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Abstract. The review concerns various aspects of applica- tems, researchers should only perform corresponding

tion of the classical nonequilibrium thermodynamics to the
description of transfer processes in colloidal systems. Spe-
cific features of the use of nonequilibrium thermodynamics
in setting the boundary conditions, deriving the equations
of motion of colloidal particles, and analyzing phase trans-
formations and membrane processes are demonstrated.
Considerable attention is paid to well-known phenomena
in physical chemistry of colloidal systems that have been the
subject of recent interest and study. The bibliography
includes 367 references.

I. Introduction

Nonequilibrium thermodynamics, whose foundations were
laid in the classical studies by Onsager more than eight
decades ago,!-? was readily accepted by all researchers who
study irreversible processes. Wide use of methods of non-
equilibrium thermodynamics is due to versatility of its basic
principles and to a relatively simple scheme of deriving
phenomenological equations relating thermodynamic fluxes
to forces and used for heuristic prediction of new effects.
The Onsager symmetry relations for the kinetic coefficients
present in the phenomenological equations allow one to
simultaneously establish interrelations between various
effects. It is important that substantiation of the symmetry
of the matrix of kinetic coefficients does not require new
arguments; it is sufficient to refer to the fundamental
Onsager studies where this symmetry was established for
some generalized system. When considering particular sys-
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entropy production calculations serving as a basis for the
derivation of phenomenological equations.

Admittedly, correct entropy production calculations
were sometimes non-trivial, although at first glance they
only required a correct use of universal conservation laws,
namely, the mass, momentum and energy conservation
laws. An illustration is provided by a classical monograph 3
where a variety of systems were analyzed from unified
positions and which demonstrates repetitive character of
the entropy production calculations; however, in each case,
the authors use non-trivial arguments in choosing the
computational scheme.

The thermodynamic forces used in the seminal works by
Onsager I'2 included scalar quantities, namely, deviations
from the equilibrium values of temperature, pressure,
concentration, etc. The thermodynamic fluxes included the
derivatives of these parameters with respect to time (also
scalar quantities). Casimir 4 substantiated the possibility of
using vector quantities (the temperature and concentration
gradients, the heat and matter flux densities, etc.) as
thermodynamic fluxes and forces. This significantly
extended the range of nonequilibrium processes that can
be described by methods of nonequilibrium thermo-
dynamics.

Also, there is a study by Prigogine,® who attempted to
establish the applicability limits of nonequilibrium thermo-
dynamics based on the kinetic theory of gases (see a
monograph ©). It was shown 3 that nonequilibrium thermo-
dynamics can be used only if the flow of a gas can be
described using a conventional hydrodynamic approxima-
tion. This communication was taken very seriously, as
indicated by, e.g., the fact that a Section in the monograph 3
was devoted to analysis of its results. However, unlike
Casimir, Prigogine narrowed the applicability limits of
nonequilibrium thermodynamics. Based on his study, the
authors of monographs?® reported that nonequilibrium
thermodynamics cannot be used to describe the flows of
rarefied gases because the hydrodynamic approximation is
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obviously insufficient in this case. In fact, this excluded a
broad range of nonequilibrium processes that could seem-
ingly be described within the framework of nonequilibrium
thermodynamics. The case in point is nonequilibrium proc-
esses in gases interacting with the condensed phase; main
effects in such systems occur in the kinetic boundary layers
where the hydrodynamic approximation is inapplicable at
all.

In the field of colloid chemistry, aerosols whose proper-
ties are also mainly determined by the kinetic boundary
layers seemed to be unsuitable for the description by
methods of nonequilibrium thermodynamics. Based on the
results reported by Prigogine’ (see a substantiating com-
ment in Ref. 9 and conclusions drawn in Ref. 10), it was
accepted that investigations of transfer processes in such
systems using methods of nonequilibrium thermodynamics
are impossible. It should be noted that, initially, attempts to
apply methods of nonequilibrium thermodynamics to non-
equilibrium aerosols led to results that violated the Onsager
symmetry relations (see Refs 11 —15; here we deliberately do
not mention a variety of erroneous studies in order not to
increase their citation indexes). Seemingly, the conclusions
made by Prigogine ° were thus substantiated. In essence, the
study ® precluded the possibility to apply methods of non-
equilibrium thermodynamics to all nonequilibrium colloidal
systems because most effects in them are associated with
processes occurring within nonequilibrium boundary layers
and conventional hydrodynamic approach to the descrip-
tion of these processes is not always obvious.

In fact, the conclusions based on the study > appeared to
be greatly exaggerated; however, their confutation required
considerable efforts, all the more so, there were compelling
(not based on any models) reasons !¢ of ‘loss’ of the Onsager
symmetry on going to higher-order hydrodynamic equa-
tions (so-called Burnett equations which include the second
derivatives of temperature, velocity, ezc.). Studies > 1° have a
common drawback, viz., their authors tried to find symme-
try relations in conventional hydrodynamic equations aug-
mented with additional terms associated with going beyond
the scope of the hydrodynamic approximation. But they
had to derive some additional equations to augment the
hydrodynamic ones, because otherwise it is impossible to
even formally introduce the cross kinetic coefficients for
which the Onsager symmetry relations should be estab-
lished. In other words, formally correct reasoning did not
include a crucially important moment, namely, additional
thermodynamic forces (the second and higher derivatives of
thermodynamic parameters with respect to spatial coordi-
nates) were introduced without new thermodynamic fluxes.
Therefore, the problem was again reduced to correct
entropy production calculations.

Erroneous character of the conclusions drawn based on
the data of Ref.5 was rigorously substantiated in
Refs 17—-19. In particular, it was shown !” that nonequili-
brium gas flows near solid surfaces should be considered
taking into account the entropy production due to molec-
ular collisions with surfaces. Such a kind of entropy
production is impossible in the hydrodynamic approxima-
tion because this is a purely kinetic effect. As this kind of
entropy production was included, the results obtained based
on the molecular-kinetic approach appeared to be consis-
tent with those obtained using nonequilibrium thermody-
namics for a particular class of gas flows.

The problem in question was finalized in Refs 18 and 19
where it was shown that, if the entropy production calcu-
lations are carried out correctly, nonequilibrium thermody-
namics can be used to describe arbitrary flows of rarefied
gases and other fluids including studies of transfer processes
only within the boundary layers where the hydrodynamic
approximation cannot be used even as the starting point.
The symmetry of the kinetic coefficients for generalized
higher-order hydrodynamic equations upon introduction of
additional (so-called non-physical) thermodynamic fluxes
arising in the entropy production calculations was demon-
strated for a general case.!® In some cases, these additional
thermodynamic fluxes can be interpreted physically, e.g.,
they include such components as the pressure flux density
(vector flux), the heat flux density flux density (tensor flux),
etc., while the conjugate thermodynamic forces are, e.g., Au
(vector quantity), VVT (tensor quantity), etc., where u is the
fluid velocity, 7 is the temperature, A is the Laplace
operator, and V is the gradient operator.

The results obtained in Ref. 18 were more recently
reproduced for a particular case.?® Also, the applicability
of nonequilibrium thermodynamics to the description of
arbitrary gas flows in terms of nonequilibrium distribution
functions was demonstrated.!® It was proposed to use the
nonequilibrium part of the molecular velocity distribution
function as the nonequilibrium ‘thermodynamic’ variable.
In this case, ‘phenomenological equations of nonequili-
brium thermodynamics’ are reduced to the kinetic equation
for the distribution function and the Onsager symmetry
relations in fact represent known symmetry relations for the
Boltzmann collision integral (see monographs®7). It was
thus shown that a correct methodological approach makes
nonequilibrium thermodynamics applicable to studies of
nonequilibrium processes irrespective of the approximation
used to describe the nonequilibrium system. Indeed, further
progress in nonequilibrium thermodynamics was made
using the distribution functions as ‘thermodynamic varia-
bles’. Detailed analysis of interrelations between nonequili-
brium thermodynamics and kinetic theory can be found in
the literature.?! =24 Note that kinetic models are also often
used to determine the generalized thermodynamic parame-
ters of nonequilibrium systems.?®

Symmetry violation on going to higher-order hydro-
dynamics (see above) is similar in nature to the ‘loss’ of
the Onsager symmetry on exclusion of the so-called fast
variables from consideration.?%-?7 The presence of signifi-
cantly different relaxation times is characteristic of colloi-
dal, polymeric and glassy systems. In addition to the ‘loss’
of the Onsager symmetry such systems are characterized by
violation of the fluctuation-dissipation theorem.?8-2° It was
shown 3¢ that violation of the Onsager symmetry is due to
incorrect form of phenomenological equations provided
that fast variables are excluded. If the entropy production
and phenomenological equations including no fast variables
are represented correctly, the Onsager symmetry relations
are preserved. As in the case of passage to higher-order
hydrodynamics, here one deals with additional thermody-
namic fluxes introduced to ensure conservation of the
Onsager symmetry. The aforesaid indicates the need for
correct approach to the description of colloidal systems by
methods of nonequilibrium thermodynamics.

Following de Groot and Mazur,? studies!” 20 in fact
completed the statistical substantiation of classical non-
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equilibrium thermodynamics and significantly extended the
scope of its application. At nearly the same time, the
development of so-called extended irreversible thermody-
namics began.?! The main idea in this field is to increase the
number of variables describing the nonequilibrium state.
Initially, the ‘additional’ variables included two physical
quantities, viz., the heat and momentum fluxes and then
their derivatives with respect to time were included (see,
e.g., Refs 32—34). The addition of the fluxes of physical
quantities to the set of variables determining the nonequili-
brium state can be substantiated within the framework of
the kinetic theory,?> but the appearance of the derivatives
with respect to time is still due to phenomenological con-
siderations while the corresponding molecular-kinetic
theory is still in the stage of development. Nevertheless,
there is rapid progress in extended irreversible thermody-
namics and its methods are successfully used in various
fields.3¢

Recently, there have been systematic attempts to extend
the applicability of nonequilibrium thermodynamics. It was
shown 37 that the symmetry relations for the kinetic coef-
ficients are also valid if the system relaxes under external
restrictions, which implies a wider field of application of the
Onsager theory. Attempts have been made?3%-3° to extend
the scope of nonequilibrium thermodynamics by including
nonequilibrium characteristics to the set of variables
appeared in the Gibbs equation and by using generalized
transport equations for nonuniform fluids. The fundamen-
tals are being developed #° of passage from microscopic to
macroscopic description (also using methods of nonequili-
brium thermodynamics), which disclose the nature of the
onset of irreversibility in this case. It was proposed*! to
generalize the Clausius inequality, which serves as a basis
for nonequilibrium thermodynamics, by including the work
of friction forces.

Methods of nonequilibrium thermodynamics are suit-
able for the description of fluctuations considered as inter-
nal variables.#*?>~4* There results serve as a basis for the so-
called mesoscopic nonequilibrium thermodynamics. Note
that the inclusion of internal variables in nonequilibrium
thermodynamics is of fundamental importance in studies of
colloidal systems, where the role of internal variables is
played by characteristics of colloidal particles. Attempts to
establish new variational principles?® generalizing the
known Prigogine theorem (see Ref. 3) of minimum entropy
production in the steady state have been undertaken. Of
particular interest is the maximum entropy production
principle;*©—3° it is not related to the Prigogine theorem
describing the steady state, and allows one to predict an
optimum trajectory for the system moving towards this
state.

Yet another investigation line in nonequilibrium ther-
modynamics is associated with the so-called second
entropy.>! Unlike conventional (first) entropy whose devia-
tion from the equilibrium value is determined by the values
of thermodynamic parameters at a given instant, the second
entropy is a bilinear combination of nonequilibrium ther-
modynamic parameters whose values are measured at dif-
ferent instants. It is assumed that such a choice of the
second entropy makes it possible to obtain more detailed
information on the dynamics of the nonequilibrium system.
The introduction of the second entropy allows one to
establish relations generalizing the relations derived earlier
within the framework of conventional statistical mechanics;

in particular, this also concerns the Onsager symmetry
relations. Detailed consideration of this approach goes
beyond the scope of this review. Generalized nonequili-
brium thermodynamics will also be left out of consideration
because, with rare exception, colloidal systems can be
described within the framework of classical nonequilibrium
thermodynamics and even the problems whose solution
requires the use of extended irreversible thermodynamics
can be reduced to the classical problems. Note that at
present, there has been a new tide of interest in nonequili-
brium thermodynamics of colloidal systems, namely, a large
number of studies on the title topic were reported in the last
decade. This is due to strong effects manifested in non-
equilibrium colloidal systems. Some effects still require
unambiguous explanation; therefore, there is a need for
the development of theoretical models, which will be pre-
sented in this review.

A single review seems to be too short to cover all aspects
of nonequilibrium thermodynamics of colloidal systems. In
particular, problems related to nonlinear effects, e.g., oscil-
latory phenomena on the surface of fluids in the presence of
nonuniform adsorption layers composed of surfactants or
nanoparticles will be left out of consideration. This is a
subject of a featured review. Here we will restrict ourselves
to the classical linear nonequilibrium thermodynamics of
colloidal systems. We will also not consider problems
concerning chemical reactions involving particles because
they to a greater extent belong to problems in catalysis.
Note that comprehensive reviews on the nonequilibrium
thermodynamics of catalytic systems are available 5234

I1. Main relations of classical nonequilibrium
thermodynamics and their generalizations

1. Main relations of nonequilibrium thermodynamics
Methodologically, nonequilibrium thermodynamics is as
follows. Any physical quantity characterizing a subsystem
varies with time owing to uncontrolled interaction with
other parts of a system, i.e., one deals with random
oscillations about a mean value. This is referred to as
fluctuations of corresponding physical quantities. Determi-
nation of a fluctuation and establishment of the regularities
of its temporal behaviour requires a microscopic description
of the behaviour of the nonequilibrium system. This prob-
lem is still to be solved; therefore, the regularities of
fluctuations of thermodynamic quantities and their tempo-
ral evolution are established using the Gibbs approach. To
this end, a relation is used between the entropy of the system
(S) as function of physicochemical characteristics

W= (Wh W2~, sy VV:;)

of the subsystem and the probability for the subsystem to be
in a specified state

P.(W) oc exp {@] 0]

where k is the Boltzmann constant. This expression, in
particular, shows that the most probable state of the system
is characterized by the highest entropy So. This state is
usually associated with the state of thermodynamic equili-
brium in which the physical characteristics takes the values
W, that ensure the maximum value Sy under preset initial
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conditions. Relation (1) represents the second law of ther-
modynamics, according to which a nonequilibrium system
evolves towards an increase in the entropy of a closed
system.

Using expression (1), one can determine the probability
for a physical quantity W to deviate to a predetermined
extent from its equilibrium value. This is done as follows.
Assume that the entropy of the system is a function of the
deviations of the parameters W from their equilibrium
values

a;=W;— Wi,

where W;, is the value of the physical quantity W; in
thermodynamic equilibrium. Having expanded the entropy
S'in a series in terms of the deviations a; and taking account
of the maximum entropy value in the thermodynamic
equilibrium, one gets

1 n
S=S5 —zi;g,-,-aia,-, )

where g;; is the positively semidefinite matrix of the second
derivatives; obviously, one has g; = g;;.

Substituting the series (2) into expression (1) gives the
expression for the probability of fluctuations of thermody-
namic quantities:

1 n
P. = P.yexp (—5 Z g!-/-a,-a,), 3)
ij=1

where P:¢ is the normalizing constant that ensures the
validity of the obvious equality

JPrdaldaQ ..da, = 1.

The normalizing constant can be determined with ease
and the final expression for the probability of fluctuations
takes the form

\/g ( 1 n >
P, = a2 SXP\ — 5 8iaid; | “4)
(2m) /2 21';1 Y

where g is the determinant of the g; matrix.

Usually, it is accepted that relaxation of fluctuations
obeys the same laws as relaxation of macroscopic quanti-
ties. Assuming that for small deviations of the system from
its equilibrium state, the changes in the macroscopic quan-
tities with time (¢) are described by linear equations

dal' -~
i o
J

(A7I,:/- are coefficients of proportionality), Onsager -2 pro-
posed to write these equations in another manner. He
introduced new variables

BN oS
Xf=*a—ai=§/_jgifaj ©)

called thermodynamic forces and the derivatives da;/d¢
representing thermodynamic fluxes. As a result, Eqn (5) is
transformed to

dai =
5 =2 L% Q)
J

Equations (7) are called the phenomenological equa-
tions of nonequilibrium thermodynamics. Onsager showed
that the advantage of Eqn (7) over Eqn (5) consists in that
the kinetic coefficients L; in the former case obey the
symmetry relations

Lj=L;. 8)

The relaxation equations (7) and the symmetry relations
(8) serve as complete basis for thermodynamics of irrever-
sible processes.

Note that relations (8) are valid both in the case of slow
monotonic relaxation of the system to the state of thermo-
dynamic equilibrium and in the case where this relaxation is
accompanied by small fluctuations of thermodynamic quan-
tities.>>

To describe nonequilibrium processes from unified posi-
tions, the phenomenological equations of nonequilibrium
thermodynamics are defined in somewhat different manner,
namely, the so-called entropy production

ds d 1 da;
AS=—=— "N o ga=-5 "2 4=
R ONITEE %0 W

S S A1
i i

is considered instead of the nonequilibrium entropy (2), or it
is said that the entropy production is represented as bilinear
combination of thermodynamic forces X; and fluxes

)

da;
T

Generally, not only the derivative of a thermodynamic
variable with respect to time and the deviation of the
variable from the equilibrium value, but also other physical
quantities, i.e., the heat flux, matter flux, temperature
gradient, concentration gradient, efc. can appear in
Eqn (9) as thermodynamic fluxes and forces. One should
only represent the entropy production as a bilinear combi-
nation of parameters characterizing the nonequilibrium
state of the system. Then, a unified scheme for construction
of phenomenological equations is used, namely, based on
the entropy production (9) one writes the equations

=3 "LyX;, (10)
J

in which the kinetic coefficients meet the symmetry rela-
tions (8).

It should be noted that (i) thermodynamic fluxes (and
forces) can have different tensor dimensionalities, i.e., they
can be scalar, vector or tensor quantities. Then, in the
isotropic case, in accordance with the Curie principle, the
system (10) is divided into a number of subsystems includ-
ing quantities of the same dimensionality.

Then, if the thermodynamic characteristics X; and X
behave in different manner on time reversal (e.g., one of
them remains unchanged while the other changes its sign),
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the symmetry relation for the kinetic coefficients takes the q=-—-A4VInT, (13a)
form
Ou, Ou
My = —ne( 2 +22 ). 13b
Ly=—Ly,. (11 o "f<ax,} +6xx> (13b)

Expression (11) is called the Onsager—Casimir symmetry
relation.

Entropy production (9) in the steady state is minimum.
This fact was substantiated by Prigogine 3 and it is referred
to as corresponding theorem. As mentioned above, there are
a number of fundamental principles in nonequilibrium
thermodynamics. We will formulate only one of them, the
maximum entropy production principle, which will be used
in the text below. This principle is less known than the
Prigogine theorem; however, recently it has attracted
increasing attention of researchers.

The maximum entropy production principle was formu-
lated by Ziegler>® and is as follows. Assume that we
describe a nonequilibrium state of a system in the space of
fluxes JA, provided that the expression for the entropy
production in this space is known. We have to express the
fluxes f, through thermodynamic forces )A(,- assuming a local
equilibrium in the system. In our case, the expression for the
entropy production (9) should be written as

AS(T) == X))y - (12)
k

Ziegler assumed that the expression for the thermody-
namic forces can be derived using the following theorem: at
a specified kind of the thermodynamic force AA’k, the ther-
modynamic flux fk established in the system provides the
maximum entropy production (12). In some cases, the
maximum entropy production principle is formulated as
follows: if the amplitude of fluctuations in the system is
large enough, the state characterized by the maximum local
entropy production is realized.

Mathematically, the maximum entropy production prin-
ciple is given by

X;

5y [AS(J,-) — (AS(J;) +y X,C(Ji)J,(>}A= 0,
k
where d; denotes the variational derivative with respect to J,
[ ]y indicates that the variational derivative is taken at
constant value of the parameter X and A is the Lagrange
multiplier.

Examples of application of this principle are given
below. Now we will consider some examples related to the
entropy production in unrestricted systems. Assume a flow
of a one-component incompressible fluid at the velocity u
accompanied by heat transfer under the action of a temper-
ature gradient VT. The corresponding expression for the
entropy production has the form?3

qVT 1 Ou,
AS = — SRR § Bt
T2 T; oc/f 6x,; ’

where q is the heat flux density, IT is the viscous stress tensor
and xp are the spatial coordinates. Since the fluxes (q and IT)
and force (VT and 0Ou,/0xp) present in the first and second
terms in the right side have different tensor dimensional-
ities, following the Curie principle, we have to write two
types of phenomenological equations

where Ar and n¢ are respectively the thermal conductivity
and viscosity of the fluid. Equation (13a) is the Fourier
thermal conductivity law while Eqn (13b) represents the
Newton law for viscous flow of fluids (it is written in the
symmetric form because the stress tensor is symmetrical
with respect to its variables).

It should be noted that a flowing fluid is usually
characterized by a pressure gradient (Vp) defined by the
Stokes equation

neAu = Vp, (14)
where A is the Laplacian. In principle, one can assume that
the heat flux can also appear as a response to the pressure
gradient. At least, the Curie principle does not rule this out.
Landau and Lifshitz>7 reported a proof of impossibility for
such a heat flux to appear, based on thermodynamics of
irreversible processes. They believe that in the presence of
the heat flux induced by the pressure gradient, the entropy
production determined by the term containing the temper-
ature gradient can have different sign, whereas it should be
positive according to the second law of thermodynamics. In
the text below we will show, based on the results,'® 19 that
the heat flux can also appear as a response to the pressure
gradient and it does not contradict the second law of
thermodynamics. The generalization 8- 1° of the equations
of nonequilibrium thermodynamics is based on the kinetic
theory. At present, attempts to derive more general trans-
port equations based on the nonlinear response theory>®
and phenomenological considerations >°~6! are undertaken.

Yet another channel of entropy production appears in
the case of flow of mixtures. This is interdiffusion of
mixture components. Since the entropy production should
not depend on the choice of the coordinate system, the
corresponding expression should include those components
of fluxes where the motion of the entire system is excluded.
Then one gets

—hd, 3V,
(q lhlJ,) vr D Jiu | ou,

AS = — — -
72 T T4 "ox,°
oy

(15)

where /h; and u; are the specific enthalpy and chemical
potential of the ith component, respectively,

J,‘ = I’l,’(ll,'—ll)

is the diffusion flux density, n; is the number of the
molecules of the kind 7 in the unit volume, u; is the average
velocity of the molecules of the kind 7, u is the mass-average
velocity of the mixture; the combination of parameters in
front of the temperature gradient is the heat flux density in
the mixture; and the chemical potential gradient is deter-
mined at constant temperature. If the components are
influenced by external forces, the latter can be included in
the chemical potential gradient.

The tensor equation of nonequilibrium thermodynamics
remains unchanged and for the vector fluxes and forces one
gets the system
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q—Zh,-J,-:quVlnTJrZLquu,, (16)

Ji=LyVInT+ ZLikﬂ/m
3

where the coefficient L,, is associated with the thermal
conductivity of the mixture, the coefficient L is associated
with the diffusion coefficients, the coefficients L;, describe
thermal diffusion or the Soret effect, and the cross coef-
ficients are associated with the diffusion thermoeffect, or
the Dufour effect.

2. Generalizations of transport equations

The transport equations (16) correspond to classical non-
equilibrium thermodynamics.? Passage to extended, or
generalized, nonequilibrium thermodynamics is accompa-
nied by the appearance of additional fluxes and forces.
Without dwelling on details, note that in this case the
phenomenological equations of the vector fluxes for, e.g.,
one-component gas have the form 2!

q:*A“VIHT*Aleu, (17)

JV = —A21V1n T— AzzAu,

where A;;, are the kinetic coefficients.

Since the quantity Au coincides with the pressure gra-
dient up to a constant, the heat flux may also appear as a
response to the pressure gradient. This does not contradict
the second law of thermodynamics because an additional
flux J’ is considered. It is hard to assign a physical sense to
this flux because it is a complex function of the molecular
velocity. However, there is no question about its existence
because the heat flux induced by the pressure gradient was
measured experimentally.

The approximation corresponding to the system of
equations (17) also requires transformation of the tensor
equations to the form

— VwWT
II= */lllvll*)ulzvv 5 (183)
T
— wWT
)T = f/IZIVuf),zzg, (18b)

where the bar denotes a symmetrical combination of the
vector components

W: (aum +6u,;)
E)x/; @xa

Note that the second term in Eqn (18a) characterizes
thermal stresses which were considered as early as by
Maxwell. But their inclusion in nonequilibrium thermody-
namics required the introduction of yet another non-phys-
ical flux J7 conjugate to the thermal stresses. This flux is a
complex function of the flux of a combination of the
molecular velocities. The introduction of this quantity
ensures the positive sign of entropy production.

When considering the flow of a mixture, taking account
of additional terms, e.g., similar to those included in
expressions (17) and (18) also leads to new effects, namely,

the appearance of (i) diffusion under the action of pressure
gradient (pressure diffusion) and (ii) concentration stresses

(19)

similar to thermal stresses if the double gradient VV acts on
the component concentrations. Detailed analysis of these
equations of nonequilibrium thermodynamics can be found
in the literature.?!>22

The modified transport Eqns (17) and (18) can be trans-
formed to a more symmetrical form. This is the case for the
so-called thirteen moments approximation of the Grad
method in the kinetic theory of gases7-2! and underlies the
extended irreversible thermodynamics.3!-3¢ These equations
are as follows:

2
5

_ 2

As can be seen, the expressions for the heat flux and
stress tensor specified by Eqns (17), (18), (20) and (21)
almost coincide if for the coefficients A;, and 4;, one uses
some particular values appropriately normalized to A, and
A11. The normalizing constant 2/5p was determined for
gases. Liquids should be characterized by some other value
of this coefficient; moreover, these values for Eqns (20) and
(21) can differ from each other. The coefficients A;; and A;;
can be associated with the thermal conductivity and
viscosity of the fluid, respectively.

As will be shown below, the additional terms introduced
above play an important role in nonequilibrium thermody-
namics of colloidal systems. If they are ignored, no correct
boundary conditions and description of transfer processes
in membrane systems (at least for gases) is obtained.

Yet another generalization of transport equations is due
to investigation of transport processes in confined systems
where the transport of matter is strongly affected by steric
hindrances (Fig. 1) and there is no specific interaction. The
use of mesoscopic nonequilibrium thermodynamics 2
allows one to derive the transport equations with a new
structure, viz., they include not only the diffusion, but also
the entropy contribution. In particular, for the particle flux
one gets the expression

D, ds,

ar,
Pk o dz”’

To==Do g

b=—D

(22)

where Dy, is the diffusion coefficient of particles, P is the
probability for particles to be at the point z (analogue of
concentration) and S, is the entropy of particles. The

Wall

Particle

trajectory
Channel

Wall

Figure 1. How the entropy factor influences the diffusion trans-
port of particles.
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entropy is a function of the coordinate z because for a freely
moving particle the equilibrium probability (Ppe) varies
from one point to another (see Fig. 1) and the equilibrium
entropy is related to the equilibrium probability as follows:

Sp
Ppe:PpOeXp %)

where Ppo is the normalizing constant.

According to Eqn (22), particles are displaced from
narrow gaps to wider regions; this should be taken into
account when considering transport in membranes with
narrow channels of variable cross-section, in particular, in
zeolites. Note that in Eqn (22) the nature of the change in
the entropy is insignificant, viz., these can be limitations in
either the coordinate or phase space, which occurs in, e.g.,
diffusion of polymers in narrow pores.

Consider the Soret and the Dufour effects mentioned
above. Thermal diffusion in gases was discovered in the
mid-20th century. It should be noted that both effects have
purely kinetic nature and depend rather strongly on the
intermolecular interactions (e.g., both effects vanish for a
particular type of interactions). Since it was these interac-
tions that were used in the pioneering calculations by
Maxwell, the coefficient of thermal diffusion in gases was
found to be zero; this delayed the experimental detection of
this effect by about five decades.®® Then, thermal diffusion
separation of gases became a main method of uranium
enrichment.

Some authors state ¢ that thermal diffusion separation
and the cross heat effect are not observed in low-molecular-
mass liquids; however, thermal diffusion in liquids does
exist and is used in practice,® although the effect is weak.
Probably, it is the kinetic nature of the effect that deter-
mines small values of the thermal diffusion coefficients in
low-molecular-mass liquids. Note also that the published
experimental data differ appreciably.®® %7 As a consequence,
the existing models for thermal diffusion are based on a
large number of empirical arguments.®*% Thermal diffu-
sion in low-molecular-mass liquids can also be governed by
co-operative fluctuations rather than features of intermo-
lecular interactions, as was assumed in Ref. 69.

Recently, there has been a considerable interest in
thermal diffusion phenomena and cross heat effects in
colloidal dispersions and solutions of high-molecular-mass
compounds. In particular, thermal diffusion is used for
separation of macromolecules. In colloidal systems, these
effects are due to a specific structure of boundary layers,
thus becoming (to some extent) thermodynamic in nature.
Note that there is no unified mechanism of transport
processes for different systems. The nature of noticeable
thermal diffusion in solutions of high-molecular-mass com-
pounds is still a moot question %79 and therefore we leave
such systems out of consideration.

3. Transport equations for colloidal dispersions

Transport processes in colloidal systems are sometimes
described by equations of type (16). Clearly, these equations
work in the case of highly disperse aerosols where solid
particles are treated as components of a gas mixture (so-
called dusty-gas model 7' ~73). However, studies of colloidal
particles in liquids require modification of these equations
because in this case one should use a large number of
variables; e.g., a dispersion can be characterized by an

order parameter related to the local orientation of aniso-
tropic particles. Particles can be involved in Brownian
motion and in macroscopic motions relative to the disper-
sion medium; this leads to additional hydrodynamic inter-
action (in addition to the force interaction) between them. A
detailed description of transport processes in disperse sys-
tems is available in a monograph.’*

Consider specific features of transfer processes in colloi-
dal systems from the standpoint of Lhuillier.”> The main
features of transport equations are as follows. First, the
expression for the stress tensor now includes new terms with
the so-called elastic component
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where N, is the concentration of particles, Pq(r) are the
probability density for the particle to be at the distance r
from the pre-specified particle and IAJpp(r) is the potential of
inter-particle interaction. Clearly, the second term is the
osmotic pressure in the colloidal systems. Expression (23)
was derived for spherical particles. For rod-like colloidal
particles, the last two terms are replaced by
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where (e) is the orientation distribution function of par-
ticles; e is the vector specifying the orientation of rod-like
particles; and .4 is the Kronecker symbol.

Expressions (23) and (24) take into account only pair
interactions of particles. The effect of three-particle inter-
actions on the transport equations was also studied.”®
However, it should be noted that the description of con-
centrated colloidal dispersions requires the inclusion of
both three-particle interactions and higher-order interac-
tions; therefore, the results obtained in Ref. 76 are of purely
theoretical interest.

Assuming a relative motion of particles and the disperse
medium, new contributions will appear in the expression for
the energy flux.”> Rotational relaxation of rod-like particles
can also be considered. Corresponding equations have the
form 77

Ou, Oup
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Here /y,,, l,n and /,,, are the kinetic coefficients, Q is the
ensemble-average of the tensor ee — (1/3)I, where I is the
unit tensor; w is the conjugate thermodynamic variable
which is also expressed through the tensor Q provided that
the system slightly deviated from its equilibrium state,

w:Aw(TVNP)Q+BW(T7NP)QQ+"'7 (26)
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where double bar denotes the symmetrical traceless tensor
and the dot denotes a convolution of two components. The
coefficient 4,,(7,Np) is of the order of the osmotic pressure.

A crucially important fact is that using Eqns (25) and
thus working within the framework of linear transport
equations, one can reveal the dependence of the viscosity
of dispersion on the shear rate 7. Rather simple reasoning
leads to the following expression for the intrinsic viscosity 77

_ 52 ne
e = [nlo +7 364D, C(re)s (27)

where [57], is the intrinsic viscosity independent of the shear
rate, 1 is the viscosity of pure solvent, ¢ is the volume
fraction of particles, D; is the rotational diffusion coeffi-
cient, C(re) is a function of the semi-axis ratio r. of
ellipsoidal particles [the C(re) values are of the order of
unity].

It should be noted that the linear approximation allows
one to describe the nonlinear effect, namely, the dependence
of viscosity on the shear rate: the shear motion influences
the statistical distribution function characterizing the ori-
entation of particles. The kinetic coefficients also depend on
the orientation of particles, which leads to a nonlinear
influence of shear flow on the viscosity. From Eqns (25) it
also follows that a colloidal dispersion exhibits some elas-
ticity.”” Experimental data on the rheological properties of
colloidal systems are sufficiently covered in a review.”8

Relaxation processes were described 7 within the frame-
work of mesoscopic nonequilibrium thermodynamics as
applied to the dielectric relaxation of a medium represented
by a system of noninteracting polar molecules. There is no
basic difference between dielectric relaxation of the molec-
ular medium and relaxation of anisotropic colloidal par-
ticles because one can pass from one physical system to
another by appropriately changing variables. A fundamen-
tally important feature of Ref. 79 is the introduction and
inclusion of memory effects, so in the simplest case the
phenomenological equations are as follows:
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where J9 is the flux density in the space of particle
orientations and Vf;? is the corresponding gradient operator.
Note that nonlocal (with respect to time and space) effects
(the kinetic coefficients L,z and /,s represent integral
operators) have long been used in nonequilibrium thermo-
dynamics (see, e.g., Ref. 30). The inclusion of the memory
effects provides a more correct description of relaxation
processes in, e.g., polymeric systems.”® Clearly, this is also
of importance for colloidal dispersions whose relaxation
times are rather long, especially in the case of glass-like
colloidal systems.

Relaxation processes can be accompanied by large
fluctuations, in particular, because of their long duration.
The concentration fluctuation dynamics of colloidal par-
ticles was described within the framework of the Onsager
theory.89 A one-component colloidal system was studied.

Transport of particles in the system was described by
conventional diffusion-type equation with inclusion of
memory effects, spatial nonlocal effects and thermodynamic
fluctuations. This approach can be used to describe the
dynamics of colloidal systems in the glassy state; here the
relaxation times may fall on a macroscopic time scale. The
dynamics of glassy colloidal systems was also described 8!
within the framework of mesoscopic nonequilibrium ther-
modynamics and based on the Focker —Planck equation.8?

Equations determining the overall dynamics of colloidal
particles in fluids with temperature gradients were derived 83
based on the Bogolubov—Born—Green— Kirkwood—Yvon
chain closed using the maximum information entropy prin-
ciple. The authors®® demonstrated the possibility of con-
structing a closed system of equations describing a
nonequilibrium colloidal dispersion. In the equilibrium
case, these equations are transformed to known relations.
Brownian dynamics of particles in alternating external fields
was analyzed using methods of nonequilibrium thermody-
namics.®* It was shown that the action of external factors
can be reduced to renormalization of the temperature of
particles involved in Brownian motion. This simplifies the
description of various physicochemical processes with par-
ticipation of such particles.

I11. Nonequilibrium thermodynamics of boundary
conditions

1. The slip boundary conditions

The behaviour of nonequilibrium colloidal systems is to a
great extent determined by the boundary conditions relating
macroscopic characteristics at interfaces. Usually, the so-
called stick boundary conditions are applied to colloidal
systems with liquid dispersion media. In this case, it is
required that the corresponding parameters of the contact-
ing media at interfaces be equal. In particular, for unmove-
able solids the velocity of the liquid on their surface is set to
be zero (hence the name ‘stick boundary conditions’). For
gaseous dispersion media, the situation is somewhat differ-
ent: more than 100 years ago, Maxwell developed a theory
of thermal slip of gases (this effect was discovered by
Reynolds) and proposed the expression for the slip velocity

29

where Kis is the thermal slip coefficient (according to
Maxwell, K =0.75), ng is the dynamic viscosity of the
gas, p is the density of the gas and VT is the temperature
gradient (this vector lies in the surface plane).

Thermal slip in liquids is due to the existence of
boundary layers with modified structure.>3¢ It was
shown 37 that thermal slip in gases and liquids with necessity
follows from the Le Chatelier—Braun principle in the
presence of thermal stresses. Preservation of the thermal
slip effect on going from a gas to a continuous medium was
also reported.®® At present, this effect is considered in detail
when studying the motion of particles in media with temper-
ature gradients.

Some other slip effects, viz., viscous slip, diffusion slip,
etc., were predicted theoretically and observed experimen-
tally. For colloidal systems with liquid dispersion media, the
most important phenomenon was electroosmotic
slip,8¢6-89.90 because effects associated with this phenomenon
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are strong enough and can be detected with ease. Recently,
in connection with the development of microfluidics,
increasing attention has been paid to the so-called hydro-
phobic slip.°! =93 This phenomenon is analogous to viscous
slip in gases; it was observed experimentally long ago and
theoretically substantiated by Churaev.”* Of course, more
recent studies gave new data, but a great body of exper-
imental data obtained earlier were reproduced again.’
Studies of the flow of fluids in thin channels marked the
tide of interest in the boundary conditions for fluids. It was
necessary to introduce new models (see, e.g., Ref. 59 and
references in the text below), because the stick conditions or
the inclusion of hydrophobic slip alone do not allow one to
completely describe all features of the effects observed. For
instance, studies of the motion across the surface of polymer
melts require that relaxation processes in the melts also be
taken into account;’> however, this was usually ignored in
the conventional choice of boundary conditions.

In carrying out chemical reactions the problem of
boundary conditions also poses in the case of contact
between condensed phases °® because application of classi-
cal boundary conditions to non-steady-state processes can
lead to divergence of physical quantities. The generalized
boundary conditions reported in a monograph ¢ (see also
Ref. 97), which can in particular cases be reduced to various
types of boundary conditions including those taking into
account the jumpwise behaviour of the effects under study,
make it possible to exclude divergence and significantly
affect transport of components through gas-separation and
ion-exchange membranes.”® They also may appear to be
useful in the studies of coagulation in colloidal systems;
however, this issue goes beyond the scope of this review
because we consider only steady-state processes.

The slip effects and jumps not always can be related to
the actual value of the fluid velocity on the surface of a solid
body. For instance, the slip velocity specified by expression
(29) differs from the gas velocity at the rigid wall. This is
due to the presence of boundary layers where the properties
of the fluid change abruptly. The boundary layers can be of
different nature. In gases, they are kinetic in character,
being determined by the mean free path (/r). In liquids, they
are governed by the structural changes in the near-surface
regions. As applied to electrokinetic phenomena, a boun-
dary layer is an (extended) electrical double layer. The
presence of boundary layers causes abrupt changes in
different parameters including the velocity, temperature,
concentration, efc., in the near-surface region. On the
macroscopic level, this is interpreted as jumps and slip
(Fig. 2).

As in the case of transport phenomena in the bulk phase,
the totality of transfer processes occurring at interfaces can
be best described within the framework of thermodynamics
of irreversible processes. Therefore, in this Section we will
consider a general approach to specification of boundary
conditions based on nonequilibrium thermodynamics.

Derjaguin °°~ 10! was the first who employed methods of
thermodynamics of irreversible processes to determine the
kinetic coefficient K5 using a rather simple procedure. He
considered °° the Poiseuille flow in a cylindrical channel and
calculated the isothermal heat flux arising as a response to

T In the text below, we will repeatedly point to the results obtained earlier
and reproduced in modern studies.

u(x),
q(x),
T(x)

Figure 2. Changes in the main parameters within the boundary
layers in nonequilibrium media.

pressure gradient within the framework of kinetic theory of
gases in the second Chapman-—Enskog approximation.
Then, using relations of nonequilibrium thermodynamics
derived for discontinuous systems? and the Onsager sym-
metry relations, the coefficient responsible for the gas flow
caused by the temperature gradient was determined for this
isothermal heat flux. However, the result of calculations
(Kis = 1.5) differed from the value calculated by the direct
method. This, in particular, underlies the skepticism about
the potential of nonequilibrium thermodynamics in the
description of boundary effects. However, the discrepancy,
which was due to neglect of heat transfer in the kinetic
boundary layers, was then eliminated.!02

Waldmann 93 proposed a procedure for specification of
the boundary conditions for using methods of thermody-
namics of irreversible processes. He derived an expression
for the entropy production at the interface (AS,). The
quantity AS, was defined as the total entropy difference
between the fluxes in the gas and in the condensed phase
integrated over the interface. Taking into account the mass,
momentum and energy conservation laws on going through
the interface and the invariance of AS, with respect to the
Galilean transformation, Waldmann reduced the expression
for AS, to a bilinear combination of thermodynamic fluxes
and forces. The set of fluxes included the temperature jump,
slip velocity and singular heat flux in the surface layer, the
forces included the off-diagonal part of the stress tensor as
well as the tangential and normal (to the surface) temper-
ature gradients. More recently, it was shown that the
Waldmann system of phenomenological equations of boun-
dary conditions does not fulfill the symmetry relations. It
was found that the Onsager symmetry relations are valid if
the contributions of additional factors (in particular, the
heat flux included by Derjaguin) to the entropy flux and to
the surface entropy production are taken into account.!0? It
should be noted that the somewhat incorrect result obtained
by Waldmann is repeatedly reproduced in monographs.!04

Yet another significant drawback of Waldmann’s
approach consists in that the boundary conditions are
formulated ignoring the finite thickness of the boundary
layer and the mass flux localized within this layer. This leads
to the loss of some terms in the boundary conditions of the
same order of magnitude as those obtained within the
framework of the method per se.!l>1* The algorithm of
deriving the boundary conditions with inclusion of finite
layer thickness can be developed with ease; the structure of
the expressions will change to some extent and a number of
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new relations between the kinetic coefficients will
appear.!95-109 The boundary conditions can also be speci-
fied by the joint approach using phenomenological consid-
erations and the kinetic theory.?!>22.106,107.110 Prooress in
nonequilibrium thermodynamics of boundary conditions
combined with kinetic methods for solution of boundary
problems provides an explanation for some phenomena
accompanying the flow of gases and liquids in channels
and around solid bodies. However, here we will not dwell on
these aspects in order to make the results presented below
applicable to the widest range of problems. The readers who
are interested only in the transfer processes in gases can find
the corresponding results in the literature cited above and in
Refs 111 and 112.

2. The balance equations at interfaces
Imagine that a fluid (liquid or gas) with nonuniform
temperature and concentration distribution flows around a
solid body. For simplicity, we will restrict ourselves to this
case, although a situation with two immiscible fluids can
also be considered.!%%- 109 There is a near-surface boundary
layer, such that the fluid viscosity and flow velocity can
abruptly change within this layer (see Fig. 2). At long
distances from the surface, the fluid flow is described by
conventional hydrodynamic equations (e.g., the Navier—
Stokes equations). Let the conventional hydrodynamic
equations be valid up to the interface. Let these equations
have a solution in the form of some bulk velocity u. The
difference between the true fluid flow velocity in the
boundary layer and u will be taken into account using the
boundary conditions, namely, let the boundary conditions
for u be formulated in such a manner that the true solution
be coincided with u outside the boundary layer.

Let the true mass flux density of the fluid (J,) be

J = putj, (30)
where p is the fluid density far from the interface. The
boundary flux j, vanishes at long distances from the inter-
face because the true flux density should coincide with the
‘bulk’ hydrodynamic density, i.e.

J; - pu

on moving away from the surface. From the continuity
equations (in the steady-state case) for the true flux density
and the bulk hydrodynamic flux it follows

div(J;) = 0, div(pu) = 0 = div(j,) = 0. 31
Assume that the surface of the solid body is impermeable to

the fluid; then, the normal component of the flux should be
equal to zero,

July =0,

where x is the coordinate normal to the surface; the symbol
Y denotes that the corresponding quantity is taken at the
surface of the solid. Taking into account this fact, integra-
tion of Eqns (31) along the normal to the surface and
vanishing of j, far from the interface leads to

|
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where div, denotes two-dimensional divergence in the coor-
dinates lying in the surface plane and jbr is the tangential
mass flux density integrated along the normal to the surface
o0
oo = [ d
0

(33)

The balance equation for the energy flux is derived analo-
gously

<J:x _Jiex) s

where the superscript denotes that we deal with the energy
fluxes; J¢, J{ are the energy flux densities in the fluid and in
the solid, respectively.

If the fluid flows around a solid body, the balance
equation for the momentum is not necessary. The corre-
sponding equation for two contacting ligiud media has the
form 109

= —div, jir, (34
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where H;fv, HEV are the momentum flux density tensors in

the ‘external’ and internal fluids (with inclusion of pres-
sure), respectively; J,, is the Kronecker symbol, K, is the
interface curvature tensor and it is assumed that summation
is performed over the t = x, y values if the two indexes are
equal to each other.

The equality (35) extends the Laplace equation to the
case of nonequilibrium systems. In equilibrium, the quanti-
ties IT', and ITY, coincide with the pressure in the contacting
phases and

Hn/ = 70-611’ s

where o is the surface tension at the interface.

From the balance Eqns (32) and (34) it follows that
apparent flux discontinuities due to the changes in the fluid
characteristics in the near-boundary regions are observed at
the interface in the nonequilibrium case.

By introducing specific surface fluxes one can derive
phenomenological equations for the interfacial character-
istics.102. 110, 113, 114 Of course, they also include nonequili-
brium parameters characterizing the bulk phase, because
contact of two equilibrium bulk phases does not produce a
nonequilibrium surface. Note that the boundary conditions
for the surface phases were obtained not only within the
framework of conventional thermodynamics, but also
within the framework of generalized nonequilibrium ther-
modynamics '3 and so-called GENERIC (General Equa-
tion for the Nonequilibrium Reversible—Irreversible
Coupling) formalism !'® which includes joint interaction
between equilibrium and nonequilibrium processes. Non-
equilibrium surfaces of neat liquids are also described using
surface characteristics,!'7-118 ¢ g the surface viscosity;
microscopic treatment also involves the introduction of a
correction to the surface tension and some other character-
istics. The equations thus derived provide a better descrip-
tion of processes occurring at the interface. An example is
provided by Ref. 119 where phenomenological equations
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for the liquid crystal/isotropic phase interface were derived.
These equations include not only conventional thermody-
namic characteristics (see below), but also the surface
parameters, such as the order parameter, elastic moduli, ezc.

3. Equations of nonequilibrium thermodynamics for
interfaces
As mentioned above, the balance equations are part of
boundary conditions. One should also have the expression
for fluxes in the boundary layer and the boundary con-
ditions for tangential components. The latter can be estab-
lished using methods of nonequilibrium thermodynamics.
Consider a one-component fluid flowing around a solid
body (for more complex systems, we will present a number
of final results as examples).

Our starting point is the following expression for the
entropy production at the interface:

AS, =J5—J5, (36)
where

J)f = (JS n):

T = (I m),

n is the external normal to the surface; JS, J;9 are the
entropy flux densities in the fluid and in the solid. Assuming
no mass transfer through the interface, for the density of the
entropy flux directed outward of the solid body one has

s_ ¢

Ji Ty (37
where q° is the heat flux density in the solid body and Ty is
the surface temperature.

The form of the expression for the entropy flux in the
gas phase and the balance equations at the interface
eventually determines the structure of the boundary con-
ditions. Based on the results of numerous studies, it was
proposed to calculate the entropy flux using the so-called
Burnett transport equations.?! The corresponding entropy
flux density is given by

(we will not analyze more complex expressions for the
entropy flux, e.g., those considered in Ref. 120, because
this will go beyond the approximation used in the surface
entropy production calculations). Using this expression and
the balance equations, the entropy production at the inter-
face can be transformed to
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where p is the pressure; u (0) and 7(0) are respectively the
apparent velocity and the temperature of the fluid on the

surface of the solid body; and 7t is the two-dimensional
vector lying in the surface plane.
Let us choose the expressions for fluxes in the form
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The corresponding forces are given by
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Then, the phenomenological equations (boundary con-
ditions) are as follows:

Iy = LgoXo, 41

3
Lo=> LyX;.

Jj=1

They fulfill the Curie principle and, according to the
Onsager theorem, L = Ly;.

In most practically important cases, normal stresses are
insignificant and one can restrict himself to representation
of heat flux only through the temperature gradient. As a
result, the phenomenological equations (41) are simplified
and take the form

T(O) — TO qn

T Looﬁs (42)
w43 LMt Lo S Ll ()
it =L21Hm+L22%% 23%%27 (43b)
jor = Ly T, +L32% Z—Z + L331T2i;. (43¢)

Solution of hydrodynamic problems requires Eqn (43a),
which specifies the boundary condition for the tangential
velocity. Equations (43b) and (43c) are necessary because
they appear in the boundary conditions (33) and (34) for the
normal fluxes. The first term on the right side of Eqns (43a)
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determines the slip of the fluid under the action of tangen-
tial stresses,

du,
dx’

H)CT: —g
This kind of slip is known as isothermal slip; in micro-
fluidics, it is usually called hydrophobic slip

du,(x)
dx

du,(x)
dx ~

u (0) = —Lyne =by 44

where by, is the slip length.

The second term on the right side of Eqns (43a) along
with the term (2/5p)q, characterizes the thermal slip
described by Eqn (29). Recall that

= —J—
q f ot 5
and, hence,

22,
Lp+ZL=Tk,.
5 p

The third term characterizes the so-called baroslip which
usually makes a little contribution to transport processes.

The L; coefficient in Eqn (43b) determines heat transfer
in the boundary layer under the action of tangential
stresses. This effect is characterized by the so-called heat
of transfer when fluids flow through porous bodies. The
heat of transfer causes, in particular, thermal polarization
of membranes (see below).

Equation (42) describes the temperature jump at the
interface due to the presence of heat flux along the normal
to the surface. It is determined by the mean free path of
molecules in the case of gas flows and by changes in the
structure and thermal conductivity within the boundary
layer in the case of fluid flows. This effect plays an
important role in the determination of the thermophoresis
velocity of aerosol particles. It is also significant if evapo-
ration and condensation occur at the interface.

Initially, Waldmann’s boundary conditions did not
include the third thermodynamic force or the term
(2/5p)q, in the first flux, and the mass flux in the boundary
layer was assumed to be zero. It was accepted that only a
singular heat flux can be transferred across the surface. The
Onsager relations are not fulfilled for these truncated
equations because the term (2/5p)q, makes the predominant
contribution to the thermal slip coefficient K (cf. its value
equal to 3/2 vs. about —0.33 for the L;» term). The
boundary conditions can also be obtained for the flow of
mixtures including electrolytes. Below we will present the
corresponding equations for a binary gas mixture to dem-
onstrate a pattern for constructing boundary conditions for
any systems (simplified equations will also be considered).

In this case, Eqn (42) remains unchanged and the system
of three vector Eqns (43) is replaced by the system of four
vector equations
2q, 1 oT
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where ¢ = n;/n is the concentration of the first component,
n = n; + na is the total number of molecules per unit volume,
m and m» are molecular masses of the components; p; and
p2 are the densities of the components,

R () 20
iV _dbr _ Jbr
P1 P2

is the average velocity difference between the components in
the boundary layer, j E)'T) are the component mass fluxes in the
boundary layer,

N S (1 (2
Joe =i +id

is the total mass flux in the boundary layer; in this case,

5 3 S5p(m—m sy 4
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The L4 coefficient determines the so-called diffusion
slip, i.e., the slip of the mixture under the action of the
concentration gradient

uys(0) = deDIZ@, (46)

ot
where Kgs is the diffusion slip coefficient and Di, is the
interdiffusion coefficient of the mixture components.

Diffusion slip is related to osmotic motion of mixtures in
porous bodies, diffusiophoresis of colloidal particles and
many other effects. The role of diffusion slip in various
physicochemical processes was thoroughly considered by
Mills.'2! The L4 cross coefficient governs the relative
motion of mixture components within the boundary layer
due to tangential hydrodynamic stresses. This effect is
related to reverse osmotic separation of components in
membranes and determines the concentration polarization.

The boundary conditions can be extended by including,
e.g., charge transfer. Then, one should write equations and
kinetic coefficients determining electroosmotic slip and the
cross effect (transfer of electric current in the boundary
layer) called the flow current (see below).
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4. Boundary conditions at the evaporation/condensation
surface

As mentioned above, the boundary conditions derived by
methods of nonequilibrium thermodynamics are written
using some simplifying assumptions. In particular, they do
not include the normal component of the fluid velocity,
which differs from zero [see Eqns (32)] and is responsible for
additional scalar fluxes and forces.?? 119 Usually, the nor-
mal component on the surface of a solid body is small (of
the order of the ratio of the boundary layer thickness to the
particle size or capillary size). However, in some cases, it
can significantly differ from zero. The cases in point are
evaporation/condensation processes. The boundary condi-
tions for this situation were thoroughly analyzed '°%- 19 and
it was shown that nonequilibrium thermodynamics makes it
possible to predict a number of unusual effects.

Compared to the surface of a solid body, the surface of a
liquid has additional degrees of freedom associated with its
complex motion. Because of this, calculations of the
entropy production on the surface of a liquid should take
into account additional fluxes and forces having scalar,
vector and tensor dimensionalities. Additional thermody-
namic forces are formed by combinations of the V operator
and the velocity of motion of the liquid surface. The
appearance of such forces has a particular physical mean-
ing. In the case of inelastic scattering (or escape) by a
nonuniformly moving surface, the distribution of molecules
becomes different from the Maxwell distribution. This
difference should affect the transfer of mass, momentum
and energy in the boundary layers (eventually, the hydro-
dynamic boundary conditions). The effects were studied in
detail elsewhere;!08- 199 here mention may be made of an
interesting consequence due to the temperature jump and
the vapour pressure drops on the evaporating surface.

The case in point is inversion of temperature profile
predicted by Pao,!?? viz., in the vapour phase, the slope of
the temperature profile between the surfaces of two liquids
can be inverse to that specified by the temperature differ-
ence between the liquids. The effect has been studied in
detail within the framework of the kinetic theory '23-124 and
nonequilibrium thermodynamics.'?>~127 It was shown that
the effect is consistent with the second law of thermody-
namics.

Phenomenological equations on an evaporating surface
have the form 126-128

T(O) =To=-Iq,— llZnsun(O)’

Ts(p(0) — py)

ng

(47

= lZlqn - 122’15“)1(0)7

where T is the temperature at the surface of the liquid, 7(0)
and p(0) are respectively the extrapolated temperature and
pressure on the surface of the liquid, nsu,(0) is the evapo-
ration rate, g, is the heat flux through the surface, ps is the
equilibrium vapour pressure over the flat liquid surface, and
ns is the equilibrium concentration of vapour molecules.
The minus signs on the right side emphasize positive values
of the /; coefficients. The Onsager symmetry for the coef-
ficients appeared in Eqs (47) was confirmed by various
methods including numerical experiments.!29 131

It is convenient to introduce the temperature 7, corre-
sponding to the equilibrium between the liquid and vapour

at the pressure p(0). Then, using the Clapeyron—Clausius
equation, one can write

Ty(p(0) — ps)

n, - (Tp - Ts)Le’

(43)

where L. is the heat of evaporation.

Assume that two liquid volumes are separated by a flat
gap of width H, filled with a vapour. The liquid temper-
atures are 77 and 7> (Fig. 3). Let us determine the temper-

T(H)

7(0)

Figure 3. Temperature profile between the evaporation surfaces
(T) and condensation surfaces (7>) at Ty > T».

ature profile of vapour in the gap. Let the temperatures 7}
and 7> be maintained at some distance from interfaces and
the surface temperatures 75; and T be determined from the
self-consistent solution to the problem. Let 77 > T>; then,
the liquid evaporates from surface 1 and condenses on
surface 2. Let evaporation be slow and the mean free path
be small compared to H. To a first approximation, the
vapour pressure in the gap is constant. This means that 7, is
a constant too and the heat flux is zero. Using Eqns (47)
and (48), one gets the temperatures of the liquid surfaces:

/
T, = Tp + Ensun 5

r (49)

!
To=T,— %nu
(5]

Applying the first equation in (47) to the surfaces at
x =0 and x = H leads to

/
T(O) = (ll2 - %)nsun + Tp 5 (50)

/
i) = (1: - 2

)nsun +7,.
(5]
At L. > I»/h», the slope of the temperature profile in the
vapour phase is opposite to that specified by the external
temperature jump.

The kinetic coefficients /; were calculated by different
authors. For instance, in the case of complete accommoda-
tion, one has 132

_L £ﬁ<1+ﬁ>

llz’n_s 2%T 8 51 (5D
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For a number of systems, these coefficients were determined
experimentally.!33- 138

The inverse profile is obtained at L. > 4.73 kTs. Since
one always has L > 10kTs, the temperature profile should
be inverted for all fluids.

This effect attracts considerable attention of researchers.
Attempts to detect it experimentally have been made. The
temperature jump at the interface was demonstrated,!3°—141
but its magnitude and even sign were different from the
theoretical predictions. The reasons for these discrepancies
are still unknown. A strange feature of the experi-
ments 3% 141 consists in a nonlinear temperature profile
beyond the Knudsen layer. This is hard to explain from the
standpoint of the kinetic theory. Various attempts to
explain the results did not clarify the situation.

The following remarks concerning these experiments
may be made. First, the temperature of the gas was
measured with a thermocouple. The technique requires
that special care be taken; in particular, the heat transfer
coefficient between vapour and thermocouple should be
known, whereas this parameter was left out of consideration
by the authors of Refs 139—141. Second, the thermocouple
is placed in the moving vapour with temperature gradients
rather than in steady-state vapour; this also should to some
extent influence the measured temperature. This fact was
not discussed at all in Refs 139 —141. Third, condensation
of saturated vapour on the thermocouple having a lower
temperature can skew the results of measurements. Fourth,
the authors admitted the presence of nitrogen impurity
(about 2%) in the vapour; this may affect the experimental
results (even at low concentrations, the non-condensed
component influences the effect in question). For instance,
it was reported !42 that the effect is almost completely
suppressed at impurity concentrations of the order of the
Knudsen number (this parameter is small in the experiments
under study). Also evaporation processes in gas mixtures
should be considered taking into account the viscosity
effects,'* which complicates analysis of the phenomenon
under study. Eventually, one can show that the energy flux
transferred by thermal radiation exceeds the heat transfer in
the vapour through thermal conductivity by several orders
of magnitude, being also considerably higher than convec-
tive transfer of enthalpy vapour; this flux can also signifi-
cantly skew the results of measurements.

A molecular dynamics study '#** showed that the local
equilibrium approximation satisfactorily works near the
evaporation/condensation surface, thus justifying the use
of methods of nonequilibrium thermodynamics. Also, for-
mally, the experimental data!3°-141 were described in
Ref. 145 assuming a possible dependence of the condensa-
tion (evaporation) coefficient on the molecular velocity;
however, the simplest kinetic theory used in Ref. 145 was
inappropriate for the description of boundary layers.
Recently, this model was again used '*¢ to describe con-
densation/evaporation processes. A comparison of the
results obtained in the study and in molecular dynamics
calculations showed that the phenomenological equa-
tions (47) and the Onsager symmetry relations are fulfilled
if the dependence of the accommodation coefficient on the
molecular velocity is taken into account and that the

observed deviations from the symmetry relations can be
due to nonlinear effects which by default lie beyond the
applicability range of linear nonequilibrium thermodynam-
ics.

It should be noted that the dependences of the conden-
sation coefficient on energy in the description of evapora-
tion processes were also considered earlier '47 within the
framework of mesoscopic nonequilibrium thermodynamics
which uses not only macroscopic variables, but also some
internal variables. In some sense, the use of the mesoscopic
approach is similar to treatment of the boundary layers as
an individual system described y specific equations on the
local rather than integral level. Of course, Eqns (50) also
follow from mesoscopic nonequilibrium thermodynamics.
This confirms their validity equations under the conditions
when evaporation requires the overcoming of a potential
barrier.

The aforesaid concerned evaporation and condensation
in one-component systems. The situation in multicompo-
nent mixtures is much more complicated. Phase transitions
in multicomponent systems were described within the
framework of nonequilibrium thermodynamics and using
dynamic simulation methods in, e.g., Refs 148 and 149. We
will not analyze this situation because a formally compli-
cated description leads actually to predictable results.

5. Nonequilibrium thermodynamics of three-phase contact
line

Using nonequilibrium thermodynamics, one can also
describe the motion of the three-phase contact line.!30-152
The pattern used to derive equations is similar to that
presented above; there is also an analogy between the final
equations for both cases, except that the thermodynamic
fluxes and forces now refer to the three-phase contact line
rather than the boundary layer. We will not dwell on these
equations because they give no basically new results, being
at the same time cumbersome. The simplest example of
description of the dynamics of the three-phase contact line
using nonequilibrium thermodynamics is as follows.8¢- 153
The entropy production is determined from the work
produced in the motion of the three-phase contact line and
the phenomenological equations have the form

u = Lylog, — og — oy, cos(0)], (52)

where Ly is the phenomenological coefficient; u; is the
velocity of the three-phase contact line; oy, oy, g}, are the
energies for the solid/vapour interfaces, solid/liquid and
liquid/vapour interfaces, respectively; 6 is the equilibrium
contact angle. Experiments with the ‘silicon oil —steel sup-
port’ system 33 confirmed the validity of relation (52).
These experiments were carried out at different roughness
of the support. A larger array of experimental data was
reported in a study '°* where a number of some nonlinear
models for drop spreading were considered. The dynamics
of the three-phase contact line is strongly affected by
evaporation and condensation processes accompanies by
thermal effects. This significantly complicated the character
of the motion of this line, namely, the effect of heat transfer
was revealed by methods of nonequilibrium thermodynam-
ics. A more complex description of the dynamics of the
three-phase contact line, in particular, taking into account
evaporation/condensation processes was reported
recently.!33- 156
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IV. Nonequilibrium thermodynamics of new phase 1 2 3
formation 7 7 P

The description of new phase formation using methods of
nonequilibrium thermodynamics seems to be quite interest-
ing. The overall problem is divided into two individual
problems concerning (i) the kinetics of nucleation and (ii)
the growth of new-phase nuclei.

1. Nonequilibrium thermodynamics of nucleation

The need for using methods of nonequilibrium thermody-
namics in studies of nucleation processes is dictated by the
following. First, there is a problem of deriving equations
describing the dynamics of a new-phase nucleus.'>” As
mentioned above, nonequilibrium thermodynamics gives
the most general description of nonequilibrium processes.
Second, nucleation is usually described as diffusion of a
nucleus in the generalized multidimensional space.®® The
diffusion coefficient appearing in corresponding equations
is a tensor quantity. The symmetry of this tensor is an
important issue, while the Onsager symmetry relations
allow one to unambiguously determine the symmetry of
particular coefficients. Third, nonequilibrium thermody-
namics makes it possible to modify the expression for the
nucleation rate to bridge the gap between the theory and
experiment. Fourth, using the principles of nonequilibrium
thermodynamics, one can predict the morphology of the
growing new-phase nuclei.

Note that direct application of nonequilibrium thermo-
dynamics to nucleation studies faces some difficulties.
Indeed, a critical nucleus is in the metastable state and a
deviation from the equilibrium is followed by further
deviation rather than relaxation to the metastable state so
the Onsager theory is inapplicable for formal reasons. Based
on this fact, erroneous conclusions about symmetry viola-
tion of the diffusion tensor appearing in the equation for the
kinetics of nucleation are sometimes drawn. In the text
below we will show that it is possible to describe nucleation
in a manner consistent with the Onsager theory. Note that
the Onsager idea of microscopic reversibility, which was
employed to prove the symmetry of the kinetic coefficients,
can be used to substantiate '°® the equations derived to
describe the growth of supercritical nuclei based on the
dynamics of subcritical fluctuations.

A nonequilibrium steady state can be established only in
open systems by introducing appropriate boundary condi-
tions.? Derjaguin was the first who proposed to describe
nucleation within the framework of the steady-state approx-
imation.'>® This approach was used to develop nonequili-
brium thermodynamics of nucleation.'®® The pattern
proposed %0 was used in more recent studies.!¢! 162

A steady state of nucleation is created using an ensemble
of systems representing a volume ¥, filled with supersatu-
rated vapour (for clarity, we will use the term ‘vapour’). In a
reservoir of the volume I7n, a small volume V, is selected (or
the entire reservoir volume 17,, is divided into cells of
volume V) using a semi-permeable membrane through
which only subcritical nuclei can pass. It is accepted that
the volume of the critical nucleus is v, < V,, << 17,1 and the
new phase formation is possible only in the volume V,,
whereas the remaining part of the volume (V,— V,,) is the
source of monomers and plays the role of a thermostat.
Three states are possible for the system (Fig. 4):

0,

Figure 4. Scheme illustrating nucleation followed by the establish-
ment of a steady state.
For notations /-3, see text.

1 — the V,, volume contains no near-critical and super-
critical nuclei, being filled with supersaturated vapour only;
2 — the V,, volume contains a near-critical nucleus;

3 — the V), volume contains a supercritical nucleus
which, owing to the supersaturated state of vapour, fills
the whole volume V, with a probability close to unity
(further growth of the nucleus is suppressed by the porous
membrane).

Fluctuations may lead to both the formation of a new
phase and a reverse transition from state 3 to state / (very
rare event for this system).

Having a suffiently large number of such systems, one
can determine the equilibrium distribution of nuclei @.(x)
along the generalized coordinate x, when the flow of nuclei
from state / to state 3 is exactly compensated by the reverse
flux (the probability of evaporation of the nucleus in the V,
volume through fluctuation is low; however, transition
1 — 3 can be compensated by the large number of systems
in the state 3).

Note that recently, statistical systems with rarely occur-
ring transitions between two states have been studied in
detail using methods of nonequilibrium statistical mechan-
ics. Interrelations between statistical description and the
approach underlying the Onsager theory were studied.!®3
Also, that study demonstrated the symmetry of kinetic
coefficients (analogues of diffusion coefficients in the gen-
eralized space, see below). We will not use the methods '3
to prove symmetry; our approach to the solution of this
problem will be simpler but no less rigorous.

Imagine that a particular number of systems containing
supercritical nuclei are periodically removed from the
ensemble and, simultaneously, systems in the state / are
introduced into the ensemble. As a result, one gets a non-
equilibrium distribution of nuclei along the generalized
coordinates in the system and, consequently, the flux of
nuclei towards the supercritical region. Let us calculate the
entropy production due to such a flux. Note that an
analogous procedure for creation of a steady nonequili-
brium state was used '%% in statistical analysis of nucleation
in the system described by the Ising model.

The entropy density (s,) in the nonequilibrium system
can be determined using the Gibbs postulate 3

d(x)
De(x)”

s, = ®(x)kIn (53)

where @(x) is the nonequilibrium distribution of nuclei
along the generalized coordinate, which obeys the equa-
tion 8¢
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where Dj; is the generalized diffusion coefficient. The
expression for the flux density J7 of nuclei in the generalized
space is presented in square brackets.

Using Eqn (54), the entropy balance equation is as
follows:

ds, O

(]
9 _ 9 (102 4y
ot 6xi[J' (nq>e+ >

Here the last term on the right side represents the
expression for the entropy production due to nucleation.
Taking account of this expression and the general principles
of nonequilibrium thermodynamics, one can write the
following phenomenological equations:

+J"aik1n— (55)

JI = Z L} — a (56)

where the coefficients L}; should fulfill the Onsager symme-
try relations L} = Lj In conventional notations, [see
Eqn (54)], we get

Do (x)
Lj=—" >

(57

and symmetry of the generalized diffusion coefficient fol-
lows from the Onsager symmetry relations.

Note that the symmetry of the generalized diffusion
coefficient follows from not only postulates of nonequili-
brium thermodynamics, but also from microscopic calcu-
lations. Computations !¢ for the one-dimensional (1D) case
can be extended to the multidimensional situation (see, e.g.,
Ref. 166). The computational scheme is as follows. Con-
sider the fluctuation dynamics in the generalized space.
Assume that the overall flux of nuclei includes the steady
flux J%, and the fluctuation component

I =T+ T (58)

The fluctuation flux J7 is characterized by a zero mean
value and obeys the fluctuation-dissipation theorem

<J7(x, 0T, z')> = 2%k L (x —X)o(t — 1), (59)
where the angle brackets (...) denote the averaging over
ensemble and J(x) is the Dirac delta function. From

Eqns (59), the Green—Kubo relation for the diffusion
coefficient follows:

o0

n_ 1 / Fn Tn(!
D= mjdx J de(J7 (x,0)J7 (X', 1)). (60)
0

This relation clearly shows that the generalized diffusion
coefficient is symmetrical.

Methods of nonequilibrium thermodynamics can also be
applied to the integral relations. Determine the entropy
production in a volume ¥V, of the generalized space. In the
steady-state case, integration of the entropy production

over the generalized volume can be reduced using the
Ostrogradskii—Gauss theorem to integration over the
hypersurface of the volume V. As a result, the expression
for the total entropy production takes the form

(]
Asi = ¢ Ji In—
St 7{ ;z(n¢e+

where integration is performed over the hypersurface and
J is the flux of nuclei normal to this surface.

Assuming small deviations of the system from equili-
brium (supercritical nuclei are rarely removed from the
system), the difference 1 — @(x)/®.(x) can also be considered
small. Then, using principles of nonequilibrium thermody-
namics, one can write the phenomenological equation

1)dz, (61)

I (xs) = f A(xs, xk) {1 - i((’;z))}dz’, (62)

where A(xg,Xy) is a symmetrical operator

A(Xz, xé:) = A(X/Z3 XZ)’

the X subscript at the variable x denotes that the corre-
sponding expression is taken at the hypersurface. Clearly,
for the steady state the total flux of nuclei

I = fJ;(xz)dz, 63)

is a constant.

If the hypersurface is behing the saddle point in the
space of the variables determining the state of nuclei, from
Eqns (62) it follows that the flux of nuclei is proportional to
1 — &(x)/Pe(x). Usually, this coefficient is set to be equal to
unity because it is admitted that @(x)/®@(x) =0 in the
supercritical region. However, this is not always true. For
instance, in the 1D case the nucleation rate is given by

n__ gyn ¢(Xsc)
=il ©

where xq is the a supercritical point in the nucleus size
space. Note that in various theories of nucleation the
expression in square brackets is usually ignored without
any grounds.

From relation (64) it is seen that even for purely formal
reasons the nucleation rate can be much lower than that
predicted by the classical theory (J§,). Since the &(x)/®P(x)
ratio cannot be evaluated experimentally, the nucleation
rate in the classical theory is determined up to a constant.
Experimental methods can significantly differ from one
another in procedure for creation of supersaturation and
removal of supercritical nuclei, so the value 1 — &(x)/Pe(x),
strictly speaking, can depend on the experimental condi-
tions and vary over a wide range. This should be taken into
account when comparing theoretical and experimental data.

Summing up, the approach to the determination of the
entropy production in the nucleation proposed in Ref. 157
(see above) was in fact used in Ref. 167 in an attempt to
describe the evolution of a nonequilibrium system with
fluctuations.
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2. Nonequilibrium thermodynamics of nucleation and growth
of nuclei

The procedure for application of nonequilibrium thermody-
namics to nucleation studies (see above) seems to be rather
‘passive’ because it is only used to establish the symmetry
relations for kinetic coefficients. However, methods of
nonequilibrium thermodynamics can also be used in the
‘active’ manner. For instance, it was shown '8 that non-
equilibrium thermodynamics is suitable for deriving gener-
alized equations describing not only nucleation, but also
subsequent growth of nuclei. The approach is based on the
expression for the entropy change (for simplicity, we will
consider a 1D case)

- (65)

1
oS = f—J,u(v, 1)6P(v, t)dv,
where v is the volume of the nucleus, u is the chemical
potential, and &(v) is the size (volume) distribution function
of the nuclei. From this the local entropy production and
phenomenological equation are as follows:

1 ou

AS =—=J— 66
=T (66)
Ou
J=—-L(v)—
() v’
where L(v) is the Onsager coefficient.
Then, the chemical potential is represented as
u(v) = kTInfa,®(v)),
where ac(v) is the activity of nuclei;
(67)

de = exp

and ¢ is some physical potential. The expression for the flux
takes the form

J=—L(n)- (kTa—‘p + 43%). (68)

® ov ov

Using the Onsager coefficient representation through
the diffusion coefficient D(v) in the generalized space

L(v)

%o = POV, (69)
and the expression
p=20 (70)

vb

for the potential ¢, by appropriate choice of parameters one
can obtain, e.g., the equation for the flux

. 0P
J=—ov'® - DV —,
ov

7
which correctly describes nucleation and growth of crystals
in melts.'®® The ¢ parameter is associates with the interface
energy. Equations of type (70) for physical fluxes are also

used 7% to describe vacancy formation processes by the
nucleation mechanism and corresponding formation of
voids.? Potentials'®® for the description of new phase
formation can also be chosen in another manner.!”! This
approach was extended to more complex situations.!”?

3. Nonequilibrium thermodynamics and morphological
selection of crystal shape

The problem of formation of dendritic structures in the
course of crystal growth has long been studied.!”? At
present, the morphological stability of growing crystals is
analyzed using the maximum entropy production princi-
ple.!7* The approach is essentially as follows. The entropy
production is given by

1
AS =— ?JV/J,

where J is the flux of the crystallizing component and Vu is
the chemical potential gradient. The flux is related to the
interface motion velocity by a linear relation J ~ ug. It is
assumed that growth of both spherical particles and par-
ticles of more complex shape is possible. In the former case,
the particle radius (R) changes with time in accordance with
the diffusion law of growth (expressions for mixed kineti-
cally controlled and diffusion-controlled growth can also be
used). In the latter case, the model for spherical particles
with distorted surface is used, i.e., the particle radius is

10, ¢,1) = R(2) + ro(1) cos(kyp), (72)
where k,, is the wave vector of perturbation, ro(f) is the
perturbation amplitude and 7 is time.

One has to calculate the difference between the entropy
productions corresponding to the growth of a spherical
crystal and a crystal with distorted surface which depends
on the wave vector k, and the running radius R. At a
particular value Ry, of the radius of the spherical particle (it
is also called the binodal radius), the growth of dendritic
rather than spherical particles becomes more favourable
from the standpoint of maximum entropy production. The
expression for the binodal radius is 7>

1 Aok, (2k2 — 1)
R =-|0 [0 ittt :h i A
b 2<b+\/b+ 2y 1 ) (73)
where
0, =1 ok, 2A;ukr,(k12,—1).
2k, — 1 2k, — 1
Here
_ D
BR.

is the dimensionless parameter characterizing the growth
regime (diffusion regime o — 0, kinetic regime oo — o0 ); D is
the diffusion coefficient; f is the parameter determining
transition from the kinetic to diffusion growth regime; R. is
the radius of the critical nucleus; and A4; is the parameter
characterizing the relative supersaturation in the system.

1 The expression for the flux was also obtained '7 using methods of
nonequilibrium thermodynamics.
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A comparison of the data obtained using the maximum
entropy production principle and by numerical solution of
the equations nuclei growth from a supersaturated solution
revealed good agreement between them.!”7>

In particular, according to predictions based on the
maximum entropy production principle, the number of
growing new-phase structures with different morphologies
should increase with the parameter a. Figure 5 presents the
structures formed from spherical nuclei in the supersatu-
rated solution at different instants.
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Figure 5. The evolution of nuclei in systems with different values
of the supersaturation parameter o: 1 (a) and 100 (b).!7°

Note that selection of the structure morphologies also
occurs during the growth of fractal systems.!76-178 A
number of thermodynamic functions of fractal systems,
such as the free energy, entropy and specific heat capacity
were introduced long ago.!7? 18! It is natural to expect that
methods of nonequilibrium thermodynamics can be
employed to describe the growth of fractal structures.
They indeed were used by some authors who was based on
the maximum entropy principle,'82-183 according to which
the system tends to adopt a configuration corresponding to
the maximum entropy value. Here one can find an analogy
with the maximum entropy production principle, although
these approaches are not identical. Therefore, we leave the
maximum entropy principle out of detailed consideration.

V. Nonequilibrium thermodynamics of the motion
of colloidal particles

The first attempt to use thermodynamics of irreversible
processes in studies of disperse systems was made '$* to
establish a relation between electrophoresis and the Dorn
effect. However, the approach appeared to be cumbersome
and too complicated to be used for generalization to other
nonequilibrium processes. A more convenient method 83
made it possible to apply the known phenomenological
equations for discontinuous systems 3 to studies of thermo-
phoresis of aerosol particles. More recently, it was used in
studies of electrokinetic and diffusion phenomena.”®
Phenomenological equations of nonequilibrium thermo-
dynamics were derived not only for ensembles,!$4 185 but

also for single particles.!!-13-186.187 [n this case, there is no
need for integral phenomenological relations for discontin-
uous systems because local phenomenological equations
establishing new relations between various nonequilibrium
effects are used instead. In particular, this approach made it
possible to predict '2 and then experimentally detect '8® the
effect of thermal polarization of bodies in a rarefied gas
flow. Detailed theory of the effect was analyzed.'s?
Recently, this effect again has attracted the attention of
researchers.190-193

1. The dynamics of particles in a homogeneous medium
Consider nonequilibrium thermodynamics of motion of
single particles in a homogeneous fluid using the approach
proposed in Ref. 194. Let us construct the corresponding
phenomenological equations. This is not a challenge. The
product of the force acting on the particle by the particle
velocity gives the energy dissipation rate which can be
associated with the entropy production. A real situation is
more complicated because numerous issues appear. We will
not dwell on them, but it should be noted that, e.g., taking
into account the slip of the fluid on the particle surface
poses the problem how to take account the related dissipa-
tion energy. Therefore, in the text below we will use differ-
ent approaches to the determination of the entropy
production. They are convenient (if not the sole) in consid-
ering the dynamics of single colloidal particles.

Emphasize that we study a system characterized by a
small deviation from equilibrium, when one can use linear
relations between thermodynamic fluxes and forces; fluctu-
ation effects responsible for the motion of the thermody-
namic system towards a decrease in entropy are ignored.
These effects have been a subject of recent interest including
experiments with colloidal systems.!95-290 Note that taking
account of nonlinear and fluctuation effects leads to viola-
tion of some fundamental relations; e.g., the relation
between the diffusion coefficient and the particle mobility
described by the known Einstein relation is more compli-
cated.!?>

A single colloidal particle placed in a homogeneous fluid
executes Brownian motion. The particle velocities are dis-
tributed by the Maxwell law,?°! i.e., the probability for a
particle to have the velocity U is

2
M,U )’ (74)

Py oc exp(— T

where M, is the particle mass. However, Brownian motion
can be treated as a fluctuation process and the probability
for a particle to be in the ‘nonequilibrium’ state character-
ized by the velocity U is determined by the corresponding
change in the entropy 4.5 on fluctuation; therefore, one can
write

MpUz) oS 79)

Py oc exp(— KT :expT.

As usually in constructing thermodynamics of irrever-
sible processes,3- 201 assume that the macroscopic velocity of
the particle acquired as a result of a fluctuation decreases
under the action of viscous friction forces. Then, the
entropy production in this process can be written as follows:
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dds)  MUdU  F,U

dt T dr T’

(76)

where F}, is the viscous friction force acting on the particle
moving at the velocity U.

In accordance with the general principles of nonequili-
brium thermodynamics, phenomenological equations can
be written in the form

U=-ZF,, 7
where the mobility tensor Z should be symmetrical, i.e.

When considering a steady motion of the particle under
the action of external force, the sign in equality (77) should
be changed (friction force is directed opposite to the
external force).

In fact, equalities (78) represent the Onsager symmetry
relations for the mobility tensor. Note that a traditional
proof of the symmetry of the mobility tensor?2°? is non-
trivial. In this review, it is substantiated based on the
general principles of thermodynamics of irreversible proc-
esses.

Methods of nonequilibrium thermodynamics allow rota-
tional motion of the particle to be taken into account with
ease. Indeed, if the particle is characterized by the tensor of
the moment of inertia I,, the probability for a particle to
have the velocity U and the angular velocity Q is

2
M,U QIPQ) .

58
T kT P 79

k

W oC exp (f

If the velocities of translational and rotational motion of
the particle acquired as a result of fluctuation relax involv-
ing viscous friction forces, the equation for the entropy
production is

d6s)  M,UdU Q@

P
dr T dt ’ (80)

where T}, is the viscous torque exerted on the particle, and
the symmetry of the tensor of the moment of inertia is taken
into account.

The phenomenological equations of nonequilibrium
thermodynamics are as follows:

U=-ZF,-YT,, 1)

T
Q=-Y'F,-GT,,
where the rotational mobility tensor G is also symmetrical,

Gy = Gji»

(82)
and the symmetry of other coefficients is taken into account
by introducing mutually transposed matrices Y and Y7.

When considering a steady motion and rotation under
the action of external force and torque, the signs in
Eqns (81) should be reversed.

Thus, within the framework of nonequilibrium thermo-
dynamics one can readily prove the symmetry of the trans-

lational and rotational mobility tensors and to establish
relations between the tensors relating the external force and
torque to the angular velocity and velocity of translational
motion of the particle, respectively.

However, this approach is unsuitable in studies of the
motion of particles in inhomogeneous media because it is
difficult to take into account the influence of particles on
heat transfer, diffusion, efc. In this case, it is more appro-
priate to use another method of deriving equations of

nonequilibrium  thermodynamics for  single  par-
ticles. 1112, 186,187

2. Nonequilibrium thermodynamics of particles in
inhomogeneous media

Consider motion of a particle of arbitrary shape in a
multicomponent mixture with constant external temper-
ature gradient V7, concentration gradient V¢, and the
electrical potential gradient E. Let the particle move at a
constant velocity U, relative to the system associated with
the mass-average velocity of the mixture under the action of
external force F. Compute the entropy production AS, due
to the presence of an ‘alien’ particle in the inhomogeneous
medium. For the steady-state case, the entropy balance
equation valid for both the fluid and particle can be written
as?

div(us + J5) = AS). (83)

Here u is the mass-average velocity of the mixture, s is
the entropy density of the mixture, J° is the entropy flux
density in the system of coordinates related to the centre of
mass of the moving fluid and AS; is the local entropy
production density.

The form of the equations for local entropy production
is unknown. We also cannot use the equation for the local
entropy production which was obtained for unbounded
media (see, e.g., Ref. 3). Transport phenomena within
boundary layers should be described using relevant expres-
sions for the entropy production density (see Section III).
The local entropy production in inhomogeneous gases
differs from the expression presented in monograph? and
for unbounded media.?!-22 However, an advantage of the
approach considered in this review consists in that there is
no need for the particular form of the local entropy
production.

Integrate Eqn (83) over the volume containing the
particle. On the right side, we thus get the total entropy
production ASy- . The left side will be transformed following
the Ostrogradskii—Gauss theorem to the integral over the
boundary surface. It is convenient to use a cylinder of a
rather large radius (Fig. 6), with the centre of symmetry at
the centre of mass of the particle, and the axis directed
along external temperature and concentration gradients (z
axis). This will be our boundary surface. If the radius of the
cylinder much exceeds the cylinder height, integration over
the surface of the cylinder is reduced to integration over the
end surfaces, i.e.

z=H

ASy = 2n J (a5 + T 5)1d1 (84)
0

z=—-H

Two important aspects should be mentioned. First,
expression (84) includes only the entropy flux in the inho-
mogeneous medium. It follows that, although the structures
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Figure 6. Schematic for calculations of the entropy production
due to the presence of a particle in a nonuniform medium.

of the flux and entropy production near the particle surface
are unknown, the entropy production due to the presence of
the particle can be calculated using the asymptotics of the
entropy flux in the inhomogeneous medium at a long
distance from the particle. Second, if the lateral surfaces of
the cylinder are at long distance from the particle, one can
use the purely hydrodynamic expression for the entropy flux
because various corrections and the boundary effects 2!-22
will contribute negligibly and can thus be ignored.
The total entropy flux in the mixture can be written as 3

S,. — I, .
Jo :u_.s+J§:7”’(p e 1) q—T‘+

T, (85)

+ XN:JIZ(PL[ — Hy) LY

i=1 To Ty
where q is the heat flux density, g; is the chemical potential
of the ith component, N is the number of components,

Ji=p(ui—u)

is the diffusion flux density of the ith component, p; is the
density of the ith component, u; is the average velocity of
the ith component, I is the electric current density and ¥ is
the electrostatic potential.

The temperature, pressure and concentration distribu-
tions far from the particle can be determined using general
solutions to the steady-state Navier—Stokes equations for
the velocity and pressure and the Laplace equations for the
temperature and concentrations.?°? At long distances from
the particle (distance from the centre r —» o0 ), these solu-
tions are as follows:

for
pP=pPo+—3,
1A

(86)
A

T=Ty+ 4+ VT,
p:
B/r

G=c¢t—5+Vgr.

d
Y=+t ET,
-

where r is the vector of spatial coordinates; A and B; are the
thermal and concentration dipole moments of the particle,

respectively; and d is the electrostatic dipole moment. The
quantity f, is related to the force acting on the particle 202

F = —4nf,. (87)

Using the distributions (86), the entropy production (84)
can be calculated with ease and it is possible to select the
vector fluxes and forces corresponding to the colloidal
particle. Since the overall expression!87 for the entropy
production is cumbersome, we will restrict ourselves to
consideration of simplified pair equations of nonequili-
brium thermodynamics, which describe the motion of col-
loidal particles in the temperature gradient, concentration
gradient, ezc. fields as well as the cross effects.

a. Thermophoresis and thermal polarization

Consider a one-component non-conducting medium with a
nonzero temperature gradient. Having written the entropy
flux (85) appropriately, the expression for entropy produc-
tion due to the presence of a particle is as follows:

F . 4mni A VT
AS, = Uy’—i— TA A V .
Ty Ty

(88)

The phenomenological equations following from expres-
sion (88) have the form

Uw = /looF + ;L()TVT,
4l A

0

(89)

= }"TOF + ATTVT’

where A. is the thermal conductivity of the medium.

In the case of an aspherical particle, the equations have
the same form, but the kinetic coefficients are tensor
quantities. The Onsager symmetry relations are the same
as the coefficients in Eqns (81).

The coefficient Ay, defines the velocity of the particle
motion in the fluid under the action of an external force. In
fact, the same -coefficient (its reciprocal) appears in
Eqn (77). For a spherical particle of radius R, the Zgo
coefficient determined from the Stokes law is

1
T 6myR’

)"OO

The A7 coefficient relates the particle velocity to the
temperature gradient. This coefficient depends strongly on
the nature of the medium, on the particle size and on the
physicochemical characteristics of particles. The motion of
a particle as a response to the force of the temperature
gradient is called thermophoresis. This effect has been
studied for more than a century,'? but it still remains a
subject of considerable attention of researchers.?03

The Ayy coefficient determining the thermal dipole
moment of the particle placed in the medium with a nonzero
temperature gradient is well known for particles whose size
much exceeds the thickness of the boundary layers. Taking
into account the continuity of the temperature and heat
fluxes at the surface of a spherical particle (see, e.g.,
monograph >7), one gets

Jo— 2 R
€ it (90)

Arp = 41— ,
m Tcii"‘z/Le To

where 4; is the thermal conductivity of the particle.
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The effect governed by the A7y coefficient specifying the
thermal dipole moment of the particle moving under the
action of external force in homogeneous medium is less
known. It was predicted theoretically '> and observed exper-
imentally in a study of the motion of particles in gases.!88
The appearance of the thermal dipole moment is due to the
presence of isothermal heat fluxes in the boundary layers. In
the case of gases, there exists also the bulk isothermal heat
flux proportional to the pressure gradient (for more detail,
see Ref. 21). Since the flow of a gas around a particle is
accompanied by the appearance of a nonuniform pressure
field, isothermal heat fluxes also appear.

b. Diffusiophoresis and diffusion polarization

If a binary mixture of fluids flows around a particle (solid
particle, a droplet, a bubble) at constant temperature with
no electrical effects, the entropy production and phenom-
enological equations have the form

- FU\'AC + 4TEB1 Dlz(a,ul/acl)V(rl

A 91
Sp Ty o Ty ’ O

U, = oF + 401 Ve, (92a)

4nD B, (Op, /d

4mD1Bi (O /) _ ) b Ve 92b)

(5]

Here ¢; and ¢ are the respective component concen-
trations. We also used the relation D;; = —D,, taken from
Ref. 3; it should be valid for the kinetic coefficients present
in the phenomenological diffusion transport equations. At
low concentrations, as well as for gases or ideal mixtures
one has

o _kT
661_ (,’1'

Equation (92a) describes the motion of a particle in a
binary mixture under the action of an external force and a
concentration gradient. The motion of particles under the
action of concentration gradient, or diffusiophoresis, is a
well-known effect 85 used in practice. The velocity of dif-
fusiophoresis is determined by solving the hydrodynamic
equations with the diffusion slip condition (46) for particle
surface. The slip coefficient depends on the nature of the
moving medium. For gases, it was for the first time
calculated by Kramers and Kistemaker,?°* who obtained
the following expression for the diffusion slip velocity:

ugs = VLTV DyVey = KgsD1pVey. (93)

n Ccr/My + ¢y /My

More recently, numerous attempts to calculate this
coefficient for various models were undertaken.?? It was
found that the coefficient depends on not only the mass
difference, but also on the differences between the diameters
of molecules (d;) and on their accommodation coefficients
(b;). An approximate expression has the form 22

d —d,
Td 4+ dy

by — b,
by +by’

Ky = 1.07 Sl
my + my

-20 (94)

The diffusiophoresis velocity of particles whose size
exceeds the thickness of the boundary layers is 8¢

Ugr = —K4sD1pVey. 95)

If the particle size is much smaller than the mean free
path, the diffusiophoresis velocity is given by

Uy = — YV oy, (96)
C1\/My + Cyy /My

Noteworthy is the term with the combination of masses
in relations (93) and (96). This accidental coincidence is due
to the approximate character of computations by Kramers
and Kistemaker and expression (96). Actually, the diffusio-
phoresis velocity of small particles is noticeably different
from the diffusion slip velocity.

The diffusiophoresis velocity for intermediate values of
the Knudsen number was also calculated.??> Calculations
and experiments 2°¢ showed that the diffusiophoresis veloc-
ity depends slightly on the ratio of the particle size to the
mean free path of molecules; therefore, we leave this
dependence out of consideration.

The expression for the diffusiophoresis velocity of par-
ticles suspended in a binary nonelectrolyte mixture is 83

kT
Uy = 7 &vey, 7

&=

1
xdx,
€

OOc(x)fc
o

where ¢ is the concentration in the bulk solution and ¢(x) is
the concentration within the boundary layer.

The diffusiophoresis velocity of a particle in electrolyte
is expressed in a more complicated manner because in this
case, electrostatic interactions play some role.”® An example
of diffusiophoresis velocity calculations for electrolytes with
nonuniform charge distribution is available in the litera-
ture.?%” For a thin electrical double layer, symmetrical
electrolyte and a uniformly charged sphere one has 28

ch(i}fi) } (98)

where z; is the ion charge; Z is the ion valence; e is the
proton charge; ( is the zeta-potential of the particle surface;
Dy and D, are the diffusion coefficients of anions and
cations, respectively; co is the electrolyte concentration;
and ¢y is the dielectric constant of the electrolyte. The
authors of Ref. 208 also presented the expression for the
diffusiophoresis velocity of particles in more complex sit-
uations and calculated the diffusiophoresis velocity of
porous particles.?0?

Diffusiophoresis is traditionally used for coating. At
present, attempts are made to apply it in microfluidics for
control of colloidal particles. Schemes of concentration or
‘dilution’ of particles in microchannels are shown in Fig. 7.
Studies on the design of nanodevices whose operation is
based on the diffusiophoretic effect were reported. For
instance, it was shown that nanotube-based diffusiophoretic
‘nanomotors’ can move at a velocity of 0.5 m s—! while

In
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Figure 7. Concentration and dilution of a colloidal solution by
diffusiophoresis of particles.

Dispersion medium (7), colloidal solution (2), medium + salt dis-
persion (3) and colloidal solution + salt (4).

nanotube-based nanorotors can have angular velocities to
30 rps.210

Diffusiophoresis also plays an important role in tradi-
tional areas of colloidal chemistry. For instance, it may
have a strong effect on the motion of particles in channels in
filtration of colloidal particles through thin-pore mem-
branes.?!!-213 Chen and Keh?!! studied the motion of a
single particle in a flat channel, whereas the other two
studies are devoted to diffusiophoresis in a cylindrical
capillary. It is also believed that diffusiophoresis plays a
significant role in scavenging processes.?!4-216

The i, coefficient in Eqn (92b) characterizes the con-
centration field appeared around an alien particle placed in
a diffusing binary mixture. This coefficient is often encoun-
tered in the solution of diffusion problems. The 4;, coef-
ficient determining the diffusion polarization of particles is
less predictable because it appears only in considering the
surface phenomena. The effect described by this coefficient
influences many processes including electrokinetic and
membrane ones and is well known.

In simulating a porous body or a membrane by an
ensemble of particles (so-called cell model), the diffusion
polarization particles will govern the reverse osmosis
effect.?0

c. Electrophoresis and the Dorn effect

Abstracting from the complex composition of electrolyte
solutions, consider the purely electrokinetic effects. To this
end, we leave only the terms determining the motion of the
particle relative to the entire fluid and the electrokinetic
phenomena in the expression for the flux (85). The entropy
production and phenomenological equations take the form

FU 4nkd E
AS, = © s
P Ty T

99)

—4rred = ;”EOF + ;I‘EEEﬁ

where « is the conductivity of the electrolyte.

Clearly, the Ayp coefficient describes the velocity of
electrophoresis. The classical relationship for the electro-
phoresis velocity of colloidal particles of the size R is as
follows 0:

_glE K — Kp R\
Uer = 6, {1 +2K+Kp {zf(rD 2l

(101)

where «;, is the conductivity of the particle, rp is the Debye
radius and the function f(R/rp) tends to unity at R/rp << 1
and to 3/2 at R/rp > 1.

At R/rp > 1, the electrophoresis velocity can be found
from the solution to the hydrodynamic problem provided
slip on the particle surface:

Eoé/ E
4nng

(102)

Ues =

For an arbitrary ratio of the mean particle size to the
Debye radius, the hydrodynamic problem is solved imme-
diately for the boundary layer. Expression (101) is obtained
assuming the stick boundary condition at the particle sur-
face. These calculations usually work for the so-called
primitive model for electrolyte which predicts a simple
relation between the electrokinetic potential and the struc-
ture of the electrical double layer. Such models are tested
using the results of electrophoresis velocity measure-
ments.2!7

Real situations are much more complicated because the
primitive models for hydrophobic surfaces also include an
additional parameter associated with the hydrophobic
slip.?!'® In particular, the electroosmotic slip velocity
becomes equal to

Ues = _SogE (1 +ﬁ) .
4 'p

Experiments and molecular simulation?!°-22! showed
that hydrophobic slip significantly influences the electro-
kinetic phenomena if electrolytes flow in porous bodies.
Hydrophobic slip is also taken into account in the consid-
eration of thermophoretic (also affected by the electro-
osmotic  slip) and electrophoretic = mobility  of
particles.??2-223 If the Debye radius exceeds the particle
size, the slip effect causes the electrophoresis velocity to
increase because the viscous friction force decreases.??3

The electrokinetic properties of particles and capillary-
porous systems are usually ‘tuned’ by adsorption of surfac-
tants or polyelectrolytes on their surfaces.??* Colloidal
particles can also be deposited on the surface.??> The
advantage of the last-mentioned method consists in the
possibility of fine and controllable regulation of the electro-
kinetic parameters of the surface, because usually the
particles deposited have well-characterized electrokinetic
parameters. The electrokinetic potential can be varied by
periodically varying the number of deposited layers of the
particles bearing different charges; here, the shape of the
modified surface is of no concern.??®

Expression (97) was obtained assuming that external
electric field does not influence the electrokinetic potential
{. In fact, this means that the external field has no effect on
the surface charge. Actually, the particle is always charac-
terized by some extent of polarization; therefore, the exter-
nal field always affects the electrokinetic potential. The role
of polarization effects becomes much more important in
considering the fluid flow in microchannels.??¢-233 The
electrophoresis velocity of spherical particles whose dielec-
tric constant is higher than that of the dispersion medium
(strong polarization conditions) was determined.?** The
dependence of particle mobility on the dielectric constant
ratio of the particles and the dispersion medium and on the
electric field magnitude was established for a thin electrical

(103)
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double layer. It was shown that an increase in the polar-
izability of particles causes an n-fold decrease in their
mobility. An increase in the field strength may lead to
mobility reduction by some orders of magnitude.

The Agg coefficient characterizes the conventional polar-
izability of particles, i.e., it is related to the dipole moment
induced on the particle by the external field. It can be
determined with ease from the solution of electrostatic
problem for conductors

K —K
3
PR

P 104
n;cp+2}c (104)

;“EE = 4

The g, coefficient is also well known, namely, it
specifies magnitude of the dipole moment induced on the
particle moving in a homogeneous electrolyte. The appear-
ance of a dipole moment on the moving particle provided no
external field is called the Dorn effect.”? It is related through
the Onsager symmetry relations to electrophoresis of par-
ticles and other phenomena observed in colloidal systems.
For instance, the Dorn effect determines the so-called
sedimentation potential, viz., sedimentation of an ensemble
(layer) of particles produces a potential difference between
the upper and lower boundaries of the layer due to the
appearance of a dipole moment on each particle (strictly
speaking, this is just the way of constructing nonequilibrium
thermodynamics of colloidal particles in the classical
study '84). It is also related to the flow potential in a porous
body modelled by an ensemble of particles, namely, the flow
potential appears as a consequence of induction of the
dipole moment on each particle (here, on the contrary, the
fluid moves through a layer of particles).

This approach to the determination of the flow potential
was thoroughly analyzed, in particular, in a monograph.”?
Examples of related calculations for a concentrated disper-
sion of colloidal particles are available in Refs 235-237
whose author used the cell model and confirmed fulfillment
of the Onsager symmetry relations for the coefficients
characterizing the electrophoretic mobility and sedimenta-
tion potential. Note that the cell model is to some extent
similar to the approach described above, but it unavoidably
uses (in principle, undetermined) boundary conditions at
the external surface of the cell. The uncertainty can be
eliminated by using the pattern of constructing equations of
nonequilibrium thermodynamics of colloidal particles (see
above). The cell model still has an advantage, namely, it
allows the velocity of electrophoretic motion in concen-
trated dispersions to be determined, which was actually
done in Refs 235-237.

A study?3® on the effect of hydrophobic slip on the
dipole moment induced on the moving particle showed that
the slip changes the dipole moment magnitude in a complex
manner, namely, at large Debye radii, the dipole moment
increases as the slip coefficient increases; for thin double
layers, the slip causes the dipole moment to increase at low
and moderate {-potentials and has no effect at high {-poten-
tials.

Pairs of equations (89), (92) and (100) define the ‘main’
cross effects related to the motion of colloidal particles in
inhomogeneous media. In some cases, these cross phenom-
ena can be complicated by other effects. In particular, the
diffusion polarization is important when considering elec-
trophoresis and the Dorn effect, while electric polarization
of particles contributes largely to considering diffusiopho-

resis in electrolytes. Electrical phenomena are also observed
in the presence of temperature gradient (thermoelectricity).
For this reason, the pairs of equations mentioned above can
be treated as particular cases of a more general system; its
form is available in, e.g., the monograph.8¢

Like diffusiophoresis, electrophoresis is widely used in
microfluidics 23° and for separation of particles and macro-
molecules, creation of electrochemical sediments to stimu-
late the flow of fluids and dispersions in thin channels,
sensors and fuel cells.2*® Therefore, the number of studies
on the electrokinetic phenomena in increasingly more com-
plicated systems also increases.?4! 244

3. Nonequilibrium thermodynamics of colloidal particles in
the presence of photon gas
Now we will dwell in some more detail on yet another pair
of phenomenological equations describing the dynamics of
colloidal particles under nonequilibrium conditions. The
case in point is photophoresis of particles and the cross
effect. Photophoresis is the motion of particles under the
action of light. Recently, progress in microfluidics gave an
impetus to increasing interest in studies of the motion of
bubbles in fluids under the action of laser radiation.?*> An
experimental implementation of a Stirling engine with
2.94-um melamine colloidal particle suspended in aqueous
solution and periodically heated by laser radiation as the
working substance was reported.?*® Some authors also
describe the propagation of electromagnetic radiation in
inhomogeneous media within the framework of thermody-
namics of nonequilibrium processes.?*’~24° Taking into
account a high heuristic level of nonequilibrium thermody-
namics, it is interesting to present the phenomenological
equations for the motion particles and bubbles in the
electromagnetic radiation field.?°

Our starting point will be the following expression for
the photon gas entropy density:104

dk
Son = k;J [(Ne + 1) In(Ng + 1) — N In V] ﬁ (105)

where summation is performed over photon polarizations
and integration is carried over the wave vector Kph,
)
k =,
ph .
o is the electromagnetic radiation frequency, c¢ is the speed
of light, Ny is the number of photons with a given polar-
ization and wave vector.
In the following, the photon polarization will not be
specified explicitly. The equilibrium photon concentration is
given by

1
Nypy=—r—7——, 106
O exp(hor/kT) — 1 (106)
where 7 is the Planck constant.
The intensity of radiation is simply related to the
number of photons Ny:

o’
2n2c?

. N, (107)

The entropy flux of a photon gas is
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where integration is performed over the solid angle, and for
nonequilibrium photon gas one has

N = Noe(1 + @), (109)

@« 1s the correction to the equilibrium distribution. Having
expanded the entropy flux in a series with respect to ¢, in
the linear approximation with respect to ¢ one gets:

Noe + 1
IS = chNOk(pk Y EAILR 1o
Nog

(110)

Consider a situation corresponding to photophoretic
motion of a colloidal particle. Assume a colloidal particle
of arbitrary shape placed in a homogeneous fluid flow in
which directed transfer of photons along a specified direc-
tion occurs. One should determine the entropy production
due to the presence of an alien particle in this inhomoge-
neous system.

As above, we will calculate the difference between the
entropy fluxes through two planes between which the
particle is localized. In calculating the flux and field Ny
we again restrict ourselves to the dipole approximation for
the radiation field in the vicinity of the particle

Pr

0
NOk:NOk+r—3,

(111)

where N{, is the photon field in the absence of the particle,
P is the corresponding coefficient in the photon field
distribution; here, we ignore the possibility for the particle
to have a higher temperature than that of the gas (this
situation was taken into account in Ref. 250). For the
entropy production one gets

l'TIJ,)c 47TkPJON
ASph = 5
T Now(No + 1)

(112)

where Jgy is the uniform photon flux in the absence of the
particle.
The phenomenological equations are quite obvious:

i J
U, = AOOF+AW7N0/\»(N(()):+ Ik (113)

, Jon
AnkTP = A 0)F + Ly— ————.
0 7 Now(Noi + 1)

The kinetic coefficients should fulfill the Onsager sym-
metry relations Ao = As.

Consider the simplest case for a photophoretic motion
of a spherical particle, namely, a black body in a trans-
parent medium. In this case, for the photophoresis velocity
one has 3

1 ne hodoy

Uph =5 Kis—+ 114
ph 3 tspTO }Li+2/le’ ( )

where p is the particle density and 4; and A, are the thermal
conductivities of the particle and the environment, respec-
tively.

From Eqn (114) one gets the expression for the Aor
kinetic coefficient:

1 Ne hUJNOk(NOk + 1)

dop = = Kis—
V3RS ST, A+ 22

(115)

To determine the A, coefficient, one should consider the
motion of a spherical particle in homogeneous medium
under the action of an external force. In the vicinity of the
particle moving in the homogeneous medium, a temperature
field (thermal polarization) appears due to isothermal heat
fluxes caused by the pressure gradients and boundary
effects, i.e., the particle acquires thermal dipole moment.
A black body characterized by a nonuniform temperature
distribution will emit anisotropic photon radiation, i.e., a
specific kind of a dipole moment of the radiation intensity
distribution by the particle surface appears. The number of
photons emitted from the unit surface particle per unit solid
angle is:

c 1
Toh = 4 explho/kT;(R)] —1

(116)

¢ ho exp(fiw/kTy) Kisny FR
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where R is the radius-vector of a point on the particle
surface.

The photon flux at a given point distant from the
particle can be calculated with ease. The photon concen-
tration at the given point is determined from the photon
flux. The photon field (photons are emitted from the
particle surface) obeys the distribution (111) and one has

11 Kis e F
P =- — Ny (Ny + 1A — —.
ok (o + )w)kT% o A+ 24

11
3 4n (17

From this one gets expression (115) for the Ao coeffi-
cient, i.e., the Onsager symmetry relations are fulfilled.
Considering a total spectrum of radiation, instead of pho-
tons with a particular frequency, the symmetry relations will
also be fulfilled for the integral coefficients.

Thus, nonequilibrium thermodynamics predicts a non-
trivial effect, namely, a moving colloidal particle generates
electromagnetic radiation. A feature of this situation con-
sists in that one side of the particle emits photons while the
other side absorbs them, i.e., radiation formally occurs
without energy expenditure. More exactly, the energy
expenditure for radiation is compensated by the electro-
magnetic energy inflow from the thermal reservoir (the
environment).

4. The dynamics of particles in nonuniform flux
The possibility to extend the system of phenomenological
equations for the motion of particles is due to consideration
of nonuniform temperature gradient, concentration gra-
dient and variable in the gas velocity space (i.e., taking
into account thermodynamic forces of the types Vu, VVu,
VVT, etc.).'87 We will analyze this possibility taking a
nonuniform flow flowing around an immobile particle as
an example.

Consider the simplest case of a flow corresponding to
the need to take into account higher derivatives of macro-
characteristics of the medium in constructing phenomeno-
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logical equations. Let the initial liquid (gas) flow velocity
distribution in the vicinity of the point where the particle is
placed be described by an arbitrary function u(r) which is
sufficiently smooth to be expanded into a Taylor series
1
u(r)=u(0)+r®Vu+§rr®VVu+,.., (118)
where ® denotes the scalar product of tensors.

Let the origin be at the solid particle. As a result, the
flow field becomes perturbed and takes the form

i(r) = u(r) +u'(r),

where u'(r) is the perturbation introduced by the particle,
which decreases at long distance.

Clearly, the perturbed fluid will be characterized by an
additional entropy production due to the presence of the
particle, which can be calculated as described above. With-
out dwelling on computational details,'3” one finally gets

|
AS, = u,(0) JH}LVanSb +) EV% ® Jrkn;wnvdsb, (119)
k=0""
S Sp

where n is the vector normal to the particle surface used for
integration; IT' is the hydrodynamic stress tensor deter-
mined from the total velocity u(r).

Note that

J ,,n,dS,

S,

is the component of the force F, acting on the particle from
the gas. Having denoted the moments

1 :
F]MC = E J I'AH;NI’!VdSb 5
Sy

(120)

as Ffl, we get the following system of phenomenological

equations:

(121)

for which the Onsager symmetry relations have the form
/iml =4 /7;1-

The first equation in the system (121) represents the
extension of the Faxen relation?%? to the case for a fluid
with arbitrary velocity field which flows around a solid
particle. Such flows are not rare to occur, and solutions to
particular problems require computations of the force act-
ing on the particle from the fluid side. The force is
determined by the coefficients Ay;. Direct calculations of
these coefficients are difficult even for solid bodies with
simple geometries; however, they can be computed using the
Onsager symmetry relations

= T
Ao = Ago-

To this end, using the system (121), one should deter-
mine the moments F¥ for the motion of the particle in the
uniform fluid (or flowing of a uniform flow around the
particle). Simple calculations in the hydrodynamic approx-
imation give for a spherical particle

Az = TneR?,

which coincides with the Ao value determined for this case
earlier by Faxen.?92 Therefore, the particle placed in the
nonuniform flow is influenced by the force
F = 6my;Ru + 1R Au. (122)
From this expression, in particular, it follows that,
depending on the flow character, in the absence of external
force the particles can be ahead of or behind the fluid flow.
Thus, using nonequilibrium thermodynamics methods,
we readily determined the coefficient in the second term on
the right side of Eqn (122), whereas direct calculations are
labour- and time-consuming.2%2
The scheme presented above makes clear the character
of generalization of the symmetry relations (122) to the case
for arbitrary temperature and concentrations fields.

V1. The motion of colloidal particles in nonuniform
temperature field and the cross effects

Recently, researchers have paid considerable attention to
the motion of colloidal particles in media with temperature
gradients and to the corresponding cross effects. Numerous
models and a large array of experimental data are available.

Since the discovery of thermophoresis 2 it was accepted
that it can be realized with ease only in gases in the presence
of temperature gradients and that the velocity of thermo-
phoresis in liquids is low (to 10 um s—! at temperature
gradients to 300 deg cm—!, see Refs 85 and 203). It was
assumed that so low velocities are only of theoretical
interest. The Soret effect in liquids was also considered
weak; however, experiments?! with colloidal nanosized
systems revealed an unexpectedly strong Soret effect. This
gave researchers an impetus to studies of thermophoresis in
liquids. The phenomenon is used for separation of macro-
molecules in organic solvents,®* 232 for control of colloidal
particles in the formation of photonic crystals 233235 and
bubbles in microchannels.?36-258

Figure 8. Definition of the thermal slip velocity of a fluid («) and
the thermophoresis velocity of particles (b).
Uyr is the thermophoresis velocity.
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The mechanism of thermophoresis of colloidal particles
in liquids is due to the existence of specific liquid boundary
layers near the solid surface (Fig. 8).%° The same mechanism
also operates in the case of thermophoresis of macromole-
cules, although attempts to reveal an unusual mechanism
are still carried out.®* The slip in gases is due to the presence
of kinetic boundary layers (see Section V).

1. Thermophoresis of solid particles

Specific boundary layers are due to the interaction of
molecules with the solid, namely, solid particles exert some
force on the fluid molecules. As a result, the pressure in the
boundary layers differs from the pressure in the bulk by dp,
which, naturally, depends on temperature because the con-
centration of molecules in the liquid obeys the Boltzmann
distribution. Note that the temperature dependence of dp is
of complex character.

In the presence of a temperature gradient in the surface
plane, a dp gradient parallel to the temperature gradient is
created provided that no pressure drops occur in the bulk
fluid. The 6p gradient causes motion of the liquid in the
boundary layer, which also carries the bulk fluid. If there is
no pressure gradient in the bulk fluid, in the steady-state
case one deals with a uniform fluid flow and, because of the
thin boundary layer, the situation is like the fluid ‘slips’ on
the surface. The slip velocity is readily obtained from
solution to the Navier —Stokes equations:

(123)

© 0
1 1 0dp(x) B
Uy = o j xVép(x)dx = o J X—T VIdx =

0
=K EVinT.
0

Integration is performed along the normal to the surface
with an infinite upper limit because dp = 0 outside the
boundary layer. One can admit rapid establishment of
thermodynamic equilibrium in the transverse direction
because the boundary layer is thin; therefore, the boundary
has no excess chemical potential and one gets from conven-
tional thermodynamic relations

%p _ pdh
or T’

where 6/ is the excess enthalpy of the fluid in the boundary
layer. It follows that the thermal slip coefficient for fluids is

) o0
K= -2 J x3h(x)dx. (124)
0

2
Ny

This relation obtained 85 using principles of thermody-
namics of irreversible processes makes it possible to calcu-
late the thermophoresis and fluid thermoosmosis velocities
for various systems through the change in the fluid enthalpy
in the boundary layers. Recently, many results reported in
Ref. 85 were reproduced again.?°3 The slip velocity [see
Eqn (123)] also determines thermoosmosis of fluids in
capillaries.

From relations (123) and (124) it follows that for
lyophilic interfaces characterized by stronger intermolecular
bonds (and, therefore, lower enthalpy), thermoosmosis
occurs towards warmer regions, whereas thermophoresis

occurs towards colder regions. For lyophobic surfaces,
these directions should be reversed. Bubbles in liquid move
towards warmer regions because the gas phase is lyophobic
with respect to liquids. Recent detailed studies showed that
the direction of thermophoresis of particles depends
strongly on their nature, on the surface state and on the
type of the dispersion medium, so particles can move either
along the direction of the temperature gradient and in the
opposite direction.?%3 If particles bear surface charges, the
thermophoresis velocity abruptly increases due to an
increase in the extension of boundary layers and to mani-
festation of mixed thermoelectric and thermal diffusion
effects.

According to the Gouy— Chapman theory of the struc-
ture of the electrical double layer, the thermal slip coeffi-
cient is given by 83-203,259,260

2
& Yop T Ogy
K. —— 144
( +80 GT ’

b 321y f
where )¢ is the surface potential of particles. As can be seen,
the velocity of thermophoresis is proportional to the
squared surface potential.

Relation (125) describes only a few effects determining
thermophoresis of particles. The so-called secondary effects
also make some contribution. Changes in temperature cause
the appearance of electric fields which also influence the
motion of particles. For instance, the electric field created in
electrolytes in the presence of a temperature gradient is

(125)

Er=Y; - (126)

where Y1 is —15 mV for NaCl solution and +70 mV for
NaOH solution.

Thus, the thermophoretic and electrophoretic compo-
nents of motion always coexist, the contribution of the
latter to the slip coefficient being equal to

E _ &lp
v 4m1%

v,. (127)

If particles move in a solution, the secondary effects
appear. It is the effect of the temperature field that is
responsible for redistribution of the concentration near the
particle and the appearance of additional forces due to
diffusiophoresis. The density can vary over a wide range
with temperature and the fluid density determines the
dispersion interaction forces, which are also temperature-
dependent. As a result, additional driving forces appear in
the fluids with temperature gradients.?%3

The velocity of thermophoresis of solid particles is
calculated by solving the problem of uniform flow around
a sphere with the slip boundary condition at the surface.
The slip is assumed to be proportional to the local temper-
ature gradient. The result for a spherical particle whose size
much exceeds the thickness of the boundary layers is as
follows:

Ne 2;Le

Uy = K, L .
i So0T 75+ 24

(128)

If the particle size is comparable with the thickness of
the boundary layer, determination of the velocity of ther-
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mophoresis requires knowledge of the pressure distribution
within the boundary layer. Such a distribution can be
determined using a number of models. If the particle size is
small compared with the thickness of the boundary layer,
the velocity of thermophoresis will be determined by the
thermal slip coefficients with corresponding numerical fac-
tors.203

Thermal slip on the surface of colloidal particles was
observed experimentally 2! using 10 pm polystyrene or
silica particles suspended in a NaCl solution (i.e., stabilized
by electrostatic forces). Particles had different surface
charges and, correspondingly, the directions of the slip
velocity were also different. These experiments confirmed
the concept of thermal slip complicated by the secondary
effects as the main mechanism of the Soret effect in colloidal
systems.

Thus, thermophoresis of particles in electrolyte solu-
tions depends strongly on their compositions. As an exam-
ple, Fig. 9 presents the data on the thermophoretic mobility
(D7) relating the particle velocity to the temperature gra-
dient

Uy = D;VT,

for 13-nm spherical polystyrene particles suspended in NaCl
and LiCl solutions at pH 10.3. Rather large values of the
thermophoretic mobility coefficient at low salt concentra-
tions can be explained by large thermal diffusion coefficient
of HO~ anions whose motion creates the thermoeclectric
field responsible for the motion of negatively charged
particles towards the warmer region.

—12 1 1
1 10 100

Electrolyte concentration /mol litre —!

Figure 9. Thermal diffusion coefficient of polystyrene nanopar-
ticles plotted vs. electrolyte concentration in NaCl (/) and LiCl (2)
solutions.26?

Solid lines denote the results of calculations using the contributions
(125) and (127).

The role of the primary and secondary electrical effects
is demonstrated in Fig. 10, which presents the dependences
of the Soret coefficient
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Figure 10. Soret coefficient plotted vs. Debye radius for particles of
radius 0.1 (1), 0.25 (2) and 0.55 pm (3).203

(D 1is the diffusion coefficient of particles) on the Debye
radius (rp). As can be seen, the plots are linear, which
indicates the main role of the electrical double layer. A large
increase in the effect with increasing particle size points to a
significant role of polarization effects. An explanation 263 is
incomplete because consideration of the thermodynamic
properties of particles in homogeneous media does not
include all possible effects.

The aforesaid also concerns earlier studies on this effect
(see, e.g., Refs 264—267). More reliable are the mod-
els 203-268.269 with inclusion of changes in the local (surface)
pressure near colloidal particles, which corresponds to the
mechanism of thermophoresis of particles in fluids pro-
posed by Derjaguin. Computational details are of secon-
dary importance, viz., the boundary pressure was expressed
through the intermolecular interaction potential;?%® the
structure of the electrical double layer near particles was
simply studied;?°3 or the boundary layer on the surface of
particles was described within the framework of the Cahn—
Hillard theory.?®® The use of the purely thermodynamic
approach was to some extent inspired by the study 27° whose
authors reported that an ensemble of particles placed in the
temperature gradient field obeys the Boltzmann distribu-
tion, i.e., the local equilibrium condition is apparently met.
However, the proof seems not to be reliably substantiated
because the authors simply measured the distribution of the
ensemble of particles in the temperature gradient field when
the gradient was directed horizontally and no external
forces were assumed. There was a simple balance between
diffusion and thermal diffusion of particles.

The dependence of the thermophoretic mobility on the
particle size is significant. Expression (128) does not include
this dependence, but this is valid for large particles only. If
the particle size is smaller than the thickness of the boun-
dary layers, such a dependence clearly does occur; however,
similarly to the case for electrophoresis, it should not be too
strong. One can agree with the assumption 263-26¢ that the
Soret coefficient for small particles should be proportional
to their size. Indeed, in this case the ‘driving force’ depends
only on the structure of the boundary layer which remains
almost unchanged for small particles, and the diffusion
coefficient is inversely proportional to the particle size. It
follows that the Soret coefficient should increase with a
decrease in the particle size, as is observed in the experi-
ments.
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However, one should keep in mind that the dependence
of the mobility on the particle size is determined by the
nature of the system under study. For instance, no depend-
ence of the Soret coefficient on the diameter of particles was
revealed.?”! Experiments were carried out with ‘water in oil’
microemulsions stabilized by ‘Aerosol OT’. In this case, the
mechanism (provided the key role of the boundary layers)
should be different from that described above because the
particles are also stabilized by steric forces. Here we deal
with a kind of analogue of thermocapillary motion whose
velocity is independent of the particle size (see below),
although usually the thermocapillary motion is essentially
suppressed by the surfactant adsorption layers.

A theoretical study?’?> based on the Fokker—Planck
equation concerned the co-operative behaviour of colloidal
particles in nonuniform temperature fields taking into
account Brownian motion and hydrodynamic interaction
between particles. The Fokker—Planck equation was for-
mally used in a study?7? of co-operative effects in nonun-
iformly heated colloidal dispersions. Particles can move
towards both cold and hot regions; therefore, they can be
either displaced from or move towards the zone being
heated. Conditions for stability loss by a laser-heated
colloidal dispersion owing to thermophoretic interaction
between particles were established 273 based on the exper-
imental data obtained elsewhere.?’#

The results 273 are practically important because it was
proposed to use thermophoresis for high concentration of
DNA molecules.?>?> The experimental design was as follows.
A DNA solution was pumped through a capillary. The
central part of the capillary was heated by laser radiation
(Fig. 11). As a result, a temperature gradient directed
opposite to the direction of the solution flow was produced
in the capillary. This gradient retarded the macromolecules
present in the solution; they accumulated ahead of the
heated zone as if near the potential barrier. It was
shown?>2 that if the temperature in the central zone of the
heated region is 16 degrees higher than at the capillary inlet,
the concentration of DNA molecules ahead of the heated
region increases by a factor of 18 (theoretically, a 800-fold
increase is attainable; however, it requires a rather long
time). Not only the temporal, but also some other limita-
tions on the possible effect of accumulation of particles were
established.?”3

Mutual influence of particles on the velocity of thermo-
phoretic motion is also significant. Experiments with vari-

c(z)

/ u
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vr vT
Heating zone

Figure 11. Concentration of nanoparticles in capillaries under the
action of laser radiation.?>?

ous systems showed?7°-27° that the thermophoretic
mobility linearly depends on the change in the volume
fraction of particles, but the magnitude and even the
direction of these changes have not been theoretically
substantiated as yet. This is due to the superposition of
numerous co-operative effects, from the mutual influence of
the moving particles to their co-operative influence on the
average temperature gradient. The latter is due to the
appearance of thermal dipole moments on particles in an
external temperature gradient; summation of the thermal
dipole moments provides the thermal polarization of the
medium and its direction is determined by the ratio of the
thermal conductivities of particles and the dispersion
medium. This feature is usually ignored when considering
thermophoretic motion of ensembles of particles. The
difference between the thermal conductivities of particles
and the medium is also often ignored. Probably, this factor
is insignificant for small particles (particle size is smaller
than the thickness of the boundary layer), but it should be
taken into account when analyzing the co-operative behav-
iour of colloidal particles in nonuniform temperature fields.

The cross effect, thermal polarization of particles mov-
ing in a homogeneous fluid, can hardly be measured
experimentally because it is very weak. The mechanism of
thermal polarization is obvious. A homogeneous fluid flow
around a particle involves the boundary layers in which the
enthalpy of the fluid is different from its bulk value. As a
result, a heat flux due to the change in enthalpy in the
boundary layers (see above) appears along the particle
surface. A solution to the problem using conventional
expressions for the flow velocity near the spherical particle
gives for the thermal dipole moment

e Ky
0 Ai+20

A=-3R (129)

where Uy is the fluid velocity far from the particle and the
thermal slip coefficient is expressed through the enthalpy of
the boundary layers using relation (124). This confirms the
fulfillment of the Onsager symmetry relations in Eqns (89).

2. Thermocapillary motion of droplets and bubbles and the
cross effect

Thermocapillary motion of bubbles in a nonuniformly
heated fluid is one of the most known manifestations of
thermophoresis. This phenomenon was for the first time
studied theoretically and experimentally by Young et al.?80
Various approaches to the description of thermocapillary
motion of bubbles were analyzed in detail.?8!-282 Nonequi-
librium thermodynamics of bubbles in nonuniform media
including the temperature gradient field was con-
structed 283284 and the cross heat effect related to the flow
of a homogeneous liquid around a bubble (or ensemble of
bubbles) was predicted.

In spite of simplicity of thermocapillary motion of
bubbles and droplets, interest in studies of this phenomenon
is far from being ceased. This is first of all due to progress in
microfluidics. The motion of droplets and bubbles caused
by temperature gradients has been the subject of detailed
studies.?®> Microfluidics also considers volatile fluids and
studies the motion of fairly small bubbles at elevated
temperatures where the effect of bubble evaporation on
the motion cannot be ignored. An analysis of this effect is
available.?8¢
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The effect of thermocapillary motion is determined by
the temperature dependence of the surface tension

dﬂ:%+%ﬁ®—%L

(130)
where o is the surface tension of the fluid at the temper-
ature To; the 0o /0T coefficient is negative.

If a bubble (or a droplet of another fluid) is placed in a
nonuniformly heated liquid medium, an uncompensated
stress is developed at the interface, viz., the surface will be
‘shrinked’ towards the colder region because of the higher
surface tension. The motion of the interface will cause the
motion of adjacent fluid layers, which eventually will
manifest itself as the motion of the bubble at a constant
velocity; here, the surface tension gradient will be compen-
sated by the viscous stresses in the liquid moving around the
bubble.

The aforesaid is formally reflected in the boundary
conditions for stresses at the interface

0o

Hl _ i‘ YU
0 r oT

VT, (131)

where IT' and IT' are the viscous stress tensors within the
bubble (droplet) and in the carrier fluid. The second term on
the right side determines the stresses developed on the
bubble surface in the presence of temperature gradients. A
solution to the hydrodynamic equations with this boundary
condition leads to famous Young relation for the velocity of
thermocapillary motion of a bubble (droplet)

2R Je 0o
U=————"_ VT 132
t 2+ 33 4 + 24, 8T (132)

where #; is the viscosity of the gas (or liquid droplet) and /;
is the corresponding thermal conductivity. This equation
shows that droplets (gas bubbles) in the liquid with temper-
ature gradient begin to move towards the warmer region.

Consider the cross effect. Let a bubble (or an alien
droplet) move in a homogeneous liquid at the velocity Uy .
The heat effect is due to the formation of new surface in the
fore region of the bubble and its disappearance in the stern
region. The surface energy of the liquid is ¢ — T(0a/0T).
When the interface moves, the capillary forces execute the
work (similarly to the work of pressure forces). The con-
tribution of capillary forces to the energy flux is —ous,
where us is the surface velocity (for the bulk case, the
corresponding contribution is pu). Here we take into
account the fact that the surface tension equals minus the
surface pressure applied to the liquid contour. By combin-
ing the surface energy flux and the work of surface tension
forces during the motion of the interface one gets that a
singular (localized in the thin surface layer) energy flux
flows along the bubble/liquid interface

iC=-T-—u, (133)

oT

Substituting this expression into the equation of heat
balance at the interface [¢f. Eqn (34)]

T T; .
il i e

-
or

\.ea

(134)

gives, after solution of the heat problem, the following
expression for the temperature drop at the bubble poles:

2T @03T) e

AT = -
R /L."+).,e e +1;

Uo, (135)

One can show that the result obtained confirms fulfill-
ment of the Onsager symmetry relations for Eqns (89).

The temperature drop is rather large. For a 3-mm
bubble floating in water under the action of buoyancy
force at a velocity of 3 m s—!, the temperature drop is
AT ~ 0.5K and can be measured with certainty.

3. Thermocrystallization flow of particles and the cross effect
If the temperature of a solid containing alien particles is
close to the melting point, thin liquid layers can form near
the particle (Fig. 12). The reason is the so-called surface
melting 8¢ due to the change in the fluid structure near
interfaces under the action of surface forces.®> Non-freezing
layers play an important role in technological and geo-
physical processes.®>-287 In particular, they are related to
such phenomena as frost heave, dynamics of glaciers and
slip on the surface of ice. An important role is also played
by thermocapillary flow of non-freezing layers which
recently has attracted considerable attention.?88 290

vT

—

" Liquid ‘I'

film

Figure 12. The structure of a dispersion of nanoparticles frozen in
the solid (ice) and surrounded by liquid films.

Particle

We will consider migration of solid inclusions sur-
rounded by non-freezing layers under the action of a
temperature gradient using equations of nonequilibrium
thermodynamics (89). We will also show fulfillment of the
Onsager symmetry relations. This issue was discussed in a
recent study?°® and it was shown that the symmetry
relations are fulfilled for the equations

J, = =DVo + (1 — 9)pD7VT, (136)
omy )
q= (1 - qD)TmequD - /“eVTa
where
Jp = oU

is the inclusion flux density; ¢ is the volume fraction of
inclusions; D and D7 are the diffusion and thermal diffusion
coefficients of particles; Ty, is the melting point; D, is the
Dufour coefficient; Ae is the thermal conductivity of the
solid; q is the heat flux density; and mo is the osmotic
pressure of particles.
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The thermal diffusion and Dufour coefficients were
calculated and it was shown 29 that they coincide at small
volume fraction of particles, as follows from the Onsager
symmetry relations (see Ref. 3). However, it should be
noted that not all arguments?°® can be accepted uncondi-
tionally. In particular, the authors assumed equal thermal
conductivities for inclusions and for the surrounding
medium. At different thermal conductivities, the Onsager
symmetry violates. Since the proof of fulfillment of the
Onsager symmetry relations for Eqns (136) is cumbersome,
we will do it for Eqns (89). In principle, having proved the
symmetry of kinetic coefficients in Eqns (89), one can
readily pass to establishment of fulfillment of the symmetry
relations in Eqns (136).

Consider the motion of particles in the presence of a
temperature gradient in the solid (ice). With no temperature
gradient, a thin liquid layer (film) is formed near the
particle. Let, for simplicity, the particle be spherical. The
film thickness H is determined by the pressure (p) and
temperature (7'); the external pressure is compensated by
the disjoining pressure in the film, which depends on the
film thickness and temperature. If the temperature gradient
differs from zero, the particle—film—ice system deviates
from the equilibrium state. The solid should to some extent
melt at the warmer side because the higher temperature
corresponds to the thicker liquid film which in turn corre-
sponds to the lower disjoining pressure. Therefore, the force
exerted on the particle from the thinner film side will cause
it to move towards the warmer region.

The physical mechanism of thermocrystallization flow
of fluids in thin channels was for the first time disclosed by
Derjaguin and Churaev?°!-292 (see also Ref. 85). Clearly,
the motion of particles is the same process which is
considered in the coordinate system related to the liquid
phase. As mentioned above, the pressure gradient in the
film due to the temperature gradient is related to the excess
enthalpy in the liquid film, which is determined by the heat
of melting. As a result, one can write that an ‘excess’
pressure is produced in the film

5p _ 7mes [T;R) - TO] ,

(137)
where Ly, is the latent heat of melting and ps is the density of
the solid. The particle moves under the action of the
pressure drop specified by expression (137) (the pressure
from the ‘cold’ side is higher). The velocity of the motion is
determined using the solution to the problem of motion of a
spherical particle in a liquid filling a spherical cavity,20?

L.p.H ]
U, = piz 2 VT,
21’[fR Tm A+ 2/10

(138)

As can be seen, the velocity vector is aligned to the
temperature gradient, i.e., particles move towards the
warmer region.

Assume that a particle surrounded by a layer of a fluid is
influenced by the force F. Under the action of F, this layer is
compressed on the one side and expands on the other side.
Compression causes the pressure within the layer to increase
and thus leads to melting of the solid; expansion of the layer
is accompanied by a decrease in the pressure and subse-
quent solidification of the fluid.

Melting of solids is characterized by absorption of heat
while solidification of fluids is characterized by heat release,
i.e., a heat source and heat sink appear in the polar regions
of the particle.

Assume that the process is limited only by transfer of the
fluid in the thin layer from the ‘fore’ to ‘stern’ regions of the
particle. Using the solution to the problem of motion of the
fluid between concentric spheres (see above), the velocity of
the particle under the action of the force F is

_ HF
- 8y RY

(139)

With this velocity one can easily calculate the quantity
of heat released (absorbed) per unit time from (by) the unit
surface of the cavity; it obeys a cosine distribution

I, = psL,Ucos0.

Using this expression for surface heat source, the tem-
perature distributions inside the particle and in the solid are
obtained readily. In the latter case, one has

p LV R*cosf

T,=Ty+-sm = 27
¢ 0 * /lrmi + 2/le ’"2

(140)

where r is the distance from the centre of the particle. It
follows the expression for the combination (89) including
the thermal dipole moment:

4n;“epr/m'LmU _ 1 ;“epsLm H3

4 A = ! .
Tide hit2e | 24+ 20 iR

(141)

A comparison of Eqns (138) and (141) illustrates fulfill-
ment of the Onsager symmetry relations.

Experimental data on the velocity of particles are shown
in Fig. 13. As can be seen, the resuts of measurements
corrected for the thickness of non-freezing layers are in
good agreement with theoretical predictions.

10'° D7 /m?2 (s K)~!
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Figure 13. Experimental dependence of the thermal diffusion coef-
ficient of 12.7 um silica particles on the degree of supercooling of
ice AT, which determines the thickness of the non-freezing film.?%3
Solid line: calculations using relation (138).
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4. Thermophoresis and thermal polarization in gases
The motion of aerosol particles under the action of a
temperature gradient was studied in detail much earlier
than thermophoretic motion of colloidal particles in the
liquid phase. This is due to the fact that the velocities of
particles in gases are a few orders of magnitude higher than
the velocity of thermophoresis in fluids. Also, the thermo-
phoretic force in gases can be measured using sensitive
equipment developed for the electron charge measurements.
Numerous experiments showed that thermophoretic
motion of aerosol particles occurs towards colder regions.
This effect allows particles passing through a flat channel
whose surfaces have different temperatures to be deposited
on the cold wall; thus the gas is cleared of suspended
particles. The reverse use is also possible, namely, if a
heated body is placed in a cold gas, particles will repel
from it due to the thermophoretic force; this prevents the
solid surface from being covered with particles (dust). This
phenomenon is used in fabrication of microelectronics
devices whose operation is violated by dust deposition; the
devices are assembled at elevated temperature to provide
efficient repulsion of particles from the microelements. The
steady interest of researchers in thermophoresis is due to
great practical value of the technique.!?-22,294-304
Thermophoretic motion in gases is strongly influenced
by the thermal conductivity of particles which can be a few
orders of magnitude higher than those of gases. For this
reason, the velocity of particles depends strongly on their
size (more exactly, on the ratio of the mean free path /r of
gas molecules to the particle radius R, which is called the
Knudsen number)

Kn=—.

At R << ¢, a body placed in a nonuniformly heated gas
experiences the thermophoretic force due to the nonequili-
brium state of the gas. In this case, thermophoresis can also
be treated as thermal diffusion of giant molecules in a
binary gas mixture.!? Using the nonequilibrium distribution
function and having calculated the momentum transferred
to the sphere from the nonuniformly heated gas, the
expression '2 for the velocity of thermophoresis of small
particles is as follows:

3 nVvT

U= ———
T 40+ wb/8) p Ty

(142)

\where b is the accommodation coefficient of the tangential
momentum of molecules on the surface of particles. As can
be seen, the velocity is in fact independent of the nature of
particles because the accommodation coefficient is close to
unity for arbitrary surfaces in real systems.

For large particles with R >> [, the velocity of thermo-
phoresis is determined by expression (128) where

K ~ 0.75(1 + 0.5b).

However, the velocities calculated using relation (128)
are much underestimated compared to experimental values
even at R > /. This discrepancy was explained as follows.
Since usually the thermal conductivity of particles much
exceeds that of the gas, their combination is a small

quantity, thus indicating a small temperature gradient on
the particle surface. But the temperature of the gas can be
different from the temperature of the particle due to the
temperature jump on the surface (see Section III). As a
result, the temperature gradients are also different and, as a
consequence, the velocity of thermophoresis can be much
higher than that predicted by relation (128). The simplified
expression has the form

1+ZKnG(A—S,.“>], (143)

where G(4;//,...) is a function dependent on the ratio of
the thermal conductivities and on some kinetic coefficients
appearing in the boundary conditions (141); its magnitude is
of the order of unity.

From relation (143) it follows that even at very large
Aif/2e ratios and finite Knudsen numbers, the velocity of
thermophoresis does not tend to zero, as observed in the
experiment. For aerosol particles, the velocity of thermo-
phoresis can hardly be calculated using expression (128)
because of the large 4i//e ratio.

At particular values of kinetic parameters, the function
G(%;/%e,...) can take negative values, i.e., negative thermo-
phoresis is possible. Note that negative thermophoresis is
not a consequence of the approximate character of calcu-
lations. The thermophoresis velocity calculations within the
framework of the kinetic theory of gases for the whole range
of Knudsen numbers 3%3-3%9 also suggest the possibility of
negative thermophoresis.

To date, there is no reasonable agreement between
theory and experiment (see a review 2°%). At small Knudsen
numbers, experimental data differ by several times, being
strongly different from the theoretical predictions (Fig. 14).
The results of rigorous theoretical calculations were also
different from experimental data3!%-311 obtained at zero
gravity (no gravitational convection). The experimental
values of the velocity of thermophoresis are also higher
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Figure 14. Dimensionless thermophoretic force plotted vs. Knud-
sen number using various experimental data.??®

The solid and dashed lines, the open and solid circles, open squares
and solid triangles span the Knudsen number ranges according to
the corresponding models.

The horizontal line: results of calculations using expression (142).
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than the predicted values. Thus, the old problem is still to be
solved both experimentally and theoretically. It should be
noted that the thermophoresis velocity (thermophoretic
force) is usually measured for charged aerosol particles.
The charge on the surface of particles can influence,?'? in
particular, the slip velocity and, correspondingly, other
kinetic effects, so the theoretical description of thermopho-
resis of aerosol particles should be carried out for some
realistic conditions.

The cross effect, namely, thermal polarization of par-
ticles, is more pronounced in gases than in fluids; it was
observed experimentally (see below).

This effect was predicted theoretically!> and then
observed experimentally in a study on the motion of
particles in gases.'®® Recently, thermal polarization of
particles has again attracted the attention.!?0~ 193 The effect
is due to the isothermal heat fluxes in the boundary layers.
The flow of a gas around a solid particle is accompanied by
the appearance of a nonuniform pressure field and subse-
quent production of bulk isothermal heat flux proportional
to the pressure gradient (see Section II) and the heat flux in
the boundary layer due to the action of tangential stresses
near the surface of the particle (see Section III). The
equation for the thermal dipole moment formed in the gas
can be derived using methods of nonequilibrium thermody-
namics from expression (89)

% i

Since the particle and gas temperatures differ because of
the temperature jump (see above), the temperature drop in
the polar regions of the particle AT; will be somewhat
different. The expression for calculations corrected for the
Knudsen number has the form '3°

1 + KnG, (j—)}
e

where ¢, and ¢, are the heat capacities of gas at constant
pressure and volume, respectively;

n o K
A=-3RT Zv 144
S It 22, (144)

AT — nc, KnMK

2¢, 14 0.57; /% (143)

vr

M

is the Mach number; vz is the thermal velocity of molecules
and G is some function of kinetic parameters. Thermal
polarization calculations for arbitrary Knudsen numbers
were carried out.?!3 The results obtained were compared
with experimental data for a wider range of Knudsen
numbers.

The temperature drop between the ends of the diameter
passing through the centre of sphere is given by

AT? = AT, cos 6, (146)
where 0y is the angle between the vector Uy and the direction
of the diameter connecting two points on the sphere.

This dependence of the temperature drop on the angle of
rotation of the diameter relative to the incident flux was
indeed reproduced experimentally, as well as the linear
dependence of the temperature drop on the incident flux

104AT /K

10

> e O
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Figure 15. Temperature drop at the poles of a sphere placed in
argon flow plotted vs. Mach number at different Knudsen number
values.'88

Kn: 0.081 (1), 0.037 (2) and 0.0137 (3).

velocity (Fig. 15), i.e., the measured effect is not due to
viscous energy dissipation which causes heating propor-
tional to the squared velocity.

The dependence of the temperature drop on the Knud-
sen number appeared to be more informative. The plots
AT*(Kn)

AT 40.54/2)

AT =
ToKnM/nc,/2c,

(147)

for a number of systems are shown in Fig. 16.

Note that at Kn — 0, the A7*(Kn) function tends to
K, — the thermal slip coefficient, i.e., there is good agree-
ment between theory and experiment.

Since the quantity K, depends on the momentum
accommodation coefficient and the G; function additionally
depends on the energy accommodation coefficient of gas
molecules on the particle surface, both these parameters can
be determined in a single experiment from the intercept of
the experimental curve with the ordinate axis and the slope.
The momentum and energy accommodation coefficients
determined in the thermal polarization experiments agree
well with the data obtained in other experiments.!'8?

Figure 16. Reduced temperature drop on a glassy sphere covered
with an oil film plotted vs. Knudsen number in argon (/) and
helium (2).!88
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VII. Membrane processes

Main relations for transport processes in membranes were
derived long ago in studies of so-called discontinuous
systems.? It is appropriate to consider them for the follow-
ing reasons. In essence, membranes are typical disperse
systems because their behaviour and properties are gov-
erned by the boundary layers. Therefore, it is not accidental
that membranes are often modelled by ensembles of colloi-
dal particles (cell models, dusty-gas model). Nonequili-
brium thermodynamics of membrane processes can be
derived from the equations for colloidal systems, viz., trans-
membrane transport can be considered as the motion of an
ensemble of membrane-forming (probably, complex-struc-
ture) colloidal particles in a fluid. This interpretation of
membrane processes is not always clear owing to a rather
complicated structure of many membranes,’® but, formally,
it is based on transition from a coordinate system related to
the membrane to a coordinate system related to the fluid
being filtered.

A typical example of a discontinuous system shown in
Fig. 17 is provided by two large vessels separated by a

T T+ AT
P p+Ap

Uy Uy + Ap;
4 ¥+ AY
¢ oy + Ac;

Figure 17. Nonequilibrium discontinuous system used to describe
transport in capillary-porous bodies: a schematic.

porous wall (capillaries, membrane). Imagine that such a
system is out of equilibrium, i.e., there exist a pressure drop
(Ap), component concentration drops (Ac;), a temperature
drop (AT) between the vessels, as well as an electrostatic
potential drop (AY¥). If no external factors act on the
nonequilibrium system, it relaxes to the equilibrium state
and the corresponding entropy production per unit surface
area of the capillary connecting the vessels can be written in
the form 3

N-1

_uwAp  JAT LAY~ A — )
= + +;J,- =

A
ST T2 T

(148)

where
1
u, =— E nju; = E cill;
B i

is the average volume (molar) flow velocity of the mixture
through the capillaries; J, is the heat flux; /. is the electric
current;

Ji = ni(u; — u,)

is the diffusion flux of particles of the ith component ; and u;
and n; are respectively the average velocity and numerical
density. All fluxes are assumed to be averaged over the cross
section of the capillary or channel connecting the reservoirs.

The change in the chemical potentials in Eqn (148) is
taken at constant temperature and pressure. Also, one has
>~;Ji =0 because the diffusion fluxes are determined rela-
tive to the average molar velocity of the components; this
condition made it possible to exclude the flux Jy ; therefore,
summation in the last term is performed over N—1 compo-
nents of the system.

Having chosen u,, J,, I, J; as thermodynamic fluxes
and the Ap, AT, A¥Y, A(y; — ptyy) drops as thermodynamic
forces, one can write the overall system of transport
equations analogously to system (10) which includes all
nonequilibrium processes accompanying the flow of mix-
tures through capillary-porous bodies. Generally, this sys-
tem of equations is cumbersome, namely, it includes N+2
equations and (N +2)(N + 2) kinetic coefficients. Therefore,
we will restrict ourselves to a number of practically interest-
ing cases which can be completely described by systems
including two or three equations.

Note that representation of the entropy production by
expression (148) is not a dogma. Some cases may require the
inclusion of new forces or transition to other variables. In
particular, the formulation with the entropy gradient as
driving force is more convenient for studying filtration of
near-critical fluids.3'#

Based on the entropy production (148), one can derive a
system of integral phenomenological equations of nonequi-
librium thermodynamics. The kinetic coefficients appearing
in these equations are determined by specific features of
transport of molecules through membrane channels. Trans-
fer through channels is described by specific local equations
whose form depends on the nature of the transferred
medium, channel geometry, type of processes, etc. Deriva-
tion of local equations is a particular task which is usually
solved using local conservation equations. Non-trivial char-
acter of this problem is illustrated by, e.g., the results of a
study3!5 on the flow of two immiscible fluids in a porous
medium. Even the derivation of equations, apart from their
solution, is a rather complicated procedure and can be done
only under certain admissions. Gray ' considered an inert
porous medium and used not only the laws of conservation,
but also elements of nonequilibrium thermodynamics that
make it possible to correlate data obtained using various
approximations. The situation becomes much more compli-
cated if the porous body changes its thermal or elastic
properties. An analysis of transport of two immiscible fluids
through a thermoplastic porous body using elements of
nonequilibrium thermodynamics was reported.316-317

1. Thermoosmosis and the mechanocaloric effect

If a single- or multicomponent system is characterized by a
constant concentration of components and no electrical
phenomena occur, the expression for the entropy produc-
tion is reduced to

_ u,Ap N J,AT

A
o T T?

, (149)

and the system (10) is simplified and includes two equations:

Ap AT

uy = Ay S Ay (150a)
Ap AT

Jq:AqVT—’_Aqu' (150b)
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The A,, coefficient characterizes transport of a fluid
(gas) through a capillary under the action of the pressure
drop (filtration gas or fluid), it is determined by the
geometry of channels and by the phase state of the medium
being filtered. The A4,, coefficient describes the motion of a
fluid or gas through a capillary-porous body, which is
caused by the temperature drop, i.e., thermoosmotic flow.
The form of the A,, coefficient depends not only on the
phase state of the medium (fluid or gas) being transferred,
but also on its more subtle molecular-kinetic characteristics.
For thermoosmosis, the cross effect is the heat (mechano-
caloric) effect characterized by the A, coefficient and
manifesting itself in the flow of a fluid (or gas) under the
action of the pressure drop. Namely, the flow of a fluid
(gas) with no temperature gradient through a capillary-
porous body is accompanied by heat transfer. The appear-
ance of a heat flux in the isothermal system is due to the
presence of boundary layers where the values of thermo-
dynamic parameters differ from corresponding bulk values.

The A,, coefficient characterizes heat transfer through a
capillary-porous body and is related to the thermal con-
ductivity of the fluid (gas). Emphasize that it is determined
by just the thermal conductivity of the liquid (gas) in thin
channels, which can be different from the thermal conduc-
tivities of unlimited media.

Formal application of methods of nonequilibrium ther-
modynamics made it possible to predict two not quite
obvious effects, viz., the flow of a liquid (gas) under the
action of temperature drop and heat transfer in the presence
of a pressure drop provided no temperature drop. The flow
under the action of a temperature drop leads to an impor-
tant consequence. Keeping two vessels connected by a
capillary-porous body at different temperatures will cause
mass transfer from one vessel to the other. This will lead to
an increase in the pressure in the vessel to which mass is
transferred. An excess pressure will induce the counter-flux
compensating transfer under the action of the temperature
gradient. A steady state will be established when mass
transfer under the action of the temperature drop will be
exactly compensated by mass transfer under the action of
the pressure drop induced by the primary flux, i.e., when the
average velocity of the fluid flow in the capillary u,
vanishes.

The pressure drop corresponding to the steady state can
be found from Eqs (150a) and the condition u, = 0:

Ayy AT
A, T

Ap = (151)

The appearance of the pressure drop is called the
thermomechanical effect, or the thermomolecular pressure
drop. For liquids, this effect is not too strong but can be
measured experimentally.®* It is most pronounced for liquid
helium,3!'® being related to the spouting of superfluid helium
in thin capillaries with different end temperatures. The
thermomechanical effect is also noticeable for gases where
the pressure drop coincides with the pressure in order of
magnitude.?!-22, 102

Non-trivial character of this effect consists in that, at
first glance, it contradicts the Pascal law, i.e., equality of the
pressures in the connected vessels. But it should be remem-
bered that the Pascal law is applicable to equilibrium
systems where all physicochemical parameters of the gas
or fluid in the connected vessels are maintained equal. Thus,

generally, the thermomechanical effect does not contradict
the fundamental laws provided that they are interpreted
correctly.

For thermomolecular pressure drop, the cross effect is
the mechanocaloric effect, i.e., heat transfer during isother-
mal fluid flow through narrow channels. The transferred
heat is called the heat of transfer, thus indicating no relation
to the conventional thermal conductivity. The mechano-
caloric effect (J}) is defined as the ratio of the heat flux to
the bulk fluid flow

, (152)

vu, vL,,

where v is the specific volume.
Using the definition (152), the thermomolecular pres-
sure drop is represented in the form

.
Ap = 74 . (153)

AT vl

This expression was for the first time obtained by
Derjaguin and Sidorenkov.?!° It shows with certainty that
the thermomolecular pressure drop (and, correspondingly,
thermoosmosis) is due to processes occurring within the
boundary layers. In wide capillaries, where bulk transport
processes dominate, the heat of transfer is zero. From the
same relation it follows that for systems with thermoosmo-
sis, which plays an important role in membrane processes,
should also manifest itself the cross effect related to thermal
polarization of the membrane during filtration of fluids.

A system described by Eqns (150) was tested using
methods of statistical mechanics and molecular dynam-
ics.320 The system included two vessels separated by a thin
wall with a small orifice. Direct calculations of fluctuations
in the system were performed, the fulfillment of some
fluctuation theorems was checked and the particle and
energy fluxes (heat of transfer) were calculated for various
cases. The fulfillment of the Onsager symmetry relations
was demonstrated for the conditions when purely thermo-
dynamic parameters are insufficient to completely describe
the state of the system.

2. The diffusion osmosis and reverse osmosis

Consider a non-isothermal binary mixture (a solute and a
solvent) at a constant potential with no electric charges.
Changes in the chemical potentials of components (at
constant pressure and temperature) are related by the
Gibbs—Duhem equation 3

Z ciAp; = 0.

The entropy production equation (148) for this system
can be written as follows:

J,— hiJ; |AT
20
T T?

(154)

u,

AS =

+ (155)
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where the chemical potential of the first component is
expressed through its activity a1,

wy = kTIna, + poi (7, p).

The phenomenological equations of nonequilibrium
thermodynamics take the form

Ap AT Acy (Olna,
u, = Amm7 + Amqﬁ + Adel ( aCI 1) TApCl P (156)

A AT Acy (Olna,
Jo= Sy = A2+ Ay + Agg =t (71) a
o P

T T 601
Ap AT Acy (Olna,
(uy —uz)nkT:Adm7+/hzqﬁ+/1d471( ac,(l)”""

Note that for gases and ideal solutions one has

Glna(,l o =1
601 T.p ="

In Eqns (156), the 4,,,, coefficient describes the flow of
the mixture under the action of the pressure drop. The 44
coefficient describes interdiffusion of the mixture compo-
nents in the presence of component concentration drops
(gradients) (recall that for a binary mixture one has
Acy = —Ac, because ¢; + ¢, = 1). The A,,; coefficient char-
acterizes the flow of the mixture under the action of a
concentration drop, i.e., the diffusion osmosis. The
Aym = A,q cross coefficient describes the effect of reverse
osmosis, i.e., the relative motion of components under the
action of the pressure drop. For gas mixtures, this effect is
usually called the pressure diffusion.

The reverse osmosis effect is of crucial importance to
modern membrane technologies. It is used for separation of
mixture components, fluid clarification, desalting of solu-
tions, efc. One of the main goals of membrane technologies
is to design systems with large A,, coefficient.

Consider a system including two vessels with an initially
specified concentration drop. As time passes, a quasi-steady
state (u, = 0) is established, characterized by a pressure
drop between the vessels

A ol
Ap: — mdAC] (—nad) | = Tp.
Add aCl T,p

For gas mixtures, this effect is called the diffusion
pressure effect; it can be measured with ease.?'>22 In the
case of liquid media and semi-permeable membranes main-
taining the concentration drop for a particular component,
this quantity is the osmotic pressure (o).

In studying membrane processes one should keep in
mind that if during membrane separation the solute con-
centrations ahead of and behind the membrane are differ-
ent, the molar flow velocity of the mixture is determined by
two terms in the first equation (156). This equation can be
re-written in the form

(157)

Ap Ac
u, = Amm 7 + Adel = (158)
Amm Amd Oln Aey Amm
- Ap + Zmd A 1= — ).
T |2 + o 9 o, T,pq T (Ap — o)

Thus, in the presence of a concentration drop on the
membrane, the transport equations should include the
pressure drop minus the osmotic component rather than
the simply pressure drop.

This conclusion is of fundamental importance and
should be taken into account in considering the reverse
osmosis, or ultra-filtration separation of components,
because the solute can accumulate ahead of the membrane
(so-called concentration polarization). As a result, opera-
tion of a membrane will be accompanied by changes in the
conditions for the solution flow through the membrane
(osmotic pressure changes). This effect manifests itself not
only in the membrane processes, but also in, e.g., transport
of Langmuir — Blodgett films.3?! Nonequilibrium thermody-
namics of membrane processes with allowance for the
concentration polarization effect has been considered in
detail.322-323 Note that transmembrane transport can be
accompanied by not only the concentration polarization,
but also thermal polarization. Sorption/desorption of the
transferred component and heat transfer favour the appear-
ance of temperature drops on membranes, which can
significantly affect the efficiency of membrane operation.324

Capillary osmosis in wide pores is governed by the
diffusion slip [see Eqn (46)]. In this case, the velocity of
diffusion osmosis coincides with the slip velocity. If the
boundary layers overlap, calculations of transport involving
osmotic pressure should be carried out with the true
component concentrations in thin pores. Here, the role of
the real pore structure becomes more important. The
diffusion osmosis was calculated for flat capillaries,” 325
cylindrical capillaries 32¢ and for porous media of complex
structure.??7-328 Diffusion osmosis for electrolytes in flat
channel of arbitrary width was studied 32° with the emphasis
placed on the effect of lateral ion distribution and diffusion-
osmotic flow on the strength of tangential electric field
created in the channel. Great changes in the velocity of
diffusion-osmotic flow in the electrical double layer were
revealed.

A theory of reverse-osmotic separation 3% was modified
in more recent studies.33!-332 The selectivity of reverse-
osmotic membranes is quite reliably determined from the
expression

eyt
Co I+ (Ve/v - 1)
y 1
[1 - exp(fuuon/Dm)} exp(fv(s('/DO) ’

(159)

where ¢g and ¢r are the concentrations ahead of and behind
the membrane; y. is the equilibrium distribution coefficient
of the solute between the bulk phase and pores; v is the
parameter characterizing the ‘delay’ of solute relative to the
solvent for the flow in pores; uo is the filtration velocity; o is
the thickness of the layer due to the diffusion polarization;
H,, is the membrane thickness; Do and D, are the diffusion
coefficients of the solute in the bulk solution and in the
membrane pores.

Examples of application of nonequilibrium thermody-
namics to various membrane processes are provided by the
membrane distillation studies 333-334 completed by establish-
ment of optimum conditions of the process. It was empha-
sized that calculations should be performed taking account
of the mutual influence of heat and mass transfer; other-
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wise, incorrect signs of the heat fluxes can be obtained.?34
Mass transfer is only slightly affected by the cross effect.

The medium transferred through the membrane can
change the membrane parameters; this especially concerns
polymeric membranes (swelling of polymeric matrix occurs,
heat effects are manifested on evaporation and sorption of
solvent, etc.). There is a detailed study of transport phe-
nomena in polymeric membranes taking into account the
effects predicted by classical nonequilibrium thermodynam-
ics for the bulk phase and for interfaces.33> Also, a large
array of experimental data on transport of organic solvents
through acetate membranes was reported.’3> Modified
equations of nonequilibrium thermodynamics were pro-
posed.336:337 They include new variables responsible for
changes in the properties of the membrane matrix and take
into account temperature-induced deformations of mem-
branes, electrostatic stresses appeared on transport of
electrolytes and the influence of deformations not only on
the pore size, but also on the pore tortuosity.

Transport of gases through porous bodies was studied in
detail 2% 111,112,338 Thig case, as well as transport of fluids, is
often described using the Stefan —Maxwell equations repre-
senting the equations of force balance in the system.
Usually, the mutual ‘friction’ of components is introduced

> (=) + wlim =

J
1 ¢ T
7ﬁ(VTluliFl) — Eﬂ D—Dl/Vln T,

(160)

i

where {;; is the interdiffusion friction coefficient, {;, is the
diffusion friction coefficient of the ith component with the
membrane,

fym BT
Sij D,] anj jm >

(161)

where K is the membrane permeability and Dg is the
thermal diffusion coefficient. The chemical potential gra-
dient at constant temperature is given by

Vo =kTVylna, +v;Vp, (162)
where a,, is the activity of the ith component, v; is the
molecular volume of the ith component and F; is the
external force acting on the ith component.

The Stefan—Maxwell equations are in reasonable agree-
ment with the transport equations following from non-
equilibrium thermodynamics.33°

When considering transport through membranes, non-
equilibrium processes on the membrane surfaces should be
taken into account. As mentioned above (see Section III),
jumpwise changes in thermodynamic parameters may occur
on the surface. The form of corresponding equations
describing such jumps is independent of the surface nature
which determines only the kinetic coefficients. The corre-
sponding equations and kinetic coefficients for Silicalite-1
membranes were analyzed **° using methods of nonequili-
brium thermodynamics and molecular dynamics. The
emphasis was placed on the mutual influence of heat and
mass transfer processes. It was shown that the near-surface
region on the gas side strongly resists heat transfer, whereas
the near-surface region on the membrane side strongly
resists mass transfer. The mutual influence of these proc-

esses is to a great extent determined by the fine structure of
the surface layer.

The role of surface processes becomes particularly
important is sorption/desorption of components is accom-
panied by high heat effects. This case was analyzed taking
transport of hydrogen through palladium membranes as an
example.’*! The system is characterized by dissociative
sorption of hydrogen and its transport as hydrogen atoms
in the palladium. The equations of nonequilibrium thermo-
dynamics, which take into account chemical reactions in the
surface layers, include additional fluxes and forces; the
expression for the entropy production has the form

o
s (227 )

(163)
where Jy, is the molecular hydrogen flux through the
membrane, py, is the chemical potential of molecular
hydrogen, py is the chemical potential of hydrogen atoms
in the membrane, Ty, is the temperature of the membrane
surface and Tt is the temperature of molecular hydrogen on
the feed side.

In this case, violation of the Curie principle is possible
because the system under study is anisotropic and the fluxes
and forces of different tensor dimensionality can be
coupled, as for the surface entropy production.

The results obtained are quite interesting. For instance,
heating of the membrane on the permeate side causes the
hydrogen flux to increase; as the temperature decreases,
transport of hydrogen is suppressed. Also, there exists a
transmembrane temperature difference at which transport
of hydrogen through the membrane stops.

3. Electro-osmosis and the flow current

Let the liquid medium be an electrolyte in which the
chemical potentials of the mixture components and the
temperature are maintained constant. Introduce a pressure
drop and an electrostatic potential drop. Then, the entropy
production is given by

_ u,Ap n LAY

AS
T T’

(164)

and the system of phenomenological equations takes the
form

Ap AY

u, = AW7+AWT’ (1653)
Ap AY

I.=Ap—+Aoe—. 1

e o + A T ( 65b)

This system describes some effects in addition to those
discussed above. The A, coefficient characterizes the flow
caused by the electrostatic potential drop, i.e., electro-
osmosis. Equation (165b) shows the possibility for a current
due to the pressure drop to appear in the system at zero
potential drop. Since the pressure drop induces the electro-
lyte flow in capillary-porous bodies, it is called the flow
current. The flow current is related to ion transport in the
diffuse region of the electrical double layer by hydrody-
namic flow. The flow current is determined by the coeffi-
cient

Ay = Ay s
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which depends on the structure of the porous body or
capillary. For sufficiently wide pores, the velocity of elec-
tro-osmosis will be equal to the slip velocity [see Eqn (102)].
Various aspects of electrokinetic phenomena for this case
have been considered in quite detail in a monograph.®®
Overlap of the electrical double layers complicates the
situation. An analysis of the kinetic coefficients was
reported in Ref. 342. Note that exact solution can be
obtained by numerical methods; analytical approaches give
only approximate solutions.

If a system of two connected vessels is characterized by a
preset pressure drop and no charge transfer through the
capillary-porous body occurs (I, =0), a potential drop
called the flow potential should appear between the vessels
in the steady-state case:

A cv
A

AP = — 2 Ap. (166)

cc

The A,. coefficient is determined by the conductivity of
the fluid in the capillary and by the length of the capillary.
Experiments showed that the flow potential can be as high
as a few tens of Volts.?*

Electrokinetic phenomena have been studied in detail;
however, transport of electrolytes through thin channels
still attracts the attention of researchers, first of all in
connection with the development of microfluidics.?** Since
a single review is too short to cover all practical applications
of electrokinetic phenomena, here mention may be made
only of original attempts to design specific kinds of nano-
diodes and transistors.344~347

An electrolyte solution contains at least two types of
ions. The multicomponent character of the system is taken
into account by simply adding the last term from Eqns (148)
to the expression for the entropy production (164). This
gives obvious transport equations of nonequilibrium ther-
modynamics.

Transmembrane transport of electrolytes can also be
described using the Stefan — Maxwell equations written with
allowance for electrostatic forces. These equations com-
bined with principles of nonequilibrium thermodynamics
are often used to describe transmembrane transport of
electrolytes including an analysis of processes in fuel
cells.348.349 In particular, methods of nonequilibrium ther-
modynamics were used to describe the electrochemical cell
(lithium ion battery) degradation due to the cross effects.34?
Here, by the cross effect the situation is meant when the
ionic and electronic currents flow in the same direction; this
is usually ignored. A thorough analysis showed that this
effect may cause a local increase in the chemical potential of
lithium that exceeds the limiting equilibrium value. As a
consequence, lithium precipitation becomes possible and
appreciable degradation of the operating characteristics of
the Li-ion battery.

4. The Knudsen compressor

Recently, the effect discovered by Knudsen in 1910 350,351
again has attracted the attention of researchers. Knudsen
connected two vessels by two capillaries with different
diameters. If the temperature of the contact zone was
500 °C higher than that of the vessels, a pressure drop
appeared in the vessels, the pressure in one vessel being
almost ten times higher that in the other. The phenomenon
observed by Knudsen is analogous to the Peltier effect3!8
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Figure 18. Main element of Knudsen compressor.

The pressure drop at the ends of thin capillaries is higher than at
the ends of the wide capillary due to thermoosmosis; this causes
unidirectional motion of gas.

and can be considered as a kind of asymmetrical flow in the
same direction, due to antiparallel temperature gradients
(Fig. 18) provided that no temperature drop occurs at the
channel ends.

The interest in the Knudsen effect was inspired by
studies 332334 on the gas flow in complex-shape capillaries
in the absence of pressure and temperature drops at the
capillary ends. In particular, a periodic system of narrow
and wide channels was considered. The temperature at the
junction points was different from the temperature at the
channel ends (Fig. 19).3* According to numerical calcula-
tions, the gas moves in one direction. One-way motion of
gas in the absence of temperature and pressure drops at
channel ends was also demonstrated 33> by heating the
junction point of two capillaries with different diameters.

A
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Figure 19. Chain of alternating thin and wide capillaries used in
calculations of the performance of a Knudsen compressor.

Consider a channel formed by two consecutively con-
nected capillaries with different diameters and the same
length. Assume the possibility of heat transfer through
capillary walls (all equations considered above were derived
assuming no such kind of heat transfer). The entropy
production calculations give 3¢

+(u)A—7{7.

AT
ASy = J5 =2

e (167)
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where J§ is the total heat flux through the lateral surface
normalized to the capillary cross section;

AT—T DT,
2
T, is the channel wall temperature at the junction point; 71
and T are the temperatures in the vessels connected by the
channel; and Ap is the pressure drop between the vessels.
The corresponding phenomenological equations have
the form

. = AT - Ap
o= dag 7 + Dy (168)

~ AT - Ap

(1) = Ay ;2 —|—)l,p7.

It follows that mass transfer is also possible in the absence
of pressure or temperature drops at the channel ends. This
can be due to heating or cooling the middle region of the
channel. In addition, transport of gas through the channel
under isothermal conditions is accompanied by heat trans-
fer through the lateral walls of the capillaries. As a result,
the temperature at the junction point can be different from
the average temperature of gas. Calculations?3® of the

Jpg = 4qp coefficients for small Knudsen numbers gave
3 T
)“pq = AKIS m 5 (169)

where AKs is the thermal slip coefficient difference between
the surfaces of different capillaries, L is the total length of
the capillaries. As can be seen, the effect occurs if the
thermal slip velocities of gas in the contacting capillaries
are different. This difference can be due to either modifica-
tion of the capillary surfaces or different capillary diameters
(the velocity of gas flow in the capillary under the action of
temperature gradient depends on the diameter of the capil-
lary).

The effects described by Eqns (168) were studied exper-
imentally.355357.358  Different surface characteristics of
capillaries were provided by abrasive treatment of their
inner surfaces.?%7-3%% The dependence of the heat effect on
the Knudsen number for 26-cm long glassy capillaries of
radius 1.59 mm is shown in Fig. 20. The experiments were
carried out with helium and xenon for the Knudsen number
range from 0.005 to 0.2. The results obtained show that the
change in the direction of gas flow influences the sign of the
temperature drop in accordance with Eqns (168).

Gas flow in the absence of temperature and pressure
drops at channel ends (one-way flow) is the cross effect to
the heat effect. It is sometimes called the Hobson accom-
modation pumping.>>® At present, the system operating on
this principle is called the Knudsen compressor. In the
experiments, two connected tubes with different diameters
were heated at the contact zone and flow through the tubes
was observed.?>> The tube radii varied from 5 to 12 mm and
the tube length was 60 mm. Experiments were carried out
with air for the Knudsen number range from 0.005 to 0.05.
It was established that the flow does occur only if the tubes
have different diameters and that the flow velocity is
inversely proportional to the gas pressure; this agrees with
relations (168) and (169).

ATp

10-3=Lrc

o [
%ooo o

—-20

Figure 20. Thermal effect plotted vs. Knudsen number for the flow
from the left to the right (/) and from the right to the left (2).3%%

Recently, there has been a new tide of interest in
Knudsen compressors due to the design of various nano-
and microdevices. A large number of studies on calculations
of operating regimes of Knudsen compressors with different
geometry were reported.?09-36 Ag an example, consider the
results obtained in a study 3¢’ based on solution of the
Boltzmann equations for the system shown in Fig. 19. The
pressure distributions along the channel for a temperature
drop of 1.5 at channel ends and a narrow-to-wide channel
length ratio of 2 are shown in Fig. 21. The channel diame-

plpo
10

Figure 21. Pressure plotted vs. running coordinate z for the system
including 100 Knudsen elements for different Knudsen numbers.3¢7
Kn: 0.1 (1), 0.5 (2), 1 (3), 5 (4) and 10 (5).

ters also differed by two times. As can be seen, the pressure
increases along the channel, the effect observed being
macroscopic, i.e., the pressures at different channel ends
differ by almost an order of magnitude. It is the high effect
that is the reason for interest in Knudsen compressors. It
should be noted that the dependence on the Knudsen
number is not strong, although being noticeable.

* * *

From the aforesaid it follows that recently, nonequilibrium
thermodynamics again has become an actual tool in studies
of colloidal systems. As in the early stage of development, it
allows one to predict new phenomena and find original
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methods to solution of traditional problems in physical
chemistry of colloids.

Presently, there is a rising tide of interest in the surface
phenomena that underlie the genesis and progress in micro-
fluidics that serves a basis for the design of new mini-devices
and for setting original experiments and discovery of
unusual effects. The aforesaid clearly demonstrates great
prospects for application of nonequilibrium thermodynam-
ics to the description of processes in microfluidics.

The review has been written with the financial support
from the Russian Foundation for Basic Research (Project
No. 12-03-00589).
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