
1. Introduction

Single-crystal X-ray crystallography is based on the inter-

action of X-ray radiation with electrons and is widely

regarded as main experimental method for molecular struc-

ture determination. Already in the early stage of develop-

ment of the method it became clear that one can obtain

information on not only atomic coordinates and types of

atoms (and, correspondingly, bond lengths, bond angles or

other structural data that can be used to establish struc-

ture ± property correlations), but also the electron density

(ED) distribution in crystals,1 which is responsible for their

properties in accordance with the Hohenberg ± Kohn theo-

rem.2 Realization of such a strategy became possible long

after,3 first of all, due to the development of theoretical

approaches (e.g., the multipole model 4 and Bader's quan-

tum topological theory `Atoms in molecules' 5) that involve
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Single-crystal X-ray diffraction studies are among the best experimental methods for elucidating the structure of chemical

compounds. Recently, their focus has been shifted towards extracting information on chemical bonding features and related

valuable properties of these compounds from the analysis of charge density distribution obtained in high-resolution X-ray

diffraction experiments; the latter are possible only for a limited number of well-ordered crystals of small molecules. In this

review, the hybrid approaches are described that introduce quantum chemical methods into the refinement of X-ray

diffraction data. Their use significantly extends the range of systems suitable for charge density studies (such as polypeptides,

metal-organic frameworks, inclusion compounds and others) and the scope of problems that they solve, viz., from protein

structure refinement to determination of thermodynamic or other wave function-derived properties of crystals. The potential

of these hybrid approaches and prospects for their future applications are discussed.

The bibliography includes 322 references.
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{Dedicated to Vladimir Grigorievich Tsirelson. A prominent Russian

physicist, one of the first experts in the application of X-ray diffraction to

studies of chemical bonding in crystals, he recently celebrated his 70th

birthday.
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the description and interpretation of the charge density

distribution from the available X-ray diffraction data.

To date,6 high-resolution single-crystal X-ray diffrac-

tion studies { represent a method that is rather widely

used 9 ± 14 and can compete with quantum chemical calcu-

lations. These studies provide detailed information on the

nature of chemical bonds 15 and related properties of

chemical compounds including the reactivity, optical, mag-

netic, transport properties, etc.16 ± 19 Recently, there has

been an increase in the number of high-resolution X-ray

diffraction studies, first of all, due to the availability of

powerful laboratory and synchrotron sources of X-ray

radiation, the design of new types of detectors and progress

in hardware and software. This led to the situation where

certain researchers cast some doubt on the value of such

studies out of context of particular problems in chemistry or

materials science.20

Despite this fact, high-resolution single-crystal X-ray

diffraction studies still cannot be treated as routine ones

since they imply collection of an array of X-ray diffraction

data that meet much more stringent requirements than

those applied to the data obtained in conventional X-ray

diffraction experiments. The main criterion that distin-

guishes high-resolution X-ray diffraction data from conven-

tional-quality ones is the angular resolution that should be

as high as possible. However, the boundary between high-

and `conventional'-resolution X-ray diffraction data is not

clearly specified. The International Union of Crystallogra-

phy recommends that the minimum angular resolution,

sin y/l (y and l are respectively the angle of incidence and

the wavelength of the primary wave), should be at least

0.6 �A71, which corresponds to a minimum interplanar

spacing d=0.81�A. Usually, one has sin y/l=0.7 �A71 for

routine X-ray diffraction experiments and sin y/l>1 �A71

(d<0.5 �A) for high-resolution ones.

Not only resolution, but also the accuracy of measure-

ment of the observed reflection intensities is of paramount

importance to high-resolution single-crystal X-ray diffrac-

tion studies. To increase the accuracy, one should minimize

the effects of certain factors, first of all, temperature, which

influences thermal motion of atoms, and some other related

to the physical nature of the crystal (e.g., absorption of

radiation by atoms). This goal can be achieved by carrying

out high-resolution X-ray diffraction experiments at tem-

peratures that should be as low as possible in the former

case and using tunable synchrotron radiation in the latter

case. However, liquid helium and cryogenic equipment are

expensive and therefore experiments at T<80 K are rare,

while a synchrotron is not always available and has its pros

and cons.21 This significantly reduces the number of systems

available for high-resolution X-ray diffraction studies.

Indeed, a routine X-ray diffraction experiment requires

only a single crystal to determine the structure of com-

pounds of different nature from elements to DNA. Con-

trary to this, high-resolution X-ray diffraction studies are

mainly used in the case of well-ordered crystals composed of

small molecules (usually, the constituent elements are no

heavier than zinc). A few examples where compounds

containing heavier elements (e.g., antimony,22 ± 24 tin,25, 26

gold,27 lanthanides 28 ± 30 or actinides,31 ± 34) were studied

only confirm this rule. Often, high-resolution X-ray diffrac-

tion data can be collected for certain individual crystals.

However, stringent requirements for such crystals (no dis-

ordering, twinning, strong absorption, extinction, etc.)

preclude further extension of high-resolution X-ray diffrac-

tion studies to certain classes of practically valuable systems

including biomacromolecules, metal-organic frameworks,

inclusion compounds as well as series of related compounds,

although research activity in this field would help to reveal

general trends and establish structure ± property correla-

tions 35 for further application in materials science 19 and

biosciences.36

The difficulties mentioned above can be overcome using

hybrid approaches that combine quantum chemical meth-

ods and partial (or complete) refinement of X-ray diffrac-

tion data. This does not imply the use of lattice constants

and atomic coordinates determined from X-ray diffraction

data as the initial approximation to subsequent quantum

chemical calculations (for details, see a review 37). Quantum

chemical calculations of isolated molecules, supramolecular

fragments and crystals provide information on the elec-

tronic structure that is hard or impossible to obtain with

sufficiently high accuracy using routine X-ray diffraction

experiments. Note that calculations of crystals are per-

formed more rarely because of long computing time and

high computational cost. Since quantum chemical methods

do not go beyond the scope of theoretical concepts that are

basic to high-resolution X-ray diffraction studies, one can

introduce important corrections to improve the informativ-

ity and reliability of the results of analysis of experimental

ED distribution in the crystal. An example is provided by

conventional normalization of X7H bond lengths when no

neutron diffraction data are available. Quantum chemical

methods allow one to study systems that can be character-

ized by only conventional- and lower-resolution X-ray

diffraction data, viz., biomacromolecules,38, 39 metal-

organic frameworks,18, 40 ionic liquids,41 etc.

At present, almost all hybrid approaches described in

this review are widely used by researchers who work in the

field of high-resolution X-ray diffraction studies. The devel-

opment of user-friendly software (e.g., Olex2 program } ) has

made the hybrid methods available to a much larger

research community whose members work in other fields

of X-ray crystallography. For these readers, we put empha-

sis on the potential and limitations of high-resolution X-ray

diffraction studies and on the criteria for reliability of the

experimental ED distribution thus obtained. The review

begins with a brief survey of the theoretical basis of single-

crystal X-ray diffraction. This is not a didactive or instruc-

tional description since excellent textbooks 42, 43 and mono-

graphs 44 ± 46 are available. It is first of all addressed to

researchers who are low-skilled in this field of science and

seek to expand their knowledge.

Notations are as follows:

A Ð absorbed radiation;

a, b, c Ð tabulated constants;

a Ð phase factor;

BB Ð electron density building blocks;

BLYP Ð exchange-correlation functional by Becke,

Lee, Yang and Parr;

{High-resolution X-ray diffraction studies, as this is termed in Russian

scientific literature.7, 8
} Current version of Olex program for refinement of X-ray diffraction

data.
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Batom (k) Ð matrix of root-mean-square displacements

of kth atom;

c Ð coefficient in the molecular orbitals as linear

combination of atomic orbitals (MO LCAO) approxima-

tion;

CIF Ð crystallographic information file;

CP Ð critical point;

d Ð resolution;

d f Ð fractal dimension;

DED Ð deformation ED;

DFT Ð density functional theory;

D Ð desired accuracy;

E Ð potential energy of harmonic oscillator;

ED Ð electron density;

e(kjj q) Ð unit vector corresponding to kth component

of the eigenvector e(j q) and normal mode along the wave

vector;

E0 Ð vibrational energy at equilibrium point; EDA Ð

energetic decomposition analysis (method for evaluation of

interaction energy between different molecular fragments);

ELF Ð electron localization function;

ELI Ð electron localizability indicator;

ELMAM Ð experimental library of multipolar atom

model;

ELMO Ð extremely localized molecular orbitals;

EP/MM Ð exact potential/multipole moment method;

e Ð factor specifying the orthogonality of orbitals;

Fcalc Ð calculated X-ray structure factor;

fi Ð atomic scattering factor;

F C
i Ð X-ray structure factor in the Hirshfeld model;

fij Ð force constants;

Fhkl, F (s), F0(s) Ð X-ray structure factors;

Fobs, F
exp
i Ð measured X-ray structure factors;

f (s) Ð X-ray structure factor in fractional coordinates;

F Ð total deviation;

jCi Ð wave function;

Cj Ð wave function of a noninteracting part of a crystal;

GGA Ð generalized gradient approximation;

GOF Ð goodness of fit;

h Ð Planck constant;

h, k, l Ð Miller indices;

HAR Ð Hirshfeld atom refinement;

I Ð intensity of reflection;

IAM Ð independent atom model;

INVARIOMS Ð invariant atoms;

I0 Ð intensity of a plane wave;

I gm n Ð static scattering integral;

kB Ð Boltzmann constant;

k; k 0 Ð expansion ± contraction parameters in the multi-

pole model;

L Ð tensor describing atomic librations;

L Ð (i) Lagrangian, (ii) Lorentz factor;

LDA Ð local density approximation in DFT;

LOL Ð localized-orbital locator;

l Ð primary wavelength;

li Ð Lagrange multiplier;

mk Ð mass of kth atom;

m Ð (i) absorption coefficient; (ii) reduced mass of

harmonic oscillator;

NoMoRe Ð normal mode refinement;

Nr Ð number of reflections included in the refinement;

Np Ð number of refined parameters;

P Ð polarization factor;

Pcore Ð core electron population;

Plm Ð population of a multipole;

P q
m n Ð element of the density matrix;

Pval Ð population of spherically symmetric valence

shell;

q Ð wave vector;

R Ð R-factor;

r Ð generalized coordinate;

RDA Ð residual density analysis;

re, r Ð vectors describing positions of the primary and

secondary wave, respectively;

rij Ð force constant coordinates;

hDr2i iÐ root-mean-square deviation of ith atom from its

equilibrium position;

Rl Ð radial function;

r0 Ð electron density for the unique part of the unit cell;

r0i Ð electron density of noninteracting spherical atoms;

rIAM Ð ED distribution function;

rMM(r) Ð static ED distribution function obtained from

multipole refinement;

rmol Ð the molecule electron density;

rpro Ð the promolecule electron density;

r(r) Ð ED distribution function;

Dr(r) Ð deformation electron density;

s Ð scattering vector;

S Ð tensor describing atomic screw motion;

s Ð scale factor;

S Ð trace of a matrix;

SBFA Ð synthon based fragment approach;

STLS Ð vibrational entropy of crystal;

s Ð standard deviation;

T(h) Ð Debye ±Waller factor;

t Ð path length of a beam in the crystal;

T Ð tensor describing atomic translational motion;

TLS Ð Schomaker ± Trueblood rigid body model;

y Ð angle of incidence of primary wave;

U Ð tensor describing anisotropic thermal vibrations;

hu2i Ð root-mean-square amplitude of atomic displace-

ments;

Uij Ð anisotropic displacement parameters (components

of tensor U);

UBDB Ð the University at Buffalo pseudoatom data-

bank;

UHF Ð unrestricted Hartree ± Fock method;

V Ð the volume of the crystal;

Vcell Ð the unit cell volume;

ni Ð frequency of ith harmonic oscillator;

w Ð weighting factor;

w2 Ð factor divergence;

Xi�x; jFij� Ð the function that includes extinction and

depends on empirical parameter x;
x Ð difference function;

o j(q) Ð normal mode frequency;

XCW Ð X-ray constrained wave function fit;

XWR Ð X-ray constrained wave function refinement.

2. The basics of single-crystal X-ray diffraction

X-Ray diffraction analysis is based on the kinematic theory

of diffraction 42, 47 which deals with elastic coherent scatter-

ing of X-rays by lattice electrons. The crystal lattice is

treated as infinite system of static spherical atoms that are

regularly (periodically) arranged in the 3D space. This is the

so-called spherical atom model used to describe X-ray

diffraction of crystals. The kinematic theory ignores inter-

A.A.Korlyukov, Yu.V.Nelyubina Russ. Chem. Rev., 2019, 88 (7) 677 ± 716 679



ference of the primary (incident) and secondary (scattered)

waves as well as multiple interaction of waves with the

lattice atoms.

To take into account the nature of the crystal interacting

with X-rays, an improved dynamical theory was devel-

oped 48 that also accounts for multiple interference of

secondary waves. Within the framework of the dynamical

theory one can exactly describe all physical phenomena

responsible for the differences between theoretical and

experimental X-ray diffraction intensities. In turn, the kine-

matic theory can be improved by introducing corrections

calculated using the dynamical theory.

Calculations of X-ray diffraction intensities within the

framework of the kinematic theory require knowledge of the

X-ray scattering power of the ith atom compared to an

electron. A measure of the scattering power of an isolated

atom is called the atomic scattering factor fi (Fig. 1) and

represents a monotonically decreasing function equal to the

number of electrons in the atom at sin y/l=0,

fi �
�X

a exp

�
b

�
sin y
l

�2��
� c (1)

where a, b, c are tabulated constants and y and l are

respectively the angle of incidence and the wavelength of

the primary wave. Most software for X-ray structure refine-

ment uses the a, b and c values determined using the wave

functions of spherical atoms or ions obtained from Har-

tree ± Fock calculations.49

The atomic scattering factors rapidly decrease with

increasing y. The major contribution to the atomic scatter-

ing factor comes from valence electrons at small angles y
and from inner-shell (core) electrons at larger y (usually, at

sin y/l>0.6 �A71).

In the kinematic theory the intensity of X-ray radiation

scattering by all atoms in the unit cell compared to an

electron is given by

Icell �
�
I0

�
r2e
r2

�
1ÿ cos2 2y

2

�
jFhklj2 (2)

where I0 is the intensity of the plane wave interacting with

the electron; re and r are respectively the vectors describing

positions of the primary and secondary waves scattered by

the electron; jFhklj is the amplitude of the secondary wave

scattered by the atoms in the unit cell (compared to the

scattering by one electron). The coordinates of the ith atom

are specified using the indices of lattice planes h, k, l (so-

called Miller indices) and the fractional coordinates repre-

senting fractions of corresponding lattice constants

Fhkl �
X

fi
�
cos
�
2p�hxi � kyi � lzi�

�� (3)

� i sin
�
2p�hxi � kyi � lzi�

�	
This complex quantity (for a certain set of indices h, k, l) is

called the structure factor. For centrosymmetric crystals the

imaginary part of the structure factor equals zero, while for

non-centrosymmetric ones it specifies the intensity of so-

called anomalous scattering which is used to determine the

atomic structure of large biomolecules and the absolute

configuration of chiral compounds.

The structure factor is the Fourier transform of the ED

distribution function rx, y, z in the unit cell of a crystal

Fhkl �
�

Vcell

�
rx; y; z exp

�
i2p�hx� ky� lz��	dV (4)

where x, y, z are the coordinates of an arbitrary point in the

unit cell of a crystal of volume Vcell. Practically, one can

measure only the intensities of diffraction maxima (reflec-

tions) that are proportional to the squared moduli of

corresponding structure factors

Fhkl= jFhkljeia (4a)

The loss of phase factors a is the essence of the phase

problem in X-ray crystallography.

Having determined the structure factors Fhkl, applying a

Fourier transform to them allows one to obtain the ED

distribution function r(r) in the unit cell of a crystal

r(r)=
1

Vcell

X
hkl

Fhkl exp
�ÿi2p�hx� ky� lz�� (5)

a b
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Figure 1. Atomic scattering factor plotted vs. sin y/l for different atoms (a) and electrons (b).47

(a) H (1), C (2) and O (3) atoms; Fe2+ ion (4); (b) valence (1) and core (2) electrons.
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This expression implies summation of infinite number of

structure factors. However, real X-ray diffraction experi-

ments give finite sets of structure factors and the ED

calculated from them always differs from the theoretical

ED corresponding to infinitely large values of the indices h,

k, l. As a consequence, one deals with inaccurate determi-

nation of atomic coordinates and the appearance of ED

maxima that do not match the atomic positions (Fourier

series truncation error). The discrepancies observed can be

to some extent compensated by increasing the resolution of

X-ray diffraction experiments, e.g., by going to high-reso-

lution studies.

The kinematic theory gives an approximate description

of the diffraction of X-rays travelling through a real crystal

since it ignores thermal vibrations of atoms that cause the

scattering intensity to decrease and occur even at 0 K. This

feature is taken into account by the parameter called the

Debye ±Waller factor which represents the root-mean-

square displacement of the ith atom from its equilibrium

position

Ui � hDr2i i (6)

where r is the generalized coordinate.

Assuming independent and isotropic atomic vibrations

in crystals (the latter means equal vibrational amplitudes

along all directions), the expression for the atomic scatter-

ing factor takes the form

fexp � ftheor exp

�
ÿ8p2Ui

�
sin y
l

�2�
� ftheorT�h� (7)

where T (h) is the individual atomic temperature factor

(Debye ±Waller factor). Generally, T (h) is the Fourier

transform of the probability density to locate the atom at

a certain point. Since the Debye ±Waller factor depends on

the angle y, the difference between the theoretically calcu-

lated and experimentally observed intensity of X-ray dif-

fraction increases with the angle of incidence of the primary

wave. The influence of temperature on T (h) manifests itself

in a decrease in the amplitude of thermal vibrations of

atoms with decreasing temperature. This is the main reason

for carrying out low-temperature X-ray diffraction studies.

In the isotropic approximation, the Debye ±Waller fac-

tor depends on the generalized root-mean-square displace-

ment of an atom from its equilibrium position and ignores

the anisotropy of atomic displacements. A more compli-

cated model used at present treats the temperature factor as

a 363 tensor having six nonzero components (Uij) repre-

senting amplitudes of atomic vibrations along the directions

x, y, z. Graphically, this corresponds to an ellipsoid. Within

the framework of this approximation one can analyze low-

frequency atomic vibrations and their static and dynamic

disorder. Unfortunately, anisotropic approximation is

almost inapplicable to hydrogen atoms since their scattering

power is very low (see Fig. 1).

In some cases, especially, in high-temperature X-ray

diffraction experiments the anisotropic approximation

appears to be insufficient. As an example, Fig. 2 presents

the probability density function for two silver atoms in the

mineral Ag4MnSb2S6. At present, the International Union

of Crystallography recommends to use the so-called

Gram ±Charlier expansion. The harmonic temperature fac-

tor can be expanded in a series in such a manner that the

even members of the series are real quantities while odd

members are imaginary ones.51 Expressions for the temper-

ature factor are too complicated and the physical sense of

certain members of the series is lost. Usually, the first- and

second-order derivatives having 10 and 15 nonzero compo-

nents, respectively, are taken into account. As a rule, these

temperature factors (or anharmonicity) are analyzed using

graphical methods (see Fig. 2).

Not only thermal motion of atoms, but also absorption

of X-ray radiation by the crystal can lead to a decrease in

the intensity of X-ray diffraction compared to that calcu-

lated within the framework of the kinematic theory.

Absorbed radiation (A) depends on the nature of constitu-

ent atoms (as additive function of the mass absorption

coefficient of the ith atom) as well as on the shape and size

of the atoms

A � V ÿ1
�
V

exp�ÿmt�dV (8)

where V is the volume of the crystal, m is the absorption

coefficient and t is the beam path length in the crystal.

The observed discrepancy can be partially compensated

by introducing an appropriate correction. In most present-

day X-ray diffraction experiments this can be achieved by

analyzing the dependence of the beam intensity on the so-

called azimuthal angle or by choosing an isometric crystal

and(or) a smaller-size crystal.

Structural defects whose surface and bulk distributions

are unknown also considerably contribute to the decrease in

the intensity of X-ray radiation scattered by real crystals.

This leads to deviations of experimentally measured inten-

sities from theoretical values for different angles y. Treat-
ment of the crystal as a totality of small domains having the

structure of a perfect crystal and disordered relative to one

another allows one to minimize the discrepancies mentioned

above by introducing a correction called the Lorentz factor

(L)

L � 1

sin 2y
(9)

which depends on the angle y similarly to the polarization

factor (P)

a b c

Ag1

Ag2

S

Figure 2. Non-harmonic probability density isosurfaces of silver
atoms in the mineral samsonite Ag4MnSb2S6 at different temper-
atures.50

T /K: 100 (a), 293 (b) and 400 (c).
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P � 1� cos2 y
2

(10)

In some cases (usually, for highly symmetric crystals of

inorganic compounds) the experimentally measured inten-

sities of the so-called strong reflections (most intense

diffraction maxima) and those predicted by the kinematic

theory can differ appreciably. The reason is extinction

resulting from double diffraction ignored by the kinematic

theory. Extinction is in some sense similar to additional

absorption. In X-ray diffraction experiments it is taken into

account by introducing an extinction correction as function

of a refined parameter (extinction coefficient). It depends on

the size of building blocks (primary extinction) in the crystal

and on the extent of crystallographic disorientation of these

blocks relative to one another (secondary extinction) and

takes different values for different reflections. Experimen-

tally, extinction can be reduced using smaller crystals (by

analogy with absorption) or by dividing large building

blocks into smaller ones by polishing or quenching the

crystal (e.g., by placing it in a liquid nitrogen jet followed

by rapid removal of the crystal from the jet).

A perfect structure model implies excellent agreement

between the reflection intensities (I ) measured in X-ray

diffraction experiments and those calculated with inclusion

of all corrections mentioned above. The structure refine-

ment procedure is reduced to minimization of the observed

deviations by the least squares method (I! jFhklj2)

F �
X

w
ÿ
Iobs ÿ jsFcalcj2

�2
(11)

where F is the total deviation; w is the weighting factor

related to the measurement accuracy of structural ampli-

tudes for weak and strong reflections; and s is the scale

factor.

Usually, structure solution methods (among them, the

direct method based on exact specification of phases of the

check reflections is most widely used) allow one to deter-

mine positions of heavy atoms that make a major contribu-

tion to X-ray radiation scattering intensity. Lighter atoms

(e.g., H) are localized iteratively by comparing the `instan-

taneous' ED distribution function calculated from the

structure factors for the `running' (currently known) struc-

tural fragment with the ED distribution function obtained

from the experimentally measured reflection intensities. The

latter is the essence of the inverse problem in X-ray

crystallography.

At present, correctness of the structure model is tested

using various criteria including statistical ones (so-called

R-factors) 52 and the goodness of fit (GOF). A conventional

R-factor (R) characterizes only the difference between

theoretically calculated (jFcalcj) and experimentally meas-

ured (jFobsj) structural amplitudes

R �
P jjFobsj ÿ jFcalcjjP jFobsj

(12)

A similar quantity can be calculated using squared

structural amplitudes (F 2
hkl) or reflection intensities (I ).

Since reflections of different intensity make different con-

tributions to the R-factor, the weighted R-factor (wR2, or

Rw) is often used

wR2 �
����������������������������������������P

w�F 2
obs ÿ F 2

calc�2P
w�F 2

obs�2

vuut (13)

where w is the weighting factor. The R and wR2 values are

calculated for all measured reflections and for the strongest

reflections whose intensities are two- or fourfold standard

deviation. The admissible R-factor values are to a great

extent determined by the maximum angle y, although by the

general sense they should tend to zero. Since the R-factors

do not characterize the reliability of the structure model

from the standpoint of the least-squares minimization of

deviations, the GOF value is also used. The latter parameter

should tend to unity. A too low GOF value is indicative of a

large number of reflections whose intensities are compara-

ble with the measurement error,53

GOF �
����������������������������������������P

w�F 2
obs ÿ F 2

calc�2
q

Nr ÿNp

(14)

where Nr is the number of reflections included in the

refinement and Np is the number of refined parameters.

Usually, these are the coordinates of symmetrically unique

atoms, their anisotropic thermal parameters and the scale

factor. Among other refined parameters, there are the

extinction coefficient, occupations of atomic positions

(e.g., for disordered structural fragments), etc. As a rule,

the number of refined parameters should be at least tenfold

smaller than the number of reflections.

In addition to statistical criteria for correctness (or

quality) of a structure model, other criteria can be used,

e.g., the maximum or minimum residual ED, the absence of

anomalies in thermal parameters (U5 0 or U44 0) or the

absence of large differences between jFobsj and jFcalcj for
certain reflections (e.g., due to ignored extinction), root-

mean-square errors in measurement of bond lengths, etc.

The results of modern X-ray diffraction studies are pre-

sented in electronic form as crystallographic information

files (CIF).54 The process is highly automated owing to the

development of, e.g., the standalone PLATON program 55

or its online version;} however, an expert opinion of high-

skilled specialists in X-ray diffraction analysis is just as

important as three decades ago.56

3. The basics of high-resolution X-ray diffraction
studies

The ED distribution in a crystal obtained by solving the

inverse problem of X-ray crystallography includes informa-

tion concerning not only atomic types and positions (they

correspond to ED maxima), but also the character of

atom ± atom interactions. An analysis of these interactions

requires modification of X-ray diffraction experiments 57

aimed to accurately measure the intensities of a large

number of reflections. First of all, one should collect an

array of X-ray diffraction data with high angular resolution

(e.g., y>508 for MoKa-radiation). In this case the major

contribution to the atomic scattering factors (see Fig. 1)

comes from core electrons localized within a small spatial

} See http://journals.iucr.org/services/cif/checkcif.html, last accessed on

January 15, 2019.
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domain surrounding the atomic nucleus; the number of core

electrons exceeds that of valence electrons starting with

atoms of the third-row elements.

Since the 1970s, this fact has been used for more

accurate determination of atomic coordinates during the

so-called high-angle refinement (y>30 ± 40);8 this step was

basic to the first high-resolution X-ray diffraction studies.

To observe reflections at high angles y, one should (i) go to

low-temperature experiments, which reduce the amplitudes

of thermal motion of atoms and related effects (anharmo-

nicity and diffuse scattering) 9 and improve the signal-to-

noise ratio for high-angle reflections and (ii) use higher-

brilliance sources of X-ray radiation 21 and detectors with

high dynamic range.58

Valence electrons are involved in the formation of

chemical bonds. Their contribution to scattering of X-ray

radiation begins to dominate only at small angles y (see

Fig. 1); therefore, it is of great importance to evaluate the

intensities of corresponding reflections as accurately as

possible. At present, this can be achieved by measuring the

intensities of same reflections many times and subsequent

averaging of the experimental values. The procedure also

makes possible a more accurate calculation of the absorp-

tion correction; otherwise, one can deal with the appearance

of residual ED maxima and distortion of anisotropic

displacement parameters. This is of particular importance

for the studies of inorganic compounds containing atoms of

heavy elements (starting with the fourth-row elements).59

For such compounds, extinction occurs more frequently.

Taking account of high symmetry of their crystals, extinc-

tion can significantly distort information on the distribution

of valence electrons, which is contained in a few low-angle

reflections. Unfortunately, the available methods for solv-

ing this problem (see above) regularly lead to a decrease in

the intensities of weaker reflections at high angles y.
In high-resolution X-ray diffraction studies much more

attention is paid to instrumental errors. For instance,

empirical corrections are applied for, e.g., thermal diffuse

scattering 60 (it introduces errors into atomic displacement

parameters and corresponding ED maxima) and low-energy

photon contamination (it is due to permeation of low-

energy photons through focusing multilayer optics 61 and

subsequent distortion of the intensity of certain reflections);

in the latter case, an alternative is to decrease the intensity

of X-ray radiation using Al foil).62

However, the development of high-resolution X-ray

diffraction studies as a particular field of X-ray crystallog-

raphy is first of all due to the shift away from the spherical

atom model rather than methodological aspects. Indeed,

this model ignores the ED redistribution upon formation of

chemical bonds or the presence of lone electron pairs.

The first attempts to introduce aspherical effects into the

description of atomic parameters date back to the

1960s;63 ± 65 however, it is the Hansen ± Coppens model 4

proposed more recently that is widely used in modern

high-resolution studies. Within the framework of this

model the ED distribution in the unit cell is given by a

superposition of independent atomic contributions, so-

called pseudoatoms 64

r(r)=
X
i

ri (r) (15)

where ri is the contribution of each independent atom.

The ED function of each pseudoatom, ri, has two

spherically symmetric components corresponding to the

core and valence electrons (as in the spherical atom

model), and an aspherical contributoin rd(k0r) that

describes deformation of the valence shells

ri(r)=Pcorercore(r)+Pval k3rval(kr)+ rd(k0r) (16)

where rcore(r) and rval(k r) are tabulated spherically sym-

metric functions obtained for isolated atoms from Har-

tree ± Fock calculations carried out without 49 or with

inclusion of relativistic effects.66, 67 In the Hansen ±Coppens

model the aspherical component rd(k0r) of the pseudoatom

is specified using multipole expansion and represents a

combination of radial functions (Rl) and spherical harmo-

nics (ylm)

rd(k0r)=
X
l

k03Rl�k0r�
Xl
m�ÿl

Plmylm�r=r� (17)

where l is an analogue to the orbital quantum number and

Plm are the populations of the multipoles describing defor-

mation of the electron shell of the atom.

This expression is an analogue to the solution of the

SchroÈ dinger equation for hydrogen-like atom within the

framework of the Born ±Oppenheimer approximation. The

radial functions are of the Slater or Gaussian type, obtained

from quantum chemical calculations of isolated atoms

including density functional theory (DFT) calculations.66, 67

Generally, spherical harmonics are solutions to the

Laplace equation; they are specified in rather complicated

manner using associated Legendre functions in spherical

coordinates (see, e.g., a monograph 68). However, the Han-

sen ±Coppens model uses real spherical harmonics corre-

sponding to multipoles (monopoles, dipoles, quadrupoles,

etc.). Depending on the l and m values (m=0, �l ; both are

integers), graphical analogues to different multipoles are the

s, p, d, f, etc. orbitals. In practice, the multipole expansion is

usually truncated at l=4 (hexadecapole level); this is

similar to truncation of the Fourier series in X-ray crystal-

lography. In those rare cases where an atom occupies a site

with cubic symmetry, cubic harmonics are used instead of

spherical ones (see, e.g., Ref. 69).

Expressions (15) ± (17) allow one to obtain the ED

distribution in the crystal in analytical form upon refine-

ment of the populations of spherically symmetric valence

shell Pval , the multipole parameters Plm responsible for its

deformation (the sum of Plm with fixed core electron

population Pcore equals the total number of electrons in

the atom) and corresponding expansion ± contraction

parameters k and k0 (in theory, one parameter for each l

value) 70 using the structure factors collected in high-reso-

lution X-ray diffraction experiments. This is static ED

distribution (separated from thermal motion by deconvolu-

tion) rather than dynamic one obtained upon summation of

structural amplitudes in routine X-ray diffraction studies.

The static ED distribution can be directly compared with

the ED distribution obtained by quantum chemiatry meth-

ods.71 The spherical atom model with anisotropic approx-

imation of thermal motion common in X-ray crystallogra-

phy uses up to 10 parameters per atom (taking account of

site occupancy). Unlike this, the number of refined param-

eters in the Hansen ± Coppens model can be as large as 66

including 25 parameters to describe the anharmonicity of

A.A.Korlyukov, Yu.V.Nelyubina Russ. Chem. Rev., 2019, 88 (7) 677 ± 716 683



thermal motion using the Gram ±Charlier expansion; this

requires measurements of much larger number of structure

factors and is achieved in high-resolution X-ray diffraction

experiments.

Although the multipole model is very popular (compro-

mise between `flexibility' and `local character'), it has some

disadvantages.72 The most important drawback is the use of

atom-centred diffuse functions that overlap with neighbour-

ing functions. This makes the description of the ED distri-

bution in the region of chemical bonds less accurate,

especially, for organometallic and coordination compounds

where this distribution is very flat.73 This problem can be

solved only upon rejection of the pseudoatom concept,

while other disadvantages of the Hansen ± Coppens multi-

pole model are to some extent taken into account in various

modifications of this model. For instance, low `flexibility' of

the widely used radial functions Rl is compensated by using

tabulated values of the expansion ± contraction parameters

k0 obtained from multipole refinement using theoretical

structure factors that are not influenced by experimental

errors.74

Conventional multipole model is based on the `frozen

core' approximation, which ignores deformation of the core

electron shells of an atom upon formation of chemical

bonds. This can lead to difficulties in the description of the

ED distribution for heavy elements. Indeed, the number of

core electrons in the heavy-element atoms much exceeds the

number of valence electrons. To overcome these difficulties,

the core electron population Pcore and the corresponding

expansion ± contraction parameter (kcore) is refined within

the framework of the extended Hansen ±Coppens model.75

The contribution of core electrons to the ED of a pseudo-

atom can then be divided into two 76 (or more 77) compo-

nents (method of separated core shells) up to refinement of

each electron shell separately as the sum of spherical and

aspherical contributions specified by corresponding multi-

pole expansion.32 In fact, this procedure implies refinement

of several atoms occupying the same site, which can hamper

further analysis of the ED distribution.76 Unfortunately,

this automatically leads to enormous increase in the number

of structure factors that cannot always be collected even in

high-resolution X-ray diffraction experiments.

Although conventional multipole model and its

extended versions provide flexible tools to describe the ED

distribution function for a crystal, realistic results are not

ensured. Methodologically, the least-squares refinement of

all possible parameters can be numerically unstable owing

to correlations between the multipole populations and

anisotropic displacement parameters of atoms. It can also

lead to transition to a nearest energy minimum at which the

values of certain parameters are far from being physically

meaningful despite small R-factor and low maximum (mini-

mum) residual ED values. Therefore, one should impose

constraints 78 on the multipole populations taking into

account the approximate symmetry of atomic position or

equate parameters of atoms that are in the same chemical

environment.

The multipole model also allows one to carry out

structure refinement in different manner, e.g., to refine all

parameters simultaneously or in group-by-group fashion.

As a consequence, the results concerning chemical bonding

in the crystal of the same compound can be different

depending on the scientific school to which the authors

belong (cf., for example, the results reported in Refs 79

and 80). A particular problem is to describe the ED

distribution for hydrogen atoms characterized by low scat-

tering power which becomes negligible even at small sin y/l
ratios (see Fig. 1). In modern high-resolution studies 81

positions and isotropic displacement parameters of hydro-

gen atoms are usually determined using Stewart's general-

ized X-ray scattering factor 82 during high-angle multipole

refinement (e.g., sin y/l<0.6 �A71) followed by elongation

of the X7H bonds to tabulated values derived from

neutron diffraction data.83

Taking account of anisotropic displacement parameters

for hydrogen atoms is also of great importance for correct

description of the bonds that do not involve the H atoms.84

Traditionally, this is done using the simple hydrogen atom

displacement estimator (SHADE) approach 85 based on

analysis of a large array of neutron diffraction data for

related compounds. However, other strategies are also

available.86 For instance, the anisotropic displacement

parameters of H atoms obtained from refinement of the

expansion ± contraction parameter k using constant conven-

tional X7H distances (see Ref. 83) followed by refinement

of hydrogen atomic positions at constant k value were only

slightly different from those determined using neutron

diffraction data.33 Usually, the multipole parameters of

hydrogen atoms are used to refine the populations of

monopole, dipole and quadrupole whose z axis is aligned

with the bond line;81 the k0 (in some cases, also k) param-

eters corresponding to the multipoles are obtained from

theoretical calculations.74

A similar situation observed for the alkali and alkali-

earth metal cations is also due to small contribution to the

scattering from their valence electrons, which decreases to

zero at sin y/l& 0.15 �A71. This precludes the refinement of

the multipole populations and, usually, the contribution of

spherically symmetric valence ED Pval and its expansion ±

contraction parameter k for these cations. Successful

attempts to refine Pval and k are rare. This was done for,

e.g., K+ using the atomic scattering factor of neutral

potassium atom 87 and for Cs+ using the method of sepa-

rated core shells (see above).32

Yet another issue related to atomic displacement param-

eters is as follows. The case in point is that the multipole

refinement can be augmented with anharmonic description

of thermal motion within the framework of the Gram ±

Charlier formalism using 25 additional refined parame-

ters.21, 88 Although this enables a more correct description

of static ED distribution in the crystal (Fig. 3),33, 89 this

description is often used to decrease the R-factors and

residual ED even in the absence of anharmonic atomic

vibrations.

Until recently, the dependence of the results of multipole

refinement on the choice of refined parameters and on the

refinement procedure was accentuated by the fact that no

objective measures of the reliability of the ED distribution

function thus obtained were available. It should be noted

that so far, subjective criteria based on the experience and

professional skills of researchers rather than statistical

criteria play an important role when evaluating the results

of multipole refinement. By and large, the reliability and

quality of a structure model are determined as in the case of

routine X-ray diffraction experiments, i.e., using the R-fac-

tors, GOF and the residual ED maxima (or minima). In

addition, high-resolution X-ray diffraction studies involve

an analysis of anisotropic displacement parameters of
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atoms using the Hirshfeld rigid-bond test,90 according to

which the amplitudes of vibrational motion of two atoms

along the line of their mutual bond should be nearly equal.

For atoms with close masses the maximum admissible

difference between the root-mean-square atomic displace-

ments is 1073 �A2; much larger values are indicative of

incorrect description of the ED asphericity or disorder that

was ignored.

Besides, a traditionally important role is played by

visual analysis of the deformation ED (DED) representing

the difference between the experimental ED distribution

and the superposition of noninteracting spherical atoms

placed in the same positions as those occupied by atoms in

the crystal (so-called procrystal model or, generally, pro-

molecule model 91),

Dr(r)= rMM(r)7rIAM(r) (18)

where rMM(r) and rIAM(r) are the static ED distribution

functions obtained from the multipole refinement and using

the spherical atom model, respectively. As a result, the DED

distribution is also static (effects of thermal motion are

excluded) and can be directly compared with the ED

distribution obtained from quantum chemical calculations.

In both cases, it should agree with commonly accepted

concepts of chemical bonding. For instance, there should

be at most one DED maximum near the midpoint of

covalent C ±C bond. For covalent polar bonds, the DED

maximum should be shifted towards the electronegative

atom. The pattern of the DED maxima should also be

qualitatively consistent with the model for repulsion

between the electron pairs of the valence shell. For instance,

a carbonyl oxygen atom should be characterized by two

DED maxima and the angle between them should be equal

to *1208.
A qualitative description of the DED distribution for

transition-metal, lanthanide and actinide atoms is hard to

obtain. As to 3d transition metals, one should expect that

the number and pattern of DED maxima nearly match

those of d orbitals of the metal under study taking account

of the formal oxidation state.

Deviations from these rules (especially, the appearance

of additional DED maxima) can be indicative of incorrect

ED distribution model obtained after the multipole refine-

ment and (or) low quality of the X-ray diffraction data

array. The DED function does not suffer from finite

resolution of the experimental set of structure factors (i.e.,

truncation of the Fourier series); however, it depends on the

choice of the promolecule model, which is to some extent

arbitrary (e.g., atoms in one or another oxidation state are

used).

This led to the situation where direct methods for

analysis of static ED distribution are widely used, e.g.,

topological approaches 92 and first of all, Bader's quantum

topological theory `Atoms in Molecules' (AIM).5 This

theory is based on physically substantiated division of the

ED distribution function in real space into non-overlapping

domains, each of them being unambiguously associated

with a certain atom (atomic basin). The properties of each

atom (volume, charge, electrostatic moments, etc.) can be

evaluated by integrating corresponding functions over the

atomic basin. In the AIM theory interatomic interactions

are closely related to topology of the ED distribution

function, that is, the set and types of bond critical points

(BCP) at which the gradient of the electron density is zero.

According to Bader's theory, four types of BCP are possible

for a crystal depending on the curvature of the ED function

along the principal axes:

Ð the (3,73)BCP is characterized by negative curvature

along all the three axes and corresponds to nuclear posi-

tions;

Ð the (3,71)BCP, or the saddle point (curvature along

one axis is positive); the presence of the (3,71)BCP and a

gradient trajectory (bond path) passing through this point is

the necessary condition for a chemical bond (generally, the

necessary condition for stabilizing interaction between a

pair of atoms); recently, the bond paths have been attrib-

uted to exchange-correlation energy channels;93

Ð the (3,+1)BCP and (3,+3)BCP are characterized by

positive curvature along two and three principal axes,

respectively, being indicative of cyclic or polyhedral atomic

structure.

The values of the ED distribution function and func-

tions derived from it (e.g., the Laplacian, electronic energy

density,94 ellipticity, etc.) at the (3,71)BCP allow one to

describe the character of interatomic interactions and in

some cases to evaluate their energies, in particular, using a

semiquantitative correlation with the kinetic energy den-

sity 95 or a derived quantity, the potential energy density 96

at the (3,71)BCP.97, 98 Certain authors cast some doubt on

the correctness of the energies thus evaluated and on the

possibility to use them for quantitative description of the

contributions of individual intermolecular interactions in

the crystal; however, the total energy of these interactions is

in reasonable agreement with the binding energies obtained

from quantum chemical calculations or with the experimen-

tally measured enthalpies of sublimation 99 ± 103 of com-

pounds of different chemical nature.

Besides, static ED distribution can be used to obtain the

electrostatic potential, kinetic energy density of electrons

and related functions including electron localization func-

tion (ELF),104 localized-orbital locator (LOL),105 binding

entropy,106 transition-metal d-orbital occupancies,107, 108

dipole (and higher multipole) moments of the molecules,109

as well as to evaluate the energy of electrostatic interaction

between molecules in crystals.110 Corresponding parameters

can also serve as criteria for correctness of the ED distribu-

tion model obtained after multipole refinement of X-ray

diffraction data.

Recently, statistical criteria 111 have been increasingly

widely used. Historically, construction of normal probabil-

ity plots is one of the first methods for analysis of errors in

experimental data.112 It is based on the fact that a real

distribution of a certain quantity (in X-ray crystallography,

this is the ratio of the difference F 2
obs ÿ F 2

calc to the squared

standard deviation s) can be plotted against the expected

distribution of the same quantity assuming its normal

distribution. The expected and experimental distributions

are plotted on the abscissa and ordinate, respectively. If

errors are distributed randomly (Gaussian distribution), the

plot is a straight line with a slope of unity and some

deviations near the lower left and upper right corners

(Fig. 4). Marked deviations from this line are indicative of

systematic errors caused by the quality of the single crystal,

instrumental errors, problems in processing primary data or

inappropriate description of the ED in the refined model

(e.g., neglect of certain multipole or expansion ± contraction

parameters, anharmonicity of thermal vibrations, etc.).
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Construction of so-called DRK plots (see {) is a more

widely used method for evaluating the quality of high-

resolution X-ray diffraction data or the ED distribution

derived from them. In this case, no high skills in statistical

methods of analysis are required. A DRK plot is a simple

plot of the
P

F 2
obs=

P
F 2

calc ratio against sin y/l. Ideally, this
ratio should not differ from unity. However, since all

experiments and all models always include errors, small

deviations from unity (within 2%) are admitted. When these

deviations become larger than 5%, either the array of X-ray

diffraction data or the ED distribution model is erroneous.

As an example, Fig. 5 presents the plot of
P

F 2
obs=

P
F 2

calc

vs. sin y/l for estrone,57 which clearly demonstrates that the

largest errors are observed for high-y reflections, being due

to overestimation of the intensities of these reflections.

Yet another type of plots used in high-resolution X-ray

studies 111 was proposed 113 by the author who works in

macromolecular X-ray crystallography. In this field there is

an urgent problem of averaging the intensities of equivalent

reflections owing to possible decomposition of crystals

exposed to synchrotron radiation. Assuming that the

X-ray diffraction data set obeys the Poisson distribution,

the measurement error (s) for each reflection is determined

by the instrumental measurement error (scounting) and two

constants (K1 and K2) that depend on the type of detector

and on the software used for intensity averaging,

s � K1s
2
countingK2I

2 (19)

In the ideal case, the plot of I/s against I [or the

(I/s)asymptotic plot] is a sigmoidal `curve' passing from the

lower left to the upper right corner of the plane of reference

(Fig. 6 a). Noticeable deviations from this `curve' may be

evidence for the lack of synchronization during rotation of

the sample about the goniometer f axis in the continuous

scan mode, while the presence of an asymptotic limit

suggests errors in reflection intensity measurements

(Fig. 6 b). Having collected all data sets under identical

conditions, a possible source of errors is the dynamic

range of the detector, which is insufficient for intensity

measurements of strong reflections.

One more statistical method for revealing systematic

errors in high-resolution X-ray diffraction experiments is to

analyze the Bayesian conditional probability plots.114 ± 116 It

is based on the assumption that the residual (x), i.e., the
difference between the observed and calculated reflection

intensities (Iobs7Icalc) divided by the standard deviation

s(I0), is independent of the resolution, the measured reflec-

tion intensities and other parameters of the experiment. As

an example, Fig. 7 presents the plot of x against angular

resolution of X-ray diffraction data for roxythromycin,114

which represents an array of points. Would all reflection

intensities be measured with the same accuracy, the plane
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{This type of plots is aimed to visualize statistical regularities of the

distribution of measured values. In the case of single-crystal X-ray

diffraction these are the reflection intensities or X-ray structure factors.
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should be uniformly filled with points. However, the plot

for roxythromycin exhibits two different features, viz.,

`thickening' of points at the lower right corner and `loosen-

ing' at the upper right corner. This pattern of the plot

originates from errors in the averaging of equivalent and

multiply measured reflections corresponding to small sin y/l
values. Probably, the errors are due to the fact that certain

reflections were collected on peripheral regions of the

detector.

The most widely used approach is called residual density

analysis (RDA) 117 based on the maximum entropy method.

For a correct structure model, the residual ED distribution

is assumed to be Gaussian (random) and thus exhibits no
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Rwork is the R-factor calculated for the entire data array; Rcross is the R-factor calculated for the training set; and C# denotes six additional
types of carbon atoms.
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maxima and(or) minima concentrated in a certain region,

e.g., near a halogen atom. The method involves calculations

of the volumes of the regions confined by the isosurface

with a specified residual ED value (r0). For a perfect

structure model, the residual ED distribution presents no

structural information (r0= 0), whereas for imperfect mod-

els, systematic errors lead to a decrease in the volume of the

isosurfaces corresponding to r0= 0 compared to the iso-

surfaces corresponding to r0= 0. The results of RDA are

presented as a plot of the fractal dimension (d f) against r0,
so one can assess to which extent the character of the

residual ED distribution differs from Gaussian. This can

be illustrated taking S(NBut)3 as an example. A set of

idealized structure factors calculated 117 for the S(NBut)3
crystal with a resolution, sin y/l , of 1.14 �A71 was contami-

nated with random `noise' specified using the parameter r1 .
An increase in the noise (Fig. 8) to simulate experimental

errors led to a marked increase in the width of the error

distribution curve. Analogously, the character of the

dependence of d f on r0 characterized the correctness of

various parameters of the Hansen ±Coppens multipole

model. For instance, an arbitrary variation of the parameter

k, or the monopole population, noticeably increased the

asymmetry of the plot.

Among the most recent improvements in the field of

statistical criteria for quality of high-resolution X-ray

diffraction data, there is the cross-validation method. It

was proposed 78 to divide these data sets into complemen-

tary subsets. One of them (training set) is used to derive the

error model, while the other are used to validate the model

by gradually adding(removing) refined parameters and

constraints taking account of local symmetry of atoms

and(or) resolution. Then, the other subset is used as the

training set and the process is repeated iteratively. The main

goal of the cross-validation technique is to choose the

optimum multipole refinement strategy that uses a not too

large number of refined parameters. Although uncon-

strained refinement of a larger number of parameters from

X-ray diffraction data decreases the R-factors and residual

ED values, the values thus obtained can be physically

unrealistic and the ED distribution model cannot corre-

spond to a local potential energy minimum.

The results of the cross-validation treatment are pre-

sented as `shashlik-like' 118 plots of changes in R-factors

depending on the refined parameters and(or) constraints

imposed (Fig. 9). These plots allow one to determine the

parameters whose refinement leads to improvements in the

ED distribution model; however, they provide almost no

information on the quality of the X-ray diffraction data set.

In this case, one should simultaneously use a combination

of the statistical criteria described above.

4.Databases of experimental multipole parameters

There are various methods for quality assessment of the ED

distribution function obtained in high-resolution X-ray

diffraction experiments; however, they only make it possible

to reveal instrumental errors or the nature of the problems

related to the quality of the crystal, and to partially

eliminate some of them (e.g., diffuse scattering or absorp-

tion of X-ray radiation) by applying relevant corrections.

Unfortunately, thermal motion or disordering of atoms

and, as a consequence, low scattering power of the crystal

preclude the attainment of high resolution necessary to

obtain a reliable ED distribution within the framework of

the multipole refinement of X-ray diffraction data.

This problem is urgent for research into materials whose

properties (e.g., transport ones) originate from random

occupation of the same crystallographic site by two differ-

ent kinds of atoms or to partial occupation of site, as well as

for investigations of biomacromolecules since they are large

and contain flexible or disordered fragments. The possibil-

ity to solve this issue (and to some extent formalize the

multipole refinement process, as a kind of a `side product')

appeared after the development of approaches that describe

deformation of an atom upon formation of covalent bonds

using the multipole parameters (Plm, Pn, k and k 0) taken

from the results of high-resolution X-ray diffraction studies

of compounds whose crystals are free from the drawbacks

mentioned above. This description of the ED distribution

function in crystals is called the transferable aspherical

atom model by analogy with the spherical atom model.119

The transferable aspherical atom model is based on the

assumption of transferability of the multipole parameters of

an atom having the same chemical environment (e.g., nitro-

gen atom in the nitro group) in different molecules. This

model is intimately connected with the central concept in

chemistry, according to which certain atoms or functional

groups impart specific chemical and physical properties to

compounds and allow one to predict their behaviour in

chemical reactions.92 In turn, this means that atoms or

functional groups formed by them in different molecules

to a great extent retain the characteristic ED distribution

that can be described using pseudoatoms in the Hansen ±

Coppens multipole model (or discrete atomic contributions

within the framework of Bader's theory mentioned

above).120

The idea of transfer of just the multipole parameters

became customary to X-ray diffraction studies 11 first of all

since the multipole model provides a local frame of refer-

ence for each pseudoatom.121 This makes it possible to

unambiguously choose the local axes for pseudoatoms in

different molecules and to minimize the number of the

multipole parameters used to describe the ED distribution

in the atom by imposing local symmetry constraints.78

Transfer of fixed parameters to another molecule where

the atom is in the same chemical environment (i.e., forms

covalent bonds of the same nature with the same atoms) is

in essence equivalent to their normalization to the most

probable values.122 Subsequent refinement of atomic posi-

tions and thermal displacement parameters in the trans-

ferable aspherical atom model 119 offers a number of advan-

tages over not only the spherical atom model, but also the

multipole refinement. On the one hand, the refined param-

eters are the same for both the transferable aspherical atom

model and routine X-ray diffraction experiments aimed at

structure determination; however, the former allows one to

take account of probable redistribution of the electron

density owing to the formation of chemical bonds by

atoms or to the presence of lone electron pairs. Conse-

quently, this approach does not require high-resolution

X-ray diffraction data and is suitable for large or disordered

systems and for systems with low scattering power.

The authors of the pioneering study 123 tried to improve

the accuracy of determination of anisotropic displacement

parameters in the anthracene and naphthalene crystals and

used pseudoatoms obtained from high-resolution X-ray

diffraction experiment for a related compound, perylene.

A.A.Korlyukov, Yu.V.Nelyubina Russ. Chem. Rev., 2019, 88 (7) 677 ± 716 689



A logical extension of this approach was building a data

bank of experimental multipole parameters 121 that includes

the populations Pval and Plm up to l=3 and the corre-

sponding expansion ± contraction parameters [k and k0 in
expression (16), respectively] for atoms in small peptide

molecules. Corresponding parameters were trans-

ferred 121, 124 to atoms in the same chemical environment in

oligopeptides that were inappropriate for high-resolution

X-ray diffraction studies due to low scattering power (even

at d<1 �A, which is not always attainable for macromole-

cules). The problem of electrical neutrality of the oligopep-

tide molecule appearing after transfer of monopole popula-

tions for atoms from different peptides was solved either by

their normalization 121 to the values for neutral atoms or by

refinement using the available experimental data.124

This approach made it possible to describe the ED

distribution in oligopeptide crystals with the accuracy that

much exceeded the accuracy for the spherical atom model

with respect to the main criteria for refinement quality

(R-factors, residual ED, violation of Hirshfeld rigid-bond

test and reasonable values of anisotropic displacement

parameters). Extension of this approach to proteins 125

including those containing disordered fragments (say noth-

ing of bound water molecules) 126 for the first time allowed

one to more correctly determine their structure and the

distribution of electrostatic potential playing an important

role in protein binding to small (e.g., drug) molecules from

X-ray diffraction data collected in routine experiments.127

Based on the results of these studies, the experimental

library of multipolar atom model (ELMAM) was devel-

oped128 for the atoms containing in all 20 natural amino

acid molecules and proteins (Fig. 10). In the ELMAM

database, each record for chemically equivalent atoms

represents a set of averaged multipole parameters (taking

account of local symmetry constraints in order to minimize

the number of parameters necessary to describe the ED

distribution) obtained from the multipole refinement of

high-resolution low-temperature X-ray data for certain

amino acids and small peptides. A set of parameters was

assigned to an atom using a group of criteria characterizing

its chemical environment, namely, the number and nature of

atoms to which the atom of interest is covalently bonded

and the type of these bonds (single, double, aromatic). The

problem of electrical neutrality upon data transfer from the

ELMAM database to the molecule under study was solved

automatically by uniformly distributing the excess (or

deficient) charge over all atoms in the molecule. For protein

molecules composed of very large number of atoms, these

changes appeared to be even smaller than the standard

deviation in the determination of Pval for small mole-

cules;126 this is of importance for correct assessment of

electrostatic properties of proteins from the corresponding

charges.126

In all cases the use of the ELMAM database in the

refinement of positional and thermal displacement param-

eters of atoms from X-ray diffraction data gave more

accurate information on the structure of biomacromolecules

than conventional spherical atom model. The most striking

example is provided by the results of unconstrained refine-

ment of anisotropic displacement parameters and X7H

distances compared to those obtained upon normalization

to commonly accepted neutron diffraction values, as is
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Figure 10. DED distribution for the carbon (a), nitrogen (c) and oxygen (d )
atoms of the peptide group and for the aromatic phenyl carbon atom (b).128
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traditionally done in high-resolution X-ray diffraction stud-

ies.128 The multipole populations from the ELMAM data-

base also appeared to be a better initial approximation for

subsequent multipole refinement of X-ray diffraction data

of sufficiently high resolution (at d<0.7 �A) (Fig. 11) than

the spherical atom model, which in some cases led to a local

minimum.128 It was proposed to use this approximate ED

distribution to analyze peculiar features of chemical bond-

ing in proteins, including the description of intermolecular

interactions responsible for the secondary structure of

proteins.129

A more recent and larger database, ELMAM2,130 covers

a broad range of organic compounds. Utilization of

ELMAM2 seems to be a possible alternative to the multi-

pole refinement of high-resolution X-ray diffraction

data.131 It also provides a more accurate distribution of

the dynamic ED which includes the effects of thermal

motion 132 in contrast to the static ED described using the

multipole model [see expressions (15) ± (17)].

The ELMAM2 database includes averaged multipole

parameters for a larger number of model compounds

previously studied by high-resolution X-ray diffraction at

low temperatures. Certain model compounds now contain

atoms with Z>10 that were not included in the ELMAM

database. Yet another important distinction from the

ELMAM concerns the description of hydrogen atoms in

these compounds, viz., not only the monopole population,

but also the population of a quadrupole whose Z axis is

aligned with the X7H bond is now refined and thermal

motion is treated as anisotropic using the SHADE

method.85 In addition, the multipole parameters are selected

automatically taking into account the chemical nature of

the atom, local symmetry, number and type of nearest

neighbours to the second (for hydrogen atoms) or third

(for oxygen atoms) sphere, as well as geometric parameters

(bond lengths and bond angles) and then transferred from

the ELMAM2 database.133

Taking account of these improvements, ELMAM2 rap-

idly became a convenient tool for X-ray diffraction studies

of organic small molecules and macromolecules. Indeed, it

is better than the spherical atom model and is at least

competitive with the multipole refinement of high-resolu-

tion X-ray diffraction data, being free from the main

limitations of these methods. The quality of the structure

model thus obtained can be confirmed in exactly the same

manner as for routine X-ray diffraction experiment, i.e.,

using the R-factors and residual ED values, while the

reliability of the corresponding ED distribution can be

confirmed using all criteria utilized in modern high-resolu-

tion X-ray diffraction studies (see above).

It is also commonly accepted to compare the distribu-

tion thus obtained with the results of multipole refinement

of high-resolution X-ray diffraction data (or X-ray struc-

ture factors obtained from quantum chemical calculations

of crystals; see below).130 This can be done by comparing

the numerical values of the ED or DED (for better clarity)

at each point of the unit cell, the similarity index for two

tensors of anisotropic displacement parameters and the

convergence factors of topological parameters of the ED

[numerical values of various functions at the (3,71)BCP

within the framework of Bader's theory].131 One can also

use the atomic charges evaluated from the monopole pop-

ulation Pval or by integrating the ED over the atomic basin,

the dipole and quadrupole moments, the electrostatic

potential distribution (including its distribution over the

molecular surface), the electrostatic interaction energy and

the correlation coefficients of any parameter mentioned

above determined using two ED models.130 Although the

multipole refinement from high-resolution X-ray diffraction

data is always more preferable, the use of the multipole

parameters of atoms from the ELMAM2 database allows

one to describe the ED distribution in crystals of organic

compounds (from small molecules to proteins) with reason-

able accuracy and thus extend the field of research to

systems that were previously inaccessible.

Yet another version of the ELMAM and ELMAM2

databases is claimed 134 to be an individual database of

experimental multipole parameters. Unlike the ELMAM

and ELMAM2 where the effect of crystal environment on

molecules is included indirectly (first of all, since the multi-

pole parameters of the model compounds were determined

from experimental data for crystals), the modified database

uses larger structural fragments that form stable supra-

molecular motifs, so-called synthons and is termed as

synthon based fragment approach (SBFA). It was assumed

that synthons are more appropriate to describe frequently

a b c

Figure 11. DED distribution near the peptide bond: transferred from the ELMAM database (a), after ELMAM constrained multipole
refinement of X-ray diffraction data (b) and after multipole refinement starting from the spherical atom model (c).126
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occurring intermolecular interactions, e.g., hydrogen

bonds 134 involving peptide groups in proteins, nucleic

acids and many other biomacromolecules (Fig. 12). Since

then the SBFA database was augmented with synthons

assembled through weaker interactions; it is also used to

study multicomponent systems 135 including polymorphism

in them.136

A clearly seen disadvantage of the SBFA approach

compared to the transfer of multipole parameters from the

ELMAM and ELMAM2 databases consists in subjective

choice of chemically reasonable fragments 135 used as build-

ing blocks (see Fig. 12). This makes the SBFA approach less

versatile and significantly reduces the range of compounds

to be studied; therefore, the SBFA database is of limited

use.137

Creation of databases of experimental multipole param-

eters was of great importance since in some cases it gave the

ED distribution for systems that were inaccessible to both

high-resolution X-ray diffraction studies (e.g., for proteins

having flexible fragments and disordered domains) and

quantum chemical calculations (e.g., proteins since their

molecules are too large). Application of the databases in

question also extended the range of problems to be solved in

X-ray crystallography and quantum chemistry Ð from

protein structure refinement to protein binding to small

(e.g., drug) molecules. However, the application field of the

databases of experimental multipole parameters is limited

because crystals of many model compounds necessary for

database provisioning are inappropriate for high-resolution

X-ray diffraction studies. Besides, the results of multipole

refinement can be influenced by the experimental errors and

the ED smearing caused by thermal motion of atoms, which

cannot always be separated from the static ED distribution

described by the multipole model.

A possible route to solve these issues is to use the

multipole parameters determined from theoretical structure

factors obtained from quantum chemical calculations

instead of high-resolution experimental data sets. It should

be noted that the possibility to calculate the structure

factors was available more than three decades ago;138

however, reliable methods and user-friendly software were

developed only recently.

5. Quantum chemical calculations of X-ray
structure factors

Theoretical X-ray structure factors calculated only from the

unit cell parameters and atomic coordinates (these are not

always necessary) 139 are widely used in modern X-ray

diffraction studies to confirm the reliability of experimental

ED distribution in the crystal.140 They are not influenced by

the errors associated with the nature of crystals (low

scattering power, disordering, absorption of X-ray radia-

tion, twinning, etc.), experimental errors (diffuse X-ray

scattering or permeation of low-energy photons through

focusing multilayer optics) and thermal motion of atoms.

However, the theoretical structure factors also `suffer' from

finite resolution (Fourier series truncation) that is specified

by the researcher depending on a particular goal (see, e.g.,

Ref. 141) and from errors introduced into corresponding

ED distribution by the Hansen ±Coppens multipole

model 72 used to refine the X-ray diffraction data. On the

one hand, this allows one to correctly compare the theoret-

ical and experimental ED distributions.140 On the other

hand, one can reveal artifacts originating from drawbacks

of the multipole model 73, 139 by comparing the theoretical

ED distribution with the results of analysis of the wave

function obtained from quantum chemical calculations.

Theoretical basis of quantum chemical calculations of

X-ray structure factors from the ED distribution function

for a crystal was laid in the 1960 ± 1970s;138 however, details

of practical implementation depend on the basis set used.

The structure factor f(s) depends on the scattering vector s

defined using the Miller indices hkl. Going to the basis of

crystal cell (fractional coordinates) and omitting hkl for

brevity, the structure factor is given by:142

f(s) =

�
r�bbr� exp �ÿisr�dr (20)

Correspondingly, the ED can be expressed through the sum

of contributions of the products of the density matrix

elements P g
mn by the atomic orbitals w0m (the origin is at 0)

and wgn (the origin is shifted to g unit cells),

r(r)=
X
m; n; g

Pg
mn w

0
m w

g
n (21)

Combining Eqns (20) and (21), one gets the expression for

the static structure factor [F0(s)], which depends on the
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density matrix elements P g
mn , and the static scattering

integral I gmn(s),

F0(s)=
X
m; n; g

P g
mnI

g
mn�s� (22)

The static scattering integral is determined by the

integration domain (i.e., explicitly depends on coordinates)

and can be treated as the product of integrals calculated

separately for each coordinate,

I gmn�s� � I
gx
mn�sx� I gymn�sy� I gzmn�sz� (23)

I
gx
mn�sx��

��?

ÿ?

�xÿ xA�m
�
exp

�ÿa�xÿ xA�2�xÿ xB ÿ gx�n
�	

6

6
�
exp

�ÿb�xÿ xB ÿ gx�2
�	�

exp�ÿisxx�
�
dx (24)

where a and b are the exponents of Gaussian functions

related to the orbitals m(A) and n(B) centred at the coor-

dinates xA and xB+gx, while the power coefficients m and n

are specified by the Gaussian functions.

However, this approach was of limited use since it

required representation of the wave function by combina-

tion of Gaussian atomic orbitals described using split-

valence basis sets or N-zeta basis sets (N=2± 5). In

particular, implementation of this approach in the

CRYSTAL program package,143 which has been long (see,

e.g., Ref. 144) and most widely used to this end, precluded

the use of Slater functions or taking account of relativistic

effects. These calculations of structure factors are simple for

crystals of compounds containing atoms of Period 1 ± 3

elements and a relatively small number of atoms in the

unit cell; however, their computational cost becomes very

high in certain other cases.

Thus it was logical to modify these studies in order to

extend them to other types of basis sets, first of all, plane

waves.145, 146 They are used to describe the valence elec-

trons, while the core electrons are described using various

types of pseudopotentials or spherical harmonics depending

on how is the method implemented in different program

packages. Although separate determination of structure

factors accelerates the calculations (especially, if the VASP

software is used),145 they lead to some difficulties in further

refinement of the structure factors within the framework of

the multipole model; therefore, full-electron Gaussian basis

sets still remain more preferable.147

Emphasize that the structure factors in question are

static and thus cannot be used to analyze thermal motion

and(or) disorder in crystals because the atomic displace-

ment parameters are zero in this case. The dynamic struc-

ture factor is given by the product of expression (22) by the

temperature factor T(h) [see formula (7)]; however, obtain-

ing T(h) values is not a trivial task.

In the pioneering study 148 of urea crystal each structure

factor value was multiplied by the Debye ±Waller factor

calculated from the average Ui value obtained in the X-ray

diffraction experiment.149 Such a simulation of thermal

motion of atoms followed by multipole refinement of

theoretical structure factors gave the ED distribution that

was similar to experimental one (in terms of R-factors,

deformation ED and topological parameters of the ED

distribution function for intra- and intermolecular interac-

tions) and could be used to analyze the anisotropy of atomic

displacements by comparing experimental and calculated

Uij values.

Theoretical structure factors were first of all used to

study crystals of elemental substances taking into account

the fact that quantum chemical calculations of periodic

systems take longer time than those of isolated molecules.

For instance, diamond, silicon and germanium form cova-

lent bonds 150 that cannot be correctly described by the

multipole model. As a consequence, only semiquantitative

agreement between the experimental and theoretical (calcu-

lated in the local density approximation, LDA) ED distri-

butions and the Laplacian was obtained. The corresponding

values at the (3,71)BCP differed by 10%± 30%; it was of

importance to calculate as many structure factors per

refined parameter as possible by choosing a balance

between the resolution and computing time. Similar con-

clusions were made in the studies of binary [MgO,151 NaF

and LiF (Ref. 152)] and more complex [NH4F and NH4HF2

(Ref. 149)] inorganic compounds where most chemical

bonds have ionic nature, and the difference between the

ED and Laplacian at the (3,71)BCP is even smaller.

Although the multipole refinement of theoretical structure

factors has certain drawbacks, it is a workhorse to check the

correctness of experimental ED distribution and to reveal

instrumental errors or effects that were only partially

included in processing X-ray diffraction data (e.g., diffuse

X-ray scattering).148

An example is provided by the study of molecular iodine

crystal98 characterized by strong absorption of X-ray radi-

ation. In spite of close values of the topological parameters

of the theoretical and experimental ED distributions, the

latter demonstrated artifacts in the region of the lone

electron pair of iodine atom. Therefore, further studies of

electrostatic potential and evaluation of the intermolecular

interaction energy were carried out using the theoretically

calculated structure factors. An important conclusion

drawn in that study 98 was the necessity of taking into

account relativistic effects for heavy elements since their

neglect introduces errors into the ED distribution function,

which is especially noticeable when analyzing the second

derivative of this function.

A study 153 of noble-gas (Kr and Xe) crystals deserves

particular attention. Conventional DFT approximations

describe weak van der Waals interactions in these crystals

with insufficient accuracy. The results of refinement of the

structure factors calculated in two approximations, LDA

and generalized gradient approximation (GGA), were dif-

ferent. The former led to more diffuse ED function and

larger value of this function at the (3,71)BCP of intermo-

lecular interactions compared to the GGA approximation;

however, the latter gave a better description of core elec-

trons. Both methods fairly well reproduced the topological

parameters of the ED function obtained from standard-

resolution X-ray diffraction data (2 y<608 owing to

numerous difficulties in growing high-quality single crystals

of these noble gases) using a model 154 with refinement of

the population and the expansion ± contraction parameter

of spherically symmetric valence shell of the atom.

Theoretical structure factors were used in the studies of

not only crystals of elemental substances and inorganic

compounds, but also organic crystals,37 starting with the

pioneering investigation of urea.148 In some cases the multi-
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pole refinement of structure factors was the only way to

obtain the ED distribution in the crystal (see, e.g., Ref. 155);

however, the main goal was to assess the correctness of

experimental data.140 In particular, a study 156 of 4-nitro-

aniline crystal showed that the ED distribution obtained

upon refinement of high-resolution X-ray diffraction data

was in good agreement (within 5%) with that obtained from

quantum chemical calculations. However, the Hessian

eigenvalues along certain bond lines (l3) differed twofold

and more. This difference was explained by disadvantages

of the multipole model that was used to obtain the exper-

imental ED distribution. A comparison with the results of

the multipole refinement of theoretical structure factors

(Fig. 13) shows much less pronounced differences, espe-

cially near nuclear sites.

Quantum chemical calculations of periodic systems are

also employed to analyze the interaction density.140 This

quantity is the difference between the ED distribution in the

crystal and the superposition of electron densities in non-

interacting molecules; calculations of the latter do not

require knowledge of the unit cell parameters or atomic

coordinates.

Of course, the use of theoretical structure factors has its

own drawbacks due to the difficulties in the description of

thermal motion of atoms (see above) and to the dependence

on the level of theory chosen for quantum chemical calcu-

lations (Hartree ± Fock or DFT methods, different basis

sets, taking account of relativistic corrections). When study-

ing compounds containing atoms of Period 1 ± 2 elements,

this dependence is not so critical as in the case of heavier

elements 98 (a few publications are available, see, e.g.,

Ref. 157). This is most probably due to the lack of full-

electron basis sets and difficulties with inclusion of relativ-

istic corrections in the CRYSTAL program package,143

which is most widely used in calculations of periodic

systems.158

To this end, pseudopotentials can also be used. This

approach is implemented in the VASP program package 145

and aimed to solve the problem of description of core

electrons since heavy-element atoms are abundant in core

electrons. An illustrative example is provided by a study 158

on refinement of theoretical structure factors for the hexa-

chlorobenzene crystal. To reproduce the results of high-

resolution X-ray diffraction experiment,159 the ED distri-

bution for atomic cores was quantum chemically calculated

in a specific manner. The first step involved calculations for

a crystal where positions of real atoms in the hexachloro-

benzene molecule were occupied by noble-gas atoms (He for

Period 2 elements and Ne for Period 3 elements). Then, the

structure factors thus obtained were added to the structure

factors calculated for the valence electron density. However,

subsequent multipole refinement of the structure factors

revealed artifacts in the region of chlorine nuclei (Fig. 14).

To remove them, a transition was made from static to

dynamic structure factors using expression (7) and average

Ui values from the X-ray diffraction data. Eventually, the

experimental ED distribution in the hexachlorobenzene

crystal was reproduced within 5%± 10% for topological

parameters of covalent bonds and 10 ± 15% for intermolec-

ular interactions. The discrepancies observed are system-

atic, although being within the limits of experimental error.

This method for calculations of theoretical structure

factors is not time- or labour-consuming and represents an

alternative to high-resolution X-ray diffraction studies,

especially for compounds containing atoms of elements

characterized by strong absorption of X-ray radiation

(e.g., bromine 160 or selenium 161). However, the authors 161

restricted themselves to the multipole refinement of the

structure factors calculated for valence electrons and gave

O(1)

H(3) H(2)

H(1A)

N(1)

H(1B)

H(6)H(5)

O(2)

N(2) C(1)

C(2)C(3)

C(4)

C(5) C(6)

O(1)

N(2)

a

c

b

Figure 13. DED distribution in 4-nitroaniline molecule obtained
after multipole refinement of X-ray diffraction data (a), after
multipole refinement of the theoretical structure factors (c) and
from HF/6-31G(d) quantum chemical calculations (b).156
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a brief description of the results obtained. Probably, this

technique for obtaining all-electron structure factors gives

unsatisfactory results for compounds containing atoms of

for elements of 4th and subsequent periods. Besides, this is

not a user-friendly method since it requires separate quan-

tum chemical calculations for the core and valence elec-

trons.

In spite of the development of new approaches and user-

friendly software for calculations of theoretical structure

factors, they are not widely used by researchers who work in

crystal chemistry and quantum chemistry. This is first of all

due to the fact that is it more convenient to analyze the ED

distribution obtained immediately from quantum chemical

calculations of a crystal and not waste time by performing

the multipole refinement since the choice of optimum

strategy is a rather complicated task even for high-skilled

specialists in high-resolution X-ray diffraction studies (see

above). Unfortunately, quantum chemical calculations of

crystals with large unit cell parameters are very labour-

consuming.

However, one should analyze only the ED distribution

in the molecule, e.g., if intermolecular interactions are weak

or less important from the standpoint of the problem to be

solved.73 In this case, the static structure factors can be

obtained from the wave function calculated for isolated

molecule rather than calculations of the crystal structure

using periodic boundary conditions. This option is imple-

mented in the DENPROP program package.{ The molecule

is placed in a large unit cell with user-defined parameters to

exclude the interaction with neighbouring molecules and

then the structure factors are calculated numerically or in

analytical form 138 for the specified molecular geometry

using Gaussian or Slater basis sets.

Among various examples of utilizing the molecular

structure factors of organometallic and coordination com-

pounds that form crystals with unit cell parameters and thus

are difficult for quantum chemical calculations of periodic

systems and high-resolution X-ray diffraction studies, two

should be emphasized.73, 139 A comparison of the data on

peculiar features of chemical bonding in transition-metal

complexes obtained immediately from analysis of the wave

functions of isolated molecules with the results of corre-

sponding multipole refinements revealed physically unmea-

ningful artifacts in the ED distribution (viz., interactions

that do not actually occur) 73 that are solely due to the

drawbacks of the multipole model (Fig. 15).

Molecular structure factors calculated for compounds

containing gallium 76, 77 and rare-earth element atoms 141

(here, relativistic effects should be taken into account)

were also used to evaluate the possibility to describe the

polarization of core electrons using the Hansen ±Coppens

model. For instance, the multipole refinement of high-

resolution X-ray diffraction data for a compound of mono-

valent gallium 76 resulted in a rather large maximum of the

residual ED (0.9 e) at the Ga position (Fig. 16 a). This

feature is related to neither absorption of X-ray radiation

by the sample nor anharmonicity of thermal motion of

atoms. The refinement of theoretical structure factors gave

a similar result, thus being indicative of incorrect refinement

strategy. The problem was solved using the extended Han-

sen ±Coppens multipole model 75 with refinement of the

core populations Pcore and the corresponding expansion ±

contraction parameters kcore up to the refinement of each

electron shell in the atom (method of separated core

shells).76 This enabled a much better description of the ED

distribution (Fig. 16 b) including the accumulation of

valence density in the Ga lone pair region. As in the case

of a related Ga(III) compound,77 it was of importance to

refine the all-electron structure factors rather than only the

structure factors corresponding to valence electrons as was

done in, e.g., the studies of the bromo- and selenium-

containing compounds mentioned above.160, 161

The theoretical ED distribution in the yttrium, scan-

dium and lanthanum complexes was obtained analo-

gously.141 Its analysis showed that polarization of core

electrons in the metal atom upon the formation of chemical

bonds can be revealed only using the refinement within the

framework of the model of separated core shells from

ultrahigh-resolution theoretical structure factors
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Figure 14. Residual ED distribution in hexachlorobenzene molecule obtained upon multipole refinement of static (a) and dynamic (b)
theoretical structure factors.158

{A program package for topological analysis of the ED distribution

function that is also suitable to calculate the structure factors from

analytical ED distribution function.162
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(sin y/l<1.8 �A71). However, this effect was also disclosed

and the core populations Pcore for two core shells of Ga

atom evaluated using X-ray diffraction data with a resolu-

tion of sin y/l<1.1 �A71.76

Generally, the results of the multipole refinement of

theoretical structure factors agree well with the results of

high-resolution X-ray diffraction studies. Each of the two

approaches has its own drawbacks. The former depends on

the approximation chosen, on the basis set and on whether

or not electron correlation or relativistic effects are

included. The latter is influenced by the quality and nature

of the crystal, the experimental error and thermal motion of

atoms. Quantum chemical calculations of molecular crystals

using no periodic boundary conditions are much less

computationally expensive, especially, if van der Waals

intermolecular interactions are weak; however, problems

with the description of large molecular systems, such as

biomacromolecules, still persist in this case. Nevertheless,

the possibility to calculate the molecular structure factors

gave an impetus to the development of methods that utilize

databases of theoretically calculated multipole parameters.

6. Databases of theoretical multipole parameters

Creation of databases of theoretical multipole parame-

ters 163 calculated using the transferable aspherical atom

model 119 is a logical continuation of the idea of trans-

ferability of pseudoatoms obtained in high-resolution X-ray

diffraction studies. This type of databases retain all advan-

gates of the databases of experimental multipole parameters

[first of all, ELMAM (Ref. 128) and ELMAM2 (Ref. 130)],

being free from the key drawback of the `predecessors', viz.,

the necessity to have high-resolution X-ray diffraction data

for each model compound. Since only a few small-molecule

crystals meet stringent requirements for samples for high-

resolution X-ray diffraction studies, the databases of exper-

C CO O

Ru

Ru

ba

Figure 15. Molecular graph of the Ru3(CO)12 complex obtained from the results of topological analysis of the ED distribution after
multipole refinement of the structure factors (a) and from the results of PBE0/cc-pVTZ quantum chemical calculations (b).73

The ED distribution critical points are shown as red spheres for (3,71)CP, as yellow spheres for (3,+1)CP and as green spheres for
(3,+3)CP.
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Figure 16. Residual ED Distribution near Ga+ ion obtained after multipole refinement of the structure factors using one (a) and c two (b)
expansion ± contraction parameters for core electrons.76, 77
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imental multipole parameters remain of limited use. At the

same time, the theoretical structure factors, with a user-

defined resolution, can be calculated for any isolated

molecule or for a molecule of interest in certain crystalline

environment using quantum chemistry methods (see above).

They depend to some extent on the computational

method;141 however, the multipole refinement of theoretical

structure factors gives the valence-shell and multipole

populations (Pval and Plm, respectively) as well as corre-

sponding expansion ± contraction parameters (including k0

for the hydrogen atoms that are traditionally not included

in the refinement from X-ray diffraction data 74) that are

free from experimental errors and not influenced by thermal

motion of atoms, thus being obviously advantageous over

experimental multipole parameters.

This approach is able to generate a necessary set of

pseudoatoms in the desired chemical environment (usually,

nearest neighbours 163) at reasonable time. As in the case of

the ELMAM and ELMAM2 databases, pseudoatoms are

transferred to the molecule of interest and their values

remain fixed in the refinement of positional and displace-

ment parameters from the available X-ray diffraction data

including low-resolution data (d>0.7 �A).

Strictly speaking, the ED distribution function in the

crystal obtained from such a hybrid refinement cannot be

treated as experimental. Although all functions in expres-

sion (18) describing deformation of the ED upon the

formation of chemical bonds (analysis of the ED is the

subject of high-resolution X-ray diffraction studies) are

described theoretically 72 except the populations of multi-

pole parameters, in this case they were also taken from the

results of quantum chemical calculations. However, appli-

cation of the ELMAM and ELMAM2 databases of exper-

imental multipole parameters is based on the essentially the

same normalization of the multipole parameters to the most

probable values. Using the theoretical multipole parameters

as the most probable values, one can even more extend the

range of accessible systems and thus obtain the ED distri-

bution in the corresponding crystal. Since historically the

most interest in this respect was aroused by biomacromole-

cules, successful studies of these objects using the ELMAM

and ELMAM2 databases gave an impetus to the creation of

databases of theoretical multipole parameters.164, 165 It

should be noted that the asphericity of the ED distribution

can be described using an alternative method based on

augmentation of conventional independent spherical atom

model with additional spherical scatterers placed in the

regions of chemical bonds and lone electron pairs.166 How-

ever, in this case the number of refined parameters is

considerably larger than when using the TAAM, so the

application field of the technique is limited to macromolec-

ular structure determination.

To date, two databases of theoretical multipole param-

eters are available, viz., the University at Buffalo pseudo-

atom databank (UBDB) 163 and the invariom (from `invar-

iant atoms') database.167 The key difference between

them 119 is that in the former the multipole parameters are

averaged over the results of B3LYP/6-31G(d,p) calculations

of a series of related compounds carried out using fixed

geometric parameters retrieved from the Cambridge Struc-

tural Database,168 while in the latter they were calculated

for a certain model compound upon geometry optimization

at the B3LYP/D95++(3df, 3pd) level of theory. Therefore,

only the theoretical multipole parameters from the UBDB

database take into account, although indirectly, the influ-

ence of crystalline environment by using the molecular

geometry obtained from X-ray diffraction data (note that

corresponding changes in the molecular ED distribution are

small and lie within the limits of experimental error).36 The

multipole parameters correspond to the structure factors for

the valence electron shells whose deformation is described

by the conventional multipole model in the `frozen core'

approximation. In this case, the atomic scattering factors

rapidly decrease with increasing the sin y/l ratio (see

Fig. 1), which allows one to reduce the computational

cost.163

The concept of invarioms uses all-electron structure

factors,167 probably, since there is no need to carry out

quantum chemical calculations of series of compounds for

subsequent averaging, as in the case of UBDB. Yet another

important distinction between the databases in question

concerns the way for solving the problem of electrical

neutrality of the molecule to which corresponding multipole

parameters are transferred. The excess (or deficient) charge

from invarioms is uniformly distributed over all atoms in

the molecule, just as in the ELMAM database,121 while the

method implemented in the UBDB database is more reliable

since it takes into account how accurately the atomic

charges were determined in the model compounds (similarly

to the ELMAM2, see Ref. 133). The lengths of the bonds

involving hydrogen atoms are also specified in different

manner. Correct localization of H atoms is needed to

describe, e.g., the electrostatic properties. In the UBDB

database, these bond lengths are normalized to conven-

tional neutron diffraction values by analogy with the

ELMAM and ELMAM2 databases, while in the invariom

database they are normalized to the values obtained upon

molecular geometry optimization of the model compound.

In spite of the distinctions mentioned above, both data-

bases of theoretical multipole parameters are based on

calculations of the structure factors for pseudoisolated

molecules placed in a rather large unit cell (usually, a

pseudocubic cell with an edge of 30 �A).164 First of all, they

were created to be used in biomacromolecular studies,

although in different manner. Namely, the main goal was

to evaluate the interaction energies for UBDB and to obtain

more accurate structural data for the invariom database.36

Noteworthy, there is an interplay between these goals since

reliable estimation of the properties of a system from the

ED distribution requires accurately determined atomic

coordinates and anisotropic displacement parameters of

atoms in the crystal.

Chronologically, the UBDB database 163 was created

earlier than the invariom database, probably, for some

reasons related to successful application of the ELMAM

and ELMAM2 databases to describe the electrostatic prop-

erties of biomacromolecules.127, 129 The UBDB database

includes the multipole parameters Pval and Plm up to l=4

and the corresponding expansion ± contraction parameters

k and k0 calculated for atoms of small peptide molecules

(Fig. 17). Compared to the ELMAM database, which

includes the influence of crystal packing in more explicit

form, the UBDB database gives a less accurate description

of atomic charges and the electrostatic potential distribu-

tion in the polypeptide molecules to which corresponding

multipole parameters were transferred.169 However, the

electrostatic interaction energies thus determined were in

good agreement with the results of high-level quantum
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chemical calculations 170 where they were evaluated using a

more accurate approach based on the ED distribution, viz.,

the so-called exact potential/multipole moment (EP/MM)

method.110 It was developed by the researchers who created

the UBDB database, is currently in use and involves more

accurate and time-consuming calculations of the Coulomb

interaction integral for pseudoatoms at short distances (up

to 4.5 �A) and a faster, although less accurate, evaluation of

this integral using the multipole approximation at long

distances.

The UBDB database and its extended version,

UBDB2011, combined with the EP/MM method is actively

used to study electrostatic binding of proteins and oligo(po-

ly)peptides 171 as well as DNA, RNA and related biomacro-

molecules 172 to one another and to small molecules includ-

ing drugs.164 The accuracy of evaluation of electrostatic

interaction energies using this approach (*4 kJ mol71) 173

is much better than that provided by conventional force

fields 174 whose applicability is limited because of high

computational cost of ab initio quantum chemical methods

or DFT methods for large systems.

Having collected high-resolution X-ray diffraction data

(d4 0.85 �A) for biomacromolecules (this occurs rarely), the

theoretical multipole parameters from the UBDB database

can be used as the starting point for their refinement to

obtain the ED distribution 168 similarly to the experimental

multipole parameters from the ELMAM and ELMAM2

databases. If only low-resolution data are available, the

UBDB database allows one to more accurately (compared

to the spherical atom model) describe the molecular geom-

etry and anisotropic displacement parameters of atoms,38

which are close to the results of conventional multipole

refinement or to neutron diffraction data,175 and to locate

hydrogen atoms, which is a sophisticated problem in macro-

molecular X-ray crystallography.

However, it is recommended 175 to use the UBDB data-

base and the TAAM in the studies of biomacromolecules

only if high-resolution X-ray diffraction data (d<1 �A) are

available and the proportion of disordered fragments and

solvent molecules in the crystal is relatively low. To obtain

more accurate positional and anisotropic displacement

parameters of atoms in small molecules, it is also desired

to attain a higher resolution (d4 0.65 �A); however, even if

this is impossible, the UBDB database describes the struc-

ture much more accurately than the spherical atom

model.176 As a consequence, one can, e.g., evaluate the

normal mode frequencies and thus the vibrational entropy

of the crystal 177 from the X-ray diffraction data that are

formally suitable for structure determination purposes only.

The UBDB database can be also be used to describe the

ED distribution in disordered fragments 178 that are intrinsi-

cally present in biomacromolecules. In this case reliable

evaluation of electrostatic interaction energies even for

small molecules requires tabulated values of the expansion ±

contraction parameters k0 derived from the refinement of

theoretical structure factors.74 However, the ED distribu-

tion in the crystal obtained using the UBDB database is

somewhat different from that obtained after multipole

refinement of high-resolution X-ray diffraction data.178

This discrepancy is systematic and first of all observed in

the regions near atomic nuclei. Therefore, corresponding

anisotropic displacement parameters of atoms cast some

doubt in spite of the fact that they are more accurate than

those obtained using the spherical atom model. On the

other hand, unlike the invariom database, the UBDB data-

base was initially optimized to evaluate the electrostatic

properties of biomacromolecules rather than to solve the

problem in question.

The concept of invarioms was introduced 167 following

the creation of the UBDB database. The model systems for

calculating the molecular structure factors and subsequent

determination of multipole parameters included fragments

containing only the atom of interest and its nearest neigh-

bours (and atoms bonded to them in the case of aromatic

systems),179 while other positions were occupied by hydro-

gen atoms (Fig. 18). In this case, each atom, depending on

its chemical environment (nature of atoms to which it is

covalently bonded, and type of these bonds Ð single,

double, aromatic), can be assigned a uniquely specified set

of theoretical multipole parameters called the invariom.

By analogy with the UBDB database, having transferred

corresponding invarioms and refined positional and thermal

displacement parameters of atoms in a molecule of interest

from the available X-ray diffraction data, one gets more

accurate results compared to the spherical atom model,179

especially for hydrogen atoms. Besides, such a refinement

allows one to reconstruct the ED distribution including the

dynamic ED distribution (using invarioms as the source of

a cb

H
HCa

C0
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N

Figure 17. Deformation ED distribution near the peptide bond obtained after conventional multipole refinement (a) and after transfer
from the UBDB databank (b) and the difference between a and b (c).163
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exact anisotropic displacement parameters 180 or as the

starting point for further refinement 181) in the molecule

and to assess its properties. These can be the electrostatic

potential, the dipole moment, topological parameters of

bonds and integrated parameters of atoms within the frame-

work of Bader's theory 167 that are traditionally determined

in high-resolution X-ray diffraction studies. Using invar-

ioms to determine these properties, there is no need to have

high-resolution X-ray diffraction data; however, for reliable

evaluation of anisotropic displacement parameters of atoms

including temperature-dependent ones 123 it is recom-

mended that d<1.0 �A.182

The concept of invarioms 167 is basic to the invariom

database which includes theoretical multipole parameters

Pval and Plm up to l=4 and the corresponding expansion ±

contraction parameters k and k 0 for all atoms and all types

of chemical environment (see Fig. 18) that occur in natural

amino acids.39 In addition to a more accurate molecular

structure and anisotropic displacement parameters,165 the

invariom database makes it possible to obtain the ED

distribution in protein and oligopeptide crystals within a

reasonable period of time from conventional-resolution

X-ray diffraction data only,183 although in the case of

proteins the requirements are somewhat more stringent

(d4 0.85 �A).184 The difference between the results obtained

and those of multipole refinement of high-resolution data

(d>0.4 �A) was within the limits of experimental error.

As a logical continuation of these studies the invariom

approach was used to evaluate the electrostatic properties of

macromolecules (first of all, their dipole moments and

peculiar features of the electrostatic potential distribu-

tion) 184, 185 and their binding to small drug molecules.186

It should be noted that, similarly to UBDB, the invariom

database 178 provides reasonable agreement with the exper-

imentally measured dipole moments (the results thus deter-

mined are better than those obtained from the uncon-

strained refinement of multipole parameters from X-ray

diffraction data, which traditionally leads to overestima-

tion 109). However, the TAAM is not the best choice for

higher-order moments.187 The invariom database is less

appropriate for evaluating the electrostatic interaction

energy compared to the UBDB database, which was spe-

cially designed for this purpose.119 Current research activity

in this field 188 concerns the use of invarioms to develop

transferable charges for fast calculations of electrostatic

properties of biomacromolecules instead of force fields

that require quantum chemical (even semiempirical) calcu-

lations, which is not always possible for large systems.

Main application fields of the UBDB database still

include research into biomacromolecules and evaluation of

electrostatic interaction energy.189 The latter can be done

rather accurately by combining the UBDB database and the

EP/MM method. However, the focus of studies of the ED

distribution using the invariom database rapidly shifted

towards small organic molecules.190 For instance, it was

proposed 191 to use invarioms to determine the absolute

configuration of chiral molecules containing only atoms of

light elements (C, H, N, O) that are characterized by low

intensity of anomalous scattering [see expression (3)] and to

improve the accuracy of estimation of the Flack parame-

ter,192 a key criterion for correctness of the absolute config-

uration provided that the molecule contains atoms of

heavier elements (e.g., chlorine).193 It should be noted that

simultaneous unconstrained refinement of the multipole

populations and Flack parameter is not recommended

even using high-resolution X-ray diffraction data since it

can lead to incorrect evaluation of phases in non-centro-

symmetric space groups for which the absolute configura-

tion is usually determined.191

The description of the ED distribution in crystals of

small organic molecules and biomacromolecules using the

invariom approach gave more accurate values of aniso-

tropic displacement parameters 182, 194 ± 198 compared to the

spherical atom model. The results obtained were compara-

ble with those of multipole refinement of high-resolution

X-ray diffraction data (Fig. 19). A similar situation was

also observed in the case of isotropic displacement param-

eters of hydrogen atoms,195 which are usually assumed to be

1.2- or 1.5-fold larger than those of the non-hydrogen atoms

that the H atoms are `riding' on within the framework of the

`riding model' used in X-ray crystallography.

Unlike the spherical atom model, the refinement of

isotropic displacement parameters of hydrogen atoms

using tabulated invarioms and the X7H distances taken

from the results of quantum chemical calculations of model

molecules led to satisfactory agreement with the results of
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Figure 18. Molecular structure of D,L-serine and the model compounds used to calculate corresponding invarioms.182
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neutron diffraction studies of corresponding organic com-

pounds.195 Unfortunately, this approach is unsuitable for

evaluation of anisotropic displacement parameters of

hydrogen atoms 196 since it requires highly accurate meas-

urements of reflection intensities at small angles y, which
can lead to overparameterization and unrealistic values of

anisotropic displacement parameters of H atoms character-

ized by very low scattering power. However, normalization

of these parameters to certain values taken from other

sources (including the invariom database) 197 in the refine-

ment of H-atom coordinates allows one to obtain the X7H

bond lengths that agree well with neutron diffraction data.

Research activity in this field (see above) led to the

development of a method for extracting information on the

ED distribution and derived properties of organic crystals

from normal-resolution X-ray diffraction data.199 The

method uses the ability of invarioms to accurately evaluate

the molecular geometry and the atomic displacement

parameters (by analogy with a classical study by Coppens,

who took the atomic displacement parameters from neutron

diffraction data).3 The refinement of multipole populations

using positional and anisotropic displacement parameters

fixed to the values from the invariom refinement makes it

possible to study the electrostatic potential distribution and

to evaluate the atomic charges and volumes, the dipole

moments of molecules, as well as the energies of hydrogen

bonds 200, 201 and even weak intermolecular interac-

tions 103, 202 using normal-resolution X-ray diffraction data

sets collected at room temperature or using CuKa-radia-

tion, which is unsuitable for high-resolution studies.

The accuracy of determination of the parameters

described above appeared to be comparable with that of

conventional multipole refinement of high-resolution X-ray

diffraction data. In particular, the differences between the

topological parameters of covalent bonds [ED and Lap-

lacian values at corresponding (3,71)BCPs] did not exceed

the transferability indices of the same fragment between

different molecules.203 Moreover, high-resolution X-ray

diffraction data can be distorted by errors that in some

cases are hard to identify (due to, e.g., low degree of

twinning),204 here, the invariom approach is more appro-

priate than conventional multipole refinement, which can

lead to unrealistic ED distribution in the crystal.

Recent advances in the design of powerful sources of

synchrotron radiation and new highly sensitive detectors of

X-ray radiation that allow a large set of reflection intensities

to be collected within a short period of time (a few minutes)

and the invariom database including the multipole param-

eters for various chemical environments offer great pros-

pects for screening of series of compounds.205 Using the

invariom database, one can obtain the electrostatic poten-

tial distribution for each member of the series or evaluate

the dipole moment of its molecule in the crystal;109 these

parameters are of great importance for understanding the

biological activity of pharmaceuticals.206

The difference between two ED distributions (so-called

difference ED distribution) obtained from the results of

multipole refinement of high-resolution X-ray diffraction

data and using the invariom database reveals, e.g., rota-

tional disorder of hydrogen atoms or thermal-induced

disorder influencing only H atoms (Fig. 20).207 Both of

them are difficult to disclose if no high-resolution data are

available. This is a challenge for high-resolution X-ray

diffraction studies since one can obtain unphysical ED

distribution 208 owing to correlations with thermal motion

of atoms. It should be noted that the invariom description

of the disordered fragment does not require the refinement

of additional parameters except those available in the

spherical atom model and, correspondingly, measurement

of a large set of reflection intensities in order to retain the

necessary ratio between the number of reflections and the

number of parameters.

A similar approach,209 which is also based on the

difference ED distribution, makes it possible to extract an

approximate `interaction density' from X-ray diffraction

data. The case in hand is the difference between the real

ED distribution in the crystal and the superposition of ED

of noninteracting molecules that can be described using

invarioms. Thus the `interaction density' characterizes the

influence of crystalline environment which, in particular,

manifests itself as an increase in the dipole moment of a

molecule in the crystal relative to the gas-phase value.109

However, it should be noted that the multipole model per se

does not reproduce peculiar features of the `interaction

density' in crystals.137

In spite of the advantages of the invariom database for

analysis of various geometric parameters and properties of

small molecules it was mainly used in the studies of organic

compounds; the only exception was a study of alkali metal

salts.210 The next major step was to be the transition to, e.g.,

3d metal compounds playing an important role in bioma-

cromolecules 165 and various materials. However, extension

of the invariom database to these compounds is complicated

by the fact that coordination bonds with metal ions do not
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Figure 19. PEANUT representation 198 of the root-mean-square-
displacement difference surfaces characterizing the difference
between the atomic displacement parameters obtained using invar-
ioms and the spherical atom model (a) and the multipole refinement
(b).182

700 A.A.Korlyukov, Yu.V.Nelyubina Russ. Chem. Rev., 2019, 88 (7) 677 ± 716



meet the transferability requirements for local atomic

geometry.190 This led to essential modification of the

invariom concept.211 The new, generalized invariom data-

base was used to obtain a more accurate molecular geom-

etry;190 however, the multipole parameters were eventually

refined from theoretical structure factors calculated for the

entire molecule without geometry optimization.

The full-molecular version is not versatile since it is not

based on the use of databases; however, it retains certain

advantages of the TAAM. It also implies refinement of

positional and displacement parameters of atoms in the

molecule under study using the available X-ray diffraction

data at fixed multipole populations taken from the results of

quantum chemical calculations of molecular structure fac-

tors. Application of the full-molecular version made it

possible to determine the nature of 3d metals (this is not

always possible in X-ray crystallography 211) and even to

evaluate the populations of metal ion 3d orbitals in com-

plexes 212 from normal-resolution X-ray diffraction data.

It was found that the description of only organic frag-

ments of coordination compounds using the invariom

approach is sufficient to analyze the properties of sophisti-

cated systems like metal-organic frameworks.40 The electro-

static potential distribution thus obtained can throw light

on certain peculiar features of the bonding of metal-organic

frameworks to guest molecules (Fig. 21). In this connection

mention should be made of a conceptually close but little

known `electron density building block' (BB) approach 18

which treats the ED of the entire metal-organic framework

as superposition of the EDs of isolated metal ions (con-

nectors) and organic linkers taking into account aspherical

ED distribution in the latter. The BB database includes the
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Figure 20. Methyl-2-aminoisobutyrate hydrochloride: an ORTEP representation of the molecule at 10 K (a) and the difference ED
distribution in this molecule at 100 K (b) obtained by subtracting the invariom-refined ED distribution from the ED distribution obtained
after multipole refinement of high-resolution X-ray diffraction data.207

ba

Figure 21. Electrostatic potential distribution in the metal-organic framework (a) obtained using the electron density building block
approach 18 and the binding site for piperazine guest molecules (b).
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results of the multipole refinement of theoretical structure

factors for the organic molecules used to assemble metal-

organic frameworks and spherically symmetric 3d metal

ions. Although simplified, this approach enables a rather

accurate evaluation of not only the electrostatic potential

distribution in the system, but also the energy of the

interaction with guest molecules using an original techni-

que 18 and establishment of the most probable binding sites

(Fig. 21).

Unlike the ELMAM and ELMAM2 databases of exper-

imental multipole parameters, the invariom and UBDB

databases ignore the influence of crystalline environment.

Nevertheless, they correctly reproduce the geometry and

anisotropic displacement parameters in small-molecule

crystals and biomacromolecules as well as the ED distribu-

tion and derived properties, viz., the electrostatic potential,

the dipole moment, the topological parameters of chemical

bonds and the integral parameters of atoms within the

framework of Bader's theory. Besides, the UBDB database

gives the most accurate estimates of electrostatic interaction

energy.119 Owing to ready availability of quantum chemical

calculations of small molecules used for provisioning of

theoretical databases, they offer greater prospects for stud-

ies of the ED distribution and derived properties (from

reactivity to nonlinear optical, magnetic, transport, etc.) of

not only individual compounds, but also classes of com-

pounds that are regarded as inappropriate for high-resolu-

tion X-ray diffraction studies even taking account of recent

methodological advances.

They also allow one to carry out systematic studies using

series of related compounds 35 to search for general regu-

larities and to construct prognostic models within reason-

able periods of time in contrast to quantum chemical

calculations of crystals or simply large systems. For

instance, the invariom database was used to plot the

electrostatic potential distribution on the van der Waals

surfaces of nine fluoroquinolone antibiotic molecules 213

using only X-ray diffraction data obtained from routine

experiments. This suggested that similarity of the electro-

static potential distributions and molecular dimensions

underlie the biological activity of the compounds under

study. The UBDB database was used to improve the

accuracy of determination of geometric parameters (espe-

cially for hydrogen atoms) in crystals of ten uracil deriva-

tives.214 The cohesive energies and the inter-layer bonding

energies calculated using the TAAM atomic coordinates

behave better than those computed using conventional

spherical atom model when compared with the cohesive

energies determined using the optimized geometries. In

addition, the ED distribution obtained as side product

allowed one to classify weak F_F interaction detected in

the crystal of fluorinated uracil derivative as halogen

bond 215 that contributes largely to stabilization of the

crystal packing.

However, it should be noted that the results described

above were attained either using quantum chemical meth-

ods (for uracil derivatives) or these methods can be used

instead of refinement of positional and displacement

parameters of atoms from X-ray diffraction data at fixed

values of theoretical multipole parameters (for fluoroqui-

nolones). However, these studies are scarce 35 in spite of

almost unlimited opportunities to study the ED distribution

in crystals of related compounds provided by the corre-

sponding databases (especially, the invariom database since

invarioms can be calculated for an atom in any chemical

environment).

In the future one can expect an increase in the number of

such studies using databases of multipole parameters since

these databases are convenient tools for solving particular

problems in materials science.20 For instance, a systematic

analysis of the ED distribution in crystals of a wide range of

1-alkyl-3-methylimidazolium salts was carried out for the

first time only recently using the invariom database.216

These compounds are practically important ionic liquids

that were traditionally treated as inaccessible to electron

density studies. The results obtained allowed one to for-

mulate a simple approach to the explanation for and

prediction of the melting points of 1-alkyl-3-methylimida-

zolium salts, their stability and the possibility to form a

liquid-crystalline phase.41

A distinct advantage of the invariom database used in

the charge density studies is user-friendly software and first

of all the MoleCoolQT program.217 Its features include

automated selection of necessary invarioms and generation

of input files for further refinement using the XD program

that is traditionally used in high-resolution X-ray diffrac-

tion studies. The invariom database was incorporated into

the APEX3 software 218 for Bruker diffractometers and

crystal structure solution and refinement. Practical applica-

tion of the UBDB database of multipole parameters is

somewhat complicated since the input files } for further

refinement are generated using commands given in the

command-line mode.

7. Calculations of anisotropic displacement
parameters of atoms

Obtaining reliable information on the properties of com-

pounds from experimental ED distribution `separated' from

thermal motion of atoms in the crystal is closely related to

accurate evaluation of anisotropic atomic displacement

parameters.84 For non-hydrogen atoms, they can be deter-

mined with sufficient accuracy from the multipole refine-

ment of high-resolution X-ray diffraction data, which is

often complicated by anharmonicity or diffuse scattering,9

or using the UBDB and invariom databases (see above).

However, location of hydrogen atoms and refinement of

their displacement parameters still remains the central

problem in X-ray crystallography. Even in high-resolution

studies positions of H atoms are specified by normalizing

the X7H bond lengths to the standard values obtained

from gas-phase neutron diffraction studies,81 while aniso-

tropic displacement parameters are usually evaluated by the

SHADE method 219 (the most recent version of SHADE is

implemented in the SHADE3 program.85

Within the framework of this approach, the motion of

atoms in the crystal is described by the sum of two

independent contributions corresponding to atomic vibra-

tions in the molecule (U int
ij ) and to the motion of the entire

molecule (U ext
ij ) in the mean field produced by other

molecules

U ij � U int
ij �U ext

ij (25)

} See http://harker.chem.buffalo.edu/group/databank.htm, last accessed

on January 15, 2019.
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where Uij are the components of the tensor U that describes

anisotropic thermal vibrations.

In molecular crystals, atoms form strong intramolecular

bonds, while intermolecular interactions are much weaker;

this allows one to divide atomic vibrations into high-

frequency `internal' vibrations caused by, e.g., deformation

of chemical bonds and low-frequency `external' vibrations

induced by correlated motion of molecules and simultane-

ously involving more than one unit cell. Since X-ray

diffraction studies are traditionally carried out at 100 K

and higher temperatures, it is just `external' vibrations that

make the major contribution to anisotropic displacement

parameters. Unfortunately, they are difficult to measure by

spectroscopic methods. However, for lighter hydrogen

atoms one should also take into account `internal' vibra-

tions that are almost temperature independent.

In the SHADE method the contribution of `internal'

vibrations to anisotropic displacement parameters of hydro-

gen atoms is evaluated using a database that includes the

root-mean-square amplitudes of atomic displacements in

various functional groups (e.g., in methyl or hydroxyl

groups) determined for a wide range of organic compounds

by neutron diffraction 219

U int
ij �

X
k

hu2ikek eTk (26)

where hu2i are the root-mean-square amplitudes of atomic

displacements along the direction specified by the unit

vector ek in the orthogonal frame of reference.

Evaluation of the second term in expression (25) is based

on analysis of anisotropic displacement parameters Uij of

non-hydrogen atoms using the Schomaker ± Trueblood rigid

body model 220 implemented in the THMA11 program.}

This model treats thermal motion of atoms in the crystal as

combination of several types of motion of the entire

molecule

U=TLS (27)

where U is the tensor describing anisotropic thermal vibra-

tions of atoms and T, L and S are the tensors describing

atomic translational motion, atomic librations and atomic

screw motion, respectively. Expressions for these tensors

can be found in, e.g., Ref. 222. However, only a few

molecules can be considered as `rigid'. In this case, the

problem can be solved using the segmented rigid body

model, according to which a molecule is represented by a

set of rigid fragments that rotate relative to one another.

Expression (27) is augmented with the corresponding ten-

sor. Components of each tensor are determined by the least-

squares fitting of anisotropic displacement parameters, Uij ,

of non-hydrogen atoms to the X-ray diffraction data.

In the quantum mechanical harmonic oscillator approx-

imation 223 the root-mean-square amplitudes of atomic

displacements hu2i can be used to calculate the correspond-

ing vibrational frequencies of the entire molecule 224

hu2i � h

8p2mn
coth

hn
2kBT

(28)

Here m is the reduced mass of the harmonic oscillator and n
is the oscillation frequency. Taking into account the fact

that the oscillation frequency and the atomic displacement

amplitude are inversely related, the contribution of low-

frequency `external' vibrations to anisotropic atomic dis-

placement parameters will dominate with increasing tem-

perature. These frequencies can be used to evaluate the

vibrational entropy of the crystal 177 provided that high-

resolution X-ray diffraction data are available:

STLS�T� � R
X
i

�
hni
kBT

�
exp

�
hni
kBT

�
ÿ 1

�ÿ1
ÿ (29)

ÿ ln

�
1ÿ exp

�
ÿ hni
kBT

���
where ni is the frequency of the ith harmonic oscillator.

Unfortunately, most molecules (especially, conforma-

tionally flexible molecules containing atoms of third- and

later-period elements) execute low-frequency, large-ampli-

tude anharmonic vibrations. In this case it is impossible to

calculate the S tensor (or its trace, see Ref. 222) even if the

T and L tensors are known. The trace of the matrix S can be

calculated from X-ray diffraction data using an

approach 225, 226 which allows one to determine the temper-

ature-dependent and temperature independent contribu-

tions, the frequencies of the corresponding `external' low-

frequency and `internal' high-frequency vibrations and even

to evaluate the thermodynamic parameters of the crystal,

e.g., the specific heat at constant volume,227 from changes in

the multiple-temperature anisotropic atomic displacement

parameters. A drawback of this approach consists in the

need to carry out multiple-temperature X-ray diffraction

studies.

An alternative route is to use quantum chemically

calculated anisotropic displacement parameters since they

also give information on correlated motion of atoms in the

crystal; at low temperatures, this motion can be treated as

harmonic. The potential energy of a harmonic oscillator is

proportional to its displacement from the equilibrium

position

E � E0 �
1

2

X
ij

fijrij (30)

where E0 is the vibrational energy at the equilibrium point

(zero-point vibrational energy) and fij and rij are the force

constants and corresponding coordinates, respectively. The

force constants are obtained by differentiating energy with

respect to atomic displacements. This procedure underlies

all conventional algorithms for vibrational frequency calcu-

lations.

The atomic displacement parameters for organic mole-

cules were for the first time obtained 228 from the molecular

mechanics calculations. At present, this can be done using

hybrid approaches that combine molecular mechanics with

ab initio quantum chemical calculations.197, 229 Examples

are provided by the ONIOM method { where the central

molecule in the cluster is described within the framework of

the DFT while the surrounding molecules are described by a

}Abbreviation for `thermal motion analysis', a program for analyzing

anisotropic displacement parameters of atoms.221
{Abbreviation for `our N-layered integrated molecular orbital and

molecular mechanics'.230
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force field 230 and by the methods based on the DFT

calculations with periodic boundary conditions 231 ± 237 that

directly take into account the influence of crystal packing.

This is a default feature of the CRYSTAL09 program 143

and its more recent versions [e.g., CRYSTAL14 (Ref. 238)]

that use Gaussian basis sets. As to software for plane-wave

quantum chemical calculations of crystals, this possibility is

implemented in, e.g., the PHONOPY program.{ In partic-

ular, the anisotropic atomic displacement parameters for

crystals of organic compounds of different `rigidity' (urea,

urotropin, L-alanine and benzene) were obtained 237 from

normal vibrational frequencies calculated using the

CRYSTAL09 program and different functional/basis set

combinations.

In classical physics the energy of normal vibrational

mode is function of the wave vector q

Ej(q)= hoj(q)

�
1

2
�
�
exp

hoj�q�
kBT

ÿ 1

�ÿ1�
(31)

where o j (q) is the normal mode frequency. The matrix of

root-mean-square displacements of the kth atom in the

crystal composed of N unit cells containing n atoms each

is given by the sum of contributions from all 3nN normal

vibrational modes

Batom(k)=
1

Nmk

X
i q

Ej�q�
o2

j �q�
e�kji q��e��kjj q��T (32)

where mk is the mass of the kth atom and e��kjj q� is the unit
vector corresponding to the kth component of the eigenvec-

tor e(jq) and normal mode j along the wave vector q. In the

coordinate system of the unit cell the Batom(k) matrix

corresponds to the tensor U describing anisotropic thermal

vibrations of atoms in routine X-ray diffraction experi-

ments. Since `external' vibrations in molecular crystals

(generally, so-called phonon spectrum) are anisotropic

(phonon dispersion), quantum chemical calculations should

be carried out for a set of q-points of the reciprocal space to

properly describe the first Brillouin zone. The q-point set

depends on the space group of the crystal. In addition, the

authors of Ref. 237 used the supercell approach where the

supercell included several unit cells; this allows one to carry

out calculations at the corresponding number of q-points.

The anisotropic atomic displacement parameters

obtained from calculations with optimization of atomic

coordinates at fixed unit cell parameters 237 were in reason-

able agreement with the results of neutron diffraction

studies even at T4150 K. Irrespective of the functional

and basis set used [the B3LYP/6-31G(d,p) combination was

optimum from the standpoint of accuracy and computa-

tional cost] 237 the contributions of `internal' vibrations

were consistent with experimental data. Agreement for the

contributions of `external' vibrations was much worse due

to anharmonicity 240 and known drawbacks of the present-

day exchange-correlation functionals in the description of

weak intermolecular interactions. An attempt to change the

situation by applying an empirical correction failed.237

As a result, hybrid approaches are widely used at

present. The contributions of `internal' vibrations are

obtained from quantum chemical calculations of crys-

tals,85, 241, 242 molecular cluster 243 (to take account of the

crystal field effect) or even isolated molecules from the

invariom database.244 The contributions of `external' vibra-

tions are determined from the TLS-refinement of X-ray

diffraction data containing information on lattice vibra-

tions. Separation of the two types of vibrations is based on

the recommendations,223 according to which for `rigid'

crystals containing Z independent molecules in the unit

cell, a total of 66Z lowest-frequency vibrations (usually,

their frequencies are lower than 200 cm71) correspond to

vibrations of the entire molecules, viz., three translational

vibrations and three rotations about the centre of mass. It is

this approach that is implemented in the SHADE3 (Ref. 85)

and APD-Toolkit (Ref. 244) programs to evaluate aniso-

tropic displacement parameters of hydrogen atoms from

X-ray diffraction data and quantum chemical calculations

of crystals or isolated model molecules from the invariom

database. Using the vibrational frequencies thus obtained,

conventional-resolution X-ray diffraction data and the

databases of multipole parameters,241 one can determine

the vibrational entropy of the crystal,177 which is necessary,

e.g., to analyze the thermodynamic stability of poly-

morphs.242

An obvious disadvantage of the hybrid approaches for

estimation of anisotropic atomic displacement parameters

and thermodynamic properties of crystals is the separation

of vibrations into `internal' high-frequency and `external'

low-frequency ones. However, except a few true `rigid'

molecules (e.g., benzene), vibrations in crystals are coupled

and therefore it is impossible to unambiguously select

vibrations necessary for quantum chemical calculations of

crystals and those needed for TLS-fit of X-ray diffraction

data.

The authors of the normal mode refinement (NoMoRe)

method 245 implemented in the same-name program rejected

the separation but retained referencing against experimental

data. The method is based on the refinement of the normal

mode frequencies oj obtained from DFT calculations of

crystals from the available X-ray diffraction or neutron

diffraction 245 data. It was proposed to carry out single-

point calculations at the G point of the Brillouin zone in

order to significantly decrease the computing time and to

enable calculations of crystals with large unit cells. In this

case, the matrix of root-mean-square atomic displacements

is given by

Batom(k)=
1

Nmk

X
j

Ej

o2
j

e�kjj��e��kj j��T (33)

where

Ej � hoj

�
1

2
�
�
exp

hoj

kBT
ÿ 1

�ÿ1�
(34)

At the G point, the calculated vibrational frequencies

corresponding to translational motion of molecules in the

crystal are equal to zero. Prior to refinement they were

assigned an initial value of 50 cm71, which is close to the

frequencies in real (e.g., naphthalene) crystals.246, 247

Similarly to routine X-ray diffraction studies, the

refined parameters include atomic coordinates and possibly,

{Abbreviation for combination `phonon and Python' Ð a program for

calculating phonon spectra of crystals and related physicochemical

properties written in Python programming language.239
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atomic site occupancies for disordered fragments or, e.g.,

the extinction coefficient. However, refinement of aniso-

tropic displacement parameters is replaced by the least-

squares refinement of the scale factors for a certain set of

frequencies oj to minimize the weighted R-factor, wR2. The

scale factors can be refined for all possible normal vibra-

tions, but usually, it is sufficient to include only a relatively

small number of vibrations that make the major contribu-

tion to anisotropic displacement parameters. These are

vibrations with frequencies lower than 150 cm71 (Refs 246

and 247); however, the addition of certain higher-frequency

vibrations with frequencies of up to 500 cm71 improves

agreement with the experiment. These vibrations are chosen

based on the contribution of each vibration to the aniso-

tropic atomic displacement parameters rather than subjec-

tive opinion of a researcher.245 In addition, refinement of

the overall scale factor for other vibrations in this frequency

range significantly decreases the number of refined param-

eters compared to the number of measured reflections. It

should be noted that fixed values of the normal mode

coordinates e(kj j ) in expression (33) can introduce system-

atic errors observed in the ED distribution near atomic

positions;245, 248 however, the influence of diffuse scattering

should also not be excluded.9

This method for normal mode refinement was tested for

urea,245 naphthalene, L-alanine and xylitol.248 The inclusion

of the anisotropic atomic displacement parameters thus

determined in subsequent refinement of the model from

X-ray diffraction data (including high-resolution data) in all

cases led to larger R-factor values; however, the results of

neutron diffraction studies were reproduced with reason-

able accuracy. In particular, agreement with experimental

data attained for hydrogen atoms was even better than after

quantum chemical calculations for the entire first Brillouin

zone,237 SHADE3 computations 85 or ONIOM calculations

with TLS-fit (ONIOM+TLS).243 The normal vibrational

frequencies refined against X-ray diffraction data can also

be used to determine thermodynamic properties of crystals.

For instance, the heat capacity at constant pressure 248

calculated for naphthalene for the temperature range

0 ± 250 K differs from the results of thermochemical meas-

urements by less than 0.5 kcal (mol K)71, as in the case of

analysis of multi-temperature data (see above).227

Among the methods for calculations of anisotropic

atomic displacement parameters and thermochemical prop-

erties of crystals described above, the NoMoRe approach

seems to be the most promising. It includes the contribu-

tions of all possible vibrations irrespective of their nature

(`external' or `internal') in explicit form and partially

eliminates the drawbacks of the DFT in the description of

weak intermolecular interactions owing to refinement of

low-frequency vibrations against X-ray diffraction data.

However, quantum chemical calculations of crystals make

the method time-consuming and the computational cost of

the technique can further increase if quantum chemical

calculations for the entire Brillouin zone are needed. The

current version of the NoMoRe method is inapplicable to

disordered systems, being, however, suitable for studies of

multicomponent crystals in contrast to TLS-analysis or

analysis of multi-temperature anisotropic displacement

parameters.225

Nevertheless, the possibility to calculate anisotropic

displacement parameters, especially for hydrogen atoms, is

of great importance for high-resolution charge-density

studies. In particular, this gave an impetus to the develop-

ment of methods based on the density functional calcula-

tions of molecular crystals.237, 245 Unfortunately, these

methods are labourious and thus of limited use. The

ONIOM calculations of a molecular cluster 229 are charac-

terized by lower computational cost and shorter computing

time; however, the influence of crystal packing is included

by introducing a scale factor, which leads to systematic

errors (however, these errors are rather small at very low

temperatures of 10 ± 20 K).

Besides, the inclusion of calculated anisotropic atomic

displacement parameters 229, 237, 245, 248 (except those of

hydrogen atoms) 85 in the refinement of X-ray diffraction

data (by analogy with the databases of multipole parame-

ters described above) still did not lead to improvement of

the ED model even when compared to routine X-ray

diffraction data.

8. The Hirshfeld atom refinement

To solve this problem, an approach termed the Hirshfeld

atom refinement (HAR) } was proposed.249 It allows one to

determine coordinates and anisotropic displacement param-

eters of all atoms including H atoms 250 in routine X-ray

diffraction experiment with an accuracy comparable with

that of neutron diffraction studies.251 The approach is based

on partitioning the space of the molecule into atomic

regions called the stockholder partitioning procedure.252

This is a logical development of the ideas of Politzer and

Harris,253 who treated the molecule as superposition of

noninteracting atoms (promolecule model 91 or the inde-

pendent atom model in X-ray crystallography) and assigned

each atom to a spatial region whose charge is the same as

the charge of the free atom. The main drawback of such a

partition scheme is the use of hypothetical planes separating

atoms from one another, which makes it applicable to linear

molecules only.254 Hirshfeld assumed 252 that `like partners

in a stockholders' corporation, each atom thus partakes of

the local gain or loss in direct proportion to its share in the

capital investment'. Mathematically, this means that the

contribution of an atom to the observed ED distribution in

the molecule at any point (rmol) is proportional to its

contribution to the ED distribution in the promolecule

(rpro) at the same point

ri(r)=wi(r)rmol(r) (35)

where the weighting function wi(r), which takes values in the

interval from 0 to 1 (for isolated atom), characterizes the

relative contribution of the ith atom at the point r

wi�r� �
r0i �r�
rpro�r� (36)

The electron density of the promolecule is the superposition

of EDs of noninteracting spherically symmetric atoms in the

ground state (r0
i ), placed in the same positions as in the real

molecule,

} Strictly speaking, this is `structure refinement based on the Hirshfeld

atom model'. For brevity, from this point on we will use the three-word

term indicated in the title of Section 8.
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rpro(r)=
X
i

r0i �r� (37)

Using the stockholder scheme (or Hirshfeld partition),

for any experimental or theoretical ED distribution in

arbitrary complex molecules one can unambiguously select

overlapping atomic domains ri called Hirshfeld atoms 249

characterizing the asphericity of atoms (Fig. 22) due to the

formation of chemical bonds. It is possible to evaluate the

charge, multipole moments, the electrostatic potential and

the intermolecular interaction energy for each Hirshfeld

atom.252

The stockholder scheme also underlies an analysis of

Hirshfeld surfaces (not to be confused with Hirshfeld

atoms!) implemented in the CrystalExplorer program.255

This is a convenient tool for `visualization' of intermolecu-

lar interactions using X-ray diffraction data. Within the

framework of this approach a molecule in a crystal is

confined by a surface such that in the enclosed region the

molecule contribution to the ED distribution of the crystal

exceeds that of the crystalline environment,256 i.e.,

wi (r)5 0.5. The weighting function wi (r) is the ratio of the

ED of the promolecule formed by noninteracting spheri-

cally symmetric atoms [see expression (36)] to the super-

position of atomic EDs for the entire crystal (procrystal)

wi(r)=
rpromol�r�
rprocryst�r�

�
P
i2mol

r0i �r�P
i2cryst

r0i �r�
(38)

The Hirshfeld surface thus defined characterizes not

only the molecular geometry,257 but also the intermolecular

interactions the molecule is involved in owing to `mapping'

of various parameters on this surface (first of all, distances

to the nearest atom inside and outside the molecule).

Interestingly, the notion of atomic Hirshfeld surface was

introduced more recently 258 to analyze non-molecular crys-

tals (e.g., minerals 259). As an example, Fig. 23 presents the

atomic Hirshfeld surfaces for lead atom.260

In the method proposed much more recently 249 the

Hirshfeld atoms [ri (r) in expression (35)] are used to

calculate the aspherical atomic scattering factors that are

included in the refinement of positional and anisotropic

atomic displacement parameters against the available X-ray

diffraction data (that is why `the Hirshfeld atom refine-

ment'). The corresponding molecular distribution rmol(r) is

determined from quantum chemical calculations of a mol-

ecule whose geometry matches its geometry in the crystal

using, e.g., the atomic coordinates obtained in routine

X-ray diffraction experiment using the spherical atom

model as the initial approximation.

Within the framework of this approach the ED distri-

bution in the unit cell of a crystal is treated as the sum of

Hirshfeld atoms. They can be combined with the probability

density function to locate the atom at a certain point by

deconvolution (*), which gives the expression for the `ther-

mally smeared' Hirshfeld atom

hrii � r�i P (39)

The Fourier transforms of these functions h fii represent
`thermally smeared' aspherical atomic scattering factors

that are used to obtain the structure factors [see expression

(3)]. The structure factors (F C
i ) are calculated as products of

the scale factor s and the function Xi (x,jFij), which includes

the influence of extinction and depends on the empirical

parameter x,

F C
i � sXi�x; jFij�jFij (40)

where the structure factor Fi is related to the `thermally

smeared' ED distribution of the unit cell <rcell> through

the Fourier transform [see expression (4)]. Since `thermally

smeared' atomic scattering factors <fi> only depend on

the atomic coordinates and atomic displacement parame-

Figure 22. Electron density isosurfaces (r=0.08 e �A73) of boron
in diborane B2H6 calculated using the independent atom model
(left) and obtained after Hirshfeld atom refinement (right).250

a

b

Figure 23. Hirshfeld atomic surface of lead in complexes with
[B20H18]27 (a) and 2,2 0-bipyridine (b).260

706 A.A.Korlyukov, Yu.V.Nelyubina Russ. Chem. Rev., 2019, 88 (7) 677 ± 716



ters, the corresponding ED distribution in the unit cell can

be expressed through these quantities taking into account

the scale factor and extinction correction.

If the atomic coordinates change only slightly upon

subsequent refinement against X-ray diffraction data, it is

assumed that the functions ri(r) remain almost unchanged

and therefore it is sufficient to calculate the Hirshfeld atoms

once for the starting geometry. This is the `rigid' Hirshfeld

atom model used in the initial version of this approach.249

More recently, an iterative procedure was proposed, which

involves successive cycles of quantum chemical calculations

of the molecule under study, calculations of the scattering

factors for the Hirshfeld atoms in the molecule and the

least-squares refinement of their positional and anisotropic

displacement parameters.251 The minimizing parameter is

the difference w2, which depends on the theoretical structure

factors calculated using the Hirshfeld atom model (F C
i ) and

on the experimental structure factors (F exp
i ) taking into

account their standard deviations (s), the number of reflec-

tions (Nr) and the number of refined parameters (Np)

w2 � 1

Nr ÿNp

X
i

�F C
i ÿ F exp

i �
s2i

(41)

At present, this type of Hirshfeld atom refinement is

implemented only in the TONTO program,} which is

available as either original software or part of the OLEX2

program package.262 Although the `fitting' of atomic coor-

dinates and anisotropic atomic displacement parameters

takes the same time as routine structure refinement, quan-

tum chemical calculations of the molecule and atomic

scattering factors for Hirshfeld atoms are labour-consum-

ing; therefore, Hirshfeld atom refinement is now available

only for small organic and inorganic molecules.250 The

TONTO program } allows one to carry out these calcula-

tions in different approximations;261 however, Hirshfeld

atom refinement is at present performed only using the

Hartree ± Fock method and a few most widely used DFT

functionals.249 There is a wide range of available basis sets

(at least for atoms of Period 1 ± 3 elements). For organic

compounds it is recommended to use the BLYP functional

and the cc-pVTZ basis set 251 because calculations with

larger basis sets (e.g., cc-pVQZ) do not significantly

improve the results.251 Since quantum chemical calculations

of molecules are carried out in the Cartesian coordinate

system rather than fractional coordinates as in X-ray

crystallography, the positional and atomic displacement

parameters are refined in the same system which excludes

the influence of errors in determination of the unit cell

parameters.251

A significant drawback of Hirshfeld atom refinement

associated with quantum chemical calculations of the

molecular ED is not the best method for taking account of

the crystal field effect 251 implemented in the TONTO

program. To this end, the molecule is surrounded by a

cluster of point charges equal to the charges of correspond-

ing Hirshfeld atoms and atomic dipoles placed at positions

occupied by atoms of the neighbouring molecules in the

crystal. The cluster size is a user-defined parameter,

although there is a trend towards increasing the cluster

radius from 5 �A in the earlier studies 249 to 15 �A in more

recent ones.137 This procedure is iterative and follows the

ED calculations for the molecule in each cycle of the

refinement. Usually, the charges of Hirshfeld atoms are

somewhat smaller than those obtained using other ED

partitioning schemes.263 Nevertheless, the quality of the

structure model is significantly improved,264 especially if

strong intermolecular interactions occur in the crys-

tal.137, 249 To obtain the best results, it is recommended to

carry out quantum chemical calculations of molecules in the

cluster approximation using the BLYP functional that

includes the electron correlation effects.249

Molecular nature of the ED distribution used in calcu-

lations of aspherical atomic scattering factors based on the

Hirshfeld partitioning makes the Hirshfeld atom refinement

for crystals with more than one independent molecule in the

unit cell not a trivial task. At present, the only way to solve

this problem is to calculate a molecular cluster rather than a

single molecule (generally, to calculate the unique part of

the unit cell 265 of even the entire crystal 266) surrounded by

point charges. Of course, this is accompanied by propor-

tional increase in the computational cost which can be to

some extent reduced by using a smaller basis set, e.g.,

def2-SVP, as implemented in the OLEX2 program pack-

age,267 without significant loss of quality for compounds

where no strong intermolecular interactions occur.

Unfortunately, the problem of description of disorder

frequently occurring in molecular crystals is still to be

solved.

In spite of these drawbacks, the Hirshfeld atom refine-

ment proved itself as the approach for accurate determina-

tion of atomic coordinates and anisotropic displacement

parameters for Period 1 ± 4 elements 250 (anharmonic

description of thermal motion of these atoms will be

available in the nearest future 267) from X-ray diffraction

data collected in routine experiments 267 similarly to the

independent atom model. The ED distribution obtained as

`side product' is in essence equivalent to the static ED

determined from the multipole refinement; however, it can

be described using functions similar to the basis set ones.

Consequently, this distribution appears to be potentially

more convenient for subsequent analysis using the

AIMALL software package.{ However, unlike the multi-

pole refinement of high-resolution X-ray diffraction data,

the Hirshfeld atom refinement eliminates the drawbacks of

X-ray diffraction technique due to the nature of X-rays

scattered by electrons rather than atomic nuclei. This leads

to a well-known problem of underestimation of the length

of bonds involving hydrogen atoms and incorrect evalua-

tion of corresponding H-atom displacement parameters

(correct description of these parameters is necessary to

determine and predict the properties of com-

pounds).81, 84, 109

If Hirshfeld atom refinement is performed using theo-

retical aspherical atomic scattering factors for a particular

molecule rather than databases of multipole parameters, the

X7H bond lengths in organic compounds characterized by

both weak intermolecular interaction (e.g., benzene) 249 and

strong hydrogen bonds (e.g., L-phenylalaninium hydrogen

}TONTO is a powerful computational chemistry package for quantum

chemical calculations of the wave functions and various physical proper-

ties of crystals.261
{A software package for topological analysis of analytical ED distribu-

tion function.268
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maleate) 265 almost match the X7H bond lengths from

neutron diffraction data. Quantum chemical calculations

of molecules surrounded by point charges using the

recommended computational method and basis set

(BLYP/cc-pVTZ) can lead to differences smaller than

0.01 �A.251 The lengths of the bonds involving bridging

hydrogen atoms or H atoms located near metal ions can

be evaluated analogously,250 although the Hirshfeld atom

refinement for transition metal complexes and heavy-ele-

ment compounds is not recommended (in the latter case,

due to relativistic effects).267

The accuracy in determination of anisotropic H-atom

displacement parameters upon Hirshfeld atom refinement is

often comparable with the accuracy in their determination

by neutron diffraction [e.g., within 0.006 �A2 (Ref. 251)]. In

some cases anisotropic H-atom displacement parameters

were determined from X-ray diffraction data collected

using CuKa-radiation.196 However, the corresponding ther-

mal ellipsoids (Fig. 24) were too prolate or too oblate

compared to the ellipsoids obtained by combining the

SHADE method 85 with the multipole model or TAAM,265

which preclude unconstrained refinement of H-atom posi-

tions. A possible way to solve the problem 197 is to use

anisotropic displacement parameters of hydrogen atoms

calculated using the invariom database and TLS-analysis

of X-ray diffraction data. Fortunately, this problem con-

cerns only 5% of conventional-resolution data sets.250

Neutron diffraction studies still remain the most reliable

source of information on the lengths of bonds involving

hydrogen atoms and the anisotropic H-atom displacement

parameters.265 However, the Hirshfeld atom refinement is

at present the best method to extract this information from

more readily available X-ray diffraction data.269 Besides,

the Hirshfeld atom refinement allows one to solve the

scaling factor problem 270 associated with the use of aniso-

tropic H-atom displacement parameters determined from

neutron diffraction data.

The main application field of Hirshfeld atom refinement

is the determination of coordinates and anisotropic dis-

placement parameters of all atoms in the crystal. In addi-

tion, the corresponding ED distribution can quite correctly

reproduce the ED obtained from the multipole refinement

of high-resolution X-ray diffraction data.264 The observed

differences between topological parameters (usually, to

within 3s) are associated with insufficient `flexibility' of

the multipole model. In some cases the ED model obtained

after Hirshfeld atom refinement describes the observed

diffraction pattern as well as or even better than the

approaches based on the multipole model (including uncon-

strained refinement of multipole parameters and the use of

databases of multipole parameters).264, 267

In spite of the drawbacks mentioned above the Hirshfeld

atom refinement is a useful tool for the emerging quantum

crystallography.271 It almost does not require user inter-

vention, which still to a great extent specifies the procedure

and influences the results of multipole refinement of high-

resolution X-ray diffraction data. Convenient implementa-

tion of Hirshfeld atom refinement in the widely used

OLEX2 program package 267 makes it candidate for being

a conventional tool for routine X-ray diffraction analysis

and, probably, put competitive pressure on the multipole

model in the studies of the ED distribution. Besides, the

atomic coordinates thus determined are ideally suited 264, 272

for X-ray constrained wave function fit (XCW).273 A

HAR+XCW combination is called X-ray constrained

wave function refinement (XWR).

9. X-Ray constrained wave function refinement

The method proposed by Jaayatilaka and Grimwood 273

and implemented in the TONTO program 261 is based on the

concept of X-ray constrained wave function or density

matrix.274 Experimental data can be collected using any

physicochemical methods and their combinations [e.g.,

polarized neutron diffraction 275 or Compton (inelastic)

scattering];276 however, single-crystal X-ray diffraction is

most often used since it is readily available and related to

the ED distribution. The advantage of such a hybrid

approach over high-resolution X-ray diffraction studies is

the possibility to determine those physicochemical proper-

ties of crystals (e.g., optical properties) that require know-

ledge of the wave function rather than the ED distribution

only. However, unlike quantum chemical calculations of

crystals,37 the X-ray constrained wave function refinement

(XWR) method takes into account the effects of thermal

motion of atoms and other peculiar features of real crys-

tals.274

The first attempts to extract the wave function from

experimental data date back to the mid-1960s,277 ± 280 how-

ever, the principles of the XWR method were reported in a

series of pioneering studies by Clinton et al.,281 ± 285 who

developed a semiempirical method for extracting the density

matrices from theoretical ED distribution. Subsequent

improvements of the technique allowed one to use quantum

ba

O
C H

N N

Figure 24. Structure of L-phenylalaninium hydrogen maleate molecule obtained after multipole refinement using the atomic displacement
parameters of H evaluated by the SHADE (a) and after Hirshfeld atom refinement (b).265
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chemically calculated structure factors 286 and the structure

factors measured for beryllium crystal.287 Aleksandrov et

al.288 determined the density matrix from X-ray diffraction

data for diamond and silicon. The main drawback of these

and related approaches is the impossibility to choose the

one and only wave function that reproduces the ED

distribution from X-ray diffraction data.289 A possible way

to solve this problems was the assumption that this wave

function should simultaneously minimize the energy of the

system.290, 291

A logical development of this idea is the implementation

of the XWR method.273, 292 ± 294 Within the framework of

this approach a crystal is composed of identical noninter-

acting fragments, each fragment being described by the

wave function jCji. In this case the wave function of the

crystal is given by

jCi �
Y
j

jCji (42)

The ED function, rcell, of the unit cell containing Nf frag-

ments can be expressed as the sum of their electron densities

(rj) related to r0, the ED function of the unique part of the

unit cell, by the symmetry operations Rj .

rcell(r) =
XNf

j�1
rj�r� �

XNf

j�1
r0

rÿ r j

Rj

(43)

In the single-determinant approximation, the wave

function corresponding to this density, jC0i, is obtained by

minimizing the functional J�Cj�

J�C0� � E0�C0� � li
ÿ
w2�C0� ÿ D

�
(44)

Here the first term is the total energy of the system,

which is obtained from quantum chemical (e.g., Hartree ±

Fock) calculations, while the second term specifies the

agreement between the experimental and theoretically cal-

culated structure factors (for notations, see below).

Thus, the functional (44) can be represented by a

Lagrangian (L) which depends on the Lagrange multiplier

(li) associated with the experimental constraints and on the

number of unconstrained variables (c) and factors associ-

ated with orbital orthogonality (e),

L�li; c; e� � E�c; e� ÿ li�w2 ÿ D� (45)

where E is the total energy of the system, c are molecular-

orbital coefficients in the molecular orbitals as linear

combination of atomic orbitals (MO LCAO) approxima-

tion, D is the desired error (it is usually chosen to be 1.0 or

one standard deviation 274), and w2 is the measure of

statistical agreement between the theoretical and experi-

mental structure factors

w2 � 1

Nr ÿNp

X
h

�sjF calc
h j ÿ jF exp

h j�2
s2h

(46)

In this expression, Nr is the number of measured reflections

included in X-ray wave function refinement and Np is the

number of refined parameters (e.g., one Lagrange multiplier

li).
Theoretical structure factors F calc

h are calculated with

inclusion of correction for thermal motion of atoms; this

quantity is difficult to calculate by quantum chemistry

methods but can be evaluated using the anisotropic dis-

placement parameters obtained from X-ray diffraction

experiments.295 ± 297 Minimization of functional (44) gives

the wave function jC0i in analytical form (a set of MOs with

corresponding coefficients and energies) which also mini-

mizes the energy of the system E0 [or E(c, e) in expression

(45)] in the Hartree ± Fock calculations and reproduces the

experimentally measured structure factors with the desired

accuracy. It should be noted that the corresponding energy

E0 is always higher than the energy obtained from uncon-

strained quantum chemical calculations.274

To date, the XWR method with inclusion of crystal field

effects 298 was successfully used in studies of beryllium,292

ammonia,294 urea 299 and other organic crystals.300 This

made it possible to analyze the bond orders and the electron

localizability indicator (ELI) function,300, 301 to evaluate the

dipole moments and polarizability of molecules in crystals,

as well as the refractive indices of molecular crys-

tals.298, 302, 303 There properties cannot be reliably deter-

mined only from the experimental ED distribution obtained

upon multipole refinement of high-resolution X-ray diffrac-

tion data.304

The most interesting example of application of the XWR

technique is the description of open-shell systems.305 Within

the framework of unrestricted Hartree ± Fock method it

allows one to obtain the experimental spin density distribu-

tion (earlier, this was possible only using less available

polarized neutron diffraction method) 275 and to include

relativistic effects (e.g., within the framework of the DKH2

approach {).306 The latter is of particular importance for the

description of the ED in crystals of compounds containing

heavy-element atoms abundant in core electrons. Besides,

when using various post-Hartree ± Fock methods (e.g., the

coupled cluster approach) the XWR method also includes

the electron correlation effects.307 Recently attempts to

overcome the limitations of the single-determinant approx-

imation have been undertaken.308

Various localization techniques 309 ± 311 that can be

applied to the XWR wave function eliminate the main

drawback of the XWR approach, viz., full delocalization

of the MOs in the molecule and difficulties in the interpre-

tation of the corresponding ED distribution.274 Among

them, an approach 312 based on the extremely localized

molecular orbitals (ELMO) 313 seems to be the most appro-

priate. The ELMOs are specified prior to carrying out

quantum chemical calculations of structure factors, they

are strictly localized on small fragments such as atoms,

chemical bonds or functional groups (Fig. 25) and can

therefore be transferred from one molecule to another 314

(by analogy with the databases of experimental or theoret-

ical multipole parameters, see above) provided that both

contain equivalent chemical fragments. The ELMO can also

be used to obtain the XWR wave functions for the closed-

shell systems 274 if no high-quality X-ray diffraction data are

available and quantum chemical calculations are too

labour-consuming (these are, e.g., biomacromolecules

repeatedly mentioned above).315

{DKH is a method for calculating the relativistic correction to the total

energy of a molecule or crystal (Douglas ±Kroll ±Hess scalar relativistic

Hamiltonian).
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Like databases of multipole parameters,39, 128, 163 the

ELMO database includes, first of all, MOs localized on

the chemical bonds and functional groups from twenty

amino acids and proteins formed from them (see

Fig. 25).315 From practical considerations, the database

was constructed using the wave functions calculated for

isolated molecules in small STO-4G basis sets. To obtain

better convergence, is it recommended to use larger basis

sets [e.g., 6-311G++(2d,2p) 274]. Nevertheless, utilization

of different types of ELMO from this database made

possible a very accurate (the similarity index comparing

the ED values at each point 316 was at least 99.2) reproduc-

tion of the ED distribution corresponding to the total wave

function for different polypeptides and a small model

protein containing 56 amino acid residues.315 The wave

function calculations for this protein using the ELMO

database took one hour vs. one week for conventional

calculations.

An improved version of the ELMO database 317 includes

the model molecules for the ELMO calculations in the

6-311+G(2d,2p) basis set chosen taking into account the

nearest functional groups and represents a good alternative

to the databases of experimental (ELMAM2 and SBFA)

and theoretical (invariom database and UBDB) multipole

parameters when obtaining the ED distribution and per-

forming structure refinement of biomacromolecules from

X-ray diffraction data. In particular, the ED values at the

(3,71)BCP obtained for the crystal of polypeptide

Tyr-Gly-Gly-Phe-Leu upon transfer of results correspond-

ing multipole parameters from the ELMO, ELMAM2 and

UBDB databases 318 differed by less than 6%. A compar-

ison of the results of Hartree ± Fock and DFT (with the

B3LYP functional) calculations of this polypeptide revealed

a similar difference.317 The ELMO excellently described the

ED distribution in the region of intermolecular hydrogen

bonds in the polypeptide crystal but overestimated the

charges of the polypeptide fragments.318 Attempts to solve

this problem were undertaken earlier.319, 320

The major drawback of the ELMO approach is non-

orthogonality of the ELMO. This precludes obtaining the

ED distribution in the entire molecule of interest by

summation of the pre-calculated ED distributions for

molecular fragments 315 in contrast to the approach using

databases of multipole parameters. In the latter case, the

existence of a local coordinate system 121 allows one to

specify the same local axes for each pseudoatom in different

molecules in advance, whereas the ELMO database requires

that rotation and translation operations be done 321 to

minimize the shape differences between the fragment of

the model compound and the molecule of interest.315 At the

same time, the ELMO approach provides not only the ED

distribution, but also the wave function of the crystal and

thus significantly extends the range of physicochemical

properties of compounds that can be determined from

X-ray diffraction data including conventional-resolution

data.

10. Conclusion

To date, high-resolution X-ray diffraction studies that make

it possible to elucidate the ED distribution in small-mole-

cule crystals firmly established themselves in modern chem-

ical science.6 The advances made in the field are to a great

extent supported by the results of quantum chemical calcu-

lations that are traditionally used to confirm the reliability

of structural information concerning chemical bonds and

properties of compounds. Recently, hybrid approaches

involving refinement of experimentally measured structure

factors using quantum chemistry methods have been uti-

lized (they were considered in detail in this review). This

made it possible to extend the range of objects under study

to complex systems (polypeptides, metal-organic frame-

works, inclusion compounds, etc.) that are thought to be

unsuitable for high-resolution X-ray diffraction studies even

taking into account recent technological advances in the

field of high-brilliance X-ray radiation sources, sensitive

detectors, etc.

In this review we have shown that quantum chemical

calculations can serve a source of the multipole parame-

ters 172, 190 or atomic displacement parameters 245, 249 that

are independent of the nature and quality of crystalline

samples (low scattering power, strong absorption, twinning,

etc.) and not influenced by experimental errors (diffuse

X-ray scattering or permeation of low-energy photons

through focusing multilayer optics). At the same time,

refinement against X-ray diffraction data allows one to

account for the effects observed in real crystals (e.g., trans-

lational vibrations ignored by calculations at the point

G ) 245 or to partially compensate the drawbacks of the

DFT in the description of weak intermolecular interactions

responsible for the existence of molecular crystals and many

properties of these systems.

The choice of optimum combination from the stand-

point of computing time, total computational cost and

accuracy of the expected results depends on the problem to

be solved. In particular, the Hirshfeld atom refinement 249 is

the most reliable method for the determination of aniso-

tropic H-atom displacement parameters that cannot be

obtained in routine X-ray diffraction experiment owing to

low scattering power of these atoms. A faster method to

reach the goal is to go to anisotropic displacement param-

eters calculated using the invariom database and TLS-

analysis of X-ray diffraction data.197

Hybrid methods combining quantum chemical calcula-

tions and X-ray diffraction data deserve particular attention

since in this case one can extract information that is difficult

or impossible to obtain using only one method. For

Figure 25. Extremely localized molecular orbitals of thyrosine. The
ELMO describing the hydroxyl, phenyl and methylene groups are
given in blue, red and yellow, respectively.315
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instance, refinement of normal vibrations 245 allows one to

determine the vibrational entropy and other thermody-

namic properties of a crystal from the results of a single

X-ray diffraction experiment, while the XWR approach 272

makes it possible to study those properties of compounds

(e.g., optical properties) that require the total wave func-

tion. To solve many problems, there is no need to carry out

complicated calculations that require specialists with high

skills in quantum chemistry. For instance, the Hirshfeld

atom refinement 249 is implemented in the popular OLEX2

program package in user-friendly form.

The UBDB database of theoretical multipole parame-

ters,172 the invariom database 190 or the ELMO database,317

which provide the ED distribution and even thermodynamic

properties (or other only-wave-function-derived properties)

of crystals from conventional-resolution X-ray diffraction

data that are mainly used only for structure determination,

offer great prospects for researchers. Making them an

integral part of X-ray diffraction studies will help to extend

them to new classes (e.g., biomacromolecules since their

quantum chemical calculations are still unreasonably

expensive) or series of related compounds,35 which is a

necessary condition for revealing common regularities and

using them in the design of novel materials.

The potential of hybrid methods is far from being

exhausted. One can assume that progress in this field will

lead to transformation of X-ray crystallography into a

branch of `quantum crystallography' 322 that goes far

beyond high-resolution X-ray diffraction studies when ana-

lyzing chemical bonding in crystals of different chemical

nature (from elements to DNA) and various properties

(thermochemical, optical, magnetic, transport etc.). In the

future one can also expect that the hybrid approaches will

be used in studies of partially ordered systems and even

solutions based on the structural or thermochemical infor-

mation provided by spectroscopic methods.
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