very high
when the ‘walkers’ closely approach each other, which would
entail a pronounced fluctuation of their number. However, such
fluctuations and hence the statistical uncertainty in solving
equations such as Eqn (8), can be substantially reduced by using
the so-called Importance Sampling (IS) procedure proposed
~35 years ago.?® The essence of IS is the use of preliminary
knowledge of the properties of MWF in order to make quantum-
chemical calculations more accurate; the procedure involves the
introduction of a ‘controlling’ function g(R), meant to meet the
symmetry requirements of the desired function ¥(R,f). This
allows one to operate with ®(R,t) = Y(R,1)g(R) rather than with
Y(R,?). This markedly enhances the accuracy of QMC estimates
of the mean values of physical quantities.?0—28

In order to be interpretable as the probability density corre-
sponding to the Schrédinger equation, the function @(R,?) should
be non-negative [@(R,f) = 0]. This means that the functions
Y(R,t) and g(R) have identical signs. However, they change the
sign on permutation of electrons with identical spins, i.e., they are
positive in some regions of the configuration space and negative in
other regions; the dimensions and shapes of these regions being
entirely determined by the nodal surfaces. Thus, the requirement
for non-negative definiteness of the function @(R,¢) is equivalent
to the requirement of coincidence for the nodal surfaces of ¥(R,1)
and g(R).

The condition of the presence of identical nodes for MWF and
g(R) restricts the arbitrariness in choosing the function ¥Y(R,?).
Due to the use of the fixed-node approximation, any electron
configuration should be excluded from the configuration ensem-
ble (see above) if it crosses the nodal surface for ¥ (R,r) upon
shifting from R. This requirement is equivalent to the presence of
an infinitely high barrier (potential) at g(R) = 0. With this formal-
ism, the ‘controlling’ function g(R) fixes the nodes of the MWF
and thus influences the accuracy of calculations. The closer the
nodal surfaces of the ‘controlling’ and the proper (exact) func-
tions, the more accurate the obtained solution of the Schrédinger
equation.26-28

The choice of optimal trial MWF is dictated by a compromise
between two criteria. On the one hand, it is desirable that the
function ¥ in the QMC calculation be as simple as possible,
because this markedly shortens the time it takes to calculate its
first and second derivatives at points R of the spinless config-
uration space (this computation has to be repeated up to
107 times).2%~28 On the other hand, it would be better if the trial
function ¥, were as close as possible to the Schrédinger one,
because in this case, the statistical deviations decrease and the
MWEF nodes are located more correctly.

The results of particular computations (see the references cited
in Ref. 26) have shown that a plausible compromise results from
using an expression for ¥, equal to the product of the Slater
determinant det(Qx) (k, [ are the numbers of lines and columns in
the determinant), and the electron—electron and electron—
nuclear Jastrow’s factors (see the references in Refs 26, 28),
which impose the required conditions on ¥, for r; — 0 and
rig =0,

- Gty ~Zadialia
Y (R) = det(Qy) exp(Z] + bry Z 1+ br; 4 ) )

i>j i,A
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Jastrow’s factors allow one to explicitly take into account the
correlation in the electron motion. Usually, it is taken that
a; = 1/8D for electrons i and j with parallel spins, a;; = 1/4D in
the case of antiparallel spins and a; 4 = 1/2D; the parameter b is
considered as a variable parameter during energy minimisation [D
is the diffusion coefficient, see expression (11)].

Since the Jastrow’s factors are positive, they do not affect the
trial function (17) nodes, which are totally dictated by the Slater
determinant. The molecular orbitals ¢i(r) are usually linear
combinations of exponential functions (linear combinations of
atomic orbitals), determined by the SCF procedure. Attempts at
using multideterminant SCF trial functions instead of one Slater
determinant are still few and far between.?6—28

The energy characteristics calculated by the QMC method for
both small and large molecules and for clusters are usually much
more accurate than those obtained when using other quantum-
chemical approaches. During recent years, substantial progress
has been made by using QMC methods.?® QMC methods have
proved highly efficient in studies of rather complex molecules,
electron —positron systems, vibronic effects and so on. However,
the difficulties encountered in their use are still great, especially for
many-electron compounds containing atoms heavier than fluo-
rine. In these cases, the accuracy of the QMC methods decreases
sharply. The statistical error inherent in QMC calculations is,
most often, proportional to 1~ /2 (¢ is the computer time spent).3°

Currently, QMC methods are used most of all, for the
improvement of the existing wave functions of which the nodal
hypersurfaces are known. Unfortunately, a strict definition of
MWEF nodal hypersurfaces is problematic.

The testing of various QMC versions (see the references cited
in Ref. 31) has shown that most of them are unstable. This
accounts for the inadmissible expenses of computer provision
needed to attain high accuracy. Among the innovations discussed
in detail in the literature, mention should be made of the
uncoupled node procedure with subspace design 3? and a version
of the mirror potential method 3* meant for electron systems.
Some known approaches have been modified rather success-
fully.3% 3>

Unfortunately, in most cases, it is only possible to evaluate the
correctness of choice of MWF nodal hypersurfaces that separate
the configuration space into the regions with constant sign by
solving the Schrodinger equation with a plausible accuracy. To
have physical meaning, the MWF thus found should satisfy the
general principles of quantum mechanics (spin and symmetry
ones), which were defined back in 1925—1926 by Pauli, Dirac and
Heisenberg.30-3% In 19271928, Wigner, Hund and Heitler for-
mulated these principles in terms of group theory.?*~4! In the
1920s, researchers paid much attention to a thorough investiga-
tion into the properties of MWF nodal surfaces.

After Slater #> had introduced (in 1929) a determinant repre-
sentation for the MWF, the problem of nodal surfaces receded
into the background for a long period. Indeed, when Slater
determinants are used, the antisymmetry of trial many-electron
functions is ensured automatically. In addition, according to the
theorem proven by Levdin,** an exact MWF for the ground or
excited state of an N-electron system can be represented as a linear
combination of all sorts of Slater determinants (with Nx N
dimensionality), which include single-electron spin orbitals that
constitute the mathematically full set of basis functions.

Probably, due to the above, the interest in detailed investiga-
tions of the structures of MWFs in solving the Schrédinger
equation by the variational method has been lost. In the MWF
method being developed, this problem has acquired again a prime
importance (thus illustrating the well-known proverb that new is
well-forgotten old).

I11. Many-electron wave functions

Antisymmetry and diversity of the nodal surfaces are fundamental
characteristics of the MWF. If the potential possesses the sym-

metry property, the Hamiltonian eigen functions ¥; (solutions of
the stationary Schrédinger equation HY =E ¥) can be classified
according to irreducible representations of an appropriate sym-
metry group. Unlike single-electron orbitals, a physically accept-
able MWF reflects not only the point symmetry of the
Hamiltonian but also its invariance with respect to permutations
of the spin and space electron coordinates; in addition, it vanishes
on nodal surfaces predetermined by permutation symmetry. It is
obvious that even for N =3 and for the ground state of an
N-electron system, it is impossible to construct a many-electron
wave function ¥, without nodes.

The nodal surfaces divide the whole coordinate space in which
the MWF is specified into the regions in which its sign is constant
(positive on one side and negative on the other side of each nodal
surface). Since the MWF is 3N-dimensional, one can hardly rely
on intuition in attempts to visualise the nodal hypersurfaces.
Visual representation of these, even for very simple systems (He
and H3), is possible only by constructing 3D cross-sections of the
3N-dimensional space with fixed positions for all particles, except
for one electron. 43

The antisymmetry requirements of the function ¥; relative to
the permutations of the spatial coordinates of electrons with
parallel spins, except for systems such as He (3S), do not suffice
for correct determination of the coordinates of the nodal surfaces,
although this strongly restricts the arbitrariness of the a priori
selection of the shape of these surfaces.?! In essence, the Wigner
approach (discussed in a publication ) is unable to provide
efficient assistance, as it does not contain any practical recom-
mendations on constructing the coordinate (spinless) MWF with
the required symmetry properties. The method outlined below
takes into account the limitations of the generally accepted
interpretation of the fundamental Pauli exclusion principle.

The canonical interpretation of the Pauli principle for a many-
electron atom states that two electrons with identical spins cannot
exist in the same state specified by four quantum numbers. In the
HF approximation, the sought-after MWF is represented by the
Slater determinant, thus ensuring fulfilment of the Pauli principle
and antisymmetry with respect to the corresponding electron
permutations.

The antisymmetry requirement for the MWF means the
presence of a definite set of nodal surfaces in the multidimensional
configuration space. The probability of finding an electron con-
figuration on this surface is equal to zero. It is beyond doubt that
for any many-electron system, solution of the stationary Schro-
dinger equation should vanish on a nodal surface. Among the
possible diverse multidimensional nodal surfaces, there exist some
that determine the configurations corresponding to the occur-
rence of a pair of electrons with the same orientation of spins at the
same point in space. The exclusion of such configurations by the
Pauli principle is taken into account automatically when the
antisymmetric MWF is constructed. However, in reality, apart
from these configurations, the Pauli principle forbids a multitude
of other, seemingly quite acceptable configurations.*’

The main feature distinguishing this approach from the
Hartree— Fock one is the investigation of the possible form of
nodal surfaces. This essentially narrows down the excessively
broad set of acceptable antisymmetric functions by distinguishing
the functions that satisfy the boundary conditions derived from
the modern interpretation*’ of the Pauli principle. It can be
demonstrated, for example, that the Slater determinants corre-
sponding to different electron configurations turn to zero on non-
coincident surfaces. Therefore, the CI calculations converge
slowly, as one has to consider a very large number of determinants
with different nodal surfaces in order to approach the true
(Schrodinger) MWF and corresponding nodal surface. If it was
possible to determine @ priori the nodal surfaces and use them for
constructing the trial MWF, the convergence of quantum-chem-
ical calculations would be substantially faster and the accuracy
higher.
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In addition, owing to the use of a symmetric group in the
MWEF construction, the computational procedure becomes much
simpler, because for a system of N electrons, the initial problem is
finally reduced, without loss of accuracy, to N!identical problems,
but with a smaller integration region.*”-48 Indeed, if a system with
spin S has K = (N/2)+S electrons with the spin coordinates
s;i= +1/2 (set I) and N—K = (N /2)—S electrons with s; =
—1/2 (set J), then among the total group of permutations Sy,
one can distinguish the subgroups Sk and Sy_k acting on the
elements of sets 7 and J, respectively. The direct product of these
subgroups Sk X Sy_x=S(I,J) can be reasonably termed as a
‘spin-invariant subgroup’, as its elements act only on the electrons
with the same projections of the spin.*°

The use of ‘spin-invariant subgroups’ for solving the Schro-
dinger equation allows one to handle only the part of the wave
function which is antisymmetric with respect to electron permu-
tations contained in S(7,J) rather than the whole many-electron
wave function ¥Y(ry, si; ...; ¥n, sny). The full MWF is easily restored
from this part by means of appropriate symmetry operations.
With this approach, the number of integrals needed to calculate
the matrix elements of the Hamiltonian decreases by a factor of
M = NI{[(N2)+ SII(N/2)—S1}.

The problem of methods suitable for the practical construc-
tion of the functions ¥(ri, si; ...; rn, sy) having a different physical
meaning from spinless functions, which depend only on spatial
coordinates r; and possess the required symmetry properties, has
been studied comprehensively by Fok.4¢ Both the Pauli principle
and the equation for the full spin angular momentum

SP(x1, ey xy) = S(S+ 1P (a1, ey xy) (18)

(x; designates the set of spatial coordinates and the spin variable
for ith electron) were taken into account 4‘1 by strict mathematical
techniques. By representing the operator S as

s N X
S :N—T-&-EP,-,-, (19)

i<j

where }3!-7- is the permutation operator for spin variables s; and s;,
Fok expressed the full MWF for a system of N electrons through
only the spinless wave function [for k electrons with parallel spins
and (N — k) electrons with antiparallel spins]

VY= ?’(rl,r27...,rk|rk+1,rk+27...7rN) (20)

and formulated the following necessary and sufficient symmetry
properties for the latter:

(1) antisymmetry with respect to k arguments on the left of the
vertical line in series (20), for example,

W (Fy Ly e F g1y oo s ) = =P, P2y o PPt oy PN

(2) antisymmetry with respect to (N—k) arguments on the
right of the vertical line in series (20), for example

'Il(rl PR rk‘rkJrZa Fi1y oo 7rN) = —'P(l‘], ) rk‘rlﬁrl y P42 vee s rN);
(3) so-called cyclic symmetry, expressed by the following
equalities:
when (N —k) is even
(1+P+P+..+PVFp =0, )
when (N —k) is odd
(1-P+P— .. —PVRyp—y, (22)

where P designates the cyclic permutation of the arguments
(ks "k + 1, .- » NV ), Le., the permutation in which each term of the
cycle (¢, i+ 1, ..., Fv) 1s replaced by the next one, and the last term
by the first one.

It follows from expressions (21) and (22) that a system of two
electrons with a total spin of zero (S=0, N=2, k=1) is
described by a symmetric Schrédinger function, while its triplet
state (S=1, N=2, k=0) is described by an antisymmetric
function relative to the spatial coordinates of the electrons. The

Schrédinger wave function does not depend on spin variables;
however, in this case, the resultant spin is reflected in its properties
by governing the symmetry and the nodal surface.

An example of a many-electron function that satisfies the
three above-indicated conditions of symmetry, exceptionally
important for quantum chemistry, is the product of two determi-
nants 46

¥ =|A4] x |B], (23)
where
©1(res1) ON—k(Pis1) @1 (r) @i (r1)
Al=| . CBl=]| ..
@1 (ry) Pn-i(ry) @ (ry) @ (re)
and 2k < N.

These determinants are composed of one set of single-electron
orbitals {@1(r),p2(r), ..., oy —i(r)}, the greater of them containing
all (N—k) orbitals, and the smaller of them containing only the
first kK wave functions present in the set.

A similar consideration #%-30-35 of the symmetry properties
and nodal MWF having a physical meaning, and taking into
account the most meaningful properties of nodal surfaces, has
resulted in the formulation of a theorem 7 that is a generalisation
of the Courant—Hilbert 3¢ theorem, concerning the nodes of the
eigen functions of elliptical operators, and the theorem proven by
Zhislin >7 on the nodes of the eigen functions of the Schrédinger
operator, without the requirement of their permutation antisym-
metry. According to the formulation of this theorem in the study,’
there exists an eigen function ¥Yo(ry,rz,...,ry) of an N-electron
Schrédinger operator

~ 1 N , N N 1 M N ZA
SRS RS
i= i j>i v A=1i=1

that corresponds to the ground electronic state with the spin S,

and whose nodal surfaces divide the Euclidean space
IR*N = {r,ry, ...,ry} into at least

L = (N/2+S8)! (N)2—S)!
regions Qy, ..., Q;, with constant sign. Any of these Q, regions can

be regarded as fundamental, while the others are regarded as its
copies. The total many-electron wave function ¥ can be restored,
based on the distinguished part, by using symmetry operations.

The continuous function ¥, within each constant-sign region
is not equal to zero but becomes zero at the boundary. Due to the
splitting of the whole space |R3N into L Q; regions, the determi-
nation of MWF becomes ~ L times simpler, without a loss of
accuracy due to the transition from the integration over \R3N to
the Q; region. In the case of a large value of N, the number L is
great. Moreover, in this case, there is no need to consider the
symmetry of the desired function or its spin part, isolated as a
multiplier; instead, it is sufficient that the function is equal to zero
at the boundary of the fundamental region.

The possibility of restoring the full MWF by means of
symmetry operations should certainly facilitate high-precision
calculation of the observed values and the construction of a trial
MWEF for the stationary states of given multiplicity. In view of the
possibility of replacing the antisymmetrisation over the whole
group of permutations Sy by antisymmetrisation over the spin-
invariant subgroup S(/,J) of this group (see above), strictly
substantiated mathematically, the degree of computation
involved in the numerical solution of the Schrédinger equation is
expected to be reduced by a factor of L x M = N!. For example,
for the molecule LiH (N = 4), one can expect a 24-fold increase in
the calculation performance compared to that used traditionally;
for the CH4 molecule (N = 10), this increase may be up to
3628 800-fold.

For any atomic or molecular system, each electronic state is
matched by the MWF nodal surfaces. The antisymmetry of the
MWF with respect to particle permutations is inherent only in
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many-electron systems. Many-electron wave functions differ
appreciably from the single-electron functions familiar to chem-
ists, namely AOs or MOs. (Note that the MWF is represented in
the CI method as the sum of antisymmetrised derivatives of single-
electron functions.*?) For example, the spatial part of the MWF
for the triplet state of a helium atom in the HF approximation has
the form

W) = —= [0 (1)02(r2) — 91 (1) a(r1)] 25)

V2

where ¢; and ¢, are the Hartree-Fock AOs. Even if the coor-
dinates of, for example, electron 1 are such that they correspond to
the node of the ¢;-AO, i.e., p(r1) = 0, the function 3¥(ry, ry) still
does not necessarily become zero, because the term
[— @1(r2)pa(r1)] can be non-zero. The condition 3¥(ry,r2) = 0 is
attained only when both constituents in the right-hand part of Eqn
(25) coincide. Similarly, it can be considered that (except for the
ground states of two-electron systems, for which spatial antisym-
metry is completely ruled out) an antisymmetrised MWEF has
nodes even when it is constructed from nodeless AOs or MOs.

In the case of the 3S state of helium, the MWF can be
expressed exactly through the electron—nuclear (r1,r2) and elec-
tron—electron (r1») distances.”® The MWF should be antisym-
metric with respect to the permutation of electrons 1 and 2, i.e.,

W(ri o) = =¥ (ry,ri,m); (26)

hence, taking into account that r12 = rp;, we get the condition
r1 = rp, at which the MWF vanishes.

Unfortunately, the cases in which the exact form of the
(3N—1)-dimensional MWF nodal surface can be established
a priori from symmetry considerations alone are very scarce. As
a rule, this task cannot be solved, first of all due to the large
number of variables.

In view of the special significance of the MWF nodes, it
appears expedient to introduce a special factor into the expression
for the trial wave function, which could specify explicitly the form
of its nodal surface. One more factor should be defined only in one
of the constant-sign MWF regions (see above). According to a
hypothesis,® 47 the eigen functions of the N-electron Schrédinger
operator have nodal surfaces defined by the equation with the
potential functions of form

w3 £

K77 Tii Ty =i \T4i T'4j

@7

It is assumed that electrons (7,7 ) have the same spin orientation.
This means that any two electrons with parallel spins are prohib-
ited from occurring on the same equipotential surface (the
equipotential surface prohibition principle).

In the general case, one should expect that for isoelectronic
compounds of different types, the forms of the equipotential
surfaces would be different, first of all, due to differences between
their nuclear configurations. According to the equipotential sur-
face prohibition principle, the function ¥Y(ry, ..., ry) must have the
same nodes as found for the set of potential functions Uj; of the
electron —nuclear system. This requirement specifies the form and
the minimum number of nodal surfaces related to the coordinate
permutations for any electron pair. This eliminates the necessity of
solution antisymmetry, because, as noted above, it is ensured
automatically by the procedure of further construction of the full
MWF.

The sought-after function ¥Y(ry,...,ry) can, of course, have
additional nodal surfaces, which are missing from the set of
potential functions U;;. Moreover, it cannot be ruled out that the
proposed hypothesis would not find a reasonable substantiation;
however, it appears expedient to verify this hypothesis by means
of high-precision ab initio calculations for simple test objects.

IV. Testing of many-electron wave functions

The statements outlined above form the basis of the MWF
method. They can be validated using a simple example — the
calculation of the ground triplet state of helium (3S). Experimental
chemists usually treat the ‘quantum chemistry of helium’ as
useless and dull. However, the unique opportunity to obtain
results of exceptionally high accuracy has become the reason
why the helium atom is most often chosen as the test system to
verify many-electron theories.

In 1959, Pekeris®® used a 1078-term trial function and
obtained the best, at that time, value for the total energy of the
1s% (1S) state of helium

Ey = —2.903724375 a.u.

Later,°® using the approach proposed by Fok.°! the basis set was
reduced to 246 functions and the accuracy of calculations was
increased, giving the value

Ey = —2.9037243770326 a.u.

The same procedure, together with additional analysis ©> using
only a 230-term function of the same form, gave the value

Ey = —2.90372437703407 a.u.

Note that according to some estimates,®? attaining a comparable
accuracy in the CI method would require ~10* terms in the
Legendre expansion and ~ 10'? electron configurations.

Calculations for the 1s2s (3S) state should be better performed
by a different technique.®* Formally, the permutation of particles
in the configuration space {ry, r, r12} implies the interchange of r
and r; for ri2 = ra;. Thus, the r; = r, surface divides the config-
uration space into two regions, and in one of them (r; > r» or
r2 = r1), one has to find the solution of the Schrédinger equation
that takes into account the boundary condition imposed on the
wave function

'P(l‘],}’z, i’]z)‘,,]:r2 = 0.

With this approach, it is possible to use trial wave functions of
two types

P(r,ry,rp) = (™" = eiwz)eiﬁ(rl HZ)T;("lﬂ‘z,”lz),

P(ry,ra, ) = (€7 — e )e PRIy 1y 1),

(28)
(29)

where ¥, is symmetric and ¥, is an arbitrary polynomial
containing n terms. The first exponential factor in these functions
corresponds to the antisymmetry condition, while the second one
corresponds to the requirement of fast vanishing at large distances
between the nucleus and the electrons. Function (28) is antisym-
metric, unlike function (29); however, it can be reflected on the
other half of the configuration space antisymmetrically, relative to
the r1 = r» surface.

A practical advantage of expression (29) is that the class of
functions used to approximate the solution of the Schrédinger
equation is much broader, as the set of symmetric polynomials
{¥;} is a subset of the arbitrary polynomials { ¥} }; therefore, the
polynomial expansion (29) converges much faster than the expan-
sion of (28). Rejection of the symmetry restrictions allows one to
construct a broader class of trial functions using arbitrary poly-
nomials. For example, in the case of a second-order polynomial,
expressions (28) and (29) acquire the form

V5 = ay + a(ry +12) + arriy + as(r7 +13) + (30)
tagriry +as(ry +r)rp + agry, (n=1),
WY = b+ byry + byry + byryy + byrt + bsis + 3D

+bgr 1y + boryriy + bgraryy + boriy (n = 10).
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For the 3S state of the helium atom and with an arbitrary five-
order {¥4;} polynomial (47 variable linear coefficients %4), the
energy value 3E = —2.1752288 a.u. was obtained; this is
5x10~7 a.u lower than the value calculated by Pekeris > using a
function containing 715 parameters (the experimental 3E value is
—2.175230 a.u.). This example is indicative of the advantage of
the MWF method in applied quantum-chemical calculations.

This is exemplified in Fig. 1, which shows the nodal surface of
the triplet helium atom, complying with the equipotential surface
prohibition principle, in Cartesian coordinates. The Figure clearly
illustrates the fact that in this state, irrespective of the distance
between the electrons, their location in one sphere, centred in the
atom nucleus, should be prohibited.

Figure 1. Spherical shape of the nodal surface for the triplet state of a
helium atom.

Apart from helium, lithium is often used as the test system.
The lithium atom has three electrons and can serve as the simplest
model species for which the electron correlation effects are, firstly,
rather substantial (due to the incomplete electron shell) and,
secondly, include contributions from both the core and valence
electrons. Therefore, it is not by chance that in recent years, a
number of high-precision quantum-mechanical calculations for
the 2S ground state of this atom have been carried out.

It is noteworthy in this context that in the case of three-
electron systems with one unpaired electron, the structure of the
three 9-dimensional subspaces and the action of Pj; transpositions
(pair permutations belonging to the spin-invariant S3 group) on
them can be depicted,*” as shown in Fig. 2. It can be seen that each
of the three 9-dimensional subspaces is divided into two regions of
constant MWF sign (wavy line). Any point of the configuration
space (r1s1; 1282; r3s3) with specified coordinates (r) and spins (s) of
the three electrons is allocated one of these subspaces. Obviously,
the three spatial functions corresponding to the scheme shown in
Fig. 2 areinterrelated, and it is sufficient to find the solution of the
stationary Schrodinger equation for only one of the subspaces.”

Among the most accurate is the detailed variational calcula-
tion % of the lithium atom carried out using the trial wave function

ST = 85 = 1/2;53 = 71/2
P2

Figure 2. Scheme of the configuration space for the ground state of a
three-electron system (see text).

M
V=4 Z CuPulys

n=1

(32)

where A4 is the antisymmetriser, M is the number of basis
functions, C, are the expansion coefficients determined by the
variational method

Py = Rq;("h"2,"37V12~,"137723) exp(—%"l - 5,4"2 - "/,J3), (33)

[R,(r1, 72,713,712, 713, T23) is the product of the distances r raised to
relatively small powers, o, 8., 7, are the varied parameters], y, are
the eigen doublet spin functions (all identical)

1= 1= 1)B(2)2(3) = p(1)x(2)x(3), (34)

and o and f§ are functions dependent on the spin coordinates of the
electron.

In the case of polynomial trial function (32), the number of
variable power exponents is excessively high. Therefore, this
function was constructed term-by-term, only the exponents of
newly added terms being optimised. Without this restriction, the
calculation on a CRAY-1IM type computer proved impossible.
However, it should be emphasised that for a 296-term function, a
new attempt at optimising the power exponents for the first five
basis functions (¢, ..., ¢s) resulted in a negligibly minor correc-
tion to the total energy; therefore, the researchers® no longer
performed the new optimisation procedure.

Analysis of the 296-term function for the lithium atom,
taking into account its component distribution among the three
subspaces (see Fig. 2), has shown ° that a substantial part of these
components have r; = r; nodal surfaces corresponding to the
hypothesis stated in a publication.® The other components possess
nodal surfaces whose differences from the r; = r; surfaces are
insignificant. The results of this analysis can also been interpreted
as an argument supporting the equipotential surface prohibition
principle.

In addition, special comparative calculations on the lithium
ground state (*S) have been carried out® in identical basis sets
[function of type (33)], but using either a standard antisymmetr-
isation procedure (E;) %3 or boundary conditions corresponding to
the equipotential surface prohibition principle (E>). The values for
the total energy obtained by IBM PC-486 (in a.u.) are as follows:

n m E E>

1 5
2 17

7.421257
7.465906

7.444296
7.470490

[is the maximum order of the type (33) function in the basis set, m
is the number of functions in the basis set]. Comparison of the
energies presented above with the experimental value

= —7.478069 a.u.%> has shown that on application of the
boundary conditions corresponding to the above-mentioned
principle, one can obtain better agreement with the experimental
value by using small and moderately-sized basis sets. For the
lithium atom, as for the helium atom, convergence has been
substantially improved.®’

For the ground state of the lithium atom, the equipotential
surfaces and their cross-sections have more complex shapes than
those of the excited triplet state of the helium atom. Nevertheless,
a clear idea of the nodal surfaces for electrons 1 and 2, with
parallel spins, can be gained by fixing the position of electron 3,
with the opposite spin at some distance r3 from the lithium
nucleus. According to the equipotential surface prohibition prin-
ciple [see Eqn (27)], one should analyse the expression

31
Z_—=C

o s

(35)

in which C can be represented by any real number. For example, a
set of equipotential lines is formed in the (x,y) plane when the
Cartesian coordinates of the lithium nucleus are (0,0) and those of
the third electron are (2,0). One of these lines, corresponding to
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Figure 3. Equipotential surface (C = 0.3) for the ground state of a
lithium atom.

(a) Vertical cross-section, (b) three-dimensional image, (¢) enlarged con-
cave part of the nodal surface.

C = 0.3,isshown in Fig. 3 a. Its rotation around the x axis yields a
slightly distorted spherical surface with a rather small cavity
(Fig. 3b,c). For C ~ 0.25, the cavity becomes closed and is located
inside the closed, somewhat distorted spherical surface.

The role of pre-determination of the nodal surfaces in the
quantum-chemical calculations of molecular systems should be
even more weighty, because for these, almost every basis function
has its own nodal surface, often markedly different from the
surfaces of other functions.

Thus a calculation of the * Zj triplet state of the hydrogen
molecule by the DQMC method for a nuclear —nuclear distance of
1.4 a.u. had been carried out3!' assuming that the trial wave
function ¥, should be symmetric with respect to rotation around
the internuclear axis z and antisymmetric with respect to the
inversion centre on axis z. The following trial wave function,
satisfying these conditions, was used:!

¥, = {exp[~a(ri4 + rap)]— (36)

.
—exp[—a(ry +r1p)]} exp {ﬁ] )
where @ = 1.0, 5 = 0.25 and ¢ = 0.25 (a.u.)~'. It can be seen that
Y= 0 for riy—rip=r.a—r2p. The use of function (36) gave

= —0.7838 +0.0007 a.u., which is in good agreement with a
value of —0.7830 a.u. found °® by the variational method.

For the triplet state of the hydrogen molecule, with allowance

for the equipotential surface prohibition principle [see Eqn (27)],
the following expression should be analysed
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Figure 4. Form of the equipotential surfaces for the triplet state of a
hydrogen molecule for C = 2 (a), C < 2 (b)and C > 2(c).

here C is any positive number, and r; 4 and r; g are the distances
from electron 1 to each of the two protons located at distances R
from each other. The nodal surfaces for the triplet state of the
hydrogen molecule are shown in Fig. 4. When C = 2 (see Fig. 4 a),
the equipotential surface has a dumbbell shape.

When C < 2, the point of contact between the two distorted
spheres disappears and, as C successively approaches zero, every
outer equipotential surface in the set under consideration becomes
more and more like a sphere flattened from above and below (see
Fig. 4b). This was to be expected, bearing in mind the ‘limiting
transition’ of the helium atom into the triplet state with an increase
in r;4 and rip to such an extent that the distance R between the
protons can be neglected.

When C > 0, the dumbbell becomes broken into two closed
topologically separate parts of the equipotential surface, the
centre of each being occupied by its own proton (see Fig. 4¢).
When the first electron is located on one fragment of this
separated surface, e.g., that concentrated around nucleus 4, the
positions of the second electron, not only on the same surface, but
also on the other part of this surface, i.e., that centred at nucleus B,
are forbidden.

V. Conclusion

The subject matter of today’s conferences on quantum chemistry
and its computational applications include theoretical sections
devoted to molecular spectroscopy, intermolecular interactions,
quantum molecular dynamics, the modern theory of valence
bonding, methods for taking into account electron correlation,
achievements of density functional theory, computational quan-
tum-chemical prediction of the properties of new materials for
emerging technologies, the biological activity of compounds, the
results of the analysis of elementary processes in condensed media,
calculation of potential energy surfaces, elucidation of the mech-
anisms of chemical reactions, and the development of new
quantum chemical methods for studying the electronic structures
of molecular systems in their ground and excited states. The
method of many-electron wave functions belongs to the last of
these lines of research.



Quantum-chemical methods for the construction of wave functions of many-electron systems alternative to the Hartree— Fock approximation

1037

The current state of high-precision ab initio calculations
cannot be considered satisfactory, despite the progress achieved.
The problems of taking account of electron correlation in molec-
ular systems with partially filled electron shells and quasi-degen-
erate states still have not been solved. Problems related to the
mathematics also exist. If they are solved, the development of the
MWF method will be substantially accelerated.

In recent years, interest in the Valence Bond (VB) method has
been revived, and has been clearly depicted in a small review.%
The inevitability of the revival of the VB method, which had once
lost its primary position in theoretical chemistry, is a result of the
fact that it is based on the chemical bond concept.

The VB theory became widespread in the 1930s owing to
L Pauling’s work. However, by the 1950s, MO theory, which has
developed successfully since, became more popular. Among other
reasons, the loss in popularity of the VB method was due to the
fact that it predicts a diamagnetic ground state with a Lewis
pairing of electrons for the oxygen molecule rather than the
paramagnetic state (established experimentally and reproduced
by the MO method). The results of this and some other applica-
tions of the VB method were responsible for it being regarded as a
failure.

The reason for the lack of success was the imperfection of an
early variant of this method: at that time, the method was actually
reduced to a simplified resonance variant with a non-productive
counting of resonance structures. Compared with the resonance
theory, even the simple MO method looked much more fruitful.
Firstly, it has attracted the attention of spectroscopists (owing to a
unified interpretation of optical, IR and UV spectra), radiospec-
troscopists (who started interpreting their EPR spectra using the
new notion of ‘spin density’) and finally organic chemists (who
recognised the reliability of the proposed qualitative explanation
of the stability of diverse systems and, hence, the possibility of
deliberate planning of new purpose-directed experiments).

Analysis of the reactivity of organic compounds at the time of
rapid development of MO theory was carried out almost exclu-
sively within the framework of this theory, as indicated by the
exceptional popularity of the Woodward — Hoffmann rules. The
MO schemes were universally preferred in the interpretation of
spectroscopic data.

Undoubtedly, the skew towards MO theory has been due,
among other reasons, to advances in computing machinery. In
particular, the versatile quantum-chemical software package
GAUSSIAN, with exceptionally high computation potential,
has become universally available. Therefore, experimental chem-
ists started to resort, more and more often, to specialists who were
able to perform at least semi-quantitative quantum-chemical
calculations for the systems they were interested in.

However, it has become clear with time that the MO method
with full allowance for the configuration interaction is equivalent
to the VB method taking into account all ionic structures. The
relationship between the MO and VB methods is reflected in the
growing trend to localise the calculated MO, although consider-
ation of localised orbitals implies the VB theory.

The use of the MO method is more expedient in cases where
electron delocalisation is essential. In calculations on large mole-
cules, the MO method is preferred, as the obtained wave functions
are less cumbersome than those of the VB method.

However, using the VB theory, one can more easily represent
the electron redistribution during chemical transformations or
mechanisms of forming of activation barriers in diverse chemical
processes by means of correlation diagrams of valence bonds.
These diagrams allow one to predict the activation barriers
proceeding from the structural parameters, ionisation potentials
and electron affinities of the reactants, the singlet —triplet splitting
energies of the chemical bond being cleaved, the substituent and
solvation effects, etc. Resorting to VB models resulted in the
discovery of a new type of bonding in metal clusters (ferromag-
netic bonding), determination of the structures of unusual tran-
sition metal complexes, and so on. The above is indicative of the

significant role played by the VB method in theoretical chemis-
try.?

Experimental chemists are unlikely to do away with using
vivid resonance structures. However, it should be borne in mind
that two approaches to the description of the electronic structure
and physicochemical properties of molecules exist that fruitfully
supplement rather than exclude each other.

In order to increase the reliability of the results of any
quantum-chemical method, a more adequate description of the
electron motion is required. From general considerations, taking
account of the correlation in motion of ‘separate’ electron pairs is
expected to be most important. This assumption is based on the
fact that the Pauli principle generally forbids three or more
electrons from being at the same point in the configuration
space, thus decreasing the correlation error for such electron
groups (conglomerates). Therefore, many modern techniques for
investigation correlation effects imply the ‘intuitive concept’ of
electron pairs in some form.

The exclusion by the Pauli principle of ternary electron
collisions clearly demonstrates that this principle has something
in common with nodal surfaces. We attempted to reflect the
correspondence between the Pauli exclusion principle and nodal
surfaces, which can hardly provoke serious objections, by means
of a simple physical hypothesis, according to which two electrons
with parallel spins cannot occur on the same equipotential surface.

Undoubtedly, this hypothesis requires comprehensive verifi-
cation and further development. It might prove untenable for
complex molecular systems, or perhaps, it will have to be
corrected or modified. In any case, the problem definition will
remain topical. Successful solution of this problem will open up
new prospects for the elaboration of high-precision quantum-
chemical methods. Indeed, of the multitude of sets of antisym-
metrical MWFs that can serve as the basis for finding approx-
imate solutions to the Schrédinger equation, this method allows
one to choose reliably the optimal solution for each particular
system.

Some MWF nodal surfaces (including those for the degener-
ate states) can be established a priori by a generalised graph-
theoretical method, according to which the MWF nodes are
classified to an accuracy of equivalence and the configuration
space is split into the smallest number of regions of constant
sign.’® The Fermi correlation of electrons with parallel spins,
caused by the Pauli principle and related to the geometry of the
MWF nodal surfaces, has a special significance.”>7> Of interest
are a new type of correlation effect, called geometrical,”! which are
closely related to electron density minima in the excited states of a
two-electron atom. These effects result in the prohibition of
seemingly quite plausible electronic configurations, as one of the
electrons is ‘ejected’ from the inner three-dimensional region of
the coordinate space when another electron is located at a definite
distance from the atomic nucleus.

Detailed analysis of the wave functions of the beryllium atom
in a Hartree— Fock approximation has shown 73 that particular
quantum-chemical calculations may give rise to false nodes for the
functions obtained due to the incompleteness and specificity of the
basis set, limited convergence of the iteration procedure, and so
on. It should also be borne in mind that even if the search for
fundamentally new avenues in modern quantum chemistry does
not always prove successful, this field of science would still gain
new valuable experience.

The Pauli exclusion principle seems to be common knowledge,
so no comments on this point are needed. However, in actual fact,
it turns out that even the question ‘what does the Pauli principle
exclude in a particular many-electron system? has not been
answered as yet. The difficulty of understanding the Pauli princi-
ple was noted a long time back by L de Broglie: “... currently, it is
almost impossible to understand how two identical particles
forbid each other to occupy the same state’.’* R Feynman
expressed an even more categorical opinion concerning this
principle: ‘Probably, this is one of the few items in physics where
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