
Abstract. The review covers main theories and models of shearThe review covers main theories and models of shear
flow of suspensions and results of computer simulation of theflow of suspensions and results of computer simulation of the
properties of disperse systems under dynamic conditions. Empha-properties of disperse systems under dynamic conditions. Empha-
sis is given to the state of aggregated and non-aggregatedsis is given to the state of aggregated and non-aggregated
suspensions. The microstructure of disperse systems is demon-suspensions. The microstructure of disperse systems is demon-
strated to play a crucial role in their bulk rheological properties.strated to play a crucial role in their bulk rheological properties.
The causes and conditions of the appearance of macroscopicThe causes and conditions of the appearance of macroscopic
inhomogeneity,inhomogeneity, i.e.i.e., discontinuity in highly concentrated systems, discontinuity in highly concentrated systems
are analysed and the specific features of microrheology of low-are analysed and the specific features of microrheology of low-
concentrated fractal colloidal gels are reviewed. The reviewconcentrated fractal colloidal gels are reviewed. The review
describes the possibilities of the use of surfactants and vibrationdescribes the possibilities of the use of surfactants and vibration
treatment for controlling the rheological properties of dispersions.treatment for controlling the rheological properties of dispersions.
The advantages and disadvantages of computer simulation ofThe advantages and disadvantages of computer simulation of
disperse systems are discussed and examples of application ofdisperse systems are discussed and examples of application of
these methods to the description of the dynamic state of suspen-these methods to the description of the dynamic state of suspen-
sions are given. The bibliography includes 147 referencessions are given. The bibliography includes 147 references..

I. Introduction

Many natural phenomena and various chemical engineering
processes involve disperse systems under non-equilibrium con-
ditions. Hence, both theoretical and applied studies of these
systems are of considerable interest. In the present review, differ-
ent aspects of the behaviour of dispersions under dynamic
conditions are considered in terms of physicochemical dynamics
of disperse systems.1 ± 3 This new field supplements and extends
the traditional approach to investigation of the properties of such
systems predominantly under static conditions.

The physicochemical dynamics of disperse systems deals with
dynamic processes taking place in ensembles of dispersed-phase
particles held together by dispersion forces to form three-dimen-
sional structural networks. Besides, it is concerned with the
mechanisms of destruction of such systems under dynamic force
conditions giving rise to particle aggregates (their evolution and
interactions with each other and with a dispersion medium) and
the reverse processes (structure formation under these condi-
tions).1 These problems are directly related to physicochemical
hydrodynamics, including hydrodynamics of capillary systems.4

The ultimate aim of research in the area of physicochemical
dynamics of disperse systems is to substantiate ways and proce-
dures for achieving the maximum fluidity, which is necessary for
intensification of various chemical engineering processes.1 The
control of the properties of suspensions, viz., disperse systems,
which are widely used in all fields of human activity, is of
particular importance.

Theoretical analysis in physicochemical dynamics is based
primarily on the construction of microrheological models that
describe processes of interactions between particles, microstruc-
ture formation, microstructure transformations and degradation
under external forces. These microprocesses determine the struc-
tural-rheological properties of suspensions characterising their
response to mechanical forces.

Theoretical views of the features of microprocesses provide
the basis for developing new procedures for controlling the
properties of disperse systems under dynamic conditions and
improving the available methods. Some rheological theories of
suspensions and powders were analysed in the monograph.5

The continuing progress in computer technology offers
opportunities to solve problems (in particular, to describe a
microstructure of a medium), which are impossible to solve by
analytical methods. Computer simulation occupies an intermedi-
ate place between theoretical and experimental studies. Computer
experiments are based on theoretical models and are performed by
numerical calculations. Themodels can becomemore complicated
(to achieve better correspondence with experimental conditions)
with progress in computer technology. Therefore, on the one
hand, areas of theoretical research are expanded, and, on the other
hand, it becomes possible to perform numerous repeated expen-
sive experiments. Consequently, computer simulation is an impor-
tant bridge between the theory and experiment.6

The efficiency of application of computer simulation to the
dynamics of disperse systems is determined by several factors.
First, theoretical models are often based on phenomenological
equations, which describe phenomena at the macrolevel and
ignore many microscopic features of the system. As a rule, this
problem can be solved by numerical methods (in particular, a
detailed view of the dynamics of structuring and microstructure
transformations can be obtained). Second, computer simulation
can be used as a rather efficient procedure for validating analytical
theories of structures and properties of disperse systems. Third,
computer simulation allows one to examine the behaviour of
systems under conditions that are difficult to observe in practice
(high flow rates, vibration treatment, etc.). In addition, this
method provides information on parameters that are impossible
to measure (the number of coagulation contacts between particles
and the rate at which they are broken, shear stresses separately in
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the liquid and solid phases, etc.). In some cases, the difficulties can
be associated with hazardous experimental conditions and high
cost of experiments. Because of this, computer simulation is a
convenient and efficient tool for investigating the structures and
properties of disperse systems. However, data obtained by this
method should be compared with theoretical and experimental
estimates because the results of numerical calculations may
contain uncertainty due to specific features of the system under
study and limitations of a particular simulation method.

The present review covers analytical and computer models
used for describing the behaviour of an important class of disperse
systems, viz., suspensions, under dynamic conditions and predict-
ing their structural-rheological properties.

II. Fundamentals of the flow theory of disperse
systems

1. Non-structured disperse systems
The dependence of the effective suspension viscosity on the
concentration of the solid phase is most simply described by the
Einstein equation

Z � Z0

�
1� 5

2
j
�
, (1)

where Z0 is the viscosity of a pure liquid (dispersion medium) and
j is the concentration of the solid phase.

This equation is valid for highly dilute non-structured suspen-
sions where interactions between particles can be ignored. The
equation reflects an increase in the suspension viscosity due to
hydrodynamic effects caused by solid particles introduced into the
flow and takes into account the energy dissipation for rotation of
particles in a shear flow.

If the concentration of solid particles increases so that
interactions between the particles become significant, Eqn (1)
provides poor agreement with experimental data. Hydrodynamic
interactions can be taken into account, to some extent, by
introducing higher-order terms with respect to j (j2, j3, etc.). If
only pair interactions are considered,7 the dependence of the
suspension viscosity on the concentration of the solid phase can
be described by the equation:

Z � Z0

�
1� 5

2
j� aj2

�
. (2)

The coefficient a is a function of the concentration j and the
particle sizes and coordinates. This coefficient is calculated by
complex statistical methods. The following dependence a(j) was
obtained 9 with the use of the Percus ±Yevick equation:8

j 0.0 0.1 0.2 0.3 0.4 0.5 0.6

a 5.00 5.38 5.81 6.31 6.91 7.65 8.66

The results of calculations according to Eqn (2) taking into
consideration the dependence a(j) are in satisfactory agreement
with experimental data at j4 0.25. At higher concentrations,
calculations by Eqn (2) underestimate the viscosity Z, which
indicates that it is necessary to take into account perturbations
of the velocity fields about the particle caused by the influence of
adjacent particles. Evidently, these calculations present consider-
able mathematical difficulties. However, there is a number of
models and approximate methods that enable one to find the
dependence Z(j) up to the highest concentrations.

Of semiphenomenological equations describing the depend-
ence of the suspension viscosity of spherical particles on their
concentration throughout the range ofj, theMooney equation 10

Z
Z0
� exp

�
aj

1ÿ j=jm

�
(3)

and the Krieger ±Dougherty equation 11, 12

Z
Z0
�
�
1ÿ j

jm

�ÿajm

(4)

have gained wide acceptance. Here jm can be identified with the
volume fraction of closely-packed particles (random packings of
particles with jm varying from 0.59 to 0.65 are most typical of
suspensions). The coefficient a is chosen such as to provide the
agreement of Eqns (3) and (4) with the Einstein equation
(a=2.5).

The results of calculations according to Eqn (4) are in some-
what better agreement with experimental data as compared to the
Mooney equation. As mentioned above, the common drawback
of these equations is their semiphenomenological character. The
derivation of these equations was not based on theoretically
supported microrheological views of the character of flow of
concentrated disperse systems. In this respect, a more correct
approach is based on the use of various cellular models that have
been proposed for the first time in the publications.13 ± 15 Within
these models, it is generally assumed that the cell consists of a rigid
spherical shell whose centre is occupied by the spherical particle
under consideration. The velocity of the liquid within a circular
layer between the particle and the sphere is estimated by the Stokes
equation 16 taking into account certain boundary conditions.
With a knowledge of the velocities and mechanical stresses at the
cell boundary, it is possible to calculate the energy dissipated in the
cell containing a particle (E1) and without this particle (E0). The
suspension viscosity is determined from the equation 14

Z
Z0
� E1

E0

. (5)

One of the most perfect cellular models, which is sometimes
called the free surface model, was proposed by Happel.14, 15

Within this model, the viscosity is calculated according to the
equation

Z
Z0
� 1� 5:5j

4j7=3 � 10ÿ �84=11�j2=3

10�1ÿ j10=3� ÿ 25j�1ÿ j4=3� . (6)

A substantial drawback of cellularmodels is that the cell shape
is chosen arbitrarily. A spherical cell is simple for analysis.
However, the results obtained with the use of this model at high
concentrations of the solid phase are in poor agreement with
experimental data. This is associated with the fact that with
j?jm the distance between the particles decreases to an extent
that it becomes necessary to consider the liquid flow in micro-
channels between the particle surfaces.

This model has been considered for the first time by Frankel
and Acrivos.17 This model is sometimes called the lubrication
model because it is based on the lubrication theory. The model
treats a test particle surrounded by z adjacent particles equidistant
from the test particle. The cell consists of a sphere with a radius
r+h/2 (r is the radius of the test particle and h is the distance
between the particle surfaces). The test particle lies in the centre of
the cell coinciding with the origin of coordinates. At z=6 (which
corresponds to a random close packing 18), the centres of the
adjacent particles lie on the Cartesian axes (x, y, z) (Fig. 1). It is
hypothesised that an elongational flow occurs in suspensions. The
hydrodynamic resistance to motion of each adjacent particle
relative to the central particle is calculated according to the
equations of the lubrication theory.7 It is assumed that the energy
dissipation velocity is determined by both the perturbation of the
velocity field with a single sphere and the sum of flows in micro-
channels between particle pairs. This model gives quantitative
results for j?jm when h/2r? 0. The following equation for the
suspension viscosity was derived from Eqn (5):17
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Z
Z0
� 3z

16

1

�jm=j�1=3 ÿ 1
. (7)

Frankel ±Acrivos's model was criticised many times. In par-
ticular, it was noted 19 that it is incorrect to extend the results,
which were obtained for an elongational flow under the assump-
tion of a special arrangement of particles, to a shear flow. It was
demonstrated 20 that the application of the lubrication theory to
the particle motion performed by parallel layers in a shear flow
gives only the logarithmic dependence of the suspension viscosity
on 2r/h when h? 0, whereas experiments showed that Z more
sharply increases with j?jm . The inclusion of other factors
influencing the viscosity (for example, rotation of adjacent par-
ticles) does not change the logarithmic character of the depend-
ence Z(j). This led to the conclusion 5 that particles of a
suspension in a shear flow move chaotically rather than are
arranged in layers. In this case, the lubrication model becomes
more correct, because particles inevitably approach each other
during chaotic motion, the liquid serving as a lubricant between
the particle surfaces. Assuming that particles move chaotically,
the equation analogous to Eqn (7) was derived 21 with the use of
the dense gas kinetic theory.

Another way of describing the configuration of particles
surrounding the test particle is based on an effective medium
model.22 Within this model, the configuration of particles is
considered as a particular effective homogeneous medium con-
taining the test particle. The viscosity of the medium Z* is equal to
the viscosity of a pure liquid Z0 on the surface of the test particle,
increases with increasing distance from this surface and is identi-
fied with the viscosity of the suspension as a whole at infinity

Z� � Z0 � �Zÿ Z0�c�x;j�, (8)

where c(x,j) is a function of the particle coordinates and concen-
tration.

The field of velocity perturbations (u) induced by the test
particle in the medium is determined by the Stokes equations,16

which are written for this model taking into account the depend-
ence Z*(x)

Hp � H�Z�Hu�, Hu � 0

The simplest assumption about the change in Z* can be made
by identifying the effective medium with a suspension as a whole,
i.e., taking c=1. This assumption,23 which corresponds to the
mean-field model widely accepted in physics, gives the following
equation for the average stress tensor:

ŝh i � 2ÊZ0 � 5jZÊ, (9)

where Ê is the strain rate tensor.
From Eqn (9), the following equation for the relative suspen-

sion viscosity was derived:23 ± 25

Z
Z0
� 1

1ÿ �5=2�j . (10)

At small j, this equation turns into Eqn (2). At high concen-
trations, the viscosities calculated according to Eqn (10) are
overestimated. Evidently, this is associated with an arbitrary
choice of the function c(x,j). To obtain more accurate results, a
more realistic function c should be used in the effective medium
model. However, in this case, it is impossible to derive analytical
equations for the suspension viscosity due to mathematical
difficulties.

The results of calculations according to Eqns (4), (6), (7) and
(10) and experimental dependences of the viscosity of poly(methyl
methacrylate) (PMMA) in decalin are presented in Fig. 2.
A comparison of the curves shows that the results obtained with
the use of the effective medium model and the free surface model
agree with experimental data at low concentrations (j<0.4),
whereas the results obtained with the use of the lubrication model
are in agreement with experimental data at high concentrations
(j>0.4). In the calculations, jm was taken to be 0.61, which
corresponds to conditions of many experiments. Detailed analysis
of the possibilities of using the above-considered models for the
description of the viscosity of non-aggregated and aggregated
suspensions was performed in the study.26

The influence of Brownianmotion of particles on the viscosity
of suspensions formed by these particles can be taken into
consideration with the use of the Peclet number

Pe � d 2 _e
D

,

where d is the particle size, _e is the shear rate and D is the particle
diffusion coefficient.

The suspension viscosity can be represented as a function of
the only parameter, viz., the Peclet number 28

Zÿ Z?

Z1 ÿ Z?
� 1

1� Pe=Pec
, (11)

where Z1 and Z? are the suspension viscosities at Pe55Pec and
Pe44Pec, respectively, and Pec& 1 is the critical value of the
Peclet number.

Brownian suspensions of spherical particles were studied
experimentally in broad ranges of particle concentrations and
sizes.29 ± 31 The results of these studies agree well with the results of
calculations according to Eqn (11), Pec being dependent on j. It
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Figure 1. Arrangement of particles in the lubrication model. The shaded

particle is surrounded by 6 particles.
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Figure 2. The relative suspension viscosity vs. the volume fraction of

particles.26

Curves (1 ± 4) were calculated according to Eqns (4), (6), (7 at z=6) and

(10), respectively; the points correspond to the experimental data 27 for

PMMA particles (d=0.5 mm) in decalin (the viscosity for _e??).
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was found that Pec=1.5 atj=0.2 and Pec? 0 atj?jm=0.6,
i.e., the influence of the Brownian motion on the suspension
viscosity decreases as the packing of particles approaches the
close-packing density. At the same time, as was demonstrated in
the studies,9, 32 the Brownian motion in dilute suspensions, for
which the function Z(j) can be expanded in a power series of j,
has an effect only on the quadratic term accounting for particle-
pair interactions. The linear term in Eqn (2) is independent of the
Peclet number.

Therefore, the Brownianmotion influences most substantially
the rheological properties of suspensions at a concentration
j& 0.1 ± 0.2. However, this conclusion is true only for suspen-
sions composed of strictly spherical particles. If the Brownian
motion is taken into account in the case of anisometric particles, it
is the linear term in Eqn (2) that becomes dependent on the Peclet
number due to reorientation of the particles in a flow.

The development of a unified two-phase model for suspen-
sions and powders 5, 21 has assisted in developing the rheological
theory of disperse systems. The use of this model made it possible
to derive the general equation, which is valid at low and high
viscosities of amedium for powders and suspensions, respectively.
This model was based on the lubrication model,17 which treats the
test particle moving among z surrounding stationary particles.
The following equation for the viscosity of a system of rigid
spheres in a viscousmediumwas derivedwith the use of the Eyring
equation of state:33

Z& 0:16jma
rdu��jm=j�1=3 ÿ 1
��
1ÿ exp�ÿu=uc�

� , (12)

where a is the coefficient that depends on the parameters of
particle collisions, r is the particle density, u is the velocity at
which particles approach each other and uc= (9/4)zZ0/rd is the
value identified with the minimum velocity u, which must be
imparted to particles in order that they overcome the hydro-
dynamic resistance on collisions.

For two limiting flow types, the following equations were
derived for the viscosity of a system when j?jm:

5

Z&
c1Z0

�jm=j�1=3 ÿ 1
at u55 uc , (13)

Z&
c2rdu

�jm=j�1=3 ÿ 1
at u44 uc . (14)

Here c1& 0.1 and c2& 0.05.
For particle collisions, the hydrodynamic factor plays the

determining role in the former case [Eqn (13)], i.e., the viscosity of
the system is determined by the energy dissipation in a flow in the
space between the particles. This is typical of suspensions.
Equation (14) is valid for low-viscosity media, where the viscosity
is determined by the energy dissipation due to inelasticity of
particle collisions, which is characteristic of powders. The advant-
age of Eqn (12) is that it is universal and describes both limiting
flow types. Equation (13) corresponding to suspensions is equiv-
alent to Eqn (7), which was derived in another way, by comparing
the energy dissipated in a unit volume of a suspension with the
energy supplied to the system upon its shear deformation. The
drawbacks of Eqns (12) ± (14) are that they are based on two-
particle collisions, which, in the case of concentrated systems, is
unlikely to be justified.

2. Structured disperse systems
The above-considered rheological models describe the viscosity of
non-structured systems. However, it is known that the structure
formation in disperse systems leads to a drastic change in their
rheological properties.34 The rheological properties of structured
disperse systems under conditions of their continuous shear
deformation are most often described with the use of the overall
rheological flow curve, e.g., the plot of the effective shear viscosity

vs. the shear rate _e (or the shear stress s) on condition that
destruction is isotropic. The overall flow curve with a viscosity
drop of up to 8 ± 10 orders ofmagnitude was described for the first
time in the study.35 In this study, the authors introduced the
concepts of `the highest viscosity of a virtually non-destroyed
structure' corresponding to the upper plateau in the flow curve
and `the lowest Newtonian' viscosity of a maximum destroyed
structure. More recently, it has been demonstrated 1 ± 3 that the
true maximum destruction can be achieved only under shear
deformation used along with other external mechanical forces
(for example, vibration), as well as by lyophilisation of the particle
surface with surfactants.

To estimate the fluidity of structured systems, certain assump-
tions about the character of structuring should bemade. There are
two types of such assumptions and the corresponding structural
models of disperse systems.Models of one type treat particles that
are held together to form a continuous structure. Its homogeneity
is retained, under deformation, at distances much larger than the
particle diameter. Parameters having the dimensionality of length
are not used for the description of the structure. In another type of
models, the structures are composed of particle aggregates. The
parameter characterising inhomogeneity of the structure is gen-
erally identified with the aggregate size.5

Thus, simulation is the main method of theoretical studies of
structured systems. This is associated with the lack of experimen-
tal methods that would allow one to study in-depth the structures
of disperse systems and their changes in flow. The available
methods have been insufficiently developed. Only rheological
experiments provide reliable data on the structures, the construc-
tion of alternative microrheological models being a necessary step
in these investigations.

In the study,21 the rheological properties of a system were
related to its structural characteristics, such as the diameter of
spherical aggregates and the distance between their centres. It was
assumed that deaggregation in flow occurs due to detachment of
particles from the aggregate surface until an equilibrium state is
established at a given shear rate _e, at which further detachment of
particles becomes impossible. The space between the aggregates is
filled with a suspension of particles detached from the aggregate
surface. The viscosity of this suspension is equal to that of
completely deaggregated system of spheres at the same concen-
tration, i.e., to the viscosity of this system after its complete
destruction.

Under the assumptions used for deriving Eqns (13) and (14),
the following equation was obtained 21 for the dependence of the
viscosity of a weakly aggregated suspension on the shear rate:

Z
Z?
�
�

_ec
_e

�1=2
, (15)

where Z? is the viscosity when _e? ?, _ec =6.4F/(Z?d 2)=
6.4k0/(Z?d ) is the critical shear rate _e corresponding to the
complete deaggregation, F is the strength of bonding between
the particles and k0 is the coefficient that depends on the nature of
the surface forces.

Equation (15) can be used at shear rates _ec�L1=L2�2 55
_e55 _ec , where L1 is the average distance between the particles
and L2 is the average distance between the centres of aggregates.
At _e < _ec�L1=L2�2, the distance between the aggregate surfaces is
comparable to the particle diameter and this equation is inappli-
cable. Equation (15) does not include the aggregate diameter and
contains only parameters having a precise physical meaning, such
as the viscosity of the completely destructured system Z? , which
can be interpreted as the minimum viscosity at high _e until
dilatancy appears, and the coefficient k0. The latter is expressed
in terms of the Hamaker constant A (see Refs 36 and 37) and the
distance between the particle surfaces. Hence, with a knowledge of
A, it is possible to determine the shape of the rheological curve. If
the constant A is unknown, the order of A in this system can be
estimated by measuring Z? and _ec .
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In spite of a good agreement between the experimental data
and the results of calculations according to Eqn (15) for a
monodisperse suspension of PMMA particles in decalin (Fig. 3),
this equation is of limited application. Actually, the dependence of
the suspension viscosity on the shear rate

Z* _eÿ1=2

describes well the region of intermediate gradients for a model
system considered in the study.21 However, for many other
systems, even if this dependence at intermediate gradients is
searched in the form

Z* _eÿn,

n can vary from 1/2 to 1.38 In addition, at small _e the dependence
Z�_e� generally becomes sharper, including that for the model
system described in the study.21 The way of generalising
Eqn (15), according to which n can assume the values >1/2, and
the relationship between n and the structural characteristics were
discussed.38 The authors believed that aggregates can formhigher-
order structures, viz., superaggregates. The motion of superag-
gregates is treated in a non-aggregated suspension serving as a
non-Newtonian medium, and the viscosity is determined accord-
ing to Eqn (15). Under these assumptions, the following equation
was obtained for the viscosity of strongly aggregated suspensions:

Z
Z?
� B

�
3k� 1

2k
;
3ÿ k

2k

�
36 21=k�2� k�1=k

4
6 (16)

6

"
p_e2�k�1�=�3ÿk�c

�2� k�1=k21=kZ? _e�k�1�=�3ÿk�
6

6
1

B��k� 1�=2k; �3� k�=2k�

#�3ÿk�=�3�k�
.

Here B(... , ...) is the b function, k=1/(17n) and p is the strength
of the superaggregates.

In particular, at n=0 and k=1, Eqn (16) can be represented
as Eqn (15).

At concentrations j<60%, the rheological curves, which
were constructed with the use of the notions of the aggregation
mechanism, agree well with experimental data throughout the
range in which the shear stress s was varied (Fig. 4). However, at
j>60% and low s, a substantial deviation from this dependence
was observed, and the curve has a plateau, which can be attributed
to discontinuity of structure. This phenomenon, its possible
manifestations and factors responsible for its occurrence both in
well-characterised disperse systems and systems formed by poly-
dispersed (in some cases, anisometric) particles of dispersed
phases in liquidmediawere analysed in-depth.39, 40 The conditions

determining the possibility of discontinuities under deformation
of concentrated disperse systems were formulated in the study.41

In real systems with a non-uniform packing of particles in a
quasi-crystal lattice, accumulations of vacancies, i.e., cavities free
from dispersed particles, are present. As in the crystalline sub-
stances, these cavities can be transformed into discontinuities
(cracks) under shear stresses. The possibility of an increase in the
cavity size is determined by the ratio of the relaxation times of the
following processes that occur in the vicinity of this cavity under
deformation of the system:41

elastic energy release due to the development of discontinuity

t1 * l
�rG�1=2

s
;

the formation of a new surface due to the development of a
macroscopic crack

t2 * l

�
r
l

g

�1=2
;

the mass transfer to the discontinuity zone as a result of
vacancy drift

t3 *
l

a
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Here l is the linear size of the cavity in the quasi-crystal lattice,
G*F/Da is the shear modulus, r is the density of the solid phase,
g*U0/a2*FD/a2 is the specific surface energy, a is the quasi-
crystal lattice spacing,D andU0 are the half-height and half-width
of the potential well, respectively, h is the distance between the
particle surfaces and m is the particle mass.

The equations for the relaxation times of the first two
processes were derived based on the dimensionalities of the
physical parameters. The latter equation was obtained based on
the Frenkel and Eyring hole theories assuming that the motion of
dispersed particles is analogous to that of molecules of the liquid.

The development of discontinuity occurs if the relaxation time
of elastic energy release (t1) is shorter than the relaxation times of
processes, which can hinder the appearance of discontinuities (t2
and t3), i.e., on the condition 41
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Figure 3. Calculated curve and experimental data (points) for a PMMA

suspension in decalin (j=60.1%, d=0.47 mm, Z0=2.8 mPa s at

T=293K).21
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Figure 4. Effective viscosity Z vs. the shear stress for a PMMA suspen-

sion in decalin at j=60.1 (1) and 59.5% (2).38
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s1 55 s55 s2 , (18)

where s1 and s2 are determined from the equations
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s2 * ph ÿ
kBT

a2D
6 (20)
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where ph *F=a2 is the shear strength of an ideal (homogeneous)
structure.

The development of discontinuity as a result of deformation
occurs only at s corresponding to the range (18), if the packing of
particles was inhomogeneous before deformation. Under lower or
higher shear stresses, a homogeneous viscous flow occurs. The
structure inhomogeneity (regions with a closer packing) serve as
nucleation sites for discontinuities. The parameters s1 and s2
calculated according to Eqns (19) and (20), respectively,41 are in
satisfactory agreement with experimental data.

Some models of structured systems are based on the Eyring
viscosity theory. This theory was used for deriving the equation
for the viscosity of flocculated colloidal dispersions 42

Z � Z1 ÿ Z?� � �sh�b_e��ÿ1
b_e

� Z? , (21)

where Z1 and Z? are the limiting viscosities of the suspensionwhen
_e? 0 and _e? ? , respectively;

b � k
d 2

D

U

kBT

� �ÿ1
exp

U

kBT

� �
,

k is the proportionality coefficient that depends on the properties
of the structure andU is the activation energy (potential barrier to
particle shear migration).

The activation energies U were calculated by Churaev on the
assumption that particles are fixed in the sites of a body-centred
cubic lattice.43 Themigration of the particle A to the vacant site B
through the potential barrier due to its interaction with the
adjacent particles was considered. The potential barrier was
calculated by summarising the energies of pair interactions
between the particle A and the nearest neighbours. As a result,
the forces acting on the transferred particle were determined
taking into consideration the viscous resistance of interlaeyrs of
the liquid between particles. The time dependence of the deforma-
tion rate determined from the migration rates of the particle A is
similar to that found within the limits of the well-known Calvin
rheological model with a variable viscosity. Using these calcula-
tion methods, an attempt was made to establish the functional
relationship between the potential curves of particle pair inter-
actions in a disperse system, on the one hand, and its structural-
mechanical properties, on the other hand. It became possible to
reveal changes in the structural-rheological parameters of a

dispersion caused by changes in the electrolyte concentration,
the surface charge, hydrophilicity of the particle surfaces and
adsorption of surfactants and polymers on the particle surface.
The drawback of the approach proposed 43 is that the properties
of dispersions can be predicted only qualitatively.

In a model developed by Ogawa et al.,44 the shear stress s in
colloidal suspensions can be divided into two components: the
viscous stress and strain associated with interactions between
particles. The first term can be determined from the Krieger ±
Dougherty equation (4). The second term depends on the inter-
particle potential and was determined based on a knowledge
about activation processes. Hence, the equation for the relative
viscosity can be written as follows

Z
Z0
� 1ÿ j

jm

� �ÿ2:5jm

�c1j exp
U

kBT
ÿ c2d

3s
jkBT

 !
, (22)

where c1 and c2 are numerical constants (theoretically equal to
p/6). The height of the energy barrierU is taken to be proportional
to the particle pair potential at the midpoint between the particles.
The parameter jm is chosen so as to achieve an agreement with
experimental data at Z?= Z(s??) for a suspension of solid
spheres.29, 45 With s? 0, Eqn (22) is identical to the equation
corresponding to the model proposed earlier.46 However, the
author 46 considered U as the difference between the total poten-
tials for the particles in the initial and final positions. The
potentials were calculated taking into consideration the nearest
neighbours under the assumption of a face-centred cubic lattice.

In the case of strong repulsions between the particles, the yield
stress is described by the equation 44

sy �
jU
c1d

3
. (23)

This equation is equivalent to the equation for sy reported in
the study.47 Equation (23) can be easily obtained with the use of
an effectivemediummodel and assuming that c1=1/3 rather than
p/6. For systems characterised by a considerable attraction
between the particles, several equations relating the yield stress
to the energy required for deaggregation were proposed. These
models were reviewed in detail in the publication.48

In the study,49 another class of models describing the viscosity
of structured suspensions was considered. These models are based
on approach including the following sequence of operations:

Ð a variable S that characterises the structure is introduced;
Ð the equation for the change in S under forces, which cause

microstructure degradation (viscous friction forces in a shear
flow) and assist in restoring the initial state (Brownian and
dispersion forces) is written;

Ð the relationship between the viscosity and S is derived.
Let us consider one of the possible definition of the structural

variable and its relationship with the suspension viscosity.50, 51

Dispersions are represented asmixtures of individual particles and
groups of particles (structural units, aggregates) suspended in a
liquid. Particles comprising a structural unit move together as a
rigid cluster thus transferring the liquid immobilised in this
cluster. Therefore, a decrease in the viscosity with increasing
shear rate is considered as a result of rapid degradation of
structural units, which is accompanied by an increase in both the
concentration of individual particles and the free liquid volume.
An increase in the viscosity is, on the contrary, related to the
formation of new structural units in a shear flow. The character-
istics of the structural units (the size, shape and the possibility of
the appearance or destruction in a shear flow) depend substan-
tially on the type of interactions between the particles. If attractive
forces between the particles prevail, the structural units can exist
as flakes, aggregates or clusters of aggregates. In some systems,
small aggregates are held together so tightly that deaggregation
does not occur under shear forces. Hence, such aggregates can be
considered as individual particles.52 If interactions are weak, the
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structural units are merely groups of particles in a suspension of
more or less free individual particles.

Let us denote the volume fractions of the structural units and
individual particles by js and jp=j7js, respectively. The
structural variable can be given 50 as S=js/j. The effective
volume fraction of the dispersed phase is

jef=
js

j
� jp � j�1� CS�,

where C=1/j71 is the compactness factor.
The equation specifying the change in S with time can be

written as follows:

dS

dt
� 1

t1
S1 ÿ S� � ÿ 1

t2
Sÿ S?� �, (24)

where t1 and t2 are the characteristic relaxation times of the
Brownian and hydrodynamic forces, respectively, and S1 and S?

are the limiting values of the variable S when s? 0 and s??,
respectively. Under conditions of dynamic equilibrium, the vari-
able S reaches a particular stationary value. In this case,

S1 ÿ S

Sÿ S?
� t1

t2
� y,

where y is the kinetic ratio. For dilute suspensions of solid spheres,
the time t1* d 2/D, which corresponds to the diffusion time of a
particle to a distance comparable to its size. The characteristic
time of hydrodynamic interactions in a shear flow t2 is similar in
order of magnitude to _eÿ1. Consequently, y in dilute systems is
equal to the Peclet number Pe= d 2 _e=D, which can be considered
as the ratio of the viscous friction work to the energy of thermal
motion of the particles. In concentrated suspensions, the diffusion
motion of the particles is strongly hindered and the suspension
viscosity is substituted into the equations for the characteristic
times instead of the viscosity of a medium. Then

y*
sd 3

kBT
.

Assuming that y= s/sc , the critical shear stress can be
determined as

sc �
kBT

d 3
.

This relationship is the known Krieger correction (for Brownian
motion) for colloidal suspensions.12

In the last step, the relationship between the viscosity and the
shear stress is determined. In the study,50 the following equation,
which describes the non-Newtonian behaviour of suspensions
under conditions of shear stress, is derived:

Z s� � � Z?
1� s=sc
Rr � s=sc

� �2

. (25)

Here, the rheological index Rr is expressed by the equation

, (26)Rr �
1ÿ j=j1

1ÿ j=j?
� �Z? =Z1�1=2 if j < j1

ÿsy=sc if j5j1

�
where

j1 �
jm

1� CS1

,

j? �
jm

1� CS?
.

At j<j1, the calculated function Z(s) represents a curve
consisting of two regions, which correspond to the Newtonian

viscosity at low and high shear stresses, and an intermediate region
in which the viscosity decreases. The plateau corresponding to low
shear stresses disappears as the concentration j increases and
approaches j1, i.e., the yield point sy is achieved. At j>j1, the
system exhibits the plastic properties.53 In addition, at Rr>1 the
model can reflect the dilatant properties of suspensions.54, 55

Let us consider the differential method used for calculating the
effective properties of disperse systems. The method consists of
the following. A dispersed phase is added portionwise to the
system under study. In each step, the effective properties of the
disperse system are calculated with the use of the effective proper-
ties of the system determined in the previous step. In the zeroth
step, the disperse system does not contain a dispersed phase and
consists completely of a dispersion medium. The effective coef-
ficients are determined in each step using a linear approximation,
which was obtained from solving the problem at a low concen-
tration of the dispersed phase. This approach allows one to derive
differential equations or related differential equation systems,
which describe the dependence of the desired characteristics on
the concentration of the dispersed phase. The effective constants
of the disperse system can be determined by solving the differential
equation system. In the studies,56, 57 this method was used to
calculate the effective characteristics of porous media, in partic-
ular, to evaluate the viscosity of a dilute suspension containing
porous particles.

A porous particle is modelled by a system consisting of N
spherical liquid-impermeable particles with a given packing den-
sity. It is assumed that the liquid flow inside the porous particle
obeys the Brinkman equations

Hp � ZDuÿ Ku,

where p is the pressure, u is the fluid velocity vector, Z andK are the
viscosity and the resistance coefficient of a porous medium,
respectively.

The solution of this equation gives the following differential
equations for the effective suspension viscosity and the resistance
coefficient:57

dZ
dj
� 5

2

Z
1ÿ j

,
dK

dj
� 9p

2R2

Z
1ÿ j

.

The boundary conditions: j=0, Z= Z0 and K=K0, where R is
the radius of the porous particles, Z0 and K0 are the viscosity and
the resistance coefficient of the Brinkman fluid free of additional
inclusions.

This differential equation system has the following solution:

Z � Z0 1ÿ j� �ÿ5=2, K � K0 �
9

7

p Z0
R2

1ÿ j� �ÿ5=2ÿ1
h i

.

These equations determine the dependece of the effective
suspension viscosity and the flow resistance coefficient taking
into account the particle permeability to a dispersion medium.

An important class of rheological models includes models that
are based on analysis of the processes of formation and cleavage of
bonds between the particles. These models are called kinetic
models because they are described by kinetic equations that
characterise the changes in the bond numbers. The best known
model of this type was developed in the study.58 The kinetic
equation for this model is as follows

dN1

dt
� ÿk1N n

1 � k2N
m
2 , (27)

where N1 and N2 are the concentrations of non-broken and
broken bonds, and k1 , k2 , n and m are the constants character-
ising the rates of destruction and regeneration of the system.

An analogous model was proposed by Stolin et al.59 The
authors used a rheological system consisting of the structures A
and B and identified the destruction and regeneration of the
system with the forward and reverse chemical reactions
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The constants k1 and k2 are similar in meaning to the
analogous parameters in Eqn (27). Their dependence on the
shear rate was taken into consideration under the following
assumptions:

(i) an increase in the deformation intensity leads to stronger
structural changes (up to destruction);

(ii) noticeable structural changes occur after elastic deforma-
tion (development of high-elastic deformations).

It is taken that

k1 � k1 0 exp
o

2kBT

� �
,

k2 � k2 0 exp ÿ
o

2kBT

� �
,

where o=(G/t)_e2 is the energy accumulated during elastic
deformation t.

The equation relating the dimensionless stress �s and the shear
rate �_e was written in the following form 59

�s �
�_e 1� k exp�_e 2
ÿ �
l� k exp�_e 2

(28)

Here �s � FAa
1=2s, a � G=t, �_e � a1=2 _e, k � k1 0=k2 0 , l � FA=FB ,

FA and FB are the fluidities of the structures A and B, respectively.
Therefore, the viscosity of a system in the kinetic models is

related to the concentrations of broken and non-broken structures
(bonds) and it can be estimated from the corresponding kinetic
equations.

Equation (28) describes the viscosity superanomaly, viz., a
decrease in the deformation resistance with increasing shear rate
in stationary flows, characteristic of tixotropic structured systems.
In this case, the flow curve (the shear rate vs. the shear stress) is a
multivalued function. Its plot has a lower and upper branches,
jumps from one branch to another being possible. This depend-
ence was observed experimentally for various disperse systems
and it is associated with the above-discussed discontinuity effect.41

It should also be noted that an agreement between the experiment
and Stolin's model is evidently due to a free choice of a large
number of independent parameters.

The kinetic model of aggregation ± fragmentation of particles
in a hydrodynamic shear flow of a coagulated suspension was
developed byDolgonosov.60, 61 In the equilibrium state, where the
rates of attachment of the particles to aggregates is equal to the
detachment rate, a dispersed phase was demonstrated to be
separated into two fractions. One fraction consists of large
aggregates, whereas another fraction is composed of small par-
ticles (initial particles and small aggregates). The formation of a
two-fraction pattern was attributed to the fact that the growth of
small and larger aggregates occurs by different mechanisms
(Brownian and gradient). Within this model, the particles of the
small and larger fractions are characterised by continuous spectra
of masses f (m) and F(m) (m and m are the particle masses of the
corresponding fractions). The functions f and F were each
normalised to the number of particles in the corresponding
fraction. Under the assumptions used for the description of
coagulation of small particles and their uptake by aggregates, as
well as of the growth and degradation of aggregates, the following
kinetic equations were derived:

qf �m�
qt
�
�m=2
0

b mÿ m 0;m 0
ÿ �

f mÿ m 0
ÿ �

f m 0
ÿ �

dm 0ÿ (29)

ÿ
�?
0

b m;m 0
ÿ �

f m� �f m 0
ÿ �

dm 0 ÿ
�?
0

b m; m� �F m� �f m� �dm�

�
�?
m

g mÿ m;m� �F m� �dm ,

qF �m�
qt

�
�m=2
0

b mÿ m; m� �F �mÿ m�f m� �dmÿ (30)

ÿ
�?
0

b m;m� �F m� �f m� �dm�
�?
0

g m;m� �F m� m� �dmÿ

ÿ
�m=2
m

g mÿ m;m� �F m� �dm.

Here b(x,y) is the kernel of coagulation (the specific rate of
coagulation of the particles x and y into the aggregate x+ y)
and g(x,y) is the kernel of degradation (the specific rate of
degradation of the aggregate x+ y into the fractions x and y).
The functional type of the sites of coagulation and degradation is
written with consideration for themechanism of aggregate growth
with the use of approaches developed in the studies.62 ± 65

Calculations within this model allow one to reveal the changes
in the spectrum of particles of a dispersed phase with time (Fig. 5).
Analysis of the results of calculations showed that the evolution of
the dispersed phase involves three steps: 1) the initial step: as a
result of coagulation of aggregates, a coarse fraction manifests
itself as several modes in the spectrum, which are transformed into
one resulting asymmetric mode upon coalescence; 2) the inter-
mediate step: aggregate coagulation continues, resulting in a
decrease in asymmetry of the mode; 3) the final step: aggregation
ceases, and ageing of the dispersed phase occurs due to capture of
particles of the fine fraction by aggregates and detachment of
fragments from aggregates under hydrodynamic stresses.

Calculations demonstrated that the peak in the spectrum of
the fine faction decreases in height and is broadened with time. In
the studies,60, 61 it was demonstrated that the fine and coarse
fractions do not overlap throughout the process, which is a
condition for the applicability of the two-fraction model of a
dispersed phase. The cited studies dealt with low-concentration
disperse systems, in which the possibility of structuring is
excluded, and only the kinetics of the formation of a dispersed
phase was calculated taking into account coagulation and frag-
mentation of the particles. Apparently, the proposedmodel can be
used also in calculations of the rheological characteristics of such
systems.

Of the processes that substantially influence the rheological
properties of dispersions, immobilisation of a liquid with aggre-
gates and particles deserves notice. A liquid can be immobilised
both on the particle surface and within aggregates. The immobi-
lised liquid is not a true component of the liquid phase because it is
bound to particles, and this liquid would be more properly
considered as an supplement to solid particles, which increase
the effective volume concentration of the dispersed phase

jef � j� js � jv ,

where js and jv are the fractions of the liquid immobilised on the
particle surface and in the bulk of aggregates, respectively.

The influence of immobilisation of the liquid on the rheolog-
ical characteristics of suspensions was discussed by Windhab.66

The volume of the immobilised liquid depends substantially on the
degree of aggregation of the system, the particle surface rough-
ness, the viscosity of the liquid, the porosity of aggregates, their
density (Fig. 6) and other factors. Deaggregation of the system
leads to release of the liquid located between the particles in the
aggregate, resulting in a decrease in the volume of the immobilised
liquid (jef). However, further deaggregation leads to immobilisa-
tion of the liquid on the newly formed particle surface resulting in
an increase in jef . The effective concentration jef directly affects
the suspension viscosity. Therefore, the viscosity of the system

A B
k1

k2
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changes with a change in the shear rate resulting in the aggregation
or deaggregation and immobilisation or release of the liquid.

The following equation for the effective volume concentration
was obtained:66

jef � j 1� 1ÿ jm

jm

1� cÿ 1� � 3
4
nÿ1=3j1=3

m

� �� �
. (31)

Here c=DVs/DVv is the ratio of the volume increments of the
liquid immobilised on the surface (DVs) and in the bulk (DVv) of
aggregates due to aggregation (deaggregation) of the system and n
is the number of particles in the aggregate. Aggregation can lead
to either a decrease or increase in the viscosity depending on c (at
c>1 and c<1, respectively).

The number of the particles in the aggregate is calculated
according to the equation

n � n�0� ka � kd exp ÿ ka � kd� �t� �
ka � kd

� �
, (32)

where n(0) is the number of particles at the initial point of time and
ka and kd are the rate constants of aggregation and deaggregation,
respectively.

In the study,66 it was suggested that Eqns (31) and (32)
combined with the Krieger ±Dougherty equation (4) be used for
the estimation of the suspension viscosity:

Z j; _e; t; d� � � Z0 1ÿ jef j; _e; t; d� �
jm

� �ÿa d� �jm

. (33)

The additional parameter d takes into account the influence of the
orientation of aspherical particles in a flow.

A comparison of the results of calculations according to
Eqn (33) with experimental data showed that the model gives
underestimated viscosities (Fig. 7). Apparently, this can be attrib-
uted to the fact that this model does not take into consideration
the microstructure formation, which affects the viscosity of
disperse systems.

The microrheology of low-concentration fractal colloidal gels
was documented in several publications.67 ± 74 If the shear stress
applied to such gels is small, the gels exhibit `solid-like' properties,
viz., a high viscosity and the modulus of elasticity at low
frequencies. If the stress is higher than the threshold value, the
viscosity and, in some cases, the modulus of elasticity fall by
several orders of magnitude and the system exhibits `liquid-like'
properties. An explanation of the nature of solid- and liquid-like
states was given in the studies.67, 68 It was assumed that, at stresses
higher than the threshold value (s> sc), the structure consists of
fractal aggregates, which are in contact with each other but are not
linked in a network, and the system exhibits liquid-like properties.
At s< sc, the system occurs in the gel state, i.e., it consists of
aggregates linked in a network and exhibits solid-like properties.

For the solid-like state, the viscosity can be estimated accord-
ing to the equation 67, 73
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Zs % aG0t0 exp
E

kBT

� �
c�3�2fr�=�3ÿfa�. (34)

Here a<1 is the coefficient that takes into consideration a
decrease in the shear modulus in the space between the particles,
G0 is the shear modulus of the material of colloidal particles, t0 is
the period of thermal oscillations of a pair of bound particles, E is
the bond energy of the particles, c is the volume concentration of
the particles in the system c= cNd 3 (cN is the numerical concen-
tration of colloidal particles), fr is the fractal dimensionality of
unreplicated bonds in the backbone of the aggregate and fa is the
fractal dimensionality of the aggregates.

The viscosity of a gel in the liquid-like state is

Zf %Bp Z0 , (35)

where B>1 is the coefficient that takes into account the aspher-
icity of the aggregate.

The critical (threshold) stress is

sc � K
pcE

x 3
, (36)

where K& 1 is the coefficient, pc is the critical fraction of broken
bonds, which is determined based on the percolation concepts, for
a three-dimensional problems pc& 0.6 ± 0.8, and x is the linear size
of the aggregate.

In the study,67 it was concluded that at s= sc, the system is
inhomogeneous and stratifies into two phases, which are charac-
terised by the viscosities Zs and Zf and the shear rates sc/Zs and
sc/Zf . The shear rate changes stepwise with height. In regions
corresponding to solid-like layers, the shear rate is lower than the
average rate, whereas it is higher than the average rate between the
layers.74

The possibility of the co-existence of solid-like and liquid-like
layers in a shear flow of low-concentration colloidal gels was
considered in detail.72, 74 In those studies, the co-existence of the
layers in a shear flow in the shear rate range sc/Zs4 _e4sc/Zf was
demonstrated to be responsible for the minimum energy dissipa-
tion rate, i.e., the presence of these layers is energetically favor-
able. The fraction of the cross-section, which is perpendicular to
the sample flow and is occupied by liquid-like layers, is determined
by the equation

jf �
_e=sc ÿ 1=Zs
1=Zf ÿ 1=Zs

. (37)

An idea of the co-existence of solid- and liquid-like phases was
extended to gels under periodic shear deformation.68 In the
publication,71 the theoretical views about the structures of low-
concentration gels were used for the description of the state of
such gels under shear compression. In particular, it was noted that
compression can lead to contacts between the branches (formed
by particles) attached to the backbones of fractal cells and their
gluing, on the one hand, and the cleavage of the most burdened
branches, on the other hand.

The criterion formulated in the study 69 allows one to predict
whether aggregates can fill the volume of the system and form a
gel. This criterion is based on parameters of dilute colloidal
systems in which fast coagulation of particles occurs and non-
equilibrium fractal aggregates are formed. If the gel formation
does not occur, aggregates fill a small volume fraction of the
system, and their average sizes remain virtually unchanged with
time because aggregation is compensated by fragmentation of
aggregates (a stationary state). The volume concentration of the
particles in the system was taken to be small, the aggregates were
considered as consisting of a large number of particles, and the
scaling solution of the Smoluchowski equations for large sta-
tionary aggregates, which was obtained earlier,75 was used. The
Smoluchowski equations include only pair collisions of aggregates
and these equations are approximate, when the volume fraction
occupied by aggregates ja is large.

In the case of formation of stationary fractal aggregates, their
characteristics are described by the following expressions:
the weighted-average mass of aggregates

M% cN
k

f

� �1=�2�bÿa�
; (38)

the average aggregate size

R% dM1=fa % d cAn� ��1=fa�=�2�bÿa�; (39)

the number of aggregates per volume unit

n%
cN
M

% d ÿ3c cAn� �ÿ1=�2�bÿa�; (40)

the volume fraction occupied by aggregates

ja % nR3 % c cAn� ��1=fa�=�2�bÿa�; (41)

the time of establishment of a stationary state

t%
d 3

ck
cAn� ��1ÿa�=�2�bÿa�% 1

f
cAn� �ÿ�1�b�=�2�bÿa�. (42)

Here k and f are the coagulation and fragmentation constants,
respectively, a and b are the parameters that characterise the
homogeneity upon coagulation and fragmentation, respectively, d
is the particle size, fa is the fractal dimensionality of the aggregates
and An= d73k/f is the dimensionless parameter that character-
ises the ability of the system to undergo aggregation.

In the case of fast Brownian aggregation in the absence of
cyclic (closed) fragments in the structure of fractal aggregates, the
parameters a and b are equal to zero. Taking fa=2, the criterion
of the existence of a gel can be obtained from Eqn (41) as the
condition ja% 1 (aggregates fill the total volume).

c5=4 An� �1=4 % 1. (43)

The region of the parameters c andAn, at which the aggregates
are not linked to each other and exist in a stationary state, is shown
in Fig. 8. This region is limited by the weighted-average mass of
the aggregates 102<M<106. The requirement of large aggre-
gate masses is associated with the fact that fractal models are
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Figure 7. Calculated (solid curves) and experimental (points) depend-

ences of the shear viscosity of a sugar dispersion in silicon oil.66

The results of approximation of experimental points by polynomials are

indicated by dashed curves.

(1) jef at n0=1000; (2) jef at n0=5000; (3) Z at n0=1000; (4) Z at

n0=5000; (n0 is the number of particles in the aggregate in the absence of

shear).
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adequate only in this case. However, the mass of real fractal
aggregates cannot bemuch larger than 106, because their structure
will be substantially deformed under gravitation and thermal
fluctuations. The wavy line in the Figure corresponds to the
boundary of the gel formation ja* 1.

It should be noted that aggregates occupy virtually the whole
volume of the system at ja* 1. In this case, the gel formation is
beyond doubt. At the same time, the gel formation can occur at
lower concentrations as well. The approximate character of the
above criterion is associated also with the fact that the Smolu-
chowski equation that lies at the basis of this criterion is valid (as
mentioned above) only at low ja .

3. Suspension dynamics under vibration in the presence of
surfactants
A decrease in the viscosity of disperse systems (an increase in their
fluidity) is one of the main conditions of optimisation of many
heterogeneous chemical engineering processes. This problem is of
particular importance for highly disperse systems with a high
concentration of a solid phase, which are used in virtually all
important industrial processes. The viscosity can be decreased by
increasing the shear rate, which leads to decoagulation. However,
high fluidity of disperse systems can be achieved also at low shear
rates, if the dynamic state is created under other external forces,
for example, under vibration, particularly, in the presence of
surfactants.

The results of vibration treatment are in many aspects similar
to the effect of Brownianmotion, which hinders the formation of a
coagulation structure from particles, thus providing aggregation
stability of disperse systems. Vibration induces dispersion of
structures. Hence, the vibration effect is analogous to lyophilisa-
tion of the system. However, it differs from the Brownian motion
in that its parameters can be changed by many orders of
magnitude, whereas the only controlled parameter of the Brow-
nian motion, viz., the temperature, can be varied only within an
order of magnitude.

Experimental vibrorheological curves represent plots of the
effective suspension viscosity vs. the vibration intensity 39 analo-
gous to usual rheological curves Zef(_e). Approaches to the theo-
retical analysis of vibrorheological curves were covered in the
monograph.5

Within the model of a homogeneous structure, the effective
viscosity of a disperse system is calculated according to the
equation 5

Zef
Z0

*
xti=tf� �1=2exp Ua=y� �

1� tf=ti� �1=2ÿ tf=xti� �1=2
, (44)

where x= h1/d, h1 is the effective range of surface forces, ti and tf
are the characteristic relaxation times of inertial motion of
particles and their interaction due to the surface forces, Ua is the
potential energy of particle interactions and y is the parameter
that characterises the kinetic energy of chaotic motion of particles.

For the suspensions considered in the monograph,5 tf44 ti .
In this case, Eqn (44) takes a simple form

Zef
Z0

* exp
Ua

y

� �
. (45)

When Eqns (44) and (45) are applied to suspensions under
vibration conditions, the parameter y includes, along with the
energy of thermal motion of particles, the energy imparted to the
particles under vibration,

y � kBT�m�Ao�2,
where A and o are the vibration amplitude and frequency,
respectively.

At rather high y (high vibration intensity), destruction occurs
to give aggregates. In this case, models of aggregated suspensions
can be used in the vibrorheological analysis of disperse systems.

The equations for the viscosity of low-concentrated aggre-
gated suspensions with a fractal structure can be derived based on
the concepts of sedimentation stability of suspensions by replacing
the acceleration of gravity g by the acceleration produced by
vibration Ao2. The following equations for the viscosity under
vibration were thus obtained:5

within the mean-field model

Zef
Z0
� 1ÿ j

j2
m

1:1

xv

� �s�3ÿf �=� fÿ1�" #ÿ1:5
; (46)

within the lubrication model

Zef
Z0
� 6:2

xv

j
j2
m

� �g1� 3ÿf;� �� fÿ2� ��=�3ÿf �
. (47)

Here

xv �
2

9

jrÿ r0jdAo2

s0v
,

s0v is the resistance to vibration s0v=ks0 , k55 1, f is the fractal
dimensionality, s0 is the stability of the structure in the absence of
vibration

s � fÿ 1

�3ÿ f �g1 � � fÿ 2� �
fÿ 1

1� f �1� 1=fr�
,

fr= f/fc , fc is the chemical dimensionality;76, 77

g1 �
2a

�3ÿ f �� fÿ 1� ,

a is the parameter that depends on the degree of anisometry of the
cluster, 04 a4 f71.

The viscosity of highly concentrated suspensions can be
estimated from the equation

Zef & 17Zext
jm ÿ j
1ÿ jm

jrÿ r0jRAo2

ks0
� Zext _e

s0

� �1=2
" #ÿ1

, (48)
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where

Zext :
9

8

Z0
jm=jext� �1=3ÿ1

,

Zext and jext are, respectively, the viscosity and concentration of
the suspension that fills the space between aggregates.

At low shear rates _e, Eqn (48) takes the form

Zef
Zext

& 17
1ÿ jm

jm ÿ j
ks0

jrÿ r0jRAo2
. (49)

The influence of the particle surface modification with surfac-
tants can be taken into account by varying the parameters Ua , h1
and k in Eqns (44) ± (49).

Analysis of the resulting equations and their comparison with
experimental data showed that the plot of the viscosity Zef vs. the
vibration intensity I=A2o3 is characterised by the presence of the
following two regions. At small values, the viscosity is calculated
according to Eqns (44) and (45). At large values, the viscosity is
calculated from to Eqns (48) and (49). These regions are associ-
ated with different flow mechanisms: a flow with a continuous
structure (a model of a homogeneous structure) and degradation
of the structure into aggregates and individual particles (a model
of finite aggregates). In the former case, the viscosity decreases
exponentially with increasing vibration intensity due to destruc-
tion of a homogeneous system. In the latter case, a weaker (power)
dependence is observed, which corresponds to the aggregation
mechanism of destruction. Since the viscosity depends on Ao and
Ao2 in the first and second segments of the curve, respectively, it is
reasonable to use relatively low-frequency vibrations to perform
destruction in the initial step, whereas higher-frequency vibration
must be used to achieve deeper destruction giving rise to aggre-
gates. Vibration makes it possible to eliminate the segment of
abnormally high viscosities at low shear rates in the rheological
curve, in particular, to provide fluidity at shear stresses much
lower than the effective yield point.

The influence of orthogonal oscillations on a disperse system
(chocolate,T=32 8C) under shear is shown in Fig. 9.78Measure-

ments were performed on a MCR-500 rotational rheometer. The
experimental data showed that the viscosity substantially
decreases in a wide range of shear rates.

The addition of surfactants to disperse systems reduces the
lyophilic ± lyophobic surface mosaicity of particles and favours a
decrease in the viscosity in all regions, the general view of the
rheological curve remaining unchanged (Fig. 10). Analysis of the
dependences presented in Figs 9 and 10 revealed the effect of
vibro-dilatancy consisting of the increase in the viscosity with
increasing shear rate under vibration. The mechanism of this
effect associated with the change in the structure of the flow
remains unclear.

A high degree of deformation homogeneity can be achieved
using vibration along with a decrease in the viscosity of a
structured suspension due to `healing' of discontinuities.41

Hence, vibration (particularly, combined with the addition of
surfactants) can be considered as a universal tool for controlling
the rheological properties of disperse systems.

An interesting synergism was observed under the combined
action of different types of vibrations and surfactants on disperse
systems. It was demonstrated 79 that low-frequency mechanical
vibrations combined with high-frequency ultrasonic vibrations
(60 Hz and 22 kHz, respectively) provide a higher degree of
microstructure homogeneity of experimental samples (epoxy-
based composite materials were examined as the samples). The
possibilities of controlling the properties of disperse systems with
the use of surfactant mixtures are much wider than those with
individual surfactants. The colloid-chemical properties of aque-
ous solutions of high- and low-molecular-weight surfactants, viz.,
proxanol 228 and sodium alkylbenzenesulfonate, respectively,
and their 1 : 1 mixture were investigated.80 The surfactant proper-
ties of the mixture were demonstrated to be more pronounced
than the properties of the individual surfactants. Besides, the use
of the mixture ensures higher aggregation stability of the system.
Therefore, a combination of high- and low-molecular-weight
surfactants results in the effect that is not observed in the case of
individual surfactants.
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Figure 9. Changes in the shear viscosity (1, 2) and the normal force (3, 4) (chocolate, T=32 8C, a MCR-500 rotational rheometer) under orthogonal

oscillations.78

(1, 3) Without vibration; (2, 4) under vibration (n=60 Hz, A=0.5 mm).
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The resistance of structured disperse systems to vibration and
the knowledge of conditions under which destruction becomes
impossible are of considerable importance. These problems were
examined 81 by analysing vibrations of a particle caused by
oscillations of the fluid in a potential well in the vicinity of an
equilibrium state. The equation for forced vibrations of a particle
oscillator near equilibrium takes the form 82

q2xij
qt2
� 2li

qxij
qt
� o2

i xij �
Fj

m
sinot, (50)

where xij is the displacement of the particle from the equilibrium
position, i=1 and 2 correspond to the long- and short-range
coagulation, respectively, j=1 and 2 correspond to different
calculation methods of the force Fj , li* zZ0r2/(Him), z is the
coordination number, r is the particle radius, Hi is the distance
which corresponds to the long- and short-range coagulation, m is
the particle mass and oi is the eigenfrequency of vibrations of the
particle.

The law of forced vibrations of a particle was derived from the
equation of motion (50) 82

xij t� � � bij sin ot� ci� �,
where

bij �
Fj

m o2 ÿ o2
i� �2�l2i o2

h i1=2 ,
ci is the phase difference between the vibrations of the particle and
the fluid.

The particle can escape from a potential well when exposed to
the force Fj , if one of the following inequalities is fulfilled:81

bij 44Hi , (51)

mb2ijo
2 44Ui . (52)

If inequality (51) is fulfilled, the particle will be displaced from
the equilibriumposition to a distance larger than the potential well
width, i.e., will go beyond the range of action of the surface forces.
If inequality (52) is fulfilled, the particle will acquire an energy
higher than the potential well depth Ui and move as though there
were no surface forces, oi=0. In both cases, the particle breaks
free of the bonds that hold it in the structure, i.e., destruction
occurs. Detailed analysis of the particular form of conditions (51)
and (52) for various modes of estimation of the force Fj as applied
to long- and short-range coagulation, respectively, was performed
in the study.81

In the case of destruction of structured systems that hinder
high fluidity of dispersions the inertial effects are of importance in
achieving the isotropic dynamic state of solid/liquid (S/L) disperse
systems. When moving in an oscillating fluid, the vibration
amplitude of the particle does not necessarily coincide with the
vibration amplitude of the fluid. This effect becomes more
pronounced as the particle mass increases, the oscillation fre-
quency of the fluid increases or the viscosity of the fluid decreases.
Under steady-state vibration mode, the proportionality coeffi-
cient b between the vibration amplitudes of the fluid (A) and the
particle (Ap)

Ap= bA

is calculated according to the equation 83

b � l

1� l2
ÿ �1=2 ,

where

l � 9Z0
pd 2rn

,

n is the vibrational frequency of the liquid in Hz.
The coefficient b is essentially the criterion that indicates

whether destruction and deaggregation can occur in a suspension.
Destruction can take place if the particles that form the system are
characterised by different values of coefficient b. The wider is the
range of variations in b, the faster and more efficient is destruc-
tion. This condition means that only polydisperse systems with a
wide range of variations in the particle size can undergo destruc-
tion in a suspension of rigid spheres under vibration. In this case,
particles with different masses oscillate with different amplitudes
due to which the particles are displaced with respect to each other
resulting in destruction.

It should be noted thatAp are the amplitudes of free (i.e., non-
interacting) particles. The real amplitudes can be lower than Ap if
there are interactions between the particles. This means that the
above criterion provides evidence only for the possibility of
destruction of structured components. Structural stability deter-
mined by interparticle forces is responsible for whether or not
destruction will occur. To overcome these forces, it is necessary
that the energy supplied under vibration be sufficient for cleavage
of coagulation contacts [see Eqns (51) and (52)]. In other words,
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Figure 10. Changes in the rheological curves of water ± coal suspensions

in the presence of surfactants and under vibration based on brown coal
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this criterion describes the conditions necessary but insufficient
for destruction of S/L disperse systems.

Undoubtedly, destruction and deaggregation under vibration
depend on the degree of anisometry of the particles involved in the
structures and aggregates. The value and character of the hydro-
dynamic forces acting on the particles depend substantially on
their shape. At high anisometry, not only relative displacements of
particles but also their more complicated translational-rotational
motions take place resulting in faster deaggregation.

It is known that the presence of a surfactant layer on the
particle surface leads to an increase in aggregation stability of
disperse systems due to high viscosity, mechanical strength of the
absorption layer and lyophilicity of its outer surface. Based on
these facts, the structural-mechanical barrier is considered as one
of factors stabilising disperse systems under static conditions.34, 84

However, stability of systems under dynamic conditions is of
particular importance and there is a need for a theoretical
description of the parameters and prerequisites for the appearance
of the structural-mechanical barrier in the dynamic state. The
processes that occur in adsorption layers on the surface of the
particles during their high-speed collisions were analysed.85 The
layers are characterised by the viscosity coefficient Zl and the
modulus of elasticity El . It was noted that the breakdown of an
adsorption layer can take place at a rather high velocity of
approach of particles to each other Vs. The breakdown occurs if
the mechanical stress in the layer is comparable to the strength of
the layer pl . The inertial breakdown, i.e., the breakdown due to
the kinetic energy of particles received from an external source,
was considered. Under these conditions, the viscous properties of
the layer at particle velocities close to breakdown values can be
ignored because the collision time is much shorter than the
relaxation time (the time of elastic after-effect) tr* Zl/El . In this
case, the layer behaves as a purely elastic layer.

A quantitative expression for the criterion for the layer
breakdown can be derived by comparing the kinetic energy Dek ,
which is received by particles from an external source, with the
sum of the elastic energy Deei , which can be accumulated in the
layer without destruction, and the energy Dehi dissipated for
viscous friction as the surfaces approach each other.

The breakdown criterion is determined by the inequality

Dek > Deei � Dehi . (53)

According to the results of the study,85 the terms in this
inequality can be estimated according to the formulas

Dek *
2p
3
r3rV 2

s ,

(54)

Dee1 *ElL
2rl

pl
El

� �3
,

Dee2 *ElL
2r2

pl
El

� �3
r

r2

� �3=2
,

Dehi *
�h0 i
L

Fidh.

Here r=[3m/(4pr)]1/3 is the linear size of anisometric particles (m
is the particle mass and r is the particle density), L is the thickness
of the adsorption layer, r1 is the local curvature radius of the
particle surface for angular collisions (i=1), r2 is the curvature
radius of the lateral surface of disk-like particles (i=2), h0 is the
initial distance between the particles and Fi is the hydrodynamic
drag force when the particles approach each other

Fi & 6pliZ0
Vr2i
h

, (55)

where l1=1, l2=2(r/r2)3/4.
Using relations (54) and (55), let us rewrite the criterion (53) as

follows
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This expression corresponds to the general criterion for the
loss of aggregation stability under dynamic conditions. The
structural-mechanical barrier is an essential factor of stability of
dynamic systems, if the thickness of the layer and its modulus of
elasticity are rather large. At low values of these parameters,
particles are prevented from approaching each other only by
hydrodynamic forces, and the minimum breakdown velocity of
the layer is independent of the thickness and the modulus of
elasticity of the layer.

Inertial coagulation is most probable for anisometric par-
ticles, i.e., the creation of a structural-mechanical barrier in
dynamics can be used as an efficient way of stabilising real disperse
systems. It should be noted that the electrostatic factor is of lesser
importance in dynamic systems compared to static systems.86

In Section II, we have reviewed the most widely used rheo-
logical models of S/L disperse systems and some conclusions and
criteria that are based on theoretical analysis of these models.
However, the dynamic properties of disperse systems cannot be
studied only by analytical methods because of their complexity. It
is necessary to use calculation methods and computer simulation
to understand the true mechanisms of many phenomena under
particular conditions. Below we consider such methods, discuss
the possibilities of computer simulation of disperse systems and
summarise most characteristic results obtained with the use of
these methods.

III. Computer simulation of disperse systems

1. Computer simulation methods for disperse systems
Let us consider approaches to computer simulation of disperse
systems at different length scales and the corresponding numerical
methods.

Three most important length scales are used in studies of
colloidal suspensions (Fig. 11): the microscopic or atomic-molec-
ular level, the mesoscopic level characterised by lengths of the
order of colloidal particle size and the macroscopic level where
suspensions are considered as a homogeneous fluid. Since the
length scales corresponding to these levels differ by several orders
of magnitude, it is impossible to perform simultaneous simulation
of a suspension at all levels. Each simulation method is, as a rule,
intended for the use at a particular level.

Simulations at the atomic-molecular level are carried out with
the use of the molecular dynamics method (non-equilibrium
molecular dynamics), in which the trajectories of the motion of
molecules are calculated taking into account intermolecular forces
based on Newton's laws. This method was developed about
50 years ago and was considered in numerous publications (for
example, the description of this method has been given in the
publications 88 ± 95). However, the molecular dynamics method is
very time consuming. To perform relatively reliable calculations
of the fluid bulk properties with the use of this method, it is
necessary to simulate systems containing more than 109 par-
ticles.91

The Monte Carlo method can serve as an alternative to the
molecular dynamics method in simulations of equilibrium states
of systems. The characteristic feature of the Monte Carlo method
is its stochastic nature (strictly deterministic equations are used in
the molecular dynamics method). In simulations of multiparticle
systems, various modifications of the Monte Carlo method are
used.95 ± 100 The essence of the simplest modification is that all
particles of the system are alternately subjected to random
displacements. After each displacement, the system is tested to
ensure whether the whole system satisfies a particular criterion
and, if not, a new random displacement is done. After a rather
large number of steps, the method gives an equilibrium config-
uration of particles, which best satisfies the desired criterion (the
total energy of the system is generally used as this criterion).
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Although the Monte Carlo method works faster than the molec-
ular dynamics method, it is unlikely that this method can be used
for the description of dispersion flows because it completely
ignores the dynamics of the system under consideration.

It is difficult to simulate the behaviour of dispersed particles
suspended in a medium of fluid molecules by the molecular
dynamics method because it requires a large volume of calcula-
tions. To calculate the motion of even one dispersed particle, it is
necessary to take into consideration collisions of this particle with
at least several thousand `background' molecules. Moreover, the
time of particle ±molecule collisions tpm (*1079 s) is several
orders of magnitude shorter than the time of particle ± particle
collisions tpp (*1074 s). This means that detailed simulation of a
suspension consisting of at least 1000 particles for a time much
longer than tpp requires the use of a giant number of model units
and an unrealistic number of iterations.

Brady has demonstrated 101 that the time required for calcu-
lations of particles suspended in a fluid with the use of this method
increases proportionally to the sixth power of the ratio of the
particle size to the molecule size. Even for nanoparticles the sizes
of which are larger than those of the fluid molecules by only a
factor of 10, the time consumed for calculations increases billion-
fold. Nevertheless, if simulations are performed for a period of
time comparable to tpp , the use of this method, though being time
consuming, is practically possible. However, in most cases,
information on the motion of each fluid molecule seems to be
excessive in simulation of suspensions because the parameters of
the behaviour of particles in suspensions are determined primarily

by the macroscopic characteristics of the medium (viscosity,
density, flow rates, etc.). In this connection, simulations are
performed with the use of a continuous homogenous medium
with specified macroproperties instead of the fluid molecules. In
this case, interactions between particles are determined not only
by molecular attraction and electrostatic repulsion but also by
hydrodynamic forces transmitted through the fluid.

For small particle sizes (<1 mm), thermal fluctuations of fluid
molecules cause Brownian motion, which, after the replacement
of fluid molecules by a continuous medium, can be represented as
the result of action of a random force that obeys particular
statistical regularities (Brownian dynamics 102 ± 104). Since the
motion of particles generally occurs at low Reynolds numbers
(Re= rdu/Z055 1, where u is the velocity of particles), hydro-
dynamic interactions are described by the linearised Navier ±
Stokes equations known simply as the Stokes equations. The
corresponding simulation method is called the Stokesian dynam-
ics.105 ± 107 This method is used for suspensions of particles with a
wide range of sizes (1078 ± 1073 m). The only limitation is that the
sizes of dispersed particles should be larger than the sizes of fluid
molecules to an extent that the medium can be considered as
continuous, and the Reynolds number should be low.101

A family of methods, which treat fluids neither at the
molecular level nor as a continuous medium but as a medium
consisting of particles with sizes larger than the sizes of individual
molecules, occupies an intermediate place between molecular and
Stokesian dynamics. In these methods, the motion of particles
obeys the law of momentum conservation. This law is at the basis
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Figure 11. Scheme illustrating the applicability of different approaches to computer simulation of disperse systems at different length scales and the

numerical methods used.87
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of the Navier ± Stokes equations. As a result, the hydrodynami-
cally plausible motion of the fluid is provided without the direct
solution of these equations. Of these methods, dissipative particle
dynamics 108 ± 112 and the lattice Boltzmann method 113 ± 122 are
most widely used. The advantage of these methods is that they are
less time consuming than the molecular dynamics method (in
some cases, than the Stokesian dynamics as well) and yet
adequately reproduce hydrodynamic effects. It should be noted
that these methods are based on continual equations of a
continuous medium, fluid particles serving as discrete elements,
due to which the equation in terms of partial derivatives can be
reduced to the difference system of ordinary differential equa-
tions. These methods are essentially continual and their discrete-
ness is purely computational. To the contrary, the molecular
dynamics method is based on the equations of motion of par-
ticles/molecules (ordinary differential equations) determined by
the balance between the quantity of motion and the interaction
potential between particles, i.e., it is the true discrete method.6

One of the modern approaches to simulation at the macro-
level, the so-called computational fluid dynamics (CFD), repro-
duces the behaviour of gas flows, Newtonian fluids and non-
Newtonian fluids under different conditions. This extensively
developed method was considered in numerous papers and
monographs (see, for example, Refs 123 ± 128), specialised jour-
nals and conferences. The detailed description of this method is
beyond the scope of the present review. Let us only note that it is
based on macroscopic equations (Navier ± Stokes, etc.), whose
solutions are sensitive to the boundary conditions. The available
CFD program packages that implement numerical methods
provide wide possibilities for solving problems of the dynamics
of single-phase fluids, which are used in various fields of science
and technology.129 However, the application of these methods to
simulation of suspensions presents difficulties because the boun-
daries move together with particles. These methods can be applied
to systems composed of a small number of particles 130, 131 having
simple and symmetrical geometry.132, 133

For this reason and also because the present review is devoted
primarily to microrheological simulation, emphasis is given to
methods oriented to simulation of suspension dynamics at micro-
and mesoscopic levels. Let us briefly consider the mathematical
backgrounds of some these methods.

a. Molecular dynamics method
The molecular dynamics method treats molecules and atoms as
moving Newtonian particles. The equations of motion of classical
mechanics for systems of interacting particles take the form

mi
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dt 2
x
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calculated by summing the energies of interparticle interactions,
which depend on the distances between pairs of interacting
particles

U x
1h i
1 ; ::: ; x 3h i

n

� �
� 1

2

X
i 6� j

u
ÿjxi ÿ xjj

�
.

An integration of the system of 3n equations of motion (57)
with certain initial conditions gives the trajectories of particle
motion. Particular (in the general case, arbitrary) coordinates and
velocities of molecules are used as the initial conditions. In many
cases, the velocities are chosen so that the total kinetic energy of
the system corresponds to the given temperature. The density
determined by the number of particles per unit volume can be used
as another macroparameter. As a result of evolution, the system
reaches an equilibrium state that depends on the temperature and
the density, as well as on the interparticle interaction potential.
The choice of the latter is of considerable importance because the

properties of the system strongly depend on this parameter. On the
one hand, the potential should correspond well to the physical
meaning of the model and, on the one hand, it should be
convenient for calculations. The surface effects at the boundaries
of the system can, to a certain degree, be compensated with the use
of the so-called periodic boundary conditions: if the particle
moves outside the computational space through the right boun-
dary, it simultaneously enters the space through its left boundary.
As a result, the density and energy of the system are retained. To
eliminate interactions of the particle `with itself', the pair inter-
action potential is cut at a particular distance from the particle.

b. Stokesian dynamics method
The Stokesian dynamics method has been proposed for the first
time by Brady and Bossis.105 According to this method, the
motion of n undeformable particles suspended in incompressible
Newtonian fluid is described in a vector form by the equation

m
dV

dt
� F h � F c. (58)

Here m is the generalised mass tensor (the moment of inertia
tensor) of particles, V is the vector of dimensionality 6n of the
translational and rotational velocities of particles, F are the
vectors of forces acting on the particles (moments of force) of
dimensionality 6n: F h are the hydrodynamic dissipative forces
caused by the motion of particles relative to the fluid and F c are
the conservative forces, which can be dispersion interaction forces
of colloidal particles or external forces (for example, the gravity
force).

At low Reynolds numbers (Re55 1), it is assumed that the
hydrodynamic forces linearly depend on the velocities of particles

F h=RV, (59)

whereR is the resistance tensor the elements of which characterise
the influence of the medium on the particle.

In disperse systems consisting of particles with sizes of about
1076 m (or smaller), the characteristic times of inertial displace-
ments are very short. Hence, in some cases, the left-hand side of
Eqn (58) can be ignored. Then the equation for the velocities of
particles can be written as follows:

V=7R71F c. (60)

To calculate the velocities (and positions) of particles, amatrix
inverse to R must be calculated in each step. Since the time
consumed for the inversion of the resistance tensor increases
proportionally to n3, this operation is one of the main limitations
in simulations of systems with a large number of hydrodynami-
cally interacting particles. A simplified modification of the Sto-
kesian dynamics can be used 107 to increase the efficiency of
calculations. This method allows simulations of motion of highly
concentrated suspensions in a shear flow. At high concentrations,
the components in the resistance tensor responsible for long-range
hydrodynamic interactions can be ignored due to a small gap
between the particles. As a result, thematrixR becomes sparse and
contains only components of short-range hydrodynamic interac-
tions, which are calculated from the lubrication theory. This
substantially simplifies the inversion of the matrix and results in
proportionality between the calculation time and the square of the
number of particles, due to which calculations of systems with
much larger n become possible. To reveal the nearest neighbours
of the particle, Voronoi and Delaunay tesselations were used.107

In this approach, the space is partitioned into regionswithinwhich
all points are closer to a particular point than to any of the other
points (Fig. 12). This region is called the Voronoi region and it
represents a convex polyhedron and a convex polygon in a three-
and two-dimensional space, respectively. TheVoronoi andDelau-
nay tesselations are widely used in simulations of ensembles of
discrete particles arbitrarily arranged in the space. A detailed
description of this geometric method was presented and the
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possibility of its application to the solution of particular phys-
icochemical problems was considered in a monograph.134

In other modifications of the Stokesian dynamics, the Stokes
law for an individual particle is used. It should be noted that this is
valid only for low-concentrated suspensions.

The thermal motion of particles is described by the Brownian
dynamics method. The stochastic force FB responsible for the
Brownian motion is added to the right-hand side of Eqn (58). In
this case, the equation for the velocity of particles (60) takes the
form

V=7R71(F c+F B). (61)

The force F B is chosen so as to fulfill the following conditions:

hF Bi � 0, (62)

F B 0� �F B t� �
 � � 2kBTd t� �R,

where the angular brackets indicate the averaging over the total
ensemble of particles and d is the Dirac delta function.

The first condition means that the total result of the random
Brownian forces is equal to zero. The second condition reflects the
correlation between the random force at points of time 0 and t,
which follows from the fluctuation-dissipative theorem of statis-
tical physics. This condition is also indicative of the relationship
between the Brownian and hydrodynamic forces, thus underlining
their common nature.

The colloidal component of the force F c in Eqn (58) is a
combination of the molecular attractive and electrostatic repul-
sive forces. At moderate concentrations of particles and at their
moderate velocities, this component can be determined by sum-
ming the pair interaction potentials of particles based on the
Deryaguin ±Landau ±Verwey ±Overbeek (DLVO) theory.36, 37

c. Dissipative particle dynamics
The dissipative particle dynamics method has been proposed in
the studies.108, 109 As mentioned above, this method is based on
the representation of a fluid as a combination of hypothetical
particles at a supramolecular level (dissipative particles), the
motion of which occurs according to the laws of classical
mechanics under the action of conservative, dissipative and
random forces 95

Fi �
X
j 6� i

f c rij
ÿ �� f d rij;Vij

ÿ �� f r rij
ÿ �h i

, (63)

where Fi is the total force acting on the ith particle.
At first glance, this method is similar to the Brownian

dynamics method. The radical difference is that Eqn (63) corre-
sponds to forces acting on fluid particles rather than on dispersed
particles.

The conservative force f c
ij can be obtained, for example, from

the interaction potential between the particles i and j. The
dissipative force f d

ij corresponds to the friction force that depends
on the relative velocities of particles,

f d rij;Vij

ÿ � � ÿgod rij
ÿ �

Vijeij
ÿ �

eij ,

where rij= ri7rj , Vij=Vi7Vj , g is the coefficient that controls
the friction force, the function od(rij) describes the change in the
friction coefficient with distance and eij is the unit direction vector
rij . The random force f r

ij is described by the equation

f r rij
ÿ � � sor�rij�xijeij .

Here s determines a random pair interaction force, the function
or�rij� describes the change in the random force with distance, xij is
a random value characterised by the normal distribution law and
the unit variance, xij= xji .

The parameters g and s and the functions od�rij� and or�rij�
are specified so as to fulfill the following conditions:95

od�rij� � or�rij�
� �2

,

s2 � 2kBT g.

Dissipative particles that move under the acton of these forces
interact with colloidal particles according to the mechanics laws
thus providing their displacement and simulating the hydro-
dynamic and Brownian effects. Another essential difference
between this method and the Brownian dynamics is that calcu-
lations according to the method under consideration ignore the
momentum conservation in the system. In this case, the number of
particles in the system is virtually the only unchangeable
parameter. The equations of dissipative particle dynamics are
written so as to provide the automatic fulfillment of the momen-
tum conservation law, thus imparting the hydrodynamically
realistic (satisfying the Navier ± Stokes equation) behaviour to
the system over rather wide time and space scales.

Consequently, the dissipative particle dynamics method
makes it possible to go to the macroscopic level of pure fluids
due to which certain properties of fluids (for example, the
viscosity 110, 111) can be calculated. Usually, dissipative particles
are considered as spheres with fixed diameters and masses.
However, Flekkoy and Coveney 112 suggested that the dissipative
particle dynamics method be extended to the microscopic level by
identifying dissipative particles with the Voronoi polyhedra of
different sizes (Fig. 13). The Voronoi tesselation of dissipative
particles based on the configuration of a system makes it possible
to allocate computational burden depending on the required
degree of detailing (a higher degree is required in narrow channels
between colloidal particles than in the fluid bulk). This increases
the flexibility and efficiency of themethod andmakes it possible to

Figure 12. Voronoi tesselations of a point centre system in the plane.134

Figure 13. Scheme illustrating the applicability of the Voronoi tesselation

in the dissipative particle dynamics method.112

Dissipative particles are identified with Voronoi regions. Four different

length scales are presented: the scale of large colloidal particles, two scales

of dissipative particles (between colloidal particles and in the fluid bulk)

and the particle scale of the molecular dynamics method (solid points); the

boundaries between dissipative particles are calculated depending on the

arrangement of these scales.
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apply this method to simulations of systems of concentrated
suspensions, polymer solutions and flows in porous media with
complex geometry on different length scales.

d. Lattice Boltzmann method
Amongmethods that are also based on the representation of fluids
as discrete particles, the lattice Boltzmann method is worthy of
note. In recent years, this method has been widely used for
simulating hydrodynamic interactions in colloidal dispersions 113

and was described, for example, in the publications.114 ± 116 It
belongs to the family of lattice methods and is based on the lattice
gas model,117 in which the space filled with a gas or fluid is divided
into regions using a regular lattice. The motion of a fluid is
described by the dynamics of hypothetical particles of unit mass,
which are transferred, with certain probability, to the adjacent
sites along the links of a fixed lattice (Fig. 14). In the sites, particle
collisions take place. The collisions are considered taking into
account the conservation laws. The time and space averages
satisfy the Navier ± Stokes equation. The advantage of the lattice
gas method is its stochastic nature, which, however, is responsible
for its main drawback, viz., a high noise level.

This method can be improved by using the Boltzmann
equation for the description of lattice gases. In the relaxation
time approximation, this equation takes the form

q
qt

f (r,uu,t)+v Hf (r,uu,t)=7
1

t

�
f (r,uu,t)7f eq (r,uu,t)

�
. (64)

Here f (r,uu,t) is the Maxwell ±Boltzmann distribution function,
f eq(r,uu,t) is the equilibrium distribution function and t is the
relaxation time of the system due to particle collisions.

The Boltzmann equation can be transformed into the Nav-
ier ± Stokes equations using the Chapman ±Enskog expansion of
Eqn (64). The Boltzmann equation for an incompressible New-
tonian fluid can be solved in different ways with the use of lattice
partitions. In the simplest modification of the lattice Boltzmann
method, the summation in the lattice gas model is over particles,
resulting in the replacement of this parameter with the density
fi (r,t) of particles with velocities ci in this region of the lattice. The
velocities ci are chosen so that a particle can either move to the
adjacent lattice site during the timeDt or stay in its initial position.
The mass and momentum conservation laws must be fulfilled. In
this case, the main hydrodynamic parameters, by analogy with the
parameters of the kinetic gas theory, are the moments of different
orders of a random value ci . For example, the local fluid density is
the zero-order moment

r r; t� � �
X
i

fi r; t� �;

the local momentum density is the first-order moment

rv �
X
i

fi r; t� �ci ;

the momentum flux is the second-order moment

P �
X
i

fi r; t� �cici .

Calculations of the displacements of particles can be substan-
tially simplified by linearising the collision operator (the function
that relates the state of the lattice node before a collision to its state
after the collision) in the deviation of the particle density from its
equilibrium value. The best form of the operator for this type of
collision was proposed by Bhatnagar, Gross and Krook
(BGK) 118 and it provided the basis of the corresponding BGK
models:119

fi r� ci; t� 1� � � fi r; t� � � 1

t
f eq
i r; t� � ÿ fi r; t� �� � � F. (65)

Here F is an external force acting on a fluid (the mechanical force,
the force of gravity, etc.). In Eqn (65), the unit time step was
accepted, Dt=1.

One of the possible ways of describing solid particles sus-
pended in a fluid in terms of the lattice Boltzmann method is as
follows.120, 121 In a particle placed on a lattice, internal and
boundary nodes are distinguished (Fig. 15). The node is consid-
ered as a boundary node if it shares at least on edge with nodes
surrounding the fluid particle. For simplicity of calculations, it is
sometimes assumed that the particle is filled with a hypothetical
fluid. The collision operator is used for each node, including the
boundary and internal nodes of the particle. The condition of the
absence of sliding at the L/S interface in this method is generally
fulfilled due to `bounce-back' of fluid particles from the surface of
colloidal particles with momentum conservation. The concept of
the bounce-back of particles can be extended to the moving
colloidal particles 120, 121

fi r� ci; t� 1� � � fi 0 r� ci; t�� � � 2rfBi� wci�, (66)

where t+ is the time immediately after a collision, i 0 is the lattice
link, which is a direction of bounce-back, Bi are the coefficients
that depend on the lattice partition, rf is the fluid density, uuw is the
velocity of thewall (the surface of a colloidal particle) at a point rw,
and the latter term characterises the momentum transfer between
the fluid and the solid wall.

The velocity uuw is determined by the position of the centre of
mass of the particle rc and its linear (V ) and angular (oo) velocities.

w� V� rw ÿ rc� �6oo.
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Figure 14. Possible displacements of a particle to the adjacent sites of two-

(a) and three-dimensional (b) lattices.

(1 ± 18) are the numbers of the positions. The diagonal directions are

indicated by empty arrows. The vertical and horizontal directions are

marked by solid arrows.
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Figure 15. Schematic representation of a colloidal particle on a regular

lattice.135

(1 ± 3) are the boundary, internal and external (with respect to the particle)

lattice nodes, respectively.
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The overall hydrodynamic forces and moments of forces
acting on a solid particle from the fluid can be determined by
summation of the effects calculated according to Eqn (66) over all
boundary nodes of a solid particle in each time step. The result is
the movement of this particle under the action of the above-
mentioned forces according to Newton's laws.

Since the density of particles, unlike their number, is not a
discrete parameter, solutions obtained by the lattice Boltzmann
method are not exposed to fluctuations associated with discrete-
ness of the number of particles. This is often an advantage of the
method. However, in simulations of the Brownian motion, it is
necessary to specify statistical deviations from the calculated
positions. This can be done by introducing an additional random
force into Eqn (65).122 On the whole, the lattice Boltzmann
method provides a detailed description of the behaviour of a
fluid and is efficient from a computational standpoint, due to
which this can be successfully used in simulations of flows with
complex geometry, i.e., flows in porous materials, the dynamics of
colloidal suspensions, etc.

In the next Section, we consider selected results of computer
simulation of the dynamics of S/L disperse systems obtained with
the use of the above-mentioned methods.

2. Results of computer simulation of dynamics of disperse
systems
In Russia, computer simulation of the suspension dynamics has
been performed for the first time in 1999.136 Dispersions of
spherical quartz particles in water consisting of 100, 400 and 900
particles were examined. Only pair interactions of particles were
taken into account. The interaction potential curve was con-
structed based on the DLVO theory. The simulation was per-
formed by a simplified method of the Stokesian dynamics based
on the Stokes law for a single particle. Under shear conditions, the
formation of a region with a low concentration of a dispersed
phase was observed. This was attributed to the formation of layers
oriented along the shear direction in a suspension flow. Earlier,
this phenomenon has been observed and studied experimentally.
In subsequent studies, computer simulations of disperse systems
under dynamic conditions were carried out by the authors of the
present paper using simplified Stokesian dynamics method.

The behaviour of dispersions in a shear flow was simulated by
specifying a constant shear gradient at which the velocity of a fluid
increases in the vertical direction. Particles in a fluid flow
experience the Stokes force (viscous friction) exhibited by the
fluid due to which they move together with the flow. The inertia
component of the resistance force caused by the fluid was taken
into account through the particle effective mass including, along
with the particle mass, the added fluid mass, which is equal (in the
case of spherical particles) to one-half of the mass of the displaced
fluid,

mef � m� pd 3r0
12

.

The characteristics of the systems were as follows: Z0=
1073 Pa s, r0=103 kg m73, r=2.66103 kg m73, j= 20%±
40%, d=5±100 mm. The particle interactions were calculated by
specifying a potential curve with two energy minima correspond-
ing to long- and short-range coagulation. Since the particle sizes of
the systems under consideration differ by at most two times, the
interaction energy was taken to be equal for each pair of particles
regardless of their sizes.

In simulations of the influence of the physicochemical in-
homogeneity of the particle surface (its lyophilic ± lyophobic
mosaicity) on the character of flow of a disperse system, it was
assumed that the lyophilic and lyophobic regions are uniformly
distributed over the particle surfaces. The probability of the
formation of a contact in a lyophilic region, which is proportional
to the fraction of the lyophilic particle surface g, was determined
using a random number generator. Each time, interactions
between two particles were calculated assuming the parameters

of the potential curve corresponding to a lyophilic or lyophobic
contact. Since the presence of lyophilic regions results in weaken-
ing of attractions between particles, an increase in the degree of
lyophilicity of the surface leads to an increase in the aggregation
stability of the system (Fig. 16).

Computer simulations of disperse systems under dynamic
conditions revealed many features of their behaviour character-
istic of this state. The formation of layers and particle aggregates
in flows of disperse systems was confirmed. Destruction and
deaggregation of such systems can be performed by supplying
additional energy as external mechanical forces (for example,
vibration). Orthogonal oscillations of particles of disperse systems
occur through vibrations of a dispersion medium in the direction
perpendicular to the flow direction. This type of vibration effects
causes a sharp increase in the fluidity of dispersions by promoting
degradation of structured components in a disperse system, thus
noticeably increasing its shear viscosity.1 ± 3

All characteristic steps of formation of a layered structure in a
dispersion flow are presented in Fig. 17. In the formation of layers
oriented along the shear direction, long-range attractive forces
that act on particles are of considerable importance. Numerical
experiments showed that layered structures are not formed in
systems consisting of particles with a weak force field effective at a
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Figure 16. Flow of a disperse system with different degrees of lyophilicity

(g) of the particle surface (a ± c) and the interaction curve of two lyophobic

particles (d ).

Parameters of the system: n=200 particles; e.=40 s71, j=40%;

d=5±10 mm; g=0 (a), 50 (b), 100% (c).
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c d

Figure 17. Sequence of the formation of a layered structure in a shear flow

of a polydisperse system.

Parameters of the system: n=800 particles; e.=85 s71, j=35%;

d=50± 100 mm; the time after the start of flow /s: (a) 0, (b) 0.05, (c) 0.3,

(d) 0.5.
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short distance; instead, a nearly isotropic dynamic state is reached
in a flow or (in the case of a deeper short-range potential well)
aggregation occurs due to dynamic coagulation of particles
(Fig. 18). The formation of a layered structure is responsible for
anisotropy of the viscosity along and across the shear flow (in the
latter case, the viscosity can be substantially higher).

Computer simulations of destruction under vibration were
performed for a disperse system with particle sizes from 50 to
100 mm. Such large particles (which are nevertheless able to form
coagulation structures due to cohesion 1, 39) were chosen because
of the necessity to develop inertial effects under vibration, which
cause displacements of particles relative to each other and lead to
destruction. The results of calculations of inertial dislpacements of
particles relative to the medium depending on the particle size and
the vibrational frequency are given in Table 1.39 It can be seen that
the larger the particle size and the higher the vibrational fre-
quency, the larger the difference in the vibrational amplitudes of
the particles and the medium. This means that destruction of
systems formed by particles of colloidal sizes can occur only under
ultrasonic vibrations.

The harmonic oscillations of the fluid along the y direction
were specified according to the law

yf � A sinot ,

where A is the vibrational amplitude, o is the circular vibrational
frequency and o=2pv (v is the frequency in Hz).

In vibrations, the vibrational amplitude of a dispersion
medium was 0.1 mm and the frequency was 100 ± 200 Hz. The

choice of these parameters ensures a change in the ratio of the
vibrational amplitudes of the particles and the medium for these
vibrational frequencies in the ranges of approximately 1.0 ± 0.7
and 0.9 ± 0.5, respectively, thus providing conditions necessary for
destruction.83 However, the colloidal (surface) interaction forces
of particles can be so large that the energy supplied by vibrations
will be insufficient for destruction of structured ensembles in the
dispersion.

As an example, the results of computer simulation of vibration
effects on a disperse system under shear are presented in Fig. 19. It
can be seen that the layered structure that is formed in a dispersion
flow cannot be completely destroyed under vibrations of the
medium. Moreover, in this case vibrations lead to coalescence of
layers, i.e., to the formation of larger structural inhomogeneities,
which can apparently be accompanied by an increase in the shear
viscosity of the disperse system. Presumably, this is one of the
mechanisms of vibro-dilatancy, viz., an increase in the dispersion
viscosity under vibration.

Vibrations also cause `grading' of particles according to sizes
(see Fig. 19). This phenomenon is easy to explain as follows.
Large particles are grouped predominantly with large particles;
small particles, with small. This is due to the fact that particles are
characterised by different vibrational amplitudes: small particles
go ahead, whereas large particles go behind, resulting in the
separation of the dispersion into fractions. At the same time, the
possibility of adhering the smallest particles to the surface of large
particles cannot be ruled out, which follows from the DLVO
theory.36, 37

As mentioned above, the surface modification with surfac-
tants facilitates destruction of coagulation structures because it
eliminates the lyophilic ± lyophobic mosaicity of the surface. As a
result, virtually complete lyophilisation is achieved and, as a
consequence, interactions between particles are weakened. In
addition, coating of the surface with a surfactant layer creates a
structural-mechanical barrier, which hinders dynamic coagula-
tion.1, 34

Simulations of surfactant-modified systems were carried out
under the assumption that neither surfactant desorption from the
surface nor mechanochemical destruction of surfactants under
dynamic forces take place. It was assumed that uniform coating of
the particle surface is provided by surfactant molecules with short
hydrocarbon radicals or with the use of a mixture of low- and
high-molecular-weight surfactants.

The changes in the microstructure of surfactant-modified
disperse systems in a shear flow can be seen from Fig. 20. The
formation of a surfactant layer on the surface and its lyophilisa-
tion are accompanied by changes in the shape of the potential
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Figure 18. Illustration of the formation of aggregates in a dispersion flow

due to dynamic coagulation of particles (a ± c) and the interaction curve of

two particles (d ).

Parameters of the system: n=200 particles; e.=50 s71, j=20%;

d=50± 100 mm; the time after the start of flow /s: (a) 0, (b) 0.1, (c) 0.2.

Table 1. Relative inertial displacements of solid-phase particles in a liquid
dispersion medium depending on harmonic vibrational frequency and the
particle size.39

v /Hz Relative displacement at particle radii /m

1075 561075 1074 561074 1073

50 0.9999 0.9611 0.7933 0.4977 0.4869

100 0.9995 0.9002 0.6760 0.4903 0.4853

200 0.9982 0.7953 0.5849 0.4869 0.4846

300 0.9963 0.7240 0.5501 0.4859 0.4843

400 0.9938 0.6760 0.5325 0.4853 0.4842

500 0.9910 0.6423 0.5219 0.4850 0.4841

1000 0.9723 0.5642 0.5016 0.4844 0.4840

a b

c d

Figure 19. Changes in the layered structure under vibration.

Parameters of the system: n=800 particles; e.=85 c71, j=35%;

d=50± 100 mm; the time after the start of vibration /s: (a) 0,( b) 0.05,

(c) 0.1, (d ) 0.2.
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curve of particle interactions, for example, by a decrease in the
depth of potential wells. Besides, the presence of a structural-
mechanical barrier can prevent particles from approaching each
other to a distance at which a short-range potential energy
minimum exist. In this case, we can say that the short-range
potential well is absent. Under these conditions, coagulation
structures can be formed only due to long-range coagulation
contacts, resulting in a lower density and a larger looseness of
layers and other structured components in the dispersion (see
Fig. 20).Under external vibrations, coagulation structures in such
systems are rapidly destroyed (see Fig. 20 d ± f ) and a nearly
isotropic dynamic state is achieved.

The data presented in Fig. 20 (and partially in Fig. 19) suggest
also that discontinuities, which accompany the formation of a
layered structure, are healed due to vibrations.1, 41

The results of computer simulation of disperse systems under
dynamic conditions confirm the above conclusion that surfactants
combined with vibration create the desired synergetic effect. The
use of the latter allows one to control the rheological properties of
dispersions. This procedure can be used to perform isotropic
destruction of coagulation systems accompanied by a decrease in
the viscosity (an increase in the fluidity) of dispersions by several
orders of magnitude.

Let us consider the results of computer simulation that
demonstrate other possibilities of this method. Of a large number
of publications on computer simulations of disperse systems, we
discuss here studies most closely related to the problems under
consideration.

The use of the full form of the Stokesian dynamics method in
simulations of disperse systems provides a highly accurate descrip-
tion of the hydrodynamic effects, which however sharply increases
the volume of calculations. In the studies,101, 106 the behaviour of a
system consisting of 27 solid particles in a fluid was described by
the Stokesian dynamics. The authors compared the results of these
calculations with the data obtained by Brownian dynamics
simulations, where the hydrodynamic effects are ignored, and
demonstrated that it is important to take into consideration
hydrodynamic interactions. In both cases, calculations were
carried out for suspensions of solid spheres at a concentration
j=45% in a simple shear flow. The plots of the equilibrium shear

viscosity vs. the Peclet number are shown in Fig. 21 a. The
viscosities were calculated by non-equilibrium statistical mechan-
ics methods with the use of the Green ±Kubo equation.92, 137 It
can be seen from Fig. 21 that the quantitative contribution of
hydrodynamic interactions consists of an increase in the suspen-
sion viscosity. However, the qualitative difference, viz., an
increase in the viscosity at high shear rates (the dilatancy effect),
is more important. The qualitative difference in the behaviour is
associated with the shear-induced microstructure. The pair dis-
tribution functions of particles for three different shear rates
(different Peclet numbers) are shown in Fig. 21 b. At small Peclet
numbers, the microstructures formed in the presence of hydro-
dynamic interactions are similar to those formed in the absence of
these interactions and are also similar to microstructures charac-
teristic of fluids. Dark regions correspond to high probabilities of
the presence of particles; light regions, to low probabilities. Rings
corresponding to the nearest neighbours of the particle under
consideration are clearly seen in the figure. The time necessary for
calculations of a system consisting of 1331 Brownian particles is
approximately equal to that necessary for calculations of a system
consisting of 27 Stokesian particles. At Pe=10, patterns that are
calculated taking into account the hydrodynamics are also
analogous to those, where the hydrodynamic effects are ignored,
and demonstrate a shear-deformed microstructure.

The results obtained by the Stokesian andBrownian dynamics
simulations, are qualitatively different at Pe=1000. In the former
case, a shear-deformed microstructure typical of fluids is seen but
it is characterised by the more thinner nearest ring. In the
studies,101, 138 the dilatancy effect was demonstrated to be directly
related to this feature of the pair distribution function. In the
absence of hydrodynamic interactions, the particles are arranged
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Figure 20. Formation (a ± c) of an internal microstructure of a dispersion

modified by treating the particle surface with surfactants and its destruc-

tion under vibration (d ± f ).

Parameters of the system: n=800 particles; e.=85 s71, j=35%;

d=50± 100 mm.

b

Pe=0.1 Pe=10 Pe=1000

1

2

2

6

10

14

Z
Z0

1071 101 103 Pe

1

2

a

Figure 21. Computer simulation of changes in the viscosity (a) and the

pair distribution function that characterises the microstructure of a

suspension under shear (b).101

(1) Stokes dynamics, n=27; (2) Brownian dynamics, n=1331; j=45%.
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in chains one after another, and the chains are located in
hexagonal order in the plane perpendicular to the flow (Fig. 22).
These chains are formed at high shear rates (when Brownian
motion is of little importance): particles collide, rebound and
adhere to other particles, again collide, rebound and so on until an
ordered structure is formed. In the presence of hydrodynamic
interactions, particles that are transferred by a flow do not
rebound after collision and are held close to each other due to
short-range hydrodynamic lubrication forces. Two particles rotat-
ing together in a flow hinder the formation of ordered chains.
Therefore, the hydrodynamic effects influence both quantitatively
and qualitatively the rheology and microstructure of colloidal
dispersions. A detailed review of shear-inducedmicrostructures in
colloidal suspensions and analysis of the conditions of their
formation and the role of hydrodynamic interactions between
particles were given in the recent paper.139

It is particularly important to take into account the dilatancy
effect under shear deformation and vibration accompanied by a
spontaneous increase in the viscosity and shear stress because it
inevitably influences the character of dispersion flows and the
possibility of achieving the maximum fluidity.

In the study,135 simulations of the dilatant properties of
suspensions were carried out by the lattice Boltzmann method.
The Couette flow of a suspension between two planar plates,
which are located at a distance H from each other and move at a
velocity uw in opposite directions, was considered. The lattice
partitions of dimensions 1286128 and 2566256 points were
used. The particle diameter was 10 lattice nodes. The concen-
tration of the solid phase was varied from 12% to 52%.

In the absence of the Brownian forces, the Reynolds number
was used instead of the Peclet number for characterisation of shear
flows

Re � r0d
2uw

Z0H
.

The suspension viscosity was determined from the equation

Z � st
_e
,

where st is the total shear stress on the walls and _e � 2uw=H is the
shear rate.

Plots of the relative suspension viscosity vs. the Reynolds
number determined by computer simulations are given in
Fig. 23 a. It can be seen that the higher is the suspension concen-
tration, the earlier (i.e., at lower shear rates) the dilatancy is
observed. In the study,135 these effects were related to the changes
in the components of the total shear stress sf and ss corresponding
to the liquid and solid phases. The changes in the relative
contributions of sf/st and ss/st to the total shear stress depending
on the Reynolds number at two suspension concentrations are

shown in Fig. 23 b. It can be seen that the components of the total
shear stress are independent of the Reynolds number in the initial
region and begin to change only at a particular value that depends
on the concentration of the solid phase. This change consists of the
increase in the contribution of the shear stress corresponding to
solid-phase particles. A comparison of the curves presented in
Fig. 23 a,b demonstrated that an increase in the suspension
viscosity and an increase in the shear stresses in the solid phase
are observed at the same Reynolds number, which is indicative of
the relationship between these phenomena.

The shear stress corresponding to solid particles is an impor-
tant parameter. Figure 24 shows the plot of the relative suspen-
sion viscosity vs. ss/st . The points in the figure were determined
for Re varying from 0.1 to 11.7. All calculated points correspond-
ing to different Re and the concentrations of the solid phase fall in
a single curve, i.e., the suspension viscosity is a mere function of
ss/st and does not directly depends on either the concentration or
the shear rate.

In the study,135 the simple equation was derived for the
dependence of the viscosity on the contribution of the solid
phase to the total shear stress:

Z
Z0
� 1

1ÿ ss=st
. (67)

However, the author of this work did not analysed the obtained
results.

The results of computer simulations of the viscosity of a
suspension consisting of solid spheres that were performed by
different research groups using different methods 135, 140 ± 145 agree
well with the results of calculations according to the Krieger ±
Dougherty equation (4) and the experimental data (Fig. 25). This
demonstrates the efficiency of computer simulations in studies of

Figure 22. Brownian dynamics simulations of the arrangement of the

particles in the plane perpendicular to the flow direction.101
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Figure 23. Suspension viscosity (a) and the shear stress corresponding to

the fluid and solid phases (b) vs. the Reynolds number.135

(a): j=52 (1), 48 (2), 44 (3), 36 (4), 24 (5), 12% (6);

(b): sf/st (1, 3); ss/st (2, 4); j=12 (2, 3) and 52% (1, 4).
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the properties of disperse systems. The results of computer
simulations were obtained at Re=0.1 by the Stokesian dynam-
ics,140 ± 143 the lattice gas method 144 and the lattice Boltzmann
method 135, 145 for two- (2D) and three-dimensional (3D) systems.
The maximum particle concentrations were taken equal to 0.785
and 0.605 for 2D and 3D systems, respectively.

The results of computer simulation of a system of ellipsoidal
particles by dissipative particle dynamics are presented in
Fig. 26.146 The particles with the aspect ratio f=5 were consid-
ered. The suspension viscosity was calculated from the equation

Z � ÿsxy
_e

,

where sxy is the xy-component of the stress tensor, which is
calculated in each time step. For dilute suspensions, the effective
viscosity can be written as a first-order power series expansion in
terms of the concentration of the solid phase j

Z
Z0
� 1� �Z�j.

According to the results of the investigation,147 the degree of
entanglement of rod-like particles increases with increasing con-
centration of a suspension, and the viscosity becomes propor-
tional to the third power of the parameter j. The results of
simulations were approximated by third-order polynomials (see
Fig. 26). The coefficient at the linear term [Z], which was obtained
by approximation and interpreted as the `intrinsic' viscosity of the
system (5.67), is similar to the calculated value (5.78 146) for
ellipsoids with f=5.

The results of computer simulations of disperse systems
considered in the present review confirm many experimentally
observed and theoretically substantiated data on the dynamic and
rheological properties of dispersions. Analysis of these results
shows the `history' of the appearance and development of some
phenomena and provides an insight into their mechanisms, which
is not only of theoretical interest but also of practical importance
because it offers additional possibilities for searching new ways of
controlling the properties of disperse systems.

IV. Conclusion

The development of procedures for controlling the dynamic state
of disperse systems is tightly associated with the development of
theories and models that describe the behaviour of disperse
systems under dynamic conditions. The main rheological theories
of solid phase ± liquid disperse systems in flows are reviewed.
Emphasis is given to the problems associated with the description
of the properties of aggregated and non-aggregated suspensions,
because the degree and character of structure formation are
responsible for the bulk rheological properties of disperse systems.
The theoretical views on the causes and conditions of the
appearance of discontinuities, viz., macroscopic inhomogeneities
under structural deformation, are covered. The mechanism of the
appearance of microinhomogeneities as discontinuities and the
conditions of their healing were characterised for the first time by
computer simulation methods. In a wide range of deformation
rates, the evolution and elimination of inhomogeneities under
vibrations are considered. The results of computer simulations of
dynamics of disperse systems confirm many experimentally
observed and theoretically substantiated features of the behaviour
of disperse systems under dynamic conditions. Studies of these
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Figure 24. Relative suspension viscosity vs. the ratio ss/st .135
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numbers. The solid line represents calculations according to Eqn (67).
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the shape coefficient f=5 vs. the concentration of the solid phase at

dimensionless shear rates of 1074 (1) and 1075 (2).146

Results of computer simulation were obtained by dissipative particle

dynamics.
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features are of considerable importance not only because they
provide the basis for the determination of the fundamental
macroscopic andmicrorheological characteristics of these systems
and elucidation of the relationship between these characteristics,
but also because it is the controlled fluidity that is the most
important factor for performing various heterogeneous chemical
engineering processes (stirring, hydrotransport, catalysis, etc.).

Investigations of the dynamic state of disperse systems can
help in revealing ways for providing dynamic aggregation stability
and complete deaggregation of particles as the main condition for
achieving the maximum fluidity of disperse systems with a
decrease in the viscosity up to 8 ± 11 orders of magnitude.

In studies of the ways and procedures for creating the
maximum fluidity, it is necessary to use a combination of macro-
and microrheological simulations taking into account intermolec-
ular interactions, inertial and hydrodynamic effects under con-
ditions of both continuous shear stress and a combination of this
deformation with orthogonal oscillations and the addition of
surfactants creating a structural-mechanical barrier on the par-
ticle surface. The parameters and conditions of the appearance of
the latter require a theoretical description.

We thank E A Naumenko for help in performing computer
simulations of disperse systems.

This review has been written with the financial support of the
Russian Foundation for Basic Research (Project No. 03-03-
32237).
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