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I. Introduction

It was more than one hundred years ago that Schreine-

makers published his articles in Zeitschrift fuÈ r Physikalische

Chemie, and these articles appeared extremely fruitful for

promoting progress in diverse fields of chemistry and

chemical technology. The consideration of evolution of the

chemical composition of a two-phase multicomponent sys-

tem in thermodynamic terms, where one phase has its

composition immediately equalized over the volume of the

system and the other is removed from equilibrium, gave rise

to researches into simple and fractional distillation, primar-

ily in organic multicomponent systems. The application of

mathematical tools, such as qualitative theory of differ-

ential equations and topology, to approach these problems

resulted in the nascent line of research, namely, thermody-

namic topological analysis. We have applied the existing

investigative tools to single crystal growth via directional

crystallization. This allowed us not only to discover new

families of highly homogeneous optical materials but also to

give a new look on the features of crystallization processes,

primarily, from the standpoint of process steadiness, and

formulate principles for regulating these processes as oscil-

lating ones.

There are many reviews of methods for manufacturing

single crystals, in particular, with high chemical, optical,

and phase homogeneity (see, e.g., Refs 1 and 2). However, a

systematic consideration of this topic in terms of thermody-

namic topological analysis has not been carried out.

In melt growth of solid-solution single crystals, the melt

and solid phase, in general, have different equilibrium

compositions; that is, solid solutions (except for singular

(invariant) points) melt and solidify incongruently. This is

responsible for variations in composition (and, accordingly,

properties) along the length of a crystal. Further, incon-

gruent solidification frequently gives rise to instability of

the liquid ± solid interface during normal growth or an

instability of a step in facial growth as a result of constitu-

tional undercooling. This instability manifests itself in the

appearance of dissipative (in particular, cellular and den-
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dritic) structures, which correspond to the spatial chemical

inhomogeneity of the as-grown crystal. For eliminating

cellular substructure and getting a homogeneous crystal,

crystallization rates should be reduced, frequently, to unre-

alistic values. Getting a solid-solution crystal with a con-

stant concentration along its length requires employing

special techniques, such as melt feeding with one component

or providing diffusional mass transport of the melt to the

liquid ± solid interface [Stepanov's technique 3 and its mod-

ifications,4 axial heat-flux-close-to-the-phase-interface

growth (AHP methods) 5 and some others]. These techni-

ques are capable of equalizing concentrations along the

crystal length, but the stability of the liquid ± solid interface

remains a problem.

Finding the congruently melting compositions of solid

solutions (or compositions nearby) provides a great increase

in crystallization rates with retention of quality of crystals

and, as a rule, means the creation of a new material (see,

e.g., Ref. 6).

For binary solid solutions, the vicinities of points with

congruently melting compositions (minima and maxima)

are especially advantageous over lightly doped crystals in

the context of preparing homogeneous single crystals, for

the reason that minor deviations from congruent composi-

tions do not bring about the loss of stability of the liquid ±

solid interface.7

In multicomponent systems, the value of congruent

melting points is even greater. According to Bagdasarov's

empirical rule,8 the melt crystallization rates necessary for

growing high-quality single crystals decrease on the average

by one order of magnitude when the number of components

of the system (n) increases by unity. Therefore, invariant

points and their vicinities, which do not obey this rule and

allow crystallization to be carried out at high rates, are

especially attractive.

However, because of the exhausted opportunities of

unary and (in part) binary systems as sources of new

materials, materials science necessitates going to multicom-

ponent systems.9 For example, the optimization of praseo-

dymium ion lasing parameters in fluorite solid solution for

laser converters in fiber-optic communication systems

required growing high-quality single crystals in the

BaF2 ±GdF3 ±YbF3 ± PrF3 four-component system.10 How-

ever, as the number of components increases, the total

number of systems increases strongly, too. If we take 28

practically valuable inorganic fluorides as components

(fluorides of trivalent La, lanthanides, Y, Sc, In, and Bi;

divalent Mg, Ca, Sr, Ba, Cd, and Pb; monovalent Li, Na,

and K; and tetravalent Zr and Hf), we will obtain 378

binary systems, 3276 ternary systems, and 20475 quaternary

systems.11 In view of the great complexity of studies, it is

quite clear that any more or less complete study is impracti-

cable for ternary systems, and all the more so for multi-

component systems. Evidently, there is need for developing

and employing methods for predicting and rapidly inves-

tigating phase equilibria in ternary and multicomponent

systems.

This work is an example application of the thermody-

namic topological approach to analysis of solid solutions in

ternary fluoride systems with the goal of proving its effi-

ciency in searching for liquidus-surface invariant points.

These points are sources of new crystalline materials.

The invariant point problem in ternary and multicom-

ponent systems has been studied in a comprehensive way for

liquid ± vapour equilibrium 12 ± 17 in the context of optimiz-

ing simple and fractional distillation processes. The results

can be straightforwardly transferred to crystal ±melt equili-

brium 18 ± 22 due to the use of the common thermodynamic

topological approach.

II. Congruent melting points

Let us consider the formation of congruently melting

compositions in multicomponent systems in terms of the

phase rule. In the context, congruence is understood as the

equality of the compositions of coexisting phases (as is

made, e.g., by Storonkin 23). For three-component and

more complex systems, this interpretation of the term

differs from the one used by Palatnik and Landau,24 who

understand congruence as the equality of the concentrations

of only one component in coexisting phases. Another mean-

ing of congruence is used by Zlomanov.25
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Figure 1. Segments of liquidus and solidus curves (a), relationship
between the isobaric-isothermal potential curves of a solid phase
and a liquid phase at three temperatures (b) and phase portraits (c)
for the formation of maxima, minima and shunts on the melting
curves of phases of variable composition in binary systems.
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For an n-component system, Kosyakov { proposes the

concept of the first, second, etc. order congruence depend-

ing on the number of components that have equal concen-

trations in coexisting phases. The n and (n71) oder

congruence corresponds to complete congruence. Here, we

will always mean complete congruence.

The thermodynamic phase rule in the general case reads

as

f= n+ p7j7 a,

where f is number of degrees of freedom, n is number of

components, j is number of phases in equilibrium, p is

number of variable parameters of the state of the system,

and a is number of additional constraints imposed on the

system (or number of coupling equations existing in the

system).26 Palatnik and Landau 24 have considered this issue

using the component concentration matrix concept.

The equality of compositions of coexisting phases in an

n-component system gives us n7 1 coupling equations.

Setting p=2 (taking in to account only the temperature

and pressure effects), for j=2 we obtain f=1. If pressure

is fixed, then f=0. Thus, at a fixed pressure, such a system

is characterized by zero degrees of freedom, i.e., is an

invariant system: any change in parameters of equilibrium

forces the system out of this state. From this, it follows that

congruently melting compositions are discrete points in the

concentration space, because there is no possibility for

concentrations to change provided that the equality of

compositions of coexisting phases is held.

In Anosov's fundamental manual,27 we see a typical

error in the description of phase equilibria in ternary

systems with minima/maxima in the liquidus surface; this

error consists in the statement that there exists a line along

which components have equal concentrations in coexisting

phases.

In binary systems, three types of congruently melting

compositions can exist with the corresponding points on

melting curves of solid solutions (Fig. 1) (hereafter, S stands

for a solid phase and L for liquid). Minima and maxima on

melting curves are well known. Apart from these types of

points (which are stable against small changes in parameters
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surface projections (lines denote isotherms), (3) phase portraits, (4) distribution coefficient single-value lines (Serafimov's unit k-lines).19
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of the state of the system (i.e., are topologically rough 28 or

structurally stable points), there can exist non-rough points

which are generated by merging minima and maxima and

can exist only under a certain fixed pressure.29 Hereafter,

extreme points on melting curves will be referred to as

binary extreme points.

From the van der Waals thermodynamic equation 30 for

coexisting phases in a binary system under a fixed pressure,�
DSÿ Dx

�
qS
qx

�
P;T

�
dT� Dx

�
q2G
qx2

�
P;T

dx � 0, (1)

where DS and Dx are, respectively, the differences between

the entropies and concentrations of a crystal and melt, it

follows that liquidus and solidus curves merge at extreme

points and have a common horizontal tangent.

Ternary systems with congruently melting solid-solution

compositions are distinguished by a greater diversity. Apart

from minima and maxima, one more type of rough invari-

ant points may appear on solid-solution liquidus surfaces in

these systems, namely, a saddle.

Figure 2 displays some representative ternary systems

with continuous solid solutions: without extremes (a), with

a ternary minimum (b), with a ternary maximum (c) and

with a saddle (d ). In addition, in Fig. 2 b there is a binary

minimum on side AC; in Fig. 2 c there are two binary

maxima on sides AB and BC; and in Fig. 2 d there are two

binary maxima on sides AB and BC and a binary minimum

on side AC.

Saddle points were predicted to exist in ternary systems

on the surfaces where phases of variable composition

coexist as long ago as by Gibbs.31 They are well known for

liquid ± vapour equilibria.14, 32 For crystal ±melt equilibria,

our works 33 ± 39 have only been preceded by scattered

reports. We are aware of data on the Na2CO3 ±K2CO3 ±

CaCO3 system dated 1919 (Ref. 40) and apparently an

unrecognized saddle point in the Bi2Se3, Sb2Te3//Bi2Te3,

Sb2Se3 ternary reciprocal system.41

Apart from maxima, minima and saddles, the melting

surfaces of phases of variable composition in ternary

systems can theoretically have a specific bifurcation type

of non-rough congruent melting point, that is, the one that

exists only under a certain strictly definite pressure. Such

points are saddle nodes, that is, points that are generated by

merging saddles with maxima or minima on melting surfa-

ces (see Fig. 1).42 The appearance of such points in real

phase diagrams is unlikely.

As follows from van der Waals and Storonkin general-

ized equation,23 at a congruent melting point that corre-

sponds to two-phase equilibrium in ternary phase diagrams,

the liquidus and solidus surfaces of a solid solution merge

(have a common horizontal tangent plane), the composi-

tions of the melt and solid solution coincide and the

distribution coefficient is unity for all components

ki= xSi /x
L
i .

III. Thermodynamic topological analysis of solid
solution crystallization

For describing the behaviour of solid solutions during

crystallization, we consider a conservative system (i.e.,

a system with negligible weight loss) with a directional

movement of the liquid ± solid interface (Fig. 3 a), where

we assume that diffusion in the solid is nonexistent whereas

in the melt (except for the near-surface layer whose thick-

ness is small compared to the melt layer) concentrations are

equalized instantaneously (complete mixing occurs). These

assumptions correspond with the Pfann approximation.43

Further, let the concentrations of the crystal and melt

correspond to the equilibrium phase diagram. This means

that the component distribution coefficients upon crystal-

lization are equal to equilibrium bulk coefficients.

For each component of the system, we may write the

mass-balance equation as

xSi dg � d�gxLi �, (2)

where g is amount of the non-solidified melt, from which it

follows that

dxLi
dt
� xSi ÿ xLi � xLi �ki ÿ 1�, (3)

where t=ln g. Variable t, which was introduced by Schrei-

nemakers, is an original analogue of time for quasi-equili-

brium processes. Integrating this equation on the

assumption of a constant distribution coefficient gives us a

well-known Gulliver ± Pfann equation (Fig. 3 b):43

xSi � xLi 0ki

�
g

g0

�kiÿ1
. (4)

Here, the subscript zero refers to the initial conditions.
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Figure 3. Schematics of directional solidification of a solid sol-
ution at rate R (a); Pfann's concentration distribution along the
crystal length l for component i, k<1 (b); component concentra-
tions at the liquid ± solid interface (c); real solidification temper-
ature and liquidus temperature (TL) along the ingot length with the
hatched constitutional undercooling region (d ); and liquidus and
solidus surfaces of the ternary solid solution in the vicinity of a
minimum point with the projection of the section on the concen-
tration plane (e);
a is crystallization line and b is diffusion line.19
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This equation holds both for binary systems and for

each component of a ternary or more complex system.

Inasmuch as component concentrations (expressed in mole

fractions) are related through Sxi=1, for a ternary system

we have set (3) of two differential equations. In the vector

representation, this result is written as

dxL

dt
� Dx, (5)

where Dx= xS7 xL is composition jump at the crystal ±

melt interface.

For congruent melting points, Dx=0; that is, phases do

not change their compositions upon crystallization. Such

points are also referred to as invariant points. (Recall that a

straight-line segment connecting the points that represent

compositions of phases in equilibrium in the triangular

diagram is referred to as a tie-line.) For invariant points,

tie-lines transform to points.

Excluding parameter t, we obtain

dxL1
dxL2
� xS1 ÿ xL1

xS2 ÿ xL2
� xL1 �k1 ÿ 1�

xL2 �k2 ÿ 1� . (6)

This equation was first derived by Schreinemakers.12

A generalized equation is found in the publications.23 44

Differential equation (6) is individual for each particular

physicochemical system. This is a nonlinear equation since

the difference between the compositions of a solid phase

and a liquid phase is a complex function of concentration.

The curves characterizing how the melt composition

changes during solidification are analogues of distillation

lines that describe liquid ± vapour equilibrium.12 ± 14

Proceeding from Eqs (5) and (6), we can deduce the

following properties of melt-composition curves:

Ð everywhere, except for invariant points, one line

passes through one point of the plane (quasi-equilibrium

crystallization is a one-way process);

Ð crystal ±melt (solid ± liquid) tie-lines are tangents to

melt-composition curves.

From the practical point, it is far more convenient to

operate with composition variations in a crystal than in

melt. Eqn (5) may be rewritten as

d�xSi =ki�
dt

� Dxi , (7)

to give us crystal-composition lines which we referred to as

crystallization lines.19 The pathways of crystallization lines

are close to the pathways of melt-composition lines (in

particular, their orientations coincide: melt and crystal

compositions change in one direction), although crystalli-

zation lines have not solid ± liquid tie-lines as tangents.

IV. Phase portraits of solidification for continuous
solid solutions in ternary systems

The set of crystallization lines in a triangular diagram

provides (in terms of theory of differential equations) 45 ± 47

a phase portrait of the system. In this case, the `phase'

detA

trA

4

5 6 10 9

3

1

7

8

2

Figure 4. Types of singular points of a set of differential equations in the determinant ± trace space (detA= a11a227 a12a21,
trA= a11+ a22).46

(1) centre; (2) saddle; (3) stable focus; (5) stabe node; (7) unstable focus; (9) unstable node; (4, 6, 8, 10) transition types of singular points;
(3 ± 6) attractors; and (7 ± 10) repellers.
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adjective does not relate to the thermodynamic concept of a

phase. Some example phase portraits are presented in Fig. 2

(row 3). We should stress that the phase portraits of a

system as set by melt-composition and crystallization lines

are topologically equivalent and have invariant points at the

same concentrations.

Noteworthy, if we confine ourselves to rough cases, the

phase portraits of ternary systems feature only three types

of singular points: (1) stable nodes, at which crystallization

lines converge; (2) unstable nodes, from which crystalliza-

tion lines originate; and (3) saddles, in the vicinity of which

crystallization lines behave hyperbolically (except for two

lines, namely, separatrices which pass through the saddle

point). In terms of the number of components, these

singular points may be ternary points (a stable ternary

node, which is a melting-point minimum, or an unstable

ternary point, which is a melting-point maximum; see

Figs 2 b,c, respectively), binary points (an example of a

binary node is given in Fig. 2 d, side AC; an example of a

binary saddle is in Figs 2 b,c) or unary points (corners of

concentration triangles). A unary point is a stable node if

addition of both components increases the melting point

(Fig. 2 c; corners A, B) or an unstable node if addition of

both components decreases the melting point (Fig. 2 b,

corner B). In case the components added have opposite

effects on the melting point, such a corner is a saddle

(Fig. 2 a, corner A; Fig. 2 b, corners A, C; Fig. 2 c, cor-

ner C).

From theory of differential equations,45 ± 47 we know

that the total number of mathematically allowed types of

invariant points is very great. Even for a set of two linear

differential equations

x1
.
= a11x1 + a12x2 ,

x2
.
= a21x1 + a22x2

(8a)

or (in the matrix form)

x
.
=Ax, (8b)

where A is the matrix of coefficients, stable and unstable

foci and a centre can exist in addition (Fig. 4). However, the

stability conditions for thermodynamic equilibrium exclude

the existence of foci and centres for distillation and, accord-

ingly, crystallization lines.13

Assuming the possibility of linearizing Eqs (5) and (6) in

the vicinity of singular points (which suggests a linear

variation in ki with concentration), we obtain, in this way,

nine types of aforementioned singular points. The general

ratio between the numbers of these elements in any ternary

system is given by Gurikov's equation:13

2C2+C1+2=2N2+N1+N0 , (9)

where N is number of nodes, C is number of saddles and

subscripts denote the dimension of the element of the

concentration triangle in which the relevant point is located.

Gurikov's equation provides the basis for classifying

two-phase equilibrium diagrams in ternary systems. Such

classifications have been attempted repeatedly since the first

decade of the 20th century,12, 18 but Zharov and Serafi-

mov 14 were the first to report the complete set of variants

without gaps (on the assumption that no more than one

invariant point exists in each binary or ternary system).

Figure 5 displays 49 kinds of crystallization (distillation)

lines and, accordingly, kinds of liquid ± vapour and solid ±

liquid equilibria in ternary systems in the absence of

miscibility gaps in all phases and with the existence of a

single ternary invariant point (C2+N2= 1) according to

Zharov and Serafimov.14 The basis for classifying the

diagrams into groups is the number (M2) of extremes in

partial binaries. Thirty eight types are distinguished as

regards the sets of binary and ternary invariant points;

some of these types each comprise several kinds (for

example, two variants of crystallization line positions cor-

respond to type 21 (one stable binary node and one binary

saddle). The diagrams depicted in Figs 2 a ± d are equivalent

to kinds 1, 6a, 10 and 30, respectively.

Of the melting diagrams of ternary systems with con-

tinuous solid solutions studied hitherto, for example, the

simplest kind 1 without any extremes is implemented in the

diopside CaMgSi2O6 ± hedenbergite CaFeIISi2O6 ± jadeite

NaAlSi2O6 quasi-ternary system of monoclinic alkali pyrox-

enes;48 the CsF ±RbF ±KF system is of kind 7b (with one

binary minimum), the NaI ±KI ±RbI system is of kind 36

(three binary minima and one ternary minimum), the

Na2SO4 ±K2SO4 ±Rb2SO4 system is of kind 37 (three

binary minima), the CsBr ±RbBr ±KBr 49 and SnTe ±

PbTe ±GeTe 50 systems are of kind 21b (two binary min-

ima), and the Ni ± Co ± Pd system is likely of kind 20 (with

two binary minima and one ternary minimum).51

One more basis for classifying two-phase equilibrium

diagrams into types is to consider distribution-coefficient

lines of equal value on the triangular diagram, in particular,

the ones for which ki=1 (unit k-lines). Zharov and Serafi-

mov's classification 14 has this basis; some examples are

given in Fig. 2 (row 4). The basic properties of these lines

are as follows:14

Ð three ki=1 lines meet at a ternary invariant point,

two ki=1 lines originate from a binary extreme point

inward of the triangle, and a single k-line originates from a

triangle corner given that this corner is a saddle;

Ð ki=1 lines end either at invariant points that involve

component i or on the triangle side that corresponds to the

zero content of component i.

To some kinds of phase equilibria depicted in Fig. 5,

there correspond several variants of unit k-diagrams.

Since Eqs (5) and (6) are actually nonlinear, complex

invariant points can exist on the melting surfaces of ternary

solid solutions in addition to simple invariant points.

Cases where two invariant points (e.g., a binary point

and a unary point or a ternary point and a binary point)

coincide, analyzed in detail for liquid ± gas equilibria,14 have

been referred to as tangential azeotropes. For solid ± liquid

equilibria, the relevant term is `tangential extremes'.7 Tan-

gential phenomena are invariant; that is, they take place at

strictly definite values of an equilibrium parameter, e.g.,

pressure. In mathematical terms, they correspond to non-

rough systems and disappear given that the equilibrium

parameter experiences a small change (when the system

`moves').

Zharov and Serafimov 14 suggested that the classifica-

tion shown in Fig. 5 refers to rough systems. However, the

classification comprises non-rough cases. In rough systems,

there cannot be separatrices going from a saddle to a

saddle.45 Accordingly, phase portraits 25a and 38a shown

6 P P Fedorov, I I Buchinskaya
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Figure 5. Kinds of crystallization (distillation) diagrams in ternary systems without immiscibility in solid or liquid solutions.14
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in Fig. 5 are unstable, and given small changes in initial

conditions, they should transform to the right-hand or left-

hand variants of kinds 25b and 38b, respectively.

The applicability of the above-described classification to

ternary systems is limited by the fact that, in most cases,

solid solutions are not continuous and occupy only some

portion of the triangular diagram. Only part of one of the

phase portraits presented in Fig. 5 is implemented on this

concentration field. In particular, for a lithium niobate

phase of variable composition in the Li2O ±MgO ±Nb2O5

ternary system (this system is characterized by both a

ternary liquidus-surface maximum and a melting-curve

maximum in Li2O ±Nb2O5 binary system52, 53), the phase

portrait corresponds to a fragment of kind 10 (Fig. 6 a). The

phase portrait for the Tl2Se-based solid solution in the

Tl ± Sb ± Se system is likely to be of the same kind.54 The

primary crystallization fields of fluorite solid solutions in

the CaF2 ± SrF2 ±MnF2,55 NaF ±CaF2 ±YbF3 (Fig. 6 b) 56

and NaF ± PbF2 ±YbF3 (Fig. 6,c) systems correspond to

fragments of phase portraits of kind 8, 4 and 11a,b, respec-

tively.

The classification of phase portraits for ternary recip-

rocal systems, where the concentration space represents a

square, has been reported.57

V. Prediction of existence of ternary invariant
points

In a general case, when one knows the behaviour of binary

subsystems, it is difficult to predict the type of a ternary

system being based on topological analysis data solely

without thermodynamic and/or physicochemical data; the

number of possible variants is sufficiently great. However,

the following basic inference is possible: given there exists a

binary extreme (minimum or maximum), in a general case

(except for rare near-tangential extremes), this extreme is

not displaced, in either temperature or composition, in

response to an attempt to modify it by addition of a third

component that dissolves in the initial solid solution; rather,

it disappears. In other words, a ternary composition

becomes a incongruently melting composition. This is a

complete analogy to what occurs when a second isomor-

phous component is added to an individual substance: the

resulting binary alloy, in the general case, melts incon-

gruently, because the melting point transforms into a melt-

ing range. In the same way, when having two systems with

extremes on the melting curves of binary solid solutions that

crystallize in one structural type and are similar in their

physicochemical nature (with close values of ionic radii and

bond ionicities), we go to a ternary solid solution, extremes

will disappear and melting will occur within a temperature

range. This case can correspond to kinds 11a,b and 21a,b

29

34

32a 32b 3330 31

37 38a 38b35 36

Figure 5 (continued).

2

4
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0

MgO (mol.%)

46 48 50 Li2O (mol.%)
NaF YbF3
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NaF YbF3

CaF2

a cb

Figure 6. Schematic phase portraits of solid-solution regions in the Li2O ±MgO ±Nb2O5 (a), NaF ±CaF2 ±YbF3 (b) and NaF ± PbF2 ±
YbF3 (c) systems.
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(see Fig. 5). The corresponding polythermal section of the

ternary system passing through binary extremes is spindle-

shaped.

One such case (with correction for limited solubility) is

the BaF2 ± LaF3 ±NdF3 system (Fig. 7).58 The

Ba17xRxF2+x fluorite-type solid solutions that are formed

in binary systems have melting maxima at x=0.31 and 0.21

and temperatures of 1484 and 1412 8C for La and Nd,

respectively. The triangular diagram displays the primary

crystallization fields of fluorite-type solid solutions (F) and

tysonite-type solid solutions (T, trigonal crystal system,

LaF3 type). The crystallization temperature range in the

ternary fluorite solid solution along the section connecting

the binary extremes amounts to 7 8C.

As the difference between the melting points of two

binary extremes decreases, the liquidus ± solidus gap width

decreases, the behaviour of the corresponding ternary

compositions may insignificantly deviate from the congru-

ent one, and they may be of applied importance. Given that

there are two binary extremes on sides A ± B and A ±C, the

appearance of a ternary invariant point is expectable if the

properties of components B and C are rather different so

that, for example, a binary extreme appears on side B ±C

between them (kinds 23 and 35 in Fig. 5).

The basic conclusion about a possible appearance of a

ternary invariant point on the ternary solid solution surface

holds for limited terminal solutions based on component A,

including cases where components B and C have different

crystal structures.

In the Al2O3 ±Y2O3 ± Sc2O3 system where a garnet phase

has an extensive homogeneity region, for example, a con-

gruent melting point is not formed. When yttrium is

replaced by gadolinium (which differs more greatly from

scandium in its properties), a maximum was found on

melting curves for the garnet phase.59 ± 61

There is a rapid method, an analogue of the one

described by Zharov and Serafimov,14 which is very con-

venient for recognizing the existence of a ternary invariant

point. This method is based on Gurikov's equation and

consists in the determination of the sign of temperature

depression induced by addition of a third component to

binary compositions that correspond to extremes. For

example, let we have a ternary system with minima P and

Q on the melting curves of solid solutions in two binary

systems, and let data on the melting character of ternary

solid solutions be lacking (Fig. 8 a). Corners B and A are

unstable nodes, and corner C is a saddle. If, for example,

temperature decreases when component C is added to

composition P but increases when component A is added

to composition Q, then point P is a binary saddle and point

Q is a binary node. Thus, we have N0= 2, N1= 1 and

C1= 1, and Gurikov's equation (9) takes the form

2C2+3=2N2+3.

Since the existence of two ternary invariant points

simultaneously is unlikely, we may take that the system

under consideration lacks them. The resulting phase por-

trait of the system in this case is as depicted in Fig. 8 b; it

corresponds to kind 21b (see Fig. 5). If the melting point

decreases regardless of whether component C is added to

composition P or component A is added to composition Q,

then both points (P and Q) are binary saddles. If so, N0= 2,

N1= 0 and C1= 2, and Eqn (9) becomes

2C2+4=2N2+2.

The only possibility for this equality to be satisfied exists

when C2= 0 and N2= 1. Thus, there is a ternary extreme

(minimum) in the system; the phase portrait is shown in

Fig. 6 c and corresponds to kind 20 (see Fig. 5).
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VI. Saddle points in ternary systems of alkaline-
earth and rare-earth fluorides

The probability of a ternary invariant point (namely, a

saddle) to appear is especially high in ternary systems where

there are two binary minima and one maximum or vice
versa. The MF27M0F27RF3 systems of fluorides of diva-

lent elements (M, M0) and rare-earth elements (R) are just

such the promising cases. The M17xRxF2+x fluorite solid

solutions are characterized by melting-curve maxima for

many rare-earth elements.9, 62, 63 Meanwhile MF2 ±M
0F2

systems in some cases, namely, in the CaF2 ± SrF2,64, 65

SrF2 ± BaF2,66 SrF2 ±CdF2 (Refs 6, 67) and CdF2 ± PbF2

systems 67, 68 feature continuous fluorite-type solid solutions

with minima on the liquidus curves. In the CaF2 ± BaF2

system,69 extensive component-based solid solutions have a

miscibility gap; the melting curves of the BaF2-based solid

solution, however, have a minimum point.

The prediction 19 of the existence of saddle invariant

points in such the systems has been embodied:33 ± 38 several

tens of saddle points exist in the CaF2 ± SrF2 ±RF3,

BaF2 ± SrF2 ±RF3 and PbF2 ±CdF2 ±RF3 systems.

The experimental results obtained in studying some

phase diagrams with ternary saddles are displayed in

Figs 9 ± 12 (see also Figs 1 and 2 in the electronic appendix).

The investigative tools were differential thermal analysis

(DTA) with a special feeder design that provided a manifold

enhancement in the precision of the experiment and X-ray

powder diffraction of annealed and quenched samples.

In the CaF2 ± SrF2 system, there is continuous solid

solution Ca17ySryF2 with a minimum at 40 mol.% SrF2

(y=0.40) and 1362 8C. The SrF2 ± LaF3 system is a eutectic

type (the eutectic coordinates are 70 mol.% LaF3, 1450 8C)
with limited terminal solid solutions. The maximum on the

melting curve of the Sr17xLaxF2+x fluorite solid solution

exists at 31 mol.% LaF3 and 1570 8C. The CaF2 ± LaF3

system is also a eutectic type (the eutectic coordinates are

58 mol.% LaF3, 1311 8C), and there are no maxima on the

melting curves of the solid solution. In the CaF2 ±

SrF2 ± LaF3 ternary system, (Ca17ySry)17xLaxF2+x solid

solution (phase F in Figs 9 ± 11) is formed due to hetero-

valent isomorphous substitutions. Sections that pass

through the LaF3 corner demonstrate that liquidus and

solidus curves change systematically in response to chang-

ing the calcium : strontium ratio from curves with maxima

through curves with a trunk (having both maxima and

minima) to curves with monotonous temperature variation.

The inspection of liquidus-surface isotherms (see Fig. 10 a)

allowed the saddle point to be located at 16� 3 mol.%

LaF3, 7� 3 mol.% SrF2, and 1382� 5 8C. The smooth

T /8C T /8C T /8C T /8C T /8C T /8C

T /8C

20CaF2 20 20 20 20 20 20SrF240 40 40 40 40 40 6040 60

LaF3 (mol.%)

1350

1400

1550

1500

1450

L L L L L L

L

F

F+T

F FFFFF

y=0 y=0.05 y=0.1 y=0.2 y=0.3 y=0.4

y=1

CaF2 Ca17ySryF2 SrF2

LaF3

Ca17ySryF2 ±LaF3

Figure 9. Polythermal sections studied in the CaF2 ± SrF2 ± LaF3 system.36, 37

Circles are DTA data, L is melt and F is (Ca17ySry)17xLaxF2+x fluorite-type solid solution.
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relief of the liquidus surface in the vicinity of this point

makes it difficult to determine its coordinates with high

accuracy. On the isothermal section that passes through a

saddle point (see Fig. 11 b), the solid-solution and melt

phase fields merge so that the boundary curves of the

single-phase fields meet at this point and have no common

tangents. A rise in temperature leads to cutting of the single

solid solution field F due to the merge of two melt
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e
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Figure 10. Projection of the primary crystallization surface of
(Ca17ySry)17xLaxF2+x solid solution (a) (thin lines show iso-
therms /8C; the thin dashed line shows the isotherm for which
experimental data are lacking; the thick dashed line is the line of
joint crystallization of two solid phases; (1) extreme points on the
liquidus curves for binary systems and polythermal sections, (2)
saddle point, and e eutectics in binary systems); and the 1100 8C
isothermal section in the CaF2 ± SrF2 ± LaF3 system (b) (T is LaF3-
based tysonite solid solution, (1) single-phase samples, and (2) two-
phase samples).
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fields L.{ The pathway for crystallization lines for the

fluorite solid solution in this system corresponds to a frag-

ment of a kind 19 phase portrait (see Fig. 5).

The CaF2 ± SrF2 ±NdF3 system (see Fig. 12) is fairly

analogous to the lanthanum fluoride-containing system.

The CaF2 ± SrF2 ±YbF3 system has a slightly worse con-

vergence of some of the sections studied,37 probably because

ytterbium partially reduced to the divalent state during the

experiment. However, the existence of a saddle point on the

solid-solution liquidus surface is undoubtful. The pathway

for crystallization lines corresponds to a fragment of a kind

9 phase portrait (see Fig. 5).

The BaF2 ± SrF2 ± LaF3 system, where there is a saddle

point on the crystallization surfaces of fluorite solid sol-

ution,38 corresponds to a fragment of a kind 30 phase

portrait (see Fig. 5), because a minimum appears on melting

curves in the BaF2 ± SrF2 system and maxima appear in the

BaF2 ± LaF3 and SrF2 ± LaF3 systems.

Data on the PbF2 ± CdF2 ±RF3 system are presented in

Figs 1 and 2 of the electronic appendix. Interpolation

enables the conclusion that, in this series, saddle points on

the melting surfaces exist for R=Tb ±Lu or Y.33, 34

VII. Determination of invariant point coordinates

Let us dwell on an important applied problem of how to

search for compositions of invariant points in ternary

systems (and how to find them).

Search methods may be grouped as follows:

(1) studies of phase diagrams;

(2) studies of the crystallization line field;

(3) studies of distribution coefficients as a function of

concentration;

(4) studies of crystal perfection (regions where cellular

substructure disappears).

In studying melting diagrams, an experiment gives data

on the liquidus and solidus temperatures for some number

of compositions, as a rule along certain concentration

sections (see Fig. 9). Using experimental data, one can fit

liquidus and solidus surfaces and, in this way, obtain the

coordinates of extremes and saddles. This fitting can be

carried out either with the use of thermodynamic models or

formally, for example, by polynomials, splines and so on. In

the last case, it is pertinent that fitting equations should

have common horizontal tangents at invariant points.

Example fittings of melting-point surfaces for solid solu-

tions have been carried out for CaF2 ± SrF2 ± LaF3 system 37

and the SrF2 ± BaF2 ± LaF3 system.38

Difficulties in experimental studies of phase equilibria

shoud also be taken into account, in particular, the specifics

of interpreting thermoanalytical curves for monovariant

phase transformations (i.e., those passing within a temper-

ature range). It is advisable to equate solidus temperatures

to the onset temperatures of peaks on heating curves and

liquidus temperatures to the onset temperatures of peaks on

cooling curves. Two effects should also be kept in mind: on

the one hand, possible melt undercooling 70 (fortunately, for

fluorite solid solutions, undercooling is ignorable in most

cases 34, 37) and, on the other, underestmation of solidus

temperatures because of a concentration inhomogeneity of

solid solution samples. Both are systematic effects.

Let us proceed with methods for determining crystal-

lization lines. When directional crystallization fulfills the

Pfann assumptions (equilibrium at the solid ± liquid inter-

face, full equalization of concentrations over the melt

volume and the absence of diffusion in solid), then concen-

tration variation along the crystal length gives a crystal-

lization-line segment. A necessary (but in general insuf-

ficient) condition for these assumptions to hold is the

fulfillment of the Pfann distribution (4) along the crystal

length for all three components. Required determinations

are time-consuming, and it is far easier to confine the search

stage to determinations of compositions in the initial and

end portions of the crystal. Both Czochralski and Bridgman

growth techniques can be used.

Frequently, compositions are not derived from chemical

analysis; rather, some property is used for which the

concentration dependence is known or can be calculated.

Of such the properties, we can mention refractive indices,

unit cell parameters, and density. Inasmuch as we consider

the case of three-component systems, values of at least two

properties should be at hand. One property does not

determine the composition, and the coincidence of one

parameter in the initial and end portions of the crystal is a

necessary but insufficient condition of the equality of

compositions.

The compositions of the initial and end portions of the

crystal give a segment in the concentration triangle, and the

less the curvature of the crystallization line, the better the

goodness of fit of the crystallization-line segment by this

segment. One more segment appears when we consider the

compositions of the parent melt and the initial portion of

the crystal. If solidification occurred in the quasi-equili-

brium mode, this segment is solid ± liquid equilibrium tie-

line, which is a tangent to the melt-composition line, but not

to crystallization lines. Thus, the points corresponding to

the compositions of the parent melt and the initial and end

portions of the crystal, in general, give two segments

(Figs 13 and 14). The combination of these segments gives

two topologically equivalent vector fields, and each field

can be used in searching for invariant points.

The applicability range of the simplest successive

approximation method 71 to the determination of an

extreme composition follows from inspection of Fig. 13, as

follows: taking some parent melt composition, determine

the composition of the first crystal portion; setting that this

composition is closer to the extreme, take it as the initial

one; and do so on until the compositions of the initial and

end crystal portions coincide (to the accuracy of analysis).

The successive approximation method is operative only for

maxima; for minima, following this way we will go away

from the invariant point (in this case, the method is easy to

modify); for a saddle, in general, we will pass by. This

method well applies to binary systems, because all segments

lie on one concentration line, and it is only necessary to

catch the inversion of direction. Tanaka et al.72 more

accurately determined the maximum point position (YB62)

for a congruently melting phase, whose ideal formula is

YB66, just in this way.

Concentration series provide a more general method.60

Even when compositions of the initial and end portions of

crystals are only determined, this method gives a general

{Figure 11 b corresponds to the embodiment of Fig. 7 from Gibbs

`Gleichgewicht der heterogenen Substanzen' (Ref. 31, p. 129), and

Figs 11 a and 11 c correspond to Fig. 7 a from the French language

translation of this book (Ref. 31, p. 519).
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view of the crystallization field. Usually, the concentration

series method is combined with the successive approxima-

tion method. The composition corresponding to the con-

gruent melting (maximum) point of a phase of variable

composition with the nominal composition La3Ga5SiO14

(langasite) was determined in this way.73 The resulting

fragment of the phase portrait corresponds to Fig. 13 d.

Provisionally, the maximum point position on the liquidus

surface was determined by thermal analysis.74

Apart from the heavy curvature of crystallization lines,

one more danger of using exclusively initial and end

concentrations in crystals consists in a possibility of under-

cooling and rapid growth of the initial crystal portion with

non-equilibrium capture of components. In this context, the

Czochralski method is preferred to Bridgman growth. One

more problem may be an insufficient accuracy of composi-

tion determinations, especially when the crystal is inhomo-

geneous because of cellular substructure.

An example experimental analysis of the crystallization

field is found 61 for the garnet solid solution in the

Y2O3 ±Al2O3 ± Sc2O3 system (see Fig. 14). The Czochralski

growth method was used; the composition was derived from

densities and unit cell parameters. A maximum exists in the

Y2O3 ±Al2O3 binary system with the composition very close

to the Y3Al5O12 stoichiometry; in the ternary system, there

are no invariant points.

Numerous assays of rocks allowed crystallization lines

to be sketched in the system of monoclinic alkali pyrox-

enes.48

One more method for the determination of invariant

point compositions may be to construct fitting surfaces of

distribution coefficient versus concentration dependences

ki (x1,x2) and then analyze Serafimov's unit k-lines, finding

their meeting points. The initial data set for the calculations

may be, for example, the compositions of the parent melt

and the initial portion for a series of crystals.

Lastly, once the concentration field of planar growth is

identified as a result of growing a series of crystals (for

transparent crystals, this can be done optically without

carrying out time-consuming determination of composi-

tions), a invariant point may be assumed to lie in the centre

of this field. Sorokin et al. 75 used just this method to more

accurately determine the position of the minimum point on

the melting curve for Cd17xPbxF2 solid solution. However,

the reliability of the method is not high.

Interpolation was the main method we used for prepar-

ing optical single crystals with compositions corresponding

to the vicinities of saddle points in the series of
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CaF2 ± SrF2 ±RF3 and BaF2 ± SrF2 ±RF3 systems. Of the

first series, phase diagrams were studied for three systems

(R=La, Nd, and Yb); in particular, saddle point coordi-

nates were determined (see above). This was sufficient for

constructing composition versus R3+ ionic radius plots and

for predicting saddle point coordinates in the other systems

(Fig. 15, Table 1). The experimentally determined melting

point of the saddle point in the gadolinium system coincided

(�5 8C) with the estimation.

In the BaF2 ± SrF2 ±RF3 series, a phase diagram has

been studied experimentally only for the system with LaF3.

Additional data were gained from the synthesis of a crys-

talline laser medium in the BaF2 ± SrF2 ±YbF3 system.

When 5 mol.% YbF3 was added to the composition corre-

sponding to the minimum point in the BaF2 ± SrF2 system,

melt-grown crystals had cellular structure (see Fig. 3 in the

electronic appendix). When the concentration was

decreased to 3 mol.%, laser quality crystals were grown.

This information was sufficient for estimating saddle point

positions over the entire series of BaF2 ± SrF2 ±RF3 systems

proceeding from the suggested linear dependence of the

coordinates on the R3+ ionic radius. The results of inter-

polation are given in Table 2. Single crystal growth data

support them.

Figure 16 displays the compositions of saddle points on

triangular diagrams for the series of CaF2 ± SrF2 ±RF3 and

BaF2 ± SrF2 ±RF3 systems. Interestingly, the data for the

first series of systems fall on the line that originates from a

minimum point in the SrF2 ± CaF2 system and is extrapo-

lated to the CaF2 corner (i.e., the line connecting a stable

node and an unstable node in the phase portraits of ternary

systems). For SrF2 ± BaF2 ±RF3 systems, the curve origi-

Table 1. Properties of crystals that correspond to saddle-point compositions on the melting surfaces of ternary solid solutions in
CaF2 ± SrF2 ±RF3 systems.

R Composition Molecular Unit cell Density /g cm73 Melting Refractive Thermal conductivity
weight parameter point /8C index /W m71 K71

a /�A
experiment X-ray at 50 K at 300 K

La Ca0.77Sr0.07La0.16F2.16 (see a) 100.28 5.569 7 3.86 1382 a 1.469 a 2.03 2.16

Ce Ca0.70Sr0.11Ce0.19F2.19 (see a) 105.94 5.592 7 4.02 1390 a 1.479 a 1.87 2.37

Pr Ca0.65 Sr0.15Pr0.20F2.20 (see a) 109.19 5.595 7 4.14 1395 a 1.479 a 1.31 1.96

Nd Ca0.58Sr0.21Nd0.21F2.21 (see a) 113.93 5.592 7 4.33 1400 a 1.483 a 7 7
Sm Ca0.56Sr0.26Sm0.18F2.18 113.72 7 7 7 1402 b 7 1.28 1.71

Gd Ca0.56Sr0.28Gd0.16F2.16 113.92 5.597 7 4.29 1399 b 7 7 7
Tb Ca0.56Sr0.295Tb0.145F2.145 112.09 5.588 7 4.27 1396 b 7 1.07 1.69

Dy Ca0.555Sr0.305Dy0.14F2.14 112.38 7 7 7 1392 b 7 (0.88) (2.04)

Ho Ca0.56Sr0.32Ho0.12F2.12 110.56 5.593 4.21 4.18 1385 b 7 1.04 1.75

Er Ca0.56Sr0.325Er0.115F2.115 107.08 5.578 4.18 4.22 1381 b 7 1.09 1.74

Tm Ca0.57Sr0.33Tm0.10F2.10 108.56 5.581 4.10 4.15 1376 b 7 1.36 1.83

Yb Ca0.60Sr0.34Yb0.06F2.06 (see a) 103.36 5.571 7 3.96 1370 a 1.445 2.35 2.30

Lu Ca0.61Sr0.35Lu0.04F2.04 100.88 7 7 7 1365 b 7 7 7
Ca0.6Sr0.4F2 (see c, d) 97.10 5.564 7 3.86 1362 c 7 7 7

1373 d 7 7 7

aRef. 37; b interpolation; c Ref. 76; dRef. 65.

Table 2. Properties of crystals that correspond to saddle-point compositions on themelting surfaces of ternary solid solutions in SrF2 ±BaF2 ±RF3

systems.

R Composition Molecular Unit cell Density /g cm73 Melting Thermal conductivity /W m71 K71

weight parameter point /8C
a /�A experiment X-ray at 50 K at 300 K

La Sr0.16Ba0.54La0.30F2.30 (see a) 173.55 6.037 5.23� 0.04 5.24 1455 a 0.95 1.31

Ce Sr0.17Ba0.555Ce0.275F2.275 172.87 6.031 5.23� 0.03 5.24 7 0.79 1.22

Pr Sr0.185Ba0.565Pr0.25F2.25 171.77 7 5.24� 0.03 7 7 0.84 1.32

Nd Sr0.20Ba0.58Nd0.22F2.22 171.08 7 5.26� 0.07 7 7 0.88 1.31

Sm Sr0.22Ba0.60Sm0.18F2.18 170.15 7 5.18� 0.03 7 7 1.05 1.47

Gd Sr0.23Ba0.64Gd0.13F2.13 168.95 6.037 5.13� 0.04 5.10 7 2.02 1.65

Tb Sr0.26Ba0.65Tb0.09F2.09 166.05 6.045 4.97� 0.03 4.99 7 2.96 1.88

Dy Sr0.27Ba0.66Dy0.07F2.07 165.00 7 4.96� 0.03 7 7 3.47 2.04

Ho Sr0.28Ba0.66Ho0.06F2.06 164.20 6.049 4.84� 0.03 4.93 7 4.72 2.16

Er Sr0.29Ba0.66Er0.05F2.05 163.35 6.050 4.85� 0.03 4.90 7 5.51 2.23

Tm Sr0.30Ba0.66Tm0.04F2.04 162.44 6.066 4.85� 0.03 4.83 7 6.93 2.38

Yb Sr0.325Ba0.645Yb0.03F2.03 160.81 6.0435 4.96� 0.09 4.84 7 6.38 2.28

Sr0.34Ba0.66F2.30 (see b) 158.42 6.064 c 7 4.72 1305 b 18.4 3.14

aRef. 38; bRef. 66; c interpolation.
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nates from a minimum point in the MF2 ±M
0F2 system and

is extrapolated to the RF3 corner (that is, the line connects

two stable nodes of the corresponding phase portraits).

Apparently, the same situation exists in the series of

PbF2 ±CdF2 ±RF3 systems.

VIII. Single-crystal growth

The prediction served to grow complete series of single

crystals with compositions corresponding to the concentra-

tion vicinities of saddle points in the rows of CaF2 ± SrF2 ±

RF3
37, 77 ± 81 and BaF2 ± SrF2 ±RF3 systems. Single crystals

were grown by vertical directional crystallization. An evac-

uated chamber was used inside which a fluorinating (CF4)

atmosphere was created for suppressing pyrohydrolysis.78

The initial materials used were chemicals purified by fusion

in a fluorinating atmosphere. Graphite resistance heaters

and graphite multicellular crucibles were used.

Photographs of some grown crystals are seen in Fig. 4 of

the electronic appendix. These crystals are free of cellular

structure; some have striations. Figure 17 shows a photo-

graph of a Ca0.60Sr0.34Yb0.06F2.06 single crystal, which is an

efficient active medium for IR lasers.77

IX. Processes occurring during cooling

We should stress that our analysis refers exclusively to

searching for optimal compositions to be crystallized and

does not refer to processes that occur during subsequent

cooling of ingots. It may appear that a congruently solid-

ifying composition of the solid solution demixes upon cool-

ing. Precisely this takes place for, e.g., lithium niobate in the

Li2O ±Nb2O5 binary system. The congruently melting com-

position containing about 48 mol.% Li2O, which corre-

sponds to the melting-point maximum, demixes to

eliminate LiNb3O7 below 910 8C (Svaasand's point).53

The solid solution in the CaF2 ± BaF2 system demixes in

the same way, and thereby the composition of the minimum

point is useless in the context of growing optical crystals.69

For other MF2 ±M
0F2 binary systems, the compositions of

minima fall within the spinodal decomposition region, but

the decomposition is very slow and does not preclude the

practical use of the materials.

The materials corresponding to ternary saddle points are

thermodynamically unstable under standard conditions, but

no signs of decomposition have been noticed in them during

a period of about a decade. In this respect, they resemble

heterovalent solid solutions M17xRxF2+x .63

X. Constitutional undercooling stability of the
liquid-solid interface in the vicinity of invariant
points of ternary solid solutions

Given that certain conditions (Tiller's approximations 7, 82)

are fulfilled, in particular when the heat of crystallization is

ignored, the constitutional undercooling stability of the

liquid ± solid interface in binary systems may be character-

ized by the simplest criterion,7, 81 which is a generalization

of Tiller's criterion:�
G

R

�
D5mDx, (10)

where G is the temperature gradient, R is the solidification

rate, D is diffusivity, m is liquidus slope, and Dx is the

concentration jump at the liquid ± solid interface. This

criterion is derived from the boundary condition on the

crystal ±melt interface and is applicable to unsteady-state
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Figure 16. Saddle point compositions on the triangular diagram for
CaF2 ± SrF2 ±RF3 (a) and BaF2 ± SrF2 ±RF3 (b) systems.

Figure 17. Ca0.60Sr0.34Yb0.06F2.06 single crystal is a medium for IR
lasers.77
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processes as well. When solidification is a quasi-equilibrium

process, the right-hand side of inequality (10), which has the

dimension of temperature and is referred to as stability

function F(x),7 may be calculated from the phase diagram.81

For constitutional undercooling to be suppressed, the ratio

(G/R)D should exceed some critical value; that is, it is

necessary to reduce solidification rates and(or) increase

temperature gradients, which is possible only to a certain

limit.

If we assume that in the vicinity of a melting-point

extreme for the solid solution at x= x0 in a binary system

liquidus and solidus curves can be fitted by parabolas

TS = a(x7 x0)2 and TL = a a(x7 x0)2, then it is easy to

demonstrate7 that the stability function is

F=2 a(a7 1)(x7 x0)2, (11)

where a is constant and a is factor. Thus, the difficulties in

growing a non-cellular crystal increase parabolically as the

composition deviates from an invariant point.

The general scheme of the appearance of constitutional

undercooling in three-component solid solutions is the same

as for two-component solid solutions (see Figs 3 c,d ). The

general stability criterion is written in the same way:�
G

R

�
5ÿ

�
Dxi
Di

��
qT L

qxi

�
, (12)

where Di and Dxi are, respectively, diffusion coefficient at

point 1 and i-th component concentration jump at the

liquid ± solid interface; and (qT L=qxi) is derivative along

the diffusion path at the point corresponding to the melt

composition.83

However, there is an obstacle to introducing the stability

function for ternary systems: the diffusion trajectory that

equalizes concentrations in the melt after they jump at the

liquid ± solid interface as a result of ki 6� 1, does not coincide

with the tie-line of postulated equilibrium at the crystal ±

melt interface (see Fig. 3 e).84, 85

Although the strict introduction of the stability func-

tion, as it was done for binary systems, is impossible for

ternary systems, it is yet evident that difficulties in growing

high-quality crystals with deviation from the invariant point

composition in a ternary system increase qualitatively in the

same way as in a binary system. At the congruent melting

point itself, (qT L=qxi)= 0 and Dxi=0.

Studies of the liquid ± solid interface stability during

growing fluorite solid solutions in the CaF2 ± SrF2 ±NdF3,86

CaF2 ± SrF2 ± ErF3 and BaF2 ± SrF2 ± PrF3 systems (Fig. 18)

identified, for chosen G/R values, the concentration fields

of planar growth in the vicinities of saddles points. Consid-

erable sizes of these fields may serve to prove the advan-

tages of saddle points; these advantages arise from the

gentle-sloping liquidus and solidus surfaces, which change

the sign of curvature in the vicinities of these points.

An appreciable shrinkage of the stability region of the

liquid ± solid interface in going from the CaF2 ± SrF2 ±NdF3

system to the BaF2 ± SrF2 ± PrF3 system may be interpreted

as arising from the relatively small values of cation diffu-

sivities in barium fluoride-based melts.87

XI. Instability of solidification at maximum and
saddle points

When the constitutional undercooling instability of the

liquid ± solid interface is suppressed, cellular structures dis-

appear, but striation appears in crystals. Photographs of a

crystal grown at the boundary of the concentration region

of the liquid ± solid interface stability are found in Fig. 5 of

the electronic appendix.

In the context of the constitutional undercooling stabil-

ity of liquid ± solid interface, maxima, minima, and saddles

on the melting curves of binary solid solutions behave in the

same manner. As regards concentration distribution along

the crystal length, the situation is more complex. In what

follows, we will understand the concentration stability of

the growth process in mathematical terms as a characteristic

of the behaviour of crystallization lines in a crystal ±melt

dynamic system. Mathematically, the only type of stable

singular points is a stable node, i.e., a minimum on melting

curves (surfaces). Such a point has Lyapunov's asymptotic

stability,47, 88 because there is a limiting point all trajectories

tend to reach in its vicinity. In this case, the composition

tends to restore the congruent one if occasionally deviating
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Figure 18. Fluorite solid solution (F) fields and stable Bridgman
growth regions (shaded) in ternary systems: CaF2 ± SrF2 ±NdF3

(G=30 K cm71, R=5 mm h71) 86 (a); and BaF2 ± SrF2 ± PrF3

(G=50 K cm71, R=10 mm h71) (b).
Experimental data: stable growth (1), cellular crystals (2) and
nascent cells (3).

16 P P Fedorov, I I Buchinskaya

http://iopscience.iop.org/0036-021X/81/1/R01/media/RCR_81_1_R01supp.pdf


from it during solidification. This behaviour looks like the

existence in the system of a restoring force or a minimum of

an energy function (an analogue of potential energy), which

corresponds to a minimum point on melting surfaces.

However, this is no more than analogy, for the reason that

the initial sets of differential equations are not gradient ones

and the relevant dynamic systems have not potentials.89

In cases of unstable nodes (maxima on melting surfaces),

deviations will strengthen if the composition deviates from

the congruent one during solidification. In cases of saddles,

there is one selected line (separatrix) or (for higher-dimen-

sional saddles) selected zero-thickness manifolds, on which

the trajectories directed to the congruent composition lie.

However, deviations from these manifolds direct the process

trajectory bypass the congruent melting point in the con-

centration space. Thus, as well known, saddles are also

unstable points.

The paradoxical conclusion that follows from the fore-

going thermodynamic topological analysis consists in that,

in the vast majority of cases, crystal growth is carried out

from compositions that correspond to unstable points in the

concentration space, namely, from unstable nodes (maxima

on melting curves). This can be responsible for the system-

atical appearance in crystals of stria which correspond to

concentration oscillations.90, 91

Thus, we should recognize why steady- or at least quasi-

steady-state crystal growth arises from the unstable initial

condition. This problem is opposite to the one to be usually

solved in stability theory and catastrophe theory and in

synergetics, namely, to recognize why and when a steady

state or a steady-state process becomes unsteady 89 and can

give rise to dissipative structures.92

Our suggestion consists in that striation in crystals is a

consequence of oscillation processes, which are necessary

for carrying out the steady-state growth of congruently

melting crystals from the vicinity of an unstable point by

directional solidification.93 In other words, bifurcations of

limit cycle generation in the concentration space should

occur during crystal growth. For melting-point-curve max-

ima, the first such step is Andronov ±Hopf bifurcation.94, 95

For saddles, the situation is more complex. In this case, the

simplest bifurcation is a separatrix-loop nonlocal bifurca-

tion-1 commensurability (Fig. 19).96, 97

The key factors in bifurcation generation are apparently

external impacts on the system, specifically, temperature

jumps at the liquid ± solid interface resulting from melt

hydrodynamics (turbulent heat and mass transfer).

XII. Physical properties of crystals with
compositions corresponding to saddle points

Tables 1 and 2 compile the compositions and some physical

properties (unit cell parameters, melting points and thermal

conductivities) for crystalline materials that correspond to

saddle points in SrF2 ± CaF2 ±RF3 and SrF2 ± BaF2 ±RF3

termary systems. Measurements were taken on single crys-

tals that were melt-grown by vertical directional solidifica-

tion under a fluorinating atmosphere. Thermal

conductivities were measured by the absolute stationary

longitudinal heat flux method in a temperature range of

50 ± 300 K.98

Ion conductivity measurements in some compositions

corresponding to the compositions of ternary saddle points

in SrF2 ± CaF2 ±RF3 systems 99, 100 showed insignificant

deviations from the characteristics of heterovalent binary

solid solutions. Refractive indices for materials can be

derived from molecular or ionic refractions.

Comparative measurements showed the high efficiency

of ytterbium active laser materials in the CaF2 ± SrF2 ±YbF3

system 76 and the BaF2 ± SrF2 ±YbF3 system.101

XIII. Prospects for multicomponent systems

The basic laws of solid solution crystallization remain the

same as the chemical composition is becoming more com-

plex. Addition of a fourth component to the composition

corresponding to a ternary invariant point, in the general

case, leads to incongruent melting. The increasing number

Small loop

x0

Large loop

x0

Figure 19. Bifurcation diagram and phase portraits for the separa-
trix loop bifurcation.

ba

dc

Figure 20. Suggested types of singular points corresponding to
congruent melting of solid solutions in four-component systems:
(a) melting-point minimum, (b) melting-point maximum and (c, d)
saddles.
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of components extends the range of possible invariant

points due to the appearance of various types of multi-

dimensional saddles. Figure 20 shows phase portraits in the

vicinity of possible invariant points for four-component

systems.

The thermodynamic theory of two-phase equilibria has

been considered by Storonkin,23 and thermodynamic topo-

logical analysis of invariant points in multicomponent

systems has been reported 14, 16 102 for distillation phenom-

ena and liquid ± vapour equilibria. For quaternary systems,

presentation is less clear, and for more complex systems it

becomes unclear.

Attempts at finding a quaternary saddle in the

CaF2 ± SrF2 ± BaF2 ± LaF3 system have not given an unam-

biguous answer. Figure 21 presents the development of

phase portraits of ternary subsystems of the aforementioned

four-component system (i.e., the development of the lateral

surfaces of the tetrahedron on a plane). In the CaF2 ±

SrF2 ± LaF3 and SrF2 ± BaF2 ± LaF3 systems, there are sad-

dle points C1 and C2. In spite of the absence of a continuous

solid solution between the components in the BaF2 ± CaF2

system, the saddle point C3 does appear in the CaF2 ±

BaF2 ± LaF3 ternary system. The phase portrait of the

CaF2 ± SrF2 ± BaF2 system is outlined in accordance with

our data.103 This development may agree with various

behaviours of crystallization lines inside the tetrahedron

volume, specifically either with or without a four-compo-

nent saddle (Fig. 22). Studies 103 do not allow us to clearly

discriminate between the possible variants.

A congruent melting (stationary) point is likely to exist

in the CaO ±Gd2O3 ±Ga2O3 ± ZrO2 four-component system

within the primary separation field of the garnet phase.104

Multicomponent stationary points, as tangential and

near-tangential phenomena, too, are becoming more and

more rare and valuable as system's complexity increases.

Let us assume that high-quality single crystals can be grown

in the concentration vicinity e of a stationary point. If so, it

is natural to take that the measure of value of this point is

the ratio of the total volume of the concentration space to

the volume of this vicinity. In a binary system, setting the

entire concentration range equal to unity we obtain e71 to

be the measure of the value of the stationary point. In a

ternary system, this is a value reciprocal to the relative area

of the vicinity e . This value depends on the shape of the

vicinity and amounts, for a unit side of the concentration

triangle, for example, e72 for a regular triangle with a side

of e and p71630.5 e72 for a circle of diameter e. Accord-

ingly, for a four-component system the relative volume of

the vicinity e is e73 for a tetrahedral shape and

p71620.5 e73 for a sphere of diameter e. Thus, we may

conclude that the relative value of stationary points

becomes greater as the number of components (n) increases

as e17n.

XIV. Conclusions

Our studies have demonstrated the potential of thermody-

namic topological analysis for materials science purposes,

namely, for design of new optical materials based on solid-

solution compositions corresponding to saddle points on

the liquidus surfaces of ternary systems. In

CaF2 ± SrF2 ±RF3, SrF2 ± BaF2 ±RF3 and PbF2 ±

CdF2 ±RF3 systems, about 35 of such the points have been

found; for 28, optical single crystals have been grown. The
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Figure 21. Development of phase portraits for the solidification of
fluorite-type solid solutions in ternary subsystems of the
CaF2 ± SrF2 ± BaF2 ± LaF3 four-component system constructed by
the method proposed by Medvedev;102 m1, m2 and m3 are minima
on the melting curves of binary solid solutions; M1 and M2 are
maxima on the melting curves of binary solid solutions; C1, C2 and
C3 are saddles.
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Figure 22. Two variants of a phase-portrait fragment for the solid-
ification of fluorite solid solution in the CaF2 ± SrF2 ± BaF2 ± LaF3

four-component system on the separatrix surface that passes
through CaF2, C1, M1, C2, M2 and C3 points: (a) without a
quaternary point and (b) with a saddle quaternary point.
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CaF2 ± BaF2 ±RF3 series remains to be studied, but we are

sure that there are many saddle points in these systems, too.

Thermodynamic topological analysis allowed us to give

a new look on the steadiness of solidification processes in

the vicinity of congruent melting points and outline ways

for controlling solidification processes. Of great interest is a

comparative study of component distributions along the

length in crystals grown from stable minimum points on the

liquidus surface and from unstable points (maxima or

saddles).
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