
The following abbreviations are used in the review:

Ast is the constant of potential,

as is the radius of nanosphere,

ad is the radius of nanocylinder,

ac is the radius of nanorod,

c is the number density of body,

d is the thickness of nanocylinder,

Ê is the stress tensor,

er and ej are the orts of cylindrical coordinates,

F is the force of interaction of two solid bodies,

g(R) is the radial distribution function,

G(R) is the total correlation function,

H is the distance between surfaces,

k is the Boltzmann constant,

L is the length of nanorod,

p̂; pN; pT are the pressure tensor and its normal and

tangential components,

prr; pzz; pjj; prz; prj; pzj are the pressure tensor compo-

nents in cylindrical coordinates,

pa is the pressure in bulk phase a,
Rij is the distance between i and j molecules,

S is the structure factor,

T is the absolute temperature,

U is the energy of interaction of two solid bodies,

V is the volume of body,

X(R) is the direct correlation function,

W12 is the potential of mean force,

Gs is the adsorption of component s,

e is the line energy,

Z is the point tension,

y is the dihedral angle of the slit or the cone,

Y is the shape factor,

k is the line tension,

ms is the chemical potential of component s,

P is the disjoining pressure,

r(1) is the one-particle distribution function,

r�2��r1; r2� is the two-particle distribution function,

rfng is the distribution function of the set of n mole-

cules,

s is the surface tension,

Fst is the intermolecular potential,

w is the isothermal compressibility.
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The 21st century was marked by a new outbreak of interest in dispersion forces in nanoscale systems. However, now the

consideration is conducted at a different level. Whereas earlier the main object of study was infinite plane-parallel films, now

it is a question of calculations for systems of a more complex configuration with non-parallel and finite surfaces of various

shapes. On the other hand, it is not the average interaction force that is estimated, but the detailed mechanical state of the

interacting bodies, for which statistical mechanics and the Irving ±Kirkwood stress tensor are involved. This review

summarizes the theoretical studies of plane-parallel, but finite-area films, wedge-shaped films, systems with spherical,

cylindrical, and conical surfaces. Particular consideration is given to interactions involving nanoparticles. Spheroidal

particles, rod-like and disc-shaped particles are analyzed. The shape factor of the interaction of particles with a flat surface is

estimated. The calculation of the contribution of dispersion forces to surface, line and point tension is explained. Among the

latest news is the calculation (brought to numbers) of the contribution of dispersion forces to the graphene point energy.
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1. Introduction: dispersion forces in surface and
colloid science

The history of dispersion forces started with publishing

London's theory 1, 2 that resulted in the pair potential of

molecular attraction in a vacuum. We write it here in the

form

Fst�Rij� � ÿAstR
ÿ6
ij (1)

where Rij is the distance between molecules i and j, and s

and t are the sorts of molecules i and j, respectively.

Equation (1) is a strict asymptotic relationship, and dis-

tance R is implied to be large as compared with molecular

dimensions. However, on passing to especially large distan-

ces, the effect of electromagnetic retardation yields another

asymptotics (with the exponent decreased by one):

Fst�R� � ÿA0stRÿ7 (2)

as it was stated by Casimir and Polder.3 The contribution of

this form of dispersion interaction in practical calculations

is typically small and seldom taken into account. It is of

note that the pair potential form presented by Eqn (1) is

also inherent in the interaction of rotating and induced

dipoles. For this reason, Eqn (1) is often more generally

qualified as relating to the London ± van der Waals forces.

Possessing a pair potential provokes calculating the

interaction between bodies by means of the pairwise sum-

mation. Dealing with Eqn (1), Hamaker 4 considered the

interaction between two spheres, between a sphere and a

semi-infinite solid with a flat surface, and between two flat-

parallel surfaces. The computational scheme was the follow-

ing. The first step was the summation of the pair potential

for interacting bodies 1 and 2 as the integration over their

volumes V1 and V2. This yielded the interaction energy

U � c1c2

�
V1

dV1

�
V2

dV2F12 (3)

where ci is the molecular number density for body i

(i=1, 2). The second step was the differentiation of

Eqn (3) with respect to the body separation H to yield the

interaction force F. The most famous Hamaker's result is

the interaction force (per unit surface area S) for two flat-

parallel surfaces (with a correction in sign because Hamaker

wrote plus instead of minus)

P � F

S
� ÿ pc1c2A12

6H3
: ÿ C

H3
(4)

and the constant C: pc1c2A12=6 is now called Hamaker's

constant. Hamaker's results were repeatedly replicated later

in the literature, but we do not include such works in our

review.

Derjaguin 5 named the quantity P `disjoining pressure'

and defined it generally as

P � pÿ pa (5)

where p is the pressure at the surface of an interacting body

and pa is the pressure in the bulk of phase a, which is a fluid

surrounding medium where the body interaction occurs

�pa � 0 and p<0 in the case of vacuum). The concept of

disjoining pressure (5) played an important role in the

theory of thin films 6 ± 8 and, especially, in the theory of

stability of lyophobic colloid systems first formulated by

Derjaguin and Landau 9 on the basis of the joint action of

dispersion and electrostatic forces.

Returning to the procedure of pairwise summation, it

was questioned as not sufficiently strict 7 and not account-

ing for multi-body interactions, which is especially impor-

tant when interaction occurs through a condensed

medium.10 As a consequence, a novel non-microscopic

approach was elaborated by Lifshitz.11 His main idea was

considering the interaction between condensed bodies as

tensions associated with the quantum and thermal fluctua-

tions of the electromagnetic field in the medium. Lifshitz'

theory expresses interaction forces via the electrodynamic

characteristic of matter, its complex dielectric permittivity.

Such a macroscopic approach was a comprehensive alter-

native to the microscopic theory dealing with a pair poten-

tial. In course of its further development,12 the macroscopic

theory soon became dominant in the literature on disper-

sion forces.7, 10, 13

On the other hand, the failure of the microscopic theory

of dispersion forces turned to be only temporary. Its further

existence and improvement was due to the following fac-

tors. First, it was shown that accounting for multi-body

forces is asymptotically reduced to the renormalization of

the pair potential constant Ast in Eqn (1).14, 15 As a result,

an effective pair potential was constructed whose depend-

ence on R at large R is the same as in Eqn (1) with the only

difference that the interaction constant value should be

changed. Similarly to the ordinary pair potential, the

effective pair potential can be used for calculating statisti-

cally average quantities.16 The second factor was the devel-

opment of statistical mechanics (the apparatus of

distribution functions, functional expansions, diagram tech-

nique, etc.),17 ± 26 especially in connection with the pair

potential expressed in Eqn (1). In fact, the famous Bogoliu-

bov ± Born ±Green ±Kirkwood ±Yvon hierarchy of statisti-

cal mechanics already relates distribution functions to pair

potentials. In addition, the condition of weakening correla-

tions was formulated in connection with Eqn (1).

For example, the two-particle distribution function

r�2��r1; r2� asymptotically behaves as 23

r�2��r1; r2� � r�1��r1�r�1��r2� �
kTA12

R6

qr�1��r1�
qm

qr�1��r2�
qm

(6)

where r�1� is the one-particle distribution function and m is

chemical potential. Eqn (6) is written in the most general

form when the presence of external fields is not excluded. In

the absence of external fields, r�1� can be replaced by the

molecular number density c. Then, using the thermody-

namic relationship qc=qm � c2w (w is the isothermal com-

pressibility), Eqn (6) (with Ast � A for a one-component

system) becomes

r�2��r1; r2� � c2 � kTAc4w2

R6
(7)

It is seen from Eqn (7) that replacing the two-particle

distribution function by the density square becomes possi-

ble at a large distance R and at a small compressibility w for

condensed matter and especially for solids. This result was

also obtained as 21
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g�R�* 1� AS 2

kTR6
(8)

G�R�* AS 2

kTR6
(8a)

X�R�* A

kTR6
(8b)

where g(R) is the radial distribution function, G(R) is the

total correlation function, X(R) is the direct correlation

function, and S is the structure factor with a thermody-

namic relationship S � kTcw . The total and direct correla-

tion functions are related to each other as (the

Ornstein ± Zernike equation for a homogeneous phase).

G�R� � X�R� � c

�
dr3X� r1 ÿ r3j j�G� r2 ÿ r3j j� (9)

If one- and two-particle distribution functions and the

molecular pair potential are known, statistical mechanics

makes it possible to calculate the stress tensor as an

indicator of the interaction force. The computational

scheme was elaborated by Irving and Kirkwood 27 and

yields the following expression for the stress tensor Ê at a

point r:

Ê�r� � ÿkT
X
s

r�1�s �r� 1̂� (10)

� 1

2

X
s;t

�
R6R

R
F0st�R�dR

�1
0

r�2�st �rÿ ZR; rÿ ZR� R�dZ

Equation (10) includes two terms. The first term is a

kinetic part of the tensor where the probability of finding

any molecule of sort s at the point r is given by the one-

particle distribution function r�1�s as the local density of

molecules of sort s, and 1̂ is the unit tensor. The second term

is a force part where R is the vector connecting two

interacting particles with separation R between them and

passing through point r; F0st�R� is the derivative of potential
Fst�R� (i.e. the force of interaction between particles of sorts

s and t); r�2�st �rÿ ZR; rÿ ZR� R� is the two-particle distri-

bution function corresponding to the simultaneous location

of any molecule of sort s at point rÿ ZR and any molecule

of sort t at point rÿ ZR� R on the opposite sides from a

unit surface with coordinate r (that is controlled by an

additional variable Z). The integration with respect to R is

performed over the whole space. The Irving ±Kirkwood

tensor accounts only for those molecular pairs whose

connecting lines intersect the elementary unit area with

coordinate r (which splits R into fractions Z and 17Z). It
is of note that, in principle, the definition of a local stress

tensor is not unique, and there can be alternative definitions

with respect to Eqn (8). As a good example, it is appropriate

to recall the stress tensor with which Buff operated 28, 29

(also called Harasima's tensor in the literature 30, 31). How-

ever, in contrast with the Harasima ± Buff tensor, the

Irving ±Kirkwood stress tensor satisfies the mechanical

equilibrium condition (written here in the absence of an

external field).

H � Ê�r� � 0 (11)

In this way, the Irving ±Kirkwood stress tensor confirms

its physical significance. On going to fluid structures, the

stress tensor is usually replaced by the pressure tensor,

p̂�r�;which differs from the stress tensor only in sign.

Comparing now the macroscopic and microscopic var-

iants of the theory of dispersion forces, we can say that the

latter is more suitable for more detailed description of

physicochemical systems with dispersion forces. Micro-

scopic theory makes possible calculating not only the total

force of interaction between two bodies, but also the

strength distribution over the body surface. This is espe-

cially important for nanoscience. Numerous results of

macroscopic theory concerning dispersion forces in surface

and colloid science were exhaustively reviewed in a number

of monographs.7, 10, 13 However, these monographs only a

little concerned contemporary results of the microscopic

theory, not to speak about results of subsequent time. The

purpose of this survey is to fill this gap.

The problem of interaction of bodies in a fluid medium

requires the knowledge of properties of the fluid as a

conductor of interaction. This is why the statistical mechan-

ics of fluids plays a significant role in the microscopic

theory of interaction of bodies. What immediately happens

at, say, the solid/fluid contact is the formation of a fluid

surface layer at a nanoscale thickness (a certain reconstruc-

tion of a solid also occurs near the surface). So it was not

surprising that an expansive series of papers was devoted to

the statistical-mechanical studying of surface layers (we only

refer to those related to dispersion forces 32 ± 40). The main

analysis tool was the functional expansions for distribution

functions in combination with the condition of weakening

correlations of type of Eqn (8) and a pair potential of type

of Eqn (1). Explicit relationships were derived to describe

the asymptotic behaviour of the one-particle distribution

function (the local particle concentration), the two-particle

distribution function, the local composition of a mixture,

and the local pressure tensor (on the basis of the Irving±

Kirkwood stress tensor) in a surface layer. In addition, the

case of a thin fluid film between two interacting bodies

(where two surface layers act simultaneously) was analyzed

with calculating the disjoining pressure.36, 41 ± 43

This large series of works was covered in the interna-

tional review of that time.44 But soon a new universal and

powerful interaction research method was developed, espe-

cially applicable to dispersion forces. It entered the liter-

ature under the title `The asymptotic principle of the

interaction of bodies in a liquid medium'.45 ± 47 Since in

essence we mean a fluid (liquid or gaseous) medium, this

principle can be formulated in the words as follows: Two

bodies in a fluid medium interact at a large distance so as the

bodies (including adjacent fluid surface layers) interact in a

vacuum provided their local densities are measured from the

density of the fluid medium. The corresponding mathemat-

ical notation of the principle is 45

W12 � ÿ
X
s

�
V 0

1

dr1Drs�r1jfn1g�
X
t

�
V 0

2

dr2Drt�r2jfn2g�Astr
ÿl
12 (12)

where W12 is the potential of mean force of interaction of

bodies 1 (consisting of the set of molecules fn1g) and 2

(the set of molecules fn2g�;Drs�r1jfn1g or Drs�r2jfn2g� is the
local excess of the number density of molecules of sort s in

the presence of body 1 or body 2, respectively, V 01 andV 02
are the volumes of bodies 1 and including their surface

layers. Eqn (12) contains a generalized form of potentials

(1) and (2) as
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F�i; j � � ÿAstr
ÿl
ij (13)

In Eqn (13), Ast and l form a pair of constants for both

cases (l=6 without retardation and l=7 with retarda-

tion). The arguments i and j include molecular sorts, s and t,

and also the 1 coordinates i and j (in particular, the radius-

vectors ri and rj of molecular centres of mass) of molecules i

and j, rij : ri ÿ rj
�� �� being the distance between the molecules.

Finally, it should be noted that the sizes of molecular

complexes can be anything from one molecule to macro-

scopic bodies. This creates a huge range of application of

the asymptotic principle. Already in the original works,

such problems were analyzed as the interaction of any two

molecular complexes, small compared with the distance

between them; the molecular structure of the surface layer

far from the boundary surface; interaction of two semi-

infinite bodies with plane-parallel surfaces; interaction of

two spherical bodies; interaction of a spherical body with a

flat surface.46, 47 Some of these problems have already been

considered by Hamaker, 4 but the asymptotic principle gives

much more general results.

It should be noted that the asymptotic principle is not an

approximation, but the exact result of statistical mechanics.

Its rigorous proof was given on the basis of the diagram

technique.45 If we talk about its limitations, then, since the

principle is asymptotic, it refers to a large distance. The

second limitation relates to the type of force. A strict

conclusion was given only for dispersion and dipole ± dipole

forces.

With all its consequences, the asymptotic principle over-

laps the results of individual functional expansions when

finding distribution functions. On the other hand, the

principle describes the interaction of bodies as a whole and

can be supplemented by other methods if more detailed

information is required. Most often, the role of such an

additional method belongs to the Irving ±Kirkwood stress

tensor, which describes the local mechanical state of a

system. The usefulness of such a combination was demon-

strated when considering the local properties of curved

surfaces. Since these results were not included in broad

reviews 48, 49 and were published only in the proceedings of a

conference,50 we reproduce here the most interesting of

them relating to slightly curved surfaces of an arbitrary

curvature

2

a�
� 1

ax
� 1

ay
(14)

where a� is the mean curvature radius, ax and ay are the

principal curvature radii along directions x and y on the

surface. It is implied that a�j44 hj , where h is the distance

from the boundary surface between phases a (a fluid

medium) and b (say, a solid adsorbent). In its turn, h is

assumed to be much larger than molecular dimensions.

With the aid of the asymptotic principle, the dependence

of the local distribution functions rfng on h in a multi-

component surface layer with dispersion forces is found in

the form

rfng � rafng � 2p
�lÿ 2��lÿ 3� h

ÿl�3 6 (15)

6 1� �lÿ 3�h
�lÿ 4�a�

� �X
s;t

Ast

qrafng
qms

�rbt ÿ rat ��

� 2p
lÿ 2

hÿl�2
X
s;t

Ast

qrafng
qms

Gt

where m is chemical potential and G is adsorption. Next,

using (13), the local Irving ±Kirkwood pressure tensor is

calculated. Obviously, the tensor has a diagonal form in the

set of curvilinear coordinates with the origin at the obser-

vation point, with the z axis perpendicular to the boundary

surface of the adsorbent and the x and y axes along the

principal directions on the surface. The resulting expres-

sions for the components of the pressure tensor are 50

pN : pzz � pa � 2p

�lÿ 2�2�lÿ 4� h
ÿl�3 6 (16)

6
h

ax
� h

ay
� 3h2

2a2x
� 3h2

2a2y
� h2

axay

 !X
s;t

Astr
a
s �rbt ÿ rat ��

� 2p

�lÿ 2�2 hÿl�2
h

ax
� h

ay

� �X
s;t

Astr
a
sGt

pT1 : pxx � pa � 2p

�lÿ 2�2 h
ÿl�3 6 (17)

6 1� �lÿ 5�h
2�lÿ 4�ax

� �lÿ 3�h
2�lÿ 4�ay

� �X
s;t

Astr
a
s �rbt ÿ rat ��

� 2p�lÿ 3�
�lÿ 2�2 hÿl�2

X
s;t

Astr
a
sGt

pT2 : pyy � pa � 2p

�lÿ 2�2 h
ÿl�3 6 (18)

6 1� �lÿ 3�h
2�lÿ 4�ax

� �lÿ 5�h
2�lÿ 4�ay

� �X
s;t

Astr
a
s �rbt ÿ rat ��

� 2p�lÿ 3�
�lÿ 2�2 hÿl�2

X
s;t

Astr
a
sGt

where pN : pzz; pT1 : pxx and pT2 : pyy are the normal

pressure and two tangential pressures. The correctness of

Eqns (16) ± (18) is confirmed by the fact that they satisfy the

mechanical equilibrium condition, Eqn (11), which, in this

case, takes the form

ÿ 1

�ax ÿ h��ay ÿ h�
d

dh
�ax ÿ h��ay ÿ h�pN
� � � pxx

ax ÿ h
� pyy

ay ÿ h
(19)

It is of note that Eqn (19) itself facilitated finding true

correcting terms in Eqn (16).50 Considering strongly curved

surfaces, the interest shifts to the central part of the cavity

in a body (say, in a pore inside an adsorbent). The cases of

the spherically 47, 50 and cylindrically 50 ± 52 symmetrical sys-

tems were analyzed comprehensively.

The combination of the asymptotic principle with the

Irving ±Kirkwood pressure tensor is often found in modern

works, which are reviewed below. The material was dis-

tributed as follows. In Section II, we proceed to consider

the interaction of bodies whose configuration differs from

the classical version of bodies with infinite parallel surfaces.

Both empty wedge-shaped slits and those filled with fluid

are considered. For small wedge angles, the effect of devia-

tions from a parallel film on the components of the pressure

tensor is estimated. Section III is devoted to the analysis of

a conical cavity inside a solid filled with a fluid. The
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contributions of the angular dependence for the normal and

tangential components of the pressure tensor near the axis

of the cone are estimated. Since the surfaces of a wedge-

shaped slit become infinite when passing to the zero wedge

angle, the case of a bounded plane-parallel slit is considered

separately in Section IV. The dependence of the compo-

nents of the pressure tensor on the distance to the end of the

slit is found. Section V deals with nanoparticle interactions.

This is the case when interacting bodies are separated by a

slit with limited dimensions in all directions. The interac-

tions of nanoparticles of various shapes (globular, rod-

shaped and lamellar), but of the same volume and nature,

with a macroscopic solid are compared. Section VI deals

with issues related to the calculation of the contribution of

dispersion forces to surface, line, and point energy. The

calculation of the line tension at the curved edge of a

molecular solid is given. Turning to two-dimensional struc-

tures, the calculation of line and point tensions and energies

is discussed. For graphene, estimates are given to numeric

values. Finally, Section VII contains concluding remarks.

Two problems are discussed here: the possibility of replac-

ing the summation by integration in calculations for crys-

talline solids and the need for a series of quantum chemical

calculations to determine the local properties of solid

particles in modern nanoscience.

2. Interaction of nonparallel flat surfaces.
A wedge-shaped slit

Most of the calculations using the Irving ±Kirkwood stress

tensor refer to infinite flat-parallel surfaces. Gradually

proceeding to nanoparticles, we must reduce the dimensions

in all directions. The first step is the transition from infinite

to semi-infinite surfaces. Nonparallel surfaces are evident to

form the widest class of such surfaces because they always

intersect and thus become semi-infinite. So we begin with

considering the interaction between non-parallel surfaces of

various shapes and then return to flat-parallel surfaces.

The most popular example of a wedge-shaped slit is a

solid crack whose thermodynamics was reviewed in detail.53

Because of this connection, the question of forces acting in a

wedge-shaped slit was of particular practical importance

and multiply discussed in the literature, for example, for

solvation forces.54 ± 57 In addition, the effect of surface

roughness of the slit walls was simulated 58 to estimate the

average pressure tensor in a film inside the slit. However,

the investigation considered only parallel (on the average)

slit walls and did not touch upon the case of a wedge-shaped

film. The latter case was analyzed soon 8, 59 ± 62 with formu-

lating the mechanical equilibrium conditions for a non-

uniform film. For a long time, only integral effects were

concerned in the literature, until a detailed analysis of local

properties of a wedge-shaped film was performed.63 ± 68 Of

this series of papers, only the first one 63 managed to be

mentioned in the review on cracks.53 Now we present the

problem in full.

2.1. Interaction through an empty wedge-shaped slit
We depict a wedge-shaped slit as a dihedral angle y with the

z-axis at the apex of the angle and flat endless faces. The

cylindrical coordinates z, r, and j with orts er and ej
(Fig. 1, the z-axis is perpendicular to the figure plane)

seem to be most convenient for describing local character-

istics in such a system. Here we consider a simple sym-

metrical case when both slit walls are identical as it happens,

for example, in a solid crack.63, 64

Accounting for the symmetry condition in the cylindri-

cal coordinates, the structure of the pressure tensor in a

wedge-shaped slit is of the form

p̂ �
prr prj 0
pjr pjj 0
0 0 pzz

0@ 1A (20)

and the mechanical equilibrium condition following from

Eqn (11) becomes

qprr
qr
� prr � pjj

r
� 1

r

qprj
qj
� 0 (21)

1

r

qpjj
qj
� 2prj

r
� qprj

qr
� 0 (22)

qpzz
qz
� 0 (23)

To give a complete description of the mechanical state of

the slit, the problem consists of calculating all pressure

tensor components as functions of the spatial coordinates

and of the value of angle y.
Since the slit is assumed to be empty, the first term on

the right-hand side of Eqn (10) disappears. We also include

two following simplifications: (i) the consideration is

restricted to the case with non-retarded dispersion forces

Eqn (1); (ii) the interacting bodies are assumed to be solids

with constant molecular number densities cs, which makes it

possible to set r�2�st � r�1�s r�1�t � csct. Then, passing to the

pressure tensor and using cylindrical coordinates, Eqn (10)

takes the form

p̂�r� � ÿ 15pA
8

�j2

j1

djk̂�j�
�?
~h1

dr1

�?
~h2

dr2
1

�r1 � r2�5
(24)

where

A:
X
s;t

Astcsct (24a)

~h1 :
h1

sin�jÿ y1�
(24b)

~h2 :
h2

sin�j� y2�
(24c)

y2
y1

r0

h1

h2

0 er

ej

Figure 1. The profile of a wedge-shaped slit with the calculation
point at the origin 0 of the cylindrical coordinates, y1+ y2= y is
the dihedral angle of the slit.63
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and tensor k̂�j� has components

krr�j� � cos2 j (25)

kjj�f� � sin2 j (25a)

krj�j� � sinj cosj (25b)

kzz�j� �
1

5
(25c)

After integration by r1 and r2, the pressure tensor in

Eqn (24) can be represented as

p̂�r0; y1; y2� � ÿ
5pA

32r30 sin
3 y

Î�y1; y2� (26)

where

Î�y1; y2� �
�pÿy2
y1

k̂�j� sin
3�jÿ y1� sin3�j� y2�

sin3 j
dj (27)

The integrals in Eqn (27) are easy to take. However, the

resultant expressions are too bulky to be given here. In

accordance with Eqn (25) ± (25c), the diagonal components

of the pressure tensor satisfy the condition

pjj � prr � 5pzz (28)

In addition, Eqns (26) and (27) satisfy the conditions of

mechanical equilibrium, Eqns (21) ± (23). Taking into

account the explicit dependence on r0 for our case of a

wedge-shaped slit, Eqns (21) and (22) can be written as

qprj
qj
� 2prr � pjj (29)

qpjj
qj
� prj (30)

When applying these formulas to the pressure tensor, the

equalities should be used q=qj � q=qy2 � ÿq=qy1.
At given angles, distance r0 in Eqn (26) is proportional

to the transverse slit size. This allows us to reformulate the

results in the usual terms of the theory of films. We

introduce the notion of the local width H of a wedge-shaped

slit (analogous of the film thickness) as the length of the

segment (between the slit walls) of a straight line perpen-

dicular to the bisector of the dihedral angle and passing

through the calculation point r�r0; y1� (Fig. 2).
Geometry sets the relationship

r0 sin y � H
cos2�y=2�

cos�y=2ÿ y1�
(31)

Putting Eqn (31) transforms Eqn (27) as

p̂�H; y1; y2� � ÿ
5Ap cos3�y=2ÿ y1�
32H3 cos6�y=2� Î�y1; y2� (32)

Now it can be seen from Eqn (32) that the inverse cubic

dependence on the transverse size, which is typical of thin

films, is also valid for a wedge-shaped slit.

We now consider in more detail the dependence of the

pressure tensor on the slit angle y. Herewith, one can either

fix the distance to the edge of the slit or the local width H

(see Fig. 2). Of these two ways of varying the angle y, the
first method is inconvenient in the region of small angles

due to the apparent divergence of the factor sin73 y. The
second method allows us to eliminate the divergence at

y=0. It is of note that distance changes with y at a fixed

local width. Throughout the rest of the range of change of y,
the first method with a constant r0 is most suitable for

analyzing the angular dependence of the pressure tensor

because of the correct asymptotic behaviour of the pressure

tensor at y?p. Using Eqn (31), the pressure tensor can be

written as

p̂�H; y; y1� � ÿ
5pA
32H 3

F̂ �y; y1� (33)

where

F̂�y; y1�:
cos3�y=2ÿ y1�

cos6�y=2� Î�y; y1� (34)

On the other side, we rewrite Eqn (32) in the form

p̂�r0; y1; y2� � ÿ
5pA
32r30

Ĵ�y; y1� (35)

where

Ĵ:
Î

sin3 y
(36)

So, with accuracy up to a constant factor, the depend-

ence of the pressure tensor on the angle will be described by

functions F̂ at constant H or functions Ĵ at constant r0. The

equations obtained have a number of consequences. The

expressions for the diagonal components are symmetric

with respect to the dependence on angles y1 and y2. Since
they are functions of two arguments, we will consider their

dependence on y at fixed values of y1 for the sake of

simplicity. Then the expressions for the integrals become

functions of a single variable y and are greatly simplified.

The diagonal components attain an extreme value at the

plane passing through the bisector of angle y where

y1= y/2. All components of tensors F̂ and Ĵ decrease with

a growth in y. This means a decrease of the absolute values

of the pressure tensor components. Thus, the pressure

tensor components, remaining negative, take minimum

absolute values in the middle of the wedge-shaped slit.

y/2

y1
r0

H

Figure 2. To the definition of the local width H of a wedge-shaped
slit: the horizontal line is the bisector of the dihedral slit angle.63

842 A.I.Rusanov, E.N.Brodskaya Russ. Chem. Rev., 2019, 88 (8) 837 ± 874



The foregoing refers to the position of the calculation

point on the bisector. Another interesting and practically

important case is the position of the calculation point on the

slit wall. For the sake of definiteness, we set y1= 0. The

components of tensor Î�y� become

Ijj�y� �
16

15
cos6

y
2

(37)

Izz�y� �
4

5
cos4

y
2

1ÿ 2

3
cos2

y
2

� �
(38)

Irj�y� �
1

5
sin y�1� cos y�2 (39)

The components of tensors F̂�y�, Eqn (34), and Ĵ�y�,
Eqn (36), are shown in Fig. 3. In this case, the off-diagonal

component of the pressure tensor appears too. To obtain

the values of the components of the pressure tensor itself,

the functions Fkl (y) must be multiplied by ÿ�5pA=32�Hÿ3,
and the functions Jkl�y� by ÿ�5pA=32�rÿ30 . From Fig. 3, it

can be seen that the absolute value of only the normal

component of the pressure tensor on the wall decreases with

increasing the slit angle over the entire range of its change

(see Fig. 3). The absolute values of the tangential compo-

nents, on the contrary, first increase with increasing angle

and reach a maximum in the region of y% p=2, although the

change in the normal (zz) component is rather small. The

off-diagonal component also tends to a maximum at

y% 708. In the region of large values of the angle (see

Fig. 3 b), the diagonal components tend to zero, and the

normal pressure decreases most rapidly to zero (see Fig. 3 b,

curve 1).

Generally, at a fixed local width, the normal pressure

pN : pzz slightly changes within the angle range from 0 to

208 and then decreases almost linearly. Both tangential

components are several times smaller than the normal one,

almost coinciding with each other at y<208. Then compo-

nent prr decreases faster than pjj . At a given distance to the

z-axis, the components of the pressure tensor change more

dramatically and already approach zero at 908.
In the limit y? 0, a wedge-shaped slit turns into a plane-

parallel one, in which only the normal and tangential

components of the pressure tensor become nonzero. Here-

with, r0 sin y tends to h1 � h2 where hi is the distance

between the calculation point and the ith slit wall (see

Fig. 1). Considering the deviation from parallelism as a

small value �hi=r0 55 1�; we write down the expressions for

the pressure tensor components with retaining only the first

terms of the expansion in this ratio:

pjj � ÿ
pA
6H3

1ÿ 3

4

h21 � h22 � 3h1h2
r20

 !
(40)

prr � ÿ
pA
24H3

1� 3
h21 � h22 ÿ 9h1h2=2

r20

 !
(41)

pzz � ÿ
pA
24H3

1ÿ 9h1h2
2r20

� �
(42)

prj �
pA
8H3

h1 ÿ h2
r0

1ÿ 3h21 � 3h22 ÿ h1h2
r20

 !
(43)

Checking Eqns (40) ± (43) for compatibility with the

mechanical equilibrium conditions shows the above limiting

values of the components of the pressure tensor to satisfy

Eqns (29) and (30).

It can be seen that the deviation from the parallelism of

the slit walls, first, weakens their mutual dispersive attrac-

tion, since the multiplier in the parentheses in Eqn (40) is

less than one. Second, the wedge-shaped slit leads to

asymmetry in the tangential components. In the cross

section of the wedge-shaped slit, the absolute values of the

tangential components prr and pzz can be both larger and

smaller as compared with the values in a flat-parallel slit of

the same width, depending on the position in the slit. So, on

a bisector, these quantities decrease with an increase in the

angle, and on the wall they exhibit a non-monotonic

angular dependence, which is especially evident for prr.

And, finally, a bright consequence of the non-parallelism

of the walls is the occurrence of a radially directed force

applied to the surface of the slit �pjr�: By virtue of the

condition of mechanical equilibrium, this leads to shear

stresses in a solid with a nonzero value of the pressure

tensor component prj : pjr in a vacuum. In contrast to the

other components, the shear component of the pressure

tensor is more sensitive to the violation of parallelism of the

slit walls, since it depends linearly on the smallness param-

eter hi=r0. In the opposite limiting case of the unfolded

dihedral angle (y= p), one should expect the pressure

tensor to vanish.

0

0.3

0.6

0.9

1.2

1.5

F̂

1 2 y /rad

Fjj

Frr

Frj

Fzz

a

0
1 2 y /rad

1

2

3

Ĵ

Jjj

Jrr

Jrj

Jzz

b

Figure 3. The dependence of the com-
ponents of tensors F̂ and Ĵ at the slit
wall (y1= 0) on the slit angle y for a
fixed local width H (a) and for a fixed
distance r0 from the slit edge (b).67
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2.2. Disjoining pressure
Historically, the concept of disjoining pressure was intro-

duced for unrestricted plane-parallel films with a constant

normal pressure inside.7 The above example with a variable

normal pressure suggests the need for generalizing the

definition of disjoining pressure, especially as a local quan-

tity. The idea is not new and was multiply discussed and

reviewed in the literature.7, 8 The most universal and physi-

cally reasonable definition relates disjoining pressure to a

difference between the local normal pressure on the solid

surface itself psN and the pressure pa in the bulk mother

phase a of a fluid inside the slit:59 ± 63

P: psN ÿ pa (44)

If phase a is a vacuum, the disjoining pressure simply

coincides with psN .

In our case pN : pjj�y1� and psN � pjj�y1� 0�: There-
fore, we have

P�y�: pjj�y1 � 0� � ÿ 5pAFjj

32H3
� (45)

� ÿ 5pAIjj
32H3 cos3�y=2� � ÿ

pA
6H3

cos3
y
2

where Eqns (32) and (37) have been taken into account.

This equation is valid for any y < p. On going to a plane-

parallel slit �y? 0�, Eqn (45) takes the form

P:P�y � 0� � ÿ pA
6H3

(46)

which corresponds to the ordinary disjoining pressure and

for the one-component case coincides with Hamaker's

Eqn (4). From Eqns (45) and (46), we obtain

P�y�
P
� cos3

y
2

(47)

Eqn (47) shows what error arises when the disjoining

pressure of a flat film is used in the case of a wedge-shaped

film of the same local thickness. The function (47) is

monotonically decreasing, and, therefore, the disjoining

pressure in the wedge-shaped slit is always less in absolute

value than in a plane-parallel slit.The fact that function (46)

as y? 0 asymptotically approaches unity gives grounds for

replacing P(y) by P as an approximation for small y. In this

case, the admissible range of such an approximation is

rather large: for y<208, the deviation does not exceed

5%. A more general case of a slit between dissimilar solids

was also considered.65 The essential difference in the pres-

sure tensor in such a system is the different values of the

normal pressure on the two walls of the slit, which makes it

difficult to determine the wedging pressure in it.

2.3. Interaction through a wedge-shaped fluid film
In contrast with the case of a pure solid system, a statistical

theory of wedge-shaped slit in the presence of a fluid film

inside the slit requires finding distribution functions. A

corresponding consideration is presented below.

2.3.1. Distribution functions in a wedge-shaped fluid film

Let a fluid with bulk phase a enter a wedge-shaped slit in a

solid with bulk phase b. To characterize the fluid in the slit,

we have to calculate the distribution functions. According

to the asymptotic principle 45 ± 47 a rigorous analytical sol-

ution for distribution functions can be obtained only for

sufficiently large distances (in comparison with the molec-

ular dimensions) from the solid surface. On the basis of the

asymptotic principle (Section 1), we obtain the following

expression for the one-particle distribution function:66

rp�r1� � rap �
p
12

X
s;t

Ast

qrap
qms

�
rbt ÿ rat

� n�y1�
h31
� n�y2�

h32

� �
� (48)

� p
4

X
s;t

Ast

qrap
qms

G ab
t � G ba

t

� � n�y1�
h41
� n�y2�

h42

� �

or, using the relationship hk � r0 sin yk ,

rp�r1� � rap �
p
12

X
s;t

Ast

qrap
qms

�
rbt ÿ rat

� n�y1�
sin3 y1

� n�y2�
sin3 y2

� �
rÿ30 �

� p
4

X
s;t

Ast

qrap
qms

G ab
t � G ba

t

� � n�y1�
sin4 y1

� n�y2�
sin4 y2

� �
rÿ40

(49)

where the single superscripts refer to bulk phases and

double superscripts to their interface, prt is the molecular

number density of component t in phase r, Gab
t � Gba

t is the

total adsorption of component t on both sides of the

interface, ms is the chemical potential of component s, and

n�yk�: 1� 3

2
cos yk ÿ

1

2
cos3 yk (k=1, 2) (50)

A similar expression was also obtained for the dependence

of the two-particle distribution function rpq�r1; r2� on

r0 � �r1 � r2�=2 provided that r12 � jr1 ÿ r2j and r12 55 hi
(i=1, 2). In our further calculations, because of the con-

dition of weakening correlations, the product of the corre-

sponding single-particle distribution functions rp�r1�rq�r2�
will be used instead of rpq�r1; r2�:

When y? 0, both angles y1 and y2 tend to zero. Then, by

the definition expressed in Eqn (50), n�yk�? 2 �k � 1; 2�,
and Eqn (48) changes to an asymptotic formula for distri-

bution functions in a plane-parallel liquid film. In a wedge-

shaped film, the absolute values of the asymptotic contri-

butions to the distribution functions, Eqn (49), at given

distances from solid walls, will be less than in a plane-

parallel film in the same solid body. At yk 55 1, when

sin yk % yk , it can be argued that the corrections for devia-

tion of the walls from parallelism will be proportional to y4k
or �hk=r0�4 for both the principal and the asymptotic

correction terms. According to the form of the function

n�yk� in the region yk 4p=6, the effect of non-parallelism of

the walls on the distribution functions is insignificant.

It was already noted above that the asymptotic formulas

obtained are valid only at sufficiently large distances from

the solid walls. Obviously, this condition will be observed at

the middle section of the dihedral angle and far from its

axis. Then h1 � h2 � r0 sin�y=2�, and the angular depend-

ences of the distribution functions for a given r0 are

determined by the following factors in brackets of Eqn (49):
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f1 : 2
n�y=2�

sin3�y=2� (51)

f2 : 2
n�y=2�

sin4�y=2� (52)

As angle y approaches zero, functions f1 and f2 diverge, and

then it is more expedient to consider distribution functions

depending on the distance to the slit walls according to

Eqn (48).

In the case of a fixed distance r0 to the axis, Eqn (49) for

the distribution functions is a generalization of the results

for a flat surface layer, which are obtained from the

formulas for the bisector plane in the limit of the unfolded

angle y?p, when n�y=2�? 1 and sin(y/2)? 1. The smaller

the wedge angle of the slit, the greater in absolute value the

asymptotic contributions to the distribution function for a

given value of the distance to the axis of the wedge.

2.3.2.Pressure tensor

As in the case of an empty slit, the consideration is based on

the Irving ±Kirkwood stress tensor, Eqn (10).67, 68 This

time, however, the first term on the right-hand side of

Eqn (10) is not zero because of a fluid present. Both the

one- and two-particle distribution functions of the fluid are

taken into account and are processed as was explained

above. The result for the pressure tensor can be represented

in two alternative forms, since all the components of the

pressure tensor are functions of three arguments, which can

be taken as y, y1 and either the distance to the slit edge r0 or

the local slit width H (see Fig. 2). The relations between r0,

H, and the distances of the calculation point to the slit walls

hi (i=1, 2) in variables y and yi are set by the geometry of

the system:

H � r0
sin y1 � sin�yÿ y1�

cos�y=2� � 2r0 tan�y=2� cos�y=2ÿ y1� (53)

hi � r0 sin yi �
H sin yi

2 tan�y=2� cos�y=2ÿ y1�
(54)

Separating the dependence on angles and distances, the final

formulas for the pressure tensor can be written in two

alternative forms:

p̂ � p̂a � C1

H3
F̂1�y1� � F̂2�y2�
� �� C2

H3
F̂3�y; y1� (55)

p̂ � p̂a � C1

r30
Ĵ1�y1� � Ĵ2�y2�
� �� C2

r30
Ĵ3�y; y1� (56)

where

C1 : p
X
p;q

Apq rbp ÿ rap
� �

raq;C2 : p
X
p;q

Apq rbp ÿ rap
� �

rbq ÿ raq
� �

(57)

The tensorial functions F̂i and Ĵi are defined by the follow-

ing expressions:

F̂i�y; yi� �
2tan�y=2� cos�y=2ÿ yi�

sin yi

� �3
1̂
n�yi�
12
ÿ 5Îi�yi�

32

 !
(58)

(i=1, 2)

F̂3�y; y1� �
cos3�y=2ÿ y1�

cos6�y=2� ÿ 5Î3�y; y1�
32

 !
(59)

Ĵi�yi� �
1

sin3 yi
1̂
n�yi�
12
ÿ 5Îi�yi�

32

 !
(i=1, 2) (60)

Ĵ3�y; y1� � ÿ
5

32

Î3�y; y1�
sin3 y

(61)

Tensorial integrals Îi are defined as

Î1�y1� �
�p
y1

dj k̂�j� sin3�jÿ y1� (62)

Î2�y2� �
�pÿy2
0

djk̂�j� sin3�j� y2� (63)

Î3�y1; y2� �
�pÿy2
y1

dj k̂�j� sin
3�jÿ y1� sin3�j� y2�

sin3 j
(64)

Integral Î3�y1; y2� coincides with the integral in Eqn (27) and

was considered in the previous section. The components of

the first two tensorial integrals (i=1, 2) are

Iizz �
1

5

2

3
� cos yi ÿ

1

3
cos3 yi

� �
(65)

Iijj �
2

15
1� cos yi� �3 (66)

Iirr �
8

15
� 3

5
cos yi ÿ

2

5
cos2 yi ÿ

7

15
cos3 yi (67)

Iirj � ÿ
1

5
sin yi�1� cos yi�2 (68)

As in the case of an empty slit, all the diagonal components

of the pressure tensor are symmetric with respect to the

median plane, whereas the non-diagonal component on the

bisectorat y1= y2 vanishes. Compared to a plane-parallel

film, the corrections to the non-parallelism of the slit walls

are opposite in sign to the main asymptotic terms in the

expressions for the diagonal components of the tensor.

Consequently, they will partially compensate for the main

asymptotic contributions to the diagonal components of the

pressure tensor. For small wedge angles, estimates are

obtained for the effect of deviations from the film surface

parallelism on the tensor components. The influence of the

wedge-shape of a pore is practically negligible at y4 208
and very small at y4 408.

3. Conical surface

A cone-shaped cavity 69 can be considered as the first

generalization for a cylindrical cavity in porous bodies,

taking into account the deviation from parallelism of the

generatrix. In addition, such systems arise with the growth

of point defects from the surface into the solid bulk, which

is characteristic of the process of destruction of solids.

Consideration of such systems is similar to that carried out
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above for the wedge-shaped slit filled with a fluid (Sec-

tion 2.2). In the framework of the asymptotic approach, the

computation program consists in finding all the components

of the pressure tensor inside a cone-shaped cavity as

functions of the spatial coordinates and the magnitude of

the generatrix angle at a large distance from the vertex of

the cone and from its walls. The cone is assumed to have an

infinite smooth wall. All calculations are based on the local

Irving ±Kirkwood stress tensor and asymptotic expressions

for the distribution functions.

In accordance with the symmetry of the problem, we

choose the spherical coordinates r, W, and j. Denote the

half-angle of the cone by y. The position of the point in

question in the wedge-shaped cavity is determined by its

distance r0 to the top of the cone and the angle y1 (Fig. 4).

The origin of the spherical coordinates is placed at the point

under consideration on a plane perpendicular to the vector

r. The angle j will be counted in this plane from the line

connecting the point under consideration and the point of

intersection of the plane with the axis of the cone (see

Fig. 4).

The surface of the cone breaks the space into two parts.

Denote the volume inside the cone as Va and outside it as

Vb. The asymptotic formula for the distribution function

inside a cone-shaped cavity after a series of integrations

takes the following form:

rp r; y1;y� � � rap �
1

3r3

X
s;t

Ast

qrap
qms

rbt ÿ rat
� �

Ir y1;y� � (69)

where

Ir�y1; y�:
�2p
0

dj

sin3 d1

�p
d1

sin# sin3�#ÿ d1�d# (70)

sin d2;1 �
sin y1 cos y cosj� cos y1�sin2 yÿ sin2 y1 sin

2 j�1=2
1ÿ sin2 y1 sin

2 j
(71)

In Eqn (71), the top sign plus in the numerator refers to d2
and the sign minus to d1. Although the integral with respect

to # in Eqn (70) can be taken analytically, the result looks

too cumbersome since angles d1 and d2 depend in a complex

way on j according to Eqn (71). Taking into account the

subsequent integration over j, the integral in Eqn (70) is

taken numerically.

For the pressure tensor, we again select the Irving ±

Kirkwood expression, Eqn (10), and apply the same com-

putational scheme as in the case of a wedge-shaped slit.67

With the above choice of local coordinates in a cone-shaped

cavity, the pressure tensor is of the structure

p̂ �
prr pr# 0
p#r p## 0
0 0 pjj

0@ 1A (72)

with three diagonal and one off-diagonal component. The

latter, pr#, corresponds to shear stresses arising due to the

external impact on the fluid phase varying along the surface.

Finally, the formula for the pressure tensor after integration

over r1 and r2 can be rewritten as

p̂ � p̂a � C1

3r3
Ir�y1; y�1̂ÿ

C1

2r3
Î1�y1; y� � Î2�y1; y�
� �ÿ C2

2r3
Î3�y1; y�

(73)

where

C1 :
X
p;q

Apq�rbp ÿ rap�raq;C2 :
X
p;q

Apq rbp ÿ rap
� �

rbq ÿ raq
� �

(74)

Î1�y1; y� �
�p
0

dj

sin3 d1

�p
d1

k̂�j;#� sin# sin3�#ÿ d1� d# (75)

Î2�y1; y� �
�p
0

dj

sin3 d2

�pÿd2
0

k̂�j;#� sin# sin3�#� d2� d# (76)

Î3�y1; y� �
�p
0

dj

sin3�d1 � d2�

�pÿd2
d1

k̂�j;#�
sin2 #

sin3�#ÿ d1� sin3�#� d2� d#
(77)

and k̂ is a tensor whose components are

krr � cos2 # (78)

k## � sin2 # cos2 j (78a)

kjj � sin2 # sin2 j (78b)

kr# � sin# cos# cosj (78c)

It should be noted again that the formulas obtained

describe the local dependence of the components of the

pressure tensor in a region sufficiently far from the top of

W
j

C

E B

D

F
0

A

l1

l2

r2

r

r0

y

y1

d1

d2

r1

O

Figure 4. Cone-shaped cavity and its section passing through the
end of vector r normal to it: O is the cone vertex; 0 is the origin of
coordinates at the calculation point; A and B are the intersection
points of the vectors r1 and r2 with the cone surface; C and D are
the intersection points with the cone surface of the projections of
vectors r1 and r2 onto the section plane; l1 and l2 are the lengths of
the segments of vectors r1 and r2 equal to the distance from the
origin of coordinates to points A and B, respectively; r0 is the
distance from the cone vertex to the point in question; y is half the
cone angle; y1 is the angle between the cone axis and vector r; W is
the angle between vector r and the CD line; j is the angle between
the section axis EF and the CD line intersecting this axis; d1 is the
angle between vector r and the cone generatrix OC; and d2 is the
angle between vector r and the cone generatrix OD.69
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the cone and from its surface. Obviously, if these conditions

are not met, the formulas obtained will lead to divergent

values. This follows from such factors on the right-hand

side of the formulas as rÿ3 and sinÿ3 di . An alternative

spatial behaviour of local functions can be characterized if,

along with the angles y and y1, we specify the radius a of a

circular section passing through the point r. The quantities

a and r are related as

r � cos y
sin y cos y1

a (79)

Then, to obtain the angular dependence of the quantities

under consideration, each of the integrals must be multi-

plied, respectively, by tan y cos y1� �3. Using the quantities a,

y, and y1 to determine the spatial dependence of the

pressure tensor components and the distribution functions

is convenient in the case of small values of angle y1.
In the general case, the analytical calculation of all

integrals is hampered by the fact that, as noted above, the

values of angles d1 and d2, contained in the limits of the

integrals over #, are complex functions of j, y, and y1
according to Eqn (71). But the situation is simplified for

points on the cone axis where y1 = 0 and d1 � d2 � y. In
addition, due to symmetry, the off-diagonal component

disappears, and the two diagonal components become

equal to each other, p## � pjj. In the case of small values

of y1, these two components are the normal pressure pN
whereas the prr component corresponds to the tangential

pressure pT . In this case, a number of integrals will be

identical with those obtained in the case of a wedge-shaped

slit (Section 2.2). Obviously, this will take place in a certain

small region near the axis where the main dependence will

be the dependence on y. The smaller this angle, the greater

will be the integral values because of factors sinÿ3 di stand-
ing before the integrals with respect to # and being finite for

any values of y and y1. Therefore, in such cases it is more

convenient to use the set of variables a, y, and y1 since

sin3 y sinÿ3 di ? 1 as di ?y, and, therefore, the divergence in
the expressions disappears. In the limit y? 0, we obtain the

results for a cylindrical cavity of radius a, which coincides

with the main asymptotic contributions to the components

of the pressure tensor.52 The limiting expressions for the

normal and tangential pressures on the cylinder axis are

pN � pa � p2

32a3
3C1 ÿ

5

16
C2

� �
(80)

pT � pa � p2

16a3
3C1 ÿ

1

16
C2

� �
(81)

According to Eqn (74), the sign of the second term in

Eqns (80) and (81) depends on the relative densities of the

coexisting phases a and b. For a fluid in a solid cavity, an

additional to pa pressure will be positive if phase b is denser

than phase a, and negative otherwise. At the same time, the

additional term to pa is larger (in absolute value) for the

tangential pressure than for the normal one.

Due to the complexity of the expressions for the com-

ponents of the pressure tensor in a cone-shaped pore, a

detailed analysis of the angular dependence of the pressure

tensor is easier to perform using numerical integration. It is

obvious that such calculations can be carried out only by

specifying the values of angles y and y1 or r. Figures 5 and 6

show some of the angular dependences of the local density

and the components of the pressure tensor on the position

inside the cavity. The behaviour of local density character-

izes the integrals Ir and BIr. The dependence of the local

density on the position in the cavity for a given value of

y=308 is shown in Fig. 5. The general nature of the

0
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200

300

400

500
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0.1 0.2 0.3 y1 /rad
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Figure 5. Spatial dependence of integrals Ir and BIr characteriz-
ing the local density inside the cone-shaped cavity at y=308.69
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Figure 6. The dependence of the diagonal components of integrals BÎ1 and BÎ2 (a) and BÎ3 (b) on y1 at y=308.69
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angular dependence of both functions is the same, although

the change in density at a fixed value of the section radius

(BIr) is much smaller in absolute value and is characterized

by a slower increase when approaching the surface of the

cavity.

The spatial dependence of the components of tensors

BÎ1 and BÎ2 inside the cone-shaped cavity is represented in

Fig. 6. It should be noted that to obtain the dependence of

the pressure tensor itself, it is necessary to sum up the

contributions from the local density, Eqn (69), and the

tensors expressed in Eqns (75) ± (76), multiplying them by

the corresponding coefficients in accordance with the gen-

eral expression (73). The type of dependences for all

functions is the same and is characterized by a slow change

in the paraxial region and divergence at y1 ?y. In this case,

the contribution is significantly larger from B�Î1 � Î2� than
from BÎ3. It should be said that by the degree of closeness of

the values of the components ## and jj, it is possible to

determine the region where it is permissible to use the simple

formulas of the cylindrical approximation, Eqns (80) and

(81). In this example, y1 < 0:15 radians.

In conclusion, it can be said that the main conclusion

from the calculation carried out is the statement that a

significant contribution of deviations of pore shape from

cylindrical to local density and pressure tensor is observed

when the cone angle exceeds 0.2 radians, which is about 108.

4. Parallel semi-infinite flat surfaces

Considering non-parallel semi-infinite flat surfaces and a

wedge-shaped slit with angle y (Section 2), we found that

passing to the limit of parallel surfaces (y? 0) yields not

semi- but fully-infinite surfaces. In other words, the case of

parallel semi-infinite flat surfaces cannot be a particular

case of non-parallel semi-infinite flat surfaces and requires

separate consideration. The case is well illustrated by Fig. 7

depicting the end of a plane-parallel slit of width H between

interacting bodies where the point for calculating the

pressure tensor is at distances h and s from the slit walls

(H= h+s) and x is the distance to the slit end. Considering

this point as an origin of the Cartesian coordinates, vectors

r1 and r2 indicate incidental locations of two interacting

molecules.

4.1. Pressure tensor
Comparing with the case of infinite surfaces, the pressure

tensor becomes more complicated to the form

p̂ �
pxx 0 pxz
0 pyy 0
pzx 0 pzz

0@ 1A (82)

so that the four pressure tensor components (including the

off-diagonal component pxz � pzx provided the z-axis is

directed normally to the surfaces) should be calculated.

The problem was solved 70, 71 using the following simplifi-

cations: the interaction occurs in a vacuum [then the first

term on the right-hand side of Eqn (10) disappears] and

with non-retarded dispersion forces [l=6 in Eqn (13)];

both interacting bodies are solids with constant molecular

number densities cs so that r�2�st � r�1�s r�1�t � csct. The resul-

tant expressions are

pxx � ÿ
15p
32

A

�?
h

dz1

�z1 � s�4
x3

3�z21 � x2�3=2
ÿ x5

5�z21 � x2�5=2
" #

�
8<:

�
�ÿs
ÿ?

dz2

�hÿ z2�4
x3

3�z22 � x2�3=2
ÿ x5

5�z22 � x2�5=2
" #9=; (83)

pyy � ÿ
3p
32

A

�?
h

dz1

�z1 � s�4
x

�z21 � x2�1=2
ÿ x3

3�z21 � x2�3=2
" #

�
8<:

�
�ÿs
ÿ?

dz2

�hÿ z2�4
x

�z22 � x2�1=2
ÿ x3

3�z22 � x2�3=2
" #9=; (84)

pzz � ÿ
15p
32

A

�?
h

dz1

�z1 � s�4
x

�z21 � x2�1=2
ÿ 2x3

3�z21 � x2�3=2
�

"8<:
� x5

5�z21 � x2�5=2
#
�
�ÿs
ÿ?

dz2

�hÿ z2�4
x

�z22 � x2�1=2
ÿ

"

ÿ 2x3

3�z22 � x2�3=2
� x5

5�z22 � x2�5=2
#)

(85)

pxz �
3p
32

A

�?
h

z51dz1

�z1 � s�4�z21 � x2�5=2
�

24
�
�ÿs
ÿ?

z52dz2

�hÿ z2�4�z22 � x2�5=2
#

(86)

where A:
P

s;t Astcsct . Since the integration in

Eqns (83) ± (86) required special procedures and would

lead to cumbersome expressions, it was reasonable to retain

Eqns (83) ± (86) as the most compact forms of representa-

tion for all nonzero components of the pressure tensor.

According to Eqns (83) ± (86), all of the pressure tensor

components are dependent on distance x. As it should be,

the diagonal components in Eqn (82) become equal to zero

at the slit edge (x=0). In the opposite limit x? ? , in both

the integrals of Eqn (85) for the normal pressure pN : pzz,

the sum in brackets yields 8/15. Then, after integration, we

obtain

H

h

s

x

r1

r2

Figure 7. The end of a plane-parallel slit of width H with a point
where the pressure tensor is calculated at distances h and s from the
slit walls and distance x from the slit end, vectors r1 and r2
indicating the positions of interacting molecules.70
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pN � ÿ
pA
6H3

(87)

which corresponds to Eqn (4). Similarly, in the same limit

x? ? , the diagonal components in Eqns (83) and (84)

become equal and identical to yield the tangential pressure

pT : pxx � pyy as

pT � ÿ
pA
24H3

(88)

which is also a well-known result for infinite surfaces. This

result shows that not only normal but also tangential

pressure is independent of the location inside an empty

infinite slit (another case is for a filled slit).

Turning now to the off-diagonal component, Eqn (86),

we have, first of all, to realize the difference in signs of z1
and z2. In fact, there is not a sum but a difference in the

brackets. One can see that pxz becomes zero not only at

x=0 and, evidently, at x=?, but also in the general case

at s= h for any x5 0. The latter follows from the symmetry

that appears when the calculation point is equally far from

the slit walls. It is of note that the very fact of existence of

the off-diagonal component has important implications for

the normal pressure. In the case under consideration, the

mechanical equilibrium condition, Eqn (11), yields

qpzz
qz
� qpxz

qx
� 0 (89)

Since pxz is dependent on x, pzz can no longer be

constant along the z-axis according to Eqn (59), though

the derivative qpzz=qz becomes zero at the middle plane of

the slit.

4.2. Disjoining pressure
Similarly to the case of non-parallel semi-infinite surfaces

(Section 2), we now have a variable normal pressure at the

slit end. Therefore, there is again a need for generalizing the

definition of disjoining pressure. Taking the definition given

in Eqn (44), we can write it, in our case �pa � 0�; as

P � pzzjh�s�0 (90)

We already have an expression for pzz. Setting first s � 0

(then h � H) and putting Eqn (85) in Eqn (90), we have

P � ÿ 15p
32

A

�?
H

dz1
z41

x

�z21 � x2�1=2
ÿ 2x3

3�z21 � x2�3=2
�

"8<: (91)

� x5

5�z21 � x2�5=2
#
�
�ÿs
ÿ?

dz2

�hÿ z2�4
x

�z22 � x2�1=2
ÿ

"

ÿ 2x3

3�z22 � x2�3=2
� x5

5�z22 � x2�5=2
#)

Although the variables in both integrals are different, the

same function appears in square brackets. Denoting it by f,

we write Eqn (91) in the form

P � ÿ 15p
32

A

�?
H

dz1
z41

f�z1� �
�0
ÿ?

dz2

�Hÿ z2�4
f�z2�

24 35 (92)

Alternatively, we can set h � 0 (then s � H) to determine

the disjoining pressure on the opposite wall of the slit as

P � ÿ 15p
32

A

�?
0

dz1

�z1 �H�4 f�z1� �
�ÿH
ÿ?

dz2
z24

f�z2�
24 35 (93)

Formally, Eqns (92) and (93) refer to different surfaces,

which, as already noted, may also have a different nature. It

is easy to show, however, that Eqns (92) and (93) are

identical. To do this, it is enough to replace the variable z2
with ÿz2 and take into account that the function f is even.

This proves that the disjoining pressure on the opposite

walls of the slit is the same, and the symmetry of the

dependence of pzz on z relative to the median plane is

confirmed.

For definiteness, we will address Eqns (91) and (92) for

further calculations. The first integral in it is easily taken,

and the second is just as complex as the integrals in

Eqns (83) ± (86), which give (in the strict version) difficult-

to-see cumbersome results. There is only one way out, the

choice of an approximate approach with the least possible

loss of accuracy. As already noted, in the limit x? ?
functions f�z1� and f�z2� take the same value of 8/15.

Therefore, one can search for a small parameter when

considering the difference of the functions. To begin with,

we combine both the integrals in Eqn (92) into one. For this

purpose, we introduce a new variable z:Hÿ z2 in the

second integral and perform the transformation�0
ÿ?

dz2

�Hÿ z2�4
f�z2� �

�?
H

dz

z4
f�Hÿ z� �

�?
H

dz

z4
f�zÿH� (94)

the transition to the third record being due to the parity of

the function f. Substituting Eqn (94) into Eqn (93) and

passing to the general impersonal variable z, we get

P � ÿ 15p
32

A

�?
H

dz

z4
�
f�z� � f �zÿH�� (95)

Functions f�z� and f�zÿH� in Eqn (95) are given by the

expressions

f�z�: x

�z2 � x2�1=2
ÿ 2x3

3�z2 � x2�3=2
� x5

5�z2 � x2�5=2
(96)

f�zÿH�: x

��zÿH�2 � x2�1=2
ÿ (97)

ÿ 2x3

3��zÿH�2 � x2�3=2
� x5

5��zÿH�2 � x2�5=2

Let us consider the sum of functions f �z� � f �zÿH�
term by term. The sum of the first terms in Eqns (96) and

(97) can be written in the form

x

�z2 � x2�1=2
1� 1� 2zHÿH2

�zÿH�2 � x2

" #1=28<:
9=; � (98)

� x

�z2 � x2�1=2
1� 1� 2~zÿ 1

�~zÿ 1�2 � ~x2

" #1=28<:
9=;
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where we marked with a wave dimensionless quantities

measured in units of H (~z > 1 in accordance with the limits

of integration). Just here a small parameter is revealed

d:
2~zÿ 1

�~zÿ 1�2 � ~x 2
(99)

whose smallness is due to the fact that variable ~z in the

numerator is raised to the first power, whereas ~z and ~x in the

denominator is raised to the second power. For a given ~x,
function d�~z� is characterized by a single maximum in the

region of small values of ~z: The maximum height decreases,

and its position shifts towards larger values of ~z with an

increase in ~x: Even when ~x � 3; the maximum value of d is

only 0.39, and its average value (which could be taken out

of the integral sign according to the average theorem) is

much less. Therefore, we can conclude that in the zero

approximation, we can neglect the parameter d in compar-

ison with unity and set the value in curly brackets in

Eqn (98) equal to two.

The same small parameter d, Eqn (99), arises in the

pairwise summation of the second and third terms of

Eqns (96) and (97). Then we can say that the sum of the

functions f �z� � f �zÿH� can be replaced in the zero

approximation by the double value of f�z�: As a result, we

can formulate the zero approximation for the disjoining

pressure at the edge of the plane-parallel slit as

P � ÿ 15p
16

A

�?
H

dz

z4
f�z� (100)

Putting Eqn (96) in Eqn (100) and carrying out the integra-

tion, we obtain

P � ÿ pA
6x3

�x2 �H2�3=2
H3

ÿ 3�x2 �H2�1=2
2H

ÿ 1

4
�

"
(101)

� 3H

8�x2 �H2�1=2
� 3H3

8�x2 �H2�3=2
#

or, passing to dimensionless variable ~x: x=H,

P � ÿ pA
6H3~x3

�~x2 � 1�3=2 ÿ 3

2
�~x2 � 1�1=2ÿ

�
(102)

ÿ 1

4
� 3

8
�~x2 � 1�ÿ1=2 � 3

8
�~x2 � 1�ÿ3=2

�

As ~x? ? , only ~x3 remains in the square brackets in

Eqn (102), and the disjoining pressure takes on the value

known for an infinitely long slit, Eqn (4). Denoting this

limiting value as P? , we can write Eqn (102) in the

dimensionless form

P
P?

� 1

~x3
�~x2 � 1�3=2 ÿ 3

2
�~x2 � 1�1=2 ÿ 1

4
�

�
(103)

� 3

8
�~x2 � 1�ÿ1=2 � 3

8
�~x2 � 1�ÿ3=2

�

The plot of dependence of P=P? on ~x (Fig. 8) shows

that the disjoining pressure at the slit edge takes a constant

value practically at ~x > 3: Nevertheless, one has to remem-

ber that Eqn (103) is asymptotic and the grater ~x, the more

accurate the equation.

5. Interactions with participation of nanoparticles

Theoretically, considering a nanoparticle means, first of all,

accounting for a finite size of the particle. In our case of

analyzing interactions, this causes the appearance of two

additional factors. While the interaction of macroscopic

bodies of a given nature is determined by their separation,

the interaction with participation of nanoparticles also

depends on their contact surface area and particle dimen-

sions. With this in mind, for example, we can qualify the

interaction between a nanoparticle and a macroscopic body

as an interaction between finite and infinite surfaces with at

least one additional parameter (say, the particle size at a

given particle shape). In connection with the peculiarities of

nanoparticles, nanoscience compared to the classical colloid

science, formulates quite new problems. Among them, there

is finding the dependence of the disjoining pressure of a film

(as average normal pressure) not only on the film thickness,

but also on the film area.

Considering interactions with participation of nanopar-

ticles, we introduce the following simplifications. First, we

assume the particle contact surface to be circular. Second,

we assume interacting surfaces to be parallel. This gives the

whole system a cylindrical symmetry and facilitates the

calculations. In addition, within the cylindrical symmetry,

we can develop theory both for rod- and disk-shaped nano-

particles, which belong to the most important objects of

nanoscience.

5.1. Interaction between finite and infinite surfaces
In this section, we consider the interaction between the

circular end face of a cylindrical particle and the plane

infinite surface of a macroscopic body. The case automati-

cally includes rod- and disk-shaped particles, but first we

consider, as a preliminary, the simplest example of a

cylinder with an infinite length.

5.1.1. Cylinder of an infinite length

Let us consider the interaction of a semi-infinite nano-

cylinder (body 1) with a macroscopic solid (body 2) located

so that the cylinder axis is perpendicular to the flat infinite

surface of the solid (Fig. 9). A round nano-slit with a radius

equal to the cylinder radius a, is formed between the two

0
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0.4

0.6

0.8

1.0

P/P?

1 2 x/H

Figure 8. The plot of P=P? vs. ~x.71
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surfaces. In such a system, there is no longitudinal symme-

try plane typical of flat films. Therefore, we will call this slit

asymmetric. In this case, the normal pressure cannot be

constant and equal on the opposite sides of the slit. This can

be illustrated, for example, by the mechanical equilibrium

condition. Using Cartesian coordinates with the z-axis

normal to the surfaces, we obtain from Eqn (11)

qpxz
qx
� qpyz

qy
� qpzz

qz
� 0 (104)

Since the first two derivatives on the right-hand side of

Eqn (104) are non-zero because of asymmetry, the third

derivative is non-zero too. This means that the normal

pressure pN: pzz is dependent on z and, as a consequence,

has different values on the opposite sides of the slit. The

spatial distribution of the pressure tensor components

seems to be more complex in the case under consideration,

and this was confirmed by direct calculations.72, 73 Some

results of calculations are presented below.

5.1.1.1. Pressure tensor in an asymmetric empty slit

For a system with a cylindrical symmetry, it is natural to use

cylindrical coordinates r, j, z with the z-axis coinciding with

the symmetry axis. We have already considered the pressure

tensor in cylindrical coordinates in Section 2.1. Now, how-

ever, the pressure tensor has a different structure as

p̂ �
prr 0 prz
0 pjj 0
pzr 0 pzz

0@ 1A (105)

with three diagonal components (the normal component

pN : pzz and two tangential components prr andpjj) and the

off-diagonal component prz � pzr . Correspondingly, the

mechanical equilibrium condition, Eqn (11) yields

qprr
qr
� prr ÿ pjj

r
� 0 (106)

1

r

q rprz� �
qr

� qpzz
qz
� 0 (107)

qpjj
qj
� 0 (108)

When calculating the pressure tensor, we will proceed

from Eqn (10), in which, taking into account a vacuum

between the bodies, only the second term remains. In the

latter, the two-particle distribution function r�2�st is replaced

by the product of the single-particle distribution functions

r�1�s r�1�t � csct where cs is a constant particle density in the

solid (assumed to be quite uniform). In addition to the

above cylindrical coordinates, we now introduce the Carte-

sian coordinates with the origin at the calculation point O

on one of the slit walls and with the z-axis parallel to the

cylinder axis (see Fig. 9). The positions of two interacting

molecules, one of which is located in body 1 (the cylinder)

and the other in body 2, is characterized by the vectors r1
and r2 . Obviously, they are directed oppositely, but lie on

one straight line, since a straight line segment of length R

connecting two interacting molecules must pass through the

calculation point (see Fig. 9).

Let us replace variables R and Z by x1; y1; z1 (the

components of vector r1) and z2 (the z-component of vector

r2). Denoting the volumes of the bodies as V1 and V2, taking

into account Eqn (1) for the potential of dispersion forces

Fst , we write the expression for the pressure tensor

p̂ � ÿ6
X
s;t

Astcsct

�
V1

r1 6 r1
r81

z41dr1

�
V2

dz2

�z1 ÿ z2�4
(109)

For our purposes, it is more convenient to represent the

components of tensor r16r1 in cylindrical coordinates

whose origin coincides with the calculation point. Retaining

r as the distance from the calculation point to the symmetry

axis, we denote the cylindrical coordinates as r, j, z. The
diagonal components of tensor r16r1 are

r1 6 r1� �zz � z21 (110)

r1 6 r1� �rr � r2 cos2 j (110a)

r1 6 r1� �jj� r2 sin2 j (110b)

and the off-diagonal components are

r1 6 r1� �rz � z1r cosj (111)

r1 6 r1� �zj� z1r sinj (111a)

r1 6 r1� �rj � r2 cosj sinj (111b)

Like in the previous section, we introduce the notation

A:
P

s;t Astcsct . With this notation and accounting for

Eqns (110) and (111), the expressions for the components

of the pressure tensor following from Eqn (109) become

pzz�H; r; a� � ÿ6A
�
V1

djrdrdz1
z61

�r2 � z21�4
�
V2

dz2

�z1 ÿ z2�5
(112)

prr�H; r; a� � ÿ6A
�
V1

cos2 jdjr3drdz1
z41

�r2 � z21�4
�
V2

dz2

�z1 ÿ z2�5
(113)

1

2

a

z

H

r1

r2

O

Figure 9. Plane-parallel slit between the cylinder end face and an
infinite plane: a is the cylinder radius and H is the slit width, vectors
r1 and r2 determine the location of interacting molecules with
respect to the point of calculation.72
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pjj�H; r; a� � ÿ6A
�
V1

sin2 jdjr3drdz1
z41

�r2 � z21�4
�
V2

dz2

�z1 ÿ z2�5
(114)

prz�H; r; a� � ÿ6A
�
V1

cosjdjr2dr
z51

�r2 � z21�4
�
V2

dz2

�z1 ÿ z2�5
(115)

When considering a point at the end face of the cylinder and

at the infinite wall, the expressions for the pressure tensor

will differ only in the limits of integration. The regions of

variation of polar coordinates r and j are shown in Fig. 10.

In the choice of the limits of integration, the difference

between the choice of a point on the end face of the cylinder

or on the infinite wall of body 2 is clearly visible, since in

the latter case the point may be outside the slit itself (see

Fig. 10 b). It should be established that j is measured from

a straight line passing through the calculation point O

(which is the origin of coordinates) and the central point C

of the slit on a solid surface. The slit asymmetry also

influences the range of variation of coordinates r and j.
Marking lower and upper limits with subscripts 1 and 2,

respectively, we can write

r1 4r4r2 (116)

j1 4j4j2 (116a)

If the distance of the calculation point to the cylinder axis

on any of the surfaces is smaller than the cylinder radius

(r< a), we have the limiting values (see Fig. 10 a).

0 4r4 ÿ r cosj �
���������������������������
a2 ÿ r2 sin2 j

q
(117)

04j4 2p (117a)

If the point is on the infinite surface of a solid with r> a,

the limiting values are (Fig. 10 b)

ÿr cosjÿ
���������������������������
a2 ÿ r2 sin2 j

q
4r4 ÿ r cosj� (118)

�
���������������������������
a2 ÿ r2 sin2 j

q
pÿ arcsin

a

r
4j4p� arcsin

a

r
(118a)

For further formulation, it is also convenient to introduce

dimensionless quantities x1 : r1=H; x2 : r2=H.

5.1.1.2. Local normal pressure

Let us consider in more detail the local behaviour of the

normal component of the pressure tensor pN : pzz,

Eqn (112), on both contact surfaces.72, 73 Integration over

z1 and z2 is easy in both cases. For the cylinder end face, the

final formula for the normal component of the pressure

tensor is

pN�r;H; a� � ÿ
pA
6H3

1ÿ fN�r;H; a�� � (119)

where

fN�r;H; a� �
3

16p

�2p
0

F1�x2�dj (120)

F1�x�:
1

6�1� x2�6 16ÿ 768x2 � 288x4��
(121)

� 1024x6 ÿ 48x8 � p�3x9 � 108x7ÿ990x5 � 780x3 ÿ 45x�ÿ
ÿ�960x6 ÿ 2304x4 � 576x2� ln x�

As for an infinite wall (subscript ?), the normal pressure is

given by the expressions

pN? r;H; a� � � ÿ pA
6H3

h
1ÿ fN? r;H; a� �

i
(122)

where

fN? r;H; a� � � 3

16p

�2p
0

F2�x2� dj �r4 a� (123)

fN? r;H; a� � � 1� 3

16p

�2p
0

F2�x2� ÿ F2�x1�� �dj �r > a� (124)

F2�x�:
2

�x2 � 1�2 ÿ
1

x2�x2 � 1� �
p
2x3
ÿ 1

x3
arctan

1

x
(125)

In Eqns (119) and (123), the factor in front of the square

bracket corresponds to the normal pressure in a plane-

parallel slit between two infinite surfaces. Therefore, the

second term in the brackets is a correction for the finiteness

of one of the interacting surfaces. Indeed, F1(x)? 0 and

F2(x)? 0 as x??. In the other limiting case of an infinite

j
C r

a
r2 r1

A

B

b

j

O

O

C r

a r2

a

Figure 10. To the calculation of the pressure tensor components on
the cylinder end face (a) and on the opposite infinite wall (a, b) of
the slit: C is the central point of the cylinder face, O is the
cylindrical coordinate system origin at the point of calculation, a
is the cylinder radius, r is the distance between the point of
calculation and the central point, and r1 and r2 are the lower and
upper limiting values of cylindrical coordinate r; Fig. 10 a and
Fig. 10 b are the cases with r< a and r> a, respectively.72

852 A.I.Rusanov, E.N.Brodskaya Russ. Chem. Rev., 2019, 88 (8) 837 ± 874



growth of the slit width H for a finite cylinder radius,

F1(x)? 8/3 at x? 0. In this case, the correction term itself

in Eqn (119) tends to unity, and, therefore, the normal

pressure in the slit vanishes. In this case, the pressure on

the infinite wall also becomes zero, since F2�x�=H3 ? 0 as

H? ?.

Figure 11 shows the correction terms to the local normal

pressure on the cylinder end face (Fig. 11 a) and on the

infinite surface (Fig. 11 b) as functions of r/a and H/a for a

fixed value of the cylinder radius a. It can be seen that the

functions are characterized by close values in narrow slits

(H/a55 1). Moreover, the values are small, especially near

the cylinder axis. This means that nanoscale effects are

negligible in this case. With an increase in the slit width, the

correction on an infinite surface grows much faster com-

pared with the corresponding correction on the opposite

cylinder end surface. Consequently, the local pressure on

the cylinder end face is more sensitive to dimensional

restrictions than the pressure at the opposite surface.

5.1.1.3. Tangential components of the pressure tensor

Along with the normal component, we calculated the edge

effects for other components of the pressure tensor in an

empty circular slit.74 Omitting the details of calculation, we

present the final expression for the tangential component prr
with the correction frr�r;H; a� in the form

prr r;H; a� �: ÿ pA
24H3

1ÿ frr r;H; a� �� � (126)

A similar formula can be written for the second tangen-

tial component, pjj with a correction fjj�r;H; a�: It should
be noted that the difference between the two tangential

components becomes visible only near the cylinder edge.

Figure 12 shows the correction frr�r;H; a� at the cylinder
end face (as fT, Fig. 12 a) and at the infinite surface (as fT?,

Fig. 12 b) as functions of r/a and H/a. Qualitatively, the

results for the tangential component on the two walls of the

asymmetric slit are close to those obtained above for the

normal component. Edge effects for surfaces are relatively

weak far from the boundary in fairly narrow slits: r<0.4a

and H<0.5a. Near the symmetry axis (r55 a), the correc-

tion term in all cases rather weakly depends on the distance

to the axis. Therefore, for r<0.4a, one can use estimates of

the edge effects for r=0. In wider slits, the contribution of

the correction term becomes significant even far from the
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slit edge. Only in very narrow slits, corrections to the

tangential pressure can be neglected near the slit axis at

r<0.5a.

Similarly to the above-discussed normal component, the

local dependence of the tangential components of the

pressure tensor in the asymmetric slit is different for the

two sides of the slit.74 Namely, edge effects are more

pronounced on the endless wall. This rather physically

predictable result for the local pressure components is

associated with a difference in the wall areas since the

integral values of the pressure components (i.e. the compo-

nents of the total force of interaction) must be the same for

both walls.

5.1.2. Cylinder of a finite length

Not changing the system configuration, the problem is

complicated only by adding one more parameter, the

cylinder length d. The system simultaneously includes a

rod-shaped nanoparticle (a55 d ) oriented perpendicularly

to the infinite surface and a disk-shaped nanoparticle

(a44 d ) oriented parallel to the infinite surface as particular

cases. To study the interaction between a nanoparticle and a

macroscopic body with an infinite surface, we have to

calculate the pressure tensor in the slit between them.75

However, it is unnecessary to repeat the above computa-

tional scheme because the results we need are already

contained in the above formulas. Indeed, if we solve the

problem with a semi-infinite cylinder subsequently for the

slit width H and H+d, the difference of the solutions will

just yield the solution for a finite cylinder of length d

(Fig. 13). By doing this, we immediately get the pressure

tensor between a finite cylinder and an infinite surface.

We present the result for the normal component of the

pressure tensor at the cylinder end face:

pN�H; r; a; d � � ÿ
pA
6H3

1ÿ H3

H� d� �3ÿ
(

(127)

ÿ 3

16p

�2p
0

dj F1

ra
H

� �
� H3

H� d� �3 F1

ra
H� d

� �" # )

where function is defined by Eqn (121). All corrections on

the right-hand side of Eqn (127) are positive. This means

that the normal pressure in the slit between the nano-

cylinder and a macroscopic solid body is in absolute value

less than for the case of an infinite slit or a finite slit between

a semi-infinite cylinder and an infinite flat surface,

Eqn (119). Combining all the amendments, Eqn (127) can

be rewritten as

pN�H; r; a; d� � ÿ
pA
6H3

1ÿ fNd�H; r; a; d �� � (128)

where

fNd�H; r; a; d �:
H3

H� d� �3� (129)

� 3

16p

�2p
0

dj F1

� r2
H

�
ÿ H3

H� d� �3 F1

r2
H� d

� �" #

Function fNd for several values of the cylinder length is

shown in Fig. 14. For a rod-shaped nanoparticle with

d=5a, the function is almost the same as in Fig. 11 a.

This means that cylinders with d/a>5 can be considered

infinite when evaluating their interaction with a solid.

Figures 14 b and 14 c show that with a decrease in the

cylinder length and turning it into a disk, the correction

term increases rapidly. Therefore, the force of interaction of

a nanoparticle with the solid surface decreases. In this case,

it noticeably reduces the slit width region where the correc-

tion for nano-effects can be neglected. For a fixed value of

the slit width, the dependence of the local correction fNd on

1
2

3 d

H H
H+d

Figure 13. The scheme for finding the pressure tensor in the slit
between a cylinder of thickness d and an infinite surface
(case 17case 2=case 3).75
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the distance to the cylinder axis decreases with diminishing

d. When d=0.1a, it becomes almost constant and only

slightly increases when approaching the very edge of the

disk.

Function fNd(H,r,a,d ) describes the total contribution to

the normal pressure from both the finite section of the

cylinder and its finite length. Obviously, the latter will be

especially noticeable in the case of disks. To estimate it, we

consider separately the correction from the finite length of

the cylinder and, introducing the notation Dd for it, we write

it in the form

Dd�H; r; a; d �:
H3

H� d� �3 1� 3

16p

�2p
0

djF1

r2
H� d

� �24 35 (130)

Function Dd(H,r,a,d ) is shown in Fig. 15 for two values

of d. When approaching the disk edge, this local correction

(related to the finite disk thickness) weakens somewhat in

contrast to the behaviour of the local correction related to

the finite slit length. For a disk of thickness 0.5a, the

maximum contribution of Dd is about 45% in the middle

of the slit and decrease to 20% near its edge. The depend-

ence of Dd on the slit width is more complex. For a thin disk

with a thickness of less than half its radius, the additive Dd

grows rather rapidly with an increase in the width of the slit

and reaches its maximum at H& 2a. Then Dd decreases

somewhat, remaining finite. With an increase in the thick-

ness of the disk, the maximum in the Dd vs. H plot

disappears. Obviously, when a disk is turned into a cylinder

(d>2a), the value of Dd becomes negligible.

5.1.3. Disjoining pressure

In an empty flat-parallel slit, the normal pressure on the

wall is just a local disjoining pressure. Since the local

normal pressures on opposite walls do not coincide in the

asymmetric slit under consideration, the question arises

which of them can be defined as a disjoining pressure. The

question is solved definitely in a situation when the slit

narrows by the movement of only one of the walls. Typi-

cally, this is the wall of a nanoparticle, as it is more mobile.

Then the normal pressure on this wall is the disjoining

pressure P to be dependent not only on the slit widthH, but

also on the cylinder radius a and the distance r from the axis

in the case of an semi-infinite cylinder:

P�r;H; a�: pN�r;H; a� � ÿ
pA
6H3

1ÿ fN�r;H; a�� � (131)

Where Eqn (119) has been used and is defined by

Eqn (120).

Function fN(r,H,a) describes the influence of the cross-

section dimensions of the cylinder on the disjoining pres-

sure. Since this function is positive, the disjoining pressure is

obvious to be smaller than for an infinitely extended slit of

the same width. Obviously, for finite disks, a dependence on

the disk thickness appears in disjoining pressure to be

described now by Eqn (127). Finally, if we average the

correction over the slit area, we get an estimate of the

average deviation DP of the disjoining pressure from its

value P for an infinite slit. Introducing a dimensionless

quantity DP/P, Fig. 16 shows how it depends on H/a.

The local correction to the disjoining pressure increases

with the slit width, although, naturally, the disjoining

pressure itself decreases herewith. For a cylinder of a finite

length (d=5a), the correction is larger than for an infinite
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cylinder and it becomes especially noticeable for disks. It

can be seen, however, that even at d=5a, the difference

from the correction for an infinite disk becomes insignif-

icant. In the case of disks, the deviation of the disjoining

pressure from its value for the infinite slit is the greater, the

thinner the disk.

It should be clarified here that the discussed nanoscale

effects on the disjoining pressure are derived from the

average value of the local normal pressure at the cylinder

end face. This value differs from that obtained on the basis

of Hamaker's classical non-local approach, which will be

discussed below in connection with the influence of the

shape of nanoparticles on their interaction with a solid

(Section 5.3). In Hamaker's approach for the asymmetric

slits in question, the normal pressure in a finite slit coincides

with the pressure in an infinite slit. Therefore, it is impos-

sible to estimate the effect of longitudinal slit size within

Hamaker's approach.

As is seen from Fig. 17, Hamaker's method yields a

larger value for the attraction force. This arises from the

fact that Hamaker's approach takes into account all pair-

wise interactions including not only the end face, but also

the lateral cylinder surface. Therefore, the larger the axial

size of the cylinder, the greater should be the difference in

the two above calculation methods. This is also well seen

from Fig. 16.

5.2 Symmetrical slit with finite surfaces
We now turn to the interaction of two identical bodies. In

the case of flat-parallel faces of the bodies, symmetry is

restored with respect to the longitudinal middle plane in the

system. As a consequence, the behaviour of the local

components of the pressure tensor will be the same on

both slit surfaces. Such a slit will be called symmetric. We

start with considering the interaction between two semi-

infinite coaxial cylinders with the parallel end faces of

nanoscaled dimensions.76

5.2.1. Slit between two semi-infinite cylinders

The case under consideration is illustrated by Fig. 18.

Comparing with the case studied in Section 5.1 (see

Fig. 9), we have the only change in the volume and shape

of body 2. The latter is now the same semi-infinite cylinder

of radius a as body 1. Since the slit walls are identical, the

components of the local pressure tensor will be the same on

both walls.

When considering the pressure tensor, we will follow the

same computational scheme as in the previous section with

the same choice of coordinates. Equations (112) ± (115) for

the components of the pressure tensor remain also valid for

the case under consideration.As for the asymmetric slit, we

first calculate the normal component of the pressure ten-

sor.76

5.2.1.1. Pressure tensor in an empty slit

After integrating over z2 and z1 and partially integrating

over r, the expression for the normal component of the

pressure tensor can be represented as follows:

pN r;H; a� � � ÿ pA
6H3

1ÿ fN H; r; a� �� � (132)

where

fN�r;H; a� �
3H3

16p

�2p
0

djF1�r1�� (133)

� 9H3

p

�2p
0

dj
�r1�j�
0

drF2 r� � r5

�r2 � r22�471.0
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Figure 17. Comparison of the forces of interaction of a cylinder
with an infinite solid surface, calculated following Hamaker,
through the interaction potential (the solid line) and through the
normal component of the pressure tensor (the dashed line), as
functions of H/a for a rod-shaped particle with d=5a (a) and a
disk-shaped particle with d=0.5a (b), the force F being measured
in the units of Hamaker's constant C= pA/6.75
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Figure 18. A slit between two solid cylinders: a is the cylinder
radius, H is the slit width, and vectors r1 and r2 denote the positions
of interacting molecules with respect to the point of calculation
taken for the coordinate origin.76
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F1�r�:
2H

r2 �H2� �2
ÿ H

r2 r2 �H2� � �
p
2r3
ÿ 1

r3
arctan

H

r
(134)

F2�r�:
H

6�H2 � r2�3 ÿ
H

24r2�H2 � r2�2ÿ (135)

ÿ H

16r4�H2 � r2� �
p

32r5
ÿ 1

16r5
arctan

H

r

The limiting values r1 and r2 of the variable r are

determined by the formulas

r1 � ÿr cosj�
���������������������������
a2 ÿ r2 sin2 j

q
(136)

r2 � r cosj�
���������������������������
a2 ÿ r2 sin2 j

q
(136a)

and are shown in Fig. 19.

The integration over r in Eqn (133) can be performed

analytically to yield an extremely cumbersome result. Since

the subsequent integration over the polar angle is analyti-

cally impossible, it is reasonable to transform the integrand

expression in such a way as to separate the main asymptotic

terms as the usual expression for an infinitely long slit, and

combine the rest terms as a function fN(H,r,a) for numerical

integration. The function fN(H,r,a) characterizes the edge

correction. This function is shown in Fig. 20 a for a fixed

value of radius a.

Comparing fN(H,r,a) with similar functions for an

asymmetric slit (see Fig. 11), it can be seen that the dimen-

sional corrections to the local normal pressure on the

symmetric slit walls are larger than on the cylinder end

face in an asymmetrical slit. This is an obvious consequence

of the fact that two identical nanoparticles interact with

each other more weakly than a similar particle with a larger

one.

Along with the normal component, we estimated edge

effects for other components of the pressure tensor in an

empty circular slit.74 As in the case of an asymmetric slit, we

represent the final expression for the tangential pressure pT
with a correction in the form

pT r;H; a� �: ÿ pA
24H3

1ÿ fT r;H; a� �� � (137)

where subscript T refers both to rr and jj components. The

behaviour of both components is very similar, and a

noticeable difference appears only near the edge of the slit.

Fig. 20 b shows the function fT : frr , which can be

compared with the correction to the normal pressure in

Fig. 20 a. It can be seen from the Figure that the edge effects

for both components of the pressure tensor are relatively

weak far from the boundary in fairly narrow slits with

r<0.6a and H<0.5a. Near the axis, the correction term in

all cases depends rather weakly on the distance to the axis.

Therefore, as in an asymmetric slit, one can use estimates of

edge effects on the disk axis (r=0) for r<0.4a. In wider

slits, the contribution of the correction term becomes

significant even far from the slit edge. From a comparison

of Fig. 20 a and Fig. 20 b, it can be seen that, on average,

the influence of edge effects in the symmetric gap on the

tangential pressure is noticeably stronger compared to the

normal pressure. Only in very narrow slits, corrections to

the tangential pressure can be neglected near the slit axis at

r<0.5a. In slits wider than 2a, the correction term com-

pensates for up to 95% of the tangential pressure. Con-
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O

Figure 19. To calculating the normal pressure on the cylinder end
face as the slit wall: C is the central point of the cylinder face, O is
the origin of cylindrical coordinates at the point of calculation, a is
the cylinder radius, r is the distance between the point of calcu-
lation and the central point, and r1 and r2 are the limiting values
for coordinate r at a given j [Eqns (136) and (136a)].76

0.9 0.9
0.6

0.3
0

0.6
0.3

0r/a r/a
0 0

1
2

3
4

5

1
2

3
4

5

H/a
H/a

0.2
0.2

0.4

0.6

0.8

1.0

0.4

0.6

0.8

1.0

fN
fT

a b

Figure 20. The 3d-presentation of functions fN(H,r,a) (a) and fT(H,r,a) (b).74

A.I.Rusanov, E.N.Brodskaya Russ. Chem. Rev., 2019, 88 (8) 837 ± 874 857



sequently, the tangential pressure in a finite slit becomes

substantially smaller in absolute value than in an infinite

slit. Although this conclusion was obtained for an empty

slit, it can be assumed to remain valid for a slit filled with

fluid. Then we should expect a decrease in the tension of a

finite film compared to an infinite analogue. If we compare

the behaviour of the tangential pressure components in

symmetrical and asymmetrical slits, we see that the correc-

tion on the infinite wall is more similar in behaviour to the

analogous quantity of a symmetrical slit. If we compare the

behaviour of the tangential and normal components, the

former are more sensitive to the presence of the slit

boundary.

Concluding consideration of the local components of

the pressure tensor, we briefly discuss the off-diagonal

component, which we write for a point on the wall of a

symmetric slit after integration over z2 and z1 as

prz�r;H; a� � ÿ
A

8

�2p
0

cosj dj
�r1
0

r2

�r2 �H2�3 1ÿ r4

�r� r2�4
" #

dr

(138)

The rest of the integration over r and j is carried out

numerically. The result for a symmetric slit in the interval

H>0.4a is shown in Fig. 21. It can be seen that this

component is a small positive value, which varies non-

monotonically as it approaches the slit edge. It acquires

the greatest values in narrow slits with H<0.5a. The non-

monotonic behaviour of prz is simply explained. By virtue of

the symmetry of the slit, prz vanishes at r=0, and due to the

limited size of the slit in vacuum, it also vanishes at the

boundary of the slit together with other components of the

pressure tensor. As noted above when discussing other

components, a region is observed near the slit axis, where

the pressure tensor weakly depends on the distance to the

axis. Therefore, the maximum of the off-diagonal compo-

nent is located closer to the edge of the slit.

5.2.1.2. Slit filled with a fluid

So far, we dealt with an empty circular slit between

interacting bodies. If a fluid appears in the slit, the distri-

bution functions of the fluid components will affect the

interaction of the bodies.77, 78 The consideration of such

effect is the goal of this section. The configuration of the

system is maintained (see Fig. 18). We only introduce, in

addition, the phase designations (a for a fluid and b for the

solid phase of both cylinders) and the calculation point

location inside the slit with distances h and s (h+s=H)

from the slit walls (Fig. 22). In such system, the fluid

distribution functions will depend not only on h and s, but

also on the distance r from the cylinder axis and on the

cylinder radius a.77

Using the distribution functions and Eqn (1) for not

retarded dispersion forces, the local pressure tensor inside

the slit can be calculated on the basis of Eqn (10) as a

whole.78 When considering the spatial dependence of the

components of the pressure tensor, it is necessary to use the

condition of finding points on the straight line segment

connecting points r1 and r2 (see Fig. 22). This leads to the

dependence of the limits of integration on the position of

the point in question. So, the interval for the variation of z2
will be

ÿz1
r
r2

4 z2 4 ÿ h (139)

The limits of changing the coordinates of point r1 will

depend on r. When r4 a Hÿ 2hj j=H, we have

Hÿ h4 z1 4 ?; 04r4r1; 04j4 2p. When

r > a Hÿ 2hj j=H; the ranges of variation of polar radius r
and polar angle j will depend on a parameter ~r: r2z1=h.
When r1 < ~r; we have the ranges

04r4r1; ÿ ~j4j4 ~j, and ~j is the solution of

Eqn (140).

z1
h
� 1

� �
r cos ~j � z1

h
ÿ 1

� � ���������������������������
a2 ÿ r2 sin2 ~j

q
� 0 (140)

At r1 > ~r; we have 04r4 ~r; ~j4j4p� ~j.
The above requirements greatly complicate the integra-

tion over r1. Not to deal with a number of cumbersome

resulting expressions, we confine ourselves by presenting the

normal component of the pressure tensor as

prz
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Figure 21. Off-diagonal component prz= pzr in a symmetric slit
expressed in the A units.74
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Figure 22. Slit between the cylinder (phase b) end faces filled with
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pN�r; h;H; a� � pa ÿ
X
s;t

Astr
a
t �rbs ÿ ras �Fa�r; h;H; a�ÿ (141)

ÿ p
6H3

X
s;t

Ast�rbs ÿ ras ��rbt ÿ rat � 1ÿ FN�r; h;H; a�� �

where only functions Fa�r; h;H; a� and FN�r; h;H; a� need

specification. For given H and a, function Fa�r; h;H; a�
depends on h and r and is represented as the sum of two

contributions from h and H7h in the form

Fa�h; r�:
3

32
F1�h; r� � F1�Hÿ h; r�� � (142)

where

F1�h; r� �
1

64

�2p
0

dj
r31

p
2
ÿ 2hr31
3�h2 � r21�2

ÿ 3hr
8�h2 � r21�

ÿ arctan
h

r1

� �" #
(143)

a similar expression for F1�Hÿ h; r� being written with the

replacement of h by H7h in Eqn (143).

Function FN�r; h;H; a� describes the contribution from

the fluid phase to the pressure tensor and is written at

constant H and a as

FN�h; r�:
6H3

p
I1�h; r�Y�x� � I2�h; r� � I3�h; r�� �Y�ÿx�� ��

� 6H3

p
I1�Hÿ h; r�Y�x� � I2�Hÿ h; r� � I3�Hÿ h; r�� �Y�ÿx�� �

(144)

where x: Hÿ 2hj j=Hÿ r=a and Y�x� is the Heaviside step

function,

I1�h; r�:
1

2

�p
0

dj
�?
s

z61dz1

�z1 � h�4�r21 � z21�3
ÿ (145)

ÿ3
�p
0

dj
�r1
0

r5dr

�r� r2�4
�?
s

z21dz1

�r2 � z21�4

I2�h; r�: ÿ 1

2

�?
s

z61dz1

�z1 � h�4
�~j
0

dj

�r21 � z21�3
ÿ (146)

ÿ3
�?
s

z21dz1

�r1
0

r5dr

�r2 � z21�4
�~j
0

dj

�r� r2�4

I3�h; r�: ÿ 1

2

�?
s

z61ddz1

�z1 � h�4
�p
~j

dj

�~r2 � z21�3
ÿ (147)

ÿ3
�?
s

z21dz1

�p
~j

dj
�~r
0

r5dr

�r� r2�4�r2 � z21�4

On the right-hand side of Eqn (141), the second term is

the contribution to the normal pressure in the finite slit

from the molecules of a fluid phase a located outside the slit.

Naturally, this term is absent in the case of an infinite slit.

Function Fa(h,r) is the sum of the contributions from both

walls. In Fig. 23, this function is shown for a slit of width

H= a. It can be seen that the function is significantly

different from zero only near the slit edge at r>0.8a and

in a very narrow region near the walls (h<0.2a), where

Fa(h,r) can reach high values. Due to its additivity and the

rapid decline when moving away from the walls, function

Fa(h,r) is significantly dependent on the slit width only in

the region of very narrow slits. For the same reason, the

limiting values of this function weakly depend on the width

of the slit.

The third term in Eqn (141) describes the contribution

to the normal pressure in a fluid film from the interaction of

the solids. The multiplier in front of the square bracket

corresponds to the case of an infinite slit and describes the

disjoining pressure in the slit.43 Function FN�h; r;H; a�
determines the addition to the normal pressure due to the

finite slit size. For two slits, this function is presented in

Fig. 24.

FN�h; r� is a positively definite function. Unlike the

multiplier in front of the square bracket in Eqn (141),

FN�h; r� depends on the position in the slit, being thus a

local quantity. At the very edge of the slit at r= a, FN�h; r�
becomes equal to unity and the contribution from the

square brackets in Eqn (141) disappears. Then the pressure

behaviour in the slit is determined only by the second term

in Eqn (141). As expected, function FN�h; r� is symmetrical

with respect to the middle plane of the slit. FN�h; r� acquires
the greatest values on the slit walls. This means that there is

an extreme of FN�h; r� in the middle of the slit. It turns out

that the nature of this extreme changes as it moves from the

axis to the edge of the slit (see Fig. 24). In the near-axial

region, this function takes the minimum value in the middle

of the slit. When moving to the edge of the slit, the

minimum disappears, giving way to a flat maximum. Obvi-

ously, the larger the FN�h; r� value, the stronger the influ-

ence of the finite slit size on the pressure in the slit. It can be

seen that the role of FN�h; r� increases with the slit width,

with the interval of its values decreasing. At H= a, the

contribution from the finite slit size exceeds 70% already.

Naturally, at h=0 or h=H, the values of FN�h; r� coincide
with the previously obtained values of a correction to the

normal pressure on the wall of an empty symmetrical slit

(Section 5.2.1.2). Obviously, for local pressure throughout

the empty slit we would get the same function FN�h; r�.
Consequently, for this term in the formula for local pres-

sure, the difference in behaviour in the empty and fluid-

filled slits reduces only to replacing rbs by rbs ÿ ras in

accordance with the asymptotic principle of interaction of
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Figure 23. Function Fa(h,r) for a slit of width H= a.77
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bodies in a fluid medium (Section 2). This should lead to

weakening with the attraction of solids in a fluid compared

to the empty slit. However, the second local term in

Eqn (141), which is present only in the case of bodies

immersed in a fluid, will enhance the mutual attraction of

the bodies. In conclusion, worth mentioning is the obvious

consequence of all the calculations described in this section

that all the effects discussed should disappear as the radius

of the circular slit tends to infinity.

5.2.2. Empty slit between two finite cylinders

In the previous section, we estimated the effect of nanoscale

size of a slit on the behaviour of the pressure tensor in the

slit. We now turn to three-dimensional nanoparticles and

determine the contribution of their size to the interparticle

interaction in terms of the local pressure tensor.79 The

solution of this problem is especially important for colloid

science dealing with nanoparticles. Compared with the edge

effects of nano-slits discussed above, taking into account

the size of nanoparticles themselves will make an additional

contribution to the particle interaction. For simplicity, we

consider the symmetric case of two coaxial nanocylinders of

radius a and lengh d in vacuum at a distance H between the

cylinder end faces (Fig. 25). With a sufficiently small length

of a cylinder, it turns into disk, and the cylinder length d

may also be called the disk thickness. Since we assume the

two cylinders to be identical, parameter d is the only addi-

tional quantity as compared with the previous case consid-

ered, similarly to the case of interaction of a finite cylinder

with a macroscopic body with an infinite surface (Sec-

tion 5.1.2).

The calculation procedure is similar to that described

above [see, e.g., Eqn (112)] with the difference that the

integration is carried out over limited volumes of V1 and

V2 of disks 1 and 2 in Fig. 25, respectively. This is reflected

in the choice of the limits of integration over z1 and z2 . In

the case of two disks with the integration over z1, the upper

limit is H+d. The integral over the V2 volume of disk 2

requires some transforms. This integral can be represented

as the difference of the integrals over volumes V3 (Fig. 25 b)

and V4 (Fig. 25 c) of two semi-infinite cylinders. Each of the

integrals corresponds to the interaction of disk 1 with semi-

infinite cylinders with a separation of H or H+d, respec-

tively. Let us consider the normal component of the

pressure tensor on the end face of one of two coaxial

interacting cylindrical particles of length d (two disks of

thickness d ). The calculation on the basis of Eqn (112)

yields

pN�r;H; a; d � � ÿ
pA
6H3

1ÿ fNd�r;H; a; d �� � (148)

where

fNd�r;H; a; d � �
2H3

�H� d�3 ÿ
H3

�H� 2d �3� (149)

� 3H3

2p

�
dj

�H�d
H

z21dz1

�r21 � z21�3
ÿ 3H3

2p

�H�d
H

dz1

�z1 � d �4 6

6
�

�r1 < ~r�

z61dj

�r21 � z21�3
�

�
�r1 > ~r�

d 6dj

�r22 � d 2�3

264
375�

� 9H3

p

�H�d
H

z21dz1

�
�r1>~r�

dj
�r1
~r

r5dr

�r2 � z21�4�r� r2�4

~r:
z1r2
d

(149a)
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and r1 and r2 are the limiting values for variable r (see

Fig. 19).

Function fNd�r;H; a; d � gives a relative correction to the

normal pressure of an infinite slit due to the finite dimen-

sions of both the slit itself and the disks forming the slit.

Obviously, the smaller the disk thickness, the greater the

normal pressure deviation from its value in the circular slit

between semi-infinite cylinders, for which the correction due

to the finite radius of the slit is given by Eqn (133). For

several values of d, the corrections are shown in Fig. 26.

It can be seen that at d=5a (rod-shaped particles)

fNd�r;H; a; d� is close to the analogous function, Eqn (133),

for a slit between semi-infinite cylinders (see Fig. 20), which

can be written as fN r;H; a; ?� �.
To exhibit the effect of the disk thickness separately

from the effect of the slit width, we introduce a quantity

DfNd�r;H; a; d �: fNd�r;H; a; d � ÿ fN�r;H; a; ?� (150)

Function DfNd characterizes the contribution only from

the finite size of the disks themselves.

Figure 27 shows function DfNd for two disk thicknesses.

The nonmonotonic dependence of these functions on the slit

width is manifested in all cases. Obviously, this is explained

by the fact that in narrow slits the contribution to the

normal pressure from the disk thickness becomes close to

the value for a semi-infinite cylinder and the difference

between their values decreases with decreasing the slit

width. In wide slits, both the contributions themselves and

their difference tend to zero with an increase in the slit

width. With an increase in the disk thickness, the maximum

of DfNd becomes wider and shifts from 0.5a for d=0.1a

towards larger values of H. However, the absolute values of

local deviations of the normal pressure from its value in the

slit between semi-infinite cylinders quickly decrease. At

d=2a, they do not exceed 3% and practically disappear

at d=5a.

5.2.3. Disjoining pressure

We now turn to estimating the disjoining pressure in a

symmetrical slit, which, unlike the asymmetric slit, does not

depend on the choice of wall for the definition of the

0.9
0.9

0.6
0.3

0

0.6
0.3

0r/a
r/a0

0

1
2
3
4
5

1
2
3
4
5

H/a H/a

0.2
0.2

0.4

0.6

0.8

0.4

0.6

0.8

fNd fNd

a b

1.0 1.0

Figure 26. Correction fNd to the normal pressure on the cylinder end face in a slit between two rod-shaped nanoparticles with d=5a (a)
and two disk-shaped nanoparticles with d=0.5a (b).79

0.75

0.60

0.45

0.30

0.15

DfNd

DfNd

5
5

4
3

2
1

0

4
3

2
1

0H/a
H/a

0.9
0.9

0.6

0.3

0

0.6
0.3

0

r/a r/a

0.05

0.10

0.15

0.20

0.25

a b

Figure 27. Function DfNd for disks with d=0.1a (a) and d=0.5a (b).79

A.I.Rusanov, E.N.Brodskaya Russ. Chem. Rev., 2019, 88 (8) 837 ± 874 861



disjoining pressure. The local disjoining pressure at the end

face of a semi-infinite and finite cylinder is described by

Eqns (132) and (148), respectively. The relative contribu-

tions to the local disjoining pressure from the finite slit size

and the size of particles themselves are described by func-

tions fN, Eqn (133), and fNd , Eqn (149), respectively. Com-

parison with disjoining pressure P? in an infinite slit is

convenient to be carried out for the local disjoining pressure

value averaged over the slit area. This average value of the

disjoining pressure is denoted as P�H; a� for the case of

infinite cylinders and as Pd�H; a; d � for the case of finite

cylinders including disks. The relative deviations of the

quantities P and Pd from P? , DP/P? and DPd/P? , are

shown in Fig. 28 a. Obviously, they should tend to unity

with an unlimited increase in the slit width. The larger these

deviations, the lower the disjoining pressure in the slit

between two nanoparticles as compared with an infinite

slit. In a symmetrical slit, the values of the disjoining

pressure deviations are significantly greater than in an

asymmetrical one (see Fig. 16).

A similar quantity DP/P? for semi-infinite coaxial

cylinders was estimated by Jaiswal and Beaudoin.80 Their

approximate formula [Eqn (23) from Ref. 80] can be written

in our notation as

DP
P?

� 3H2

16a2
� 3

8

H

a
ÿ H3

3a3

 !
arctan

2a

H
(151)

The dependence following from this formula is also

shown in Fig. 28 a. Equation (151) gives somewhat lower

values than our data, although the difference is small. With

the slit width of H=2a, the difference becomes about 10%.

The largest difference is observed in the interval of the slit

width 1.5a<H<3.5a.

Especially significant difference is observed for nano-

particles. So, for disks with a thickness of d=0.1a, the

disjoining pressure almost disappears, starting with H= a.

However, with an increase in the size of the interacting

particles, their effect on the disjoining pressure quickly

decreases. Already at d= a, the influence of particle size

becomes less than 5% for H>3a. In the case of nano-

particles, the influence of finite dimensions of interacting

particles on the disjoining pressure becomes more obvious if

we refer to the following characteristic:

DdP�H; a; d �:
P�H; a; d � ÿP�H; a; ?�

P?
(152)

Function DdP is shown in Fig. 28 b. Like the local

quantity fNd , Eqn (149), DdP is characterized by a max-

imum when the slit width varies. The origin of the maximum

is of the same nature as for fNd. The maximum height

decreases rapidly with increasing the disk thickness and

becomes moderate when d> a. As mentioned above, within

this thickness range the contribution to the relative correc-

tion to the normal pressure does not exceed 5%. It is

obvious that the main changes in the disjoining pressure

due to the finite dimensions of the interacting particles are

concentrated in the range of variation of the slit width

H<3a.

Summing up the results obtained, we can conclude that

the significant influence of the size of any small particles on

their interaction cannot be neglected if the particle size does

not exceed the interparticle distance. In addition, it is of

note that, although our study was conducted for an empty

slit, the conclusions remain valid for a slit filled with a fluid

since the results were formulated for relative pressure

changes in comparison with an infinite slit.

5.3. Shape factors of nanoparticle interaction
When considering a system with many particles, the ques-

tion arises about the effect of the particle shape on the

properties under study. In the literature, this issue has been

actively discussed for many years.4, 7, 80 ± 91 Although the

question of the influence of the particle shape on the particle

interaction was studied in a multilateral way, no direct

comparison of forces for different particles was undertaken

until recently.92 In order to estimate the effect of the shape,

it is necessary to calculate the energy and force of inter-

action of particles of the same nature and volume, but

geometrically different. We consider the problem in this

section and restrict ourselves to simplest geometric shapes

to obtain analytical solutions for the problem of interaction

of particles of various shapes with an infinite solid surface 92

using the example of dispersion forces and Hamaker's

approach.4
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5.3.1. Interaction of a nanoparticle of a given shape with a solid

surface

We compare the interaction between a nanoparticle and a

uniform flat solid surface for three types of particles: a

sphere of radius ac , a cylindrical disk of radius ad and

thickness d, and a cylindrical rod of radius and length L.

Both of the two last particles are cylinders, but we give them

different orientations with respect to a solid surface. We will

call `disk' a cylinder with an axis perpendicular to the

surface. Accordingly, a rod is a cylinder with an axis parallel

to the surface (Fig. 29). The disk can be considered as a

model of lamellar nanoparticles, and the rod as a model of

rod-shaped nanoparticles.

Let us turn to the calculation of the energy and force of

the dispersion interaction of a nanoparticle with a solid

substrate in the framework of Hamaker's approach. We

refer subscripts 1 and 2 to the solid and to the particle,

respectively. The energy of interaction of a single atom with

a solid of volume V1 at a distance z from the solid surface is

known to be

U�z� � c1

�
V1

dV1F12 � ÿ
pc1A12

6z3
(153)

where the atomic density of the solid and F12 is the pair

potential given by Eqn (1).

To obtain the energy of the interaction between the

particle as a whole and the solid, we have to add the

integration over the volume V2 of the particle with the

atomic density c2. The result for a spherical particle of

radius as was obtained by Hamaker 4 in the form

Us � c2

�
V2

dV2U�z� � ÿpA ln
H

H� 2as
� as
H
� as
H� 2as

� �
(154)

where H is the closest distance between the ball and the

solid surface (the width of the gap between them),

A:A12c1c2 is a constant. By differentiating energy Us

with respect to H with the direction of the z-axis from the

solid surface to the ball, the expression for the force

(formally, the z-component of the force vector) of attraction

of the ball by the solid is 4

Fs � ÿ
qUs

qH
� ÿA 4pa3s

H2 H� 2as� �2 (155)

Similarly, we find the formulas for the energy Ud and the

force Fd of attraction of a cylindrical disk of radius ad and

thickness d:92

Ud � ÿA
pa2dd 2H� d� �
2H2 H� d� �2 (156)

Fd � ÿA
pa2dd 3H2 � 3Hd� d 2

ÿ �
H3 H� d� �3 (157)

We also derive corresponding formulas for a cylindrical

rod of radius ac and length L:92

Uc � ÿA
pa2cL

H3=2 H� 2ac� �3=2
(158)

Fc � ÿA
3pa2cL H� ac� �
H5=2 H� 2ac� �5=2

(159)

All the expressions obtained are monotonic functions of

the distance H between the particles and the solid surface.

The absolute values of both the energy and the force of

interaction with a solid will decrease with increasing H and

increase with increasing the particle size. If the particles

have the same volume, but differ in shape, then the question

arises: what is the ratio of the energies and forces of their

interaction with a solid substrate. To secure equality of the

particle volumes, the following conditions should be satis-

fied:

a2dd � a2cL �
4

3
a3s (160)

If we choose the value of ad a unit for measuring

distance, then for a given disk thickness d, the ball radius

is uniquely determined, but one of the parameters of the rod

can change independently.

Using the above formulas, one can compare the inter-

action with a solid for nanoparticles of different shapes.

Figure 30 shows the dependence of forces on the reduced

distance of the closest approach H=ad for a sphere, a disk

and two rods with L=10d and L=20d for three given

values of d=ad : 0.1 (a), 1 (b), and 5 (c). The force values are

measured in units of A=ad. In the interval of H=ad under

consideration, the force functions demonstrate a similar

behavior. It can be seen that for d55 ad , the force of

interaction of the ball with the solid is inferior to the forces

for other particles. So in this criterion, the interaction of a

ball with a solid is less energetically beneficial than for a

disk and rods. It is worth paying attention to the change in

the ratio of forces for the disk and rods with a change in the

thickness of the disk. In the case of a thin disk with

d � 0:1ad , its interaction with a solid is more preferable

than for rods, as can be seen from Fig. 30 a. With an

increase in the disk thickness to d � ad, the ratios of forces

change to the opposite (Fig. 30 b). For rods, the obvious

relation is preserved: the longer a rod, the stronger its

interaction with a solid body (see Fig. 30).

Investigating the limiting values of the functions pre-

sented by Eqns (155) and (157) for d? ?, it is easy to

verify that there is an interval of d where the interaction of a

more compact ball particle will be stronger even in compar-

ison with a semi-infinite cylinder. Therefore, we can expect

a distance region to appear for sufficiently thick disks,

where the interaction of the ball will exceed the interaction

as

H H H

ad

ac

a b c

d

L

Figure 29. Nanoparticles of various shape near a solid surface: a
ball of radius as (a), a cylindrical disk of thickness d and radius ad
(b), and a cylindrical rod of length L and radius ac (c).75
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of the disk. This is just what we see in Fig. 30 c. It can be

seen that the attraction of a disk 5ad thick will be stronger

than that of a ball near the surface, but the ratio of forces

for the ball and the disk is reversed with an increase in the

gap. This happens at H& 1:25ad .
The shape of a body is always associated with the

distribution of substance of the body in space, and, there-

fore, with the position of its center of mass. Comparing the

interaction of particles with a solid with the same gap, we do

not exclude the difference in the position of their centers of

mass, which actually means different removal of particles of

different shapes from the surface of a solid and the asso-

ciated trivial effect (the farther the particle, the it interacts

less well). To exclude it, it is necessary to compare the

intensity of the interaction of particles with a solid body at

the same distance (we denote it H0) of their centers of mass

from the surface. To do this, we have to replace H with H0

as for a sphere in Eqns (154) and (155), H with H0 ÿ 0:5d
for a disk in Eqns (156) and (157), and H with H0 ÿ ac for a

rod in Eqns (158) and (159). In particular, this leads to

relationships for the forces.

Fs�H0� � ÿA
4pa3s

�H2
0 ÿ a2s �2

(161)

Fd�H0� � ÿA
pa2dd�3H2

0 � 0:25d 2�
�H2

0 ÿ 0:25d 2�3 (162)

Fc�H0� � ÿA
3pa2cLH0

�H2
0 ÿ a2c�5=2

(163)

On going to this method of description, the overall

picture changes somewhat. First, for particles of different
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types, the lower limit of the available distances will be

different. Therefore, a comparison of functions of the

particles must be carried out in the distance region, starting

with the largest value of the lower boundary. In the case of

thin disks and rods, it will be greatest for a ball whose

energy and force will exceed, in absolute value, the corre-

sponding characteristics of the other particles.

Figure 31 compares the forces calculated by Eqns (155),

(157), and (159) for two cases: d=0.1ad and d= ad . The

energy demonstrates the same character of dependencies.

Obviously, for d= ad, all dependences are shifted to the

region of large values of the gap width. In this case, the

predominance of the force of interaction of the ball with

respect to both the disk and rod becomes more pronounced.

The ratios of forces for the disk and rods will remain the

same as when considering the dependences on the distance

H of the closest approach. Namely, thin disks are superior

to rods in both the energy and force of interaction. Con-

versely, thick disks lose interaction as compared to rods. It

should be said that for d5 2.45ad , when the distance from

the solid surface to the centre of mass becomes larger for a

disk than for a ball, the ratio of the interactions of a disk to

a ball becomes more complex. As noted above, as the disk

thickness increases, its interaction approaches the interac-

tion of a semi-infinite cylinder. In this limit, it already

becomes meaningless to describe its interaction in terms of

the distance from the center of mass of a particle to the solid

surface. Then one needs to return to using the closest

distance H, as was mentioned above in the discussion of

Fig. 30. In these cases, there is such a value of H at which

the ratio of forces for the ball and the change in opposite

directions.

5.3.2. Energy and force shape factors

Along with the energy and force of interaction themselves,

we can introduce shape factors 93 for a more obvious

comparison of the kinds of interaction of various particles.

Usually the shape factor (we denote it as Y) is the ratio of

corresponding functions for bodies of the same volume but

different shape. We will determine the shape factor for a

particle in question with respect to the ball. In view of

Eqns (154) and (156), the energy shape factor for a disk can

be written in the form

Yd
U �

a2dd�2H� d �
2H2�H� d �2 ln

H

H� 2as
� as
H
� as
H� 2as

� � (164)

As for the force shape factor for a disk, it follows from

Eqns (155) and (157) as

Yd
F �

3H2 � 3Hd� d 2
ÿ �

H� 2as� �2
3H H� d� �3 (165)

Similarly, using Eqns (154) and (158), the energy shape

factor for a rod is

Yc
U �

a2cL

H3=2�H� 2ac�3=2 ln
H

H� 2as
� as
H
� as
H� 2as

� � (166)

and, on the basis of Eqns (155) and (159), the force shape

factor for a rod is

Yc
F �

H� ac� � H� 2as� �2
H1=2 H� 2ac� �5=2

(167)
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Obviously, with an infinite increase in the distance of the

particles to the surface, all the shape factors of the particles

will tend to unity. Figure 32 compares the force shape

factors calculated by Eqns (165) and (167) for d � 0:1ad,
d � ad, and d � 5ad. The same character of dependencies is

demonstrated by the energy shape factors.

Obviously, with an infinite increase in the distance of the

particles to the surface, all the shape factors of the particles

will tend to unity. Figure 32 compares the force shape

factors calculated by Eqns (165) and (167) for d=0.1ad ,

d= ad, and d=5ad . The same character of dependencies is

demonstrated by the energy shape factors.

In the case of a thin disk with d=0.1ad , its interaction

with a solid is more preferable than for rods, and the force

shape factor for it exceeds the shape factors for rods

(curve 1 in Fig. 32 a). As the disk thickness increases to

d= ad , the ratios of the shape factors (as well as the forces

themselves) change to the opposite (curve 1 in Fig. 32 b).

For the case of a disk with d=5ad , with increasing

distance, a range appears where the shape factor is less

than unity (Fig. 32 c). If we recall that the shape factor in

the limit should tend to unity, we conclude that the shape

factor for disks with large values of d will pass through a

minimum value. As for rods, the obvious relation is pre-

served: the longer a rod, the stronger its interaction with a

solid (curves 3 and 4 in Fig. 32).

As for energy and force, the corresponding shape factors

can be compared at the same distance of their centers of

mass from the surface. To do this, we replace H with

H070.5d for a disk in Eqns (164) and (165) and H with

H07ac for a rod in Eqns (166) and (167). In particular, for

the force shape factor of the particles, we obtain the

following formulas

Yd
F�H0� �

�3H2
0 � 0:25d 2��H2

0 ÿ a2s �2
3�H2

0 ÿ 0:25d 2�3 (168)

Yc
F�H0� �

H0�H2
0 ÿ a2s �2

�H2
0 ÿ a2c�5=2

(169)

Figure 33 shows the force shape factors of various

particles with respect to the ball, depending on the distance

of the center of mass of the particles H0 to the solid surface,

obtained from Eqns (168) and (169).

Obviously, with an increase in the distance from the

solid surface, functions Yd
F�H0� and Yc

F�H0� tend to unity as

well as functions Yd
F�H� and Yc

F�H�, but in quite different

ways. In the latter case, the shape factors tend to unity from

above large values in narrow slits, whose width can be

arbitrarily small (see Fig. 32). When passing to the center of

mass of the particles, the region of infinitely narrow slits

becomes inaccessible to the ball, which limits from below

the domain of definition of the functions under consider-

ation. As the slit width increases, these functions of H0 tend

to unity from below beginning from infinitely small values

in narrow slits. When comparing the shape factors of disks

and rods, it can be seen that with an increase in the

thickness of the disk, its force shape factor increases with

respect to the rod (see Fig. 33). Thus, when comparing

nanoparticles with a different shape, but with the same

volume and the same distance of their centers of mass from

a solid surface, the interaction of the ball with the solid

surface is stronger than the others. This conclusion is valid

in the range of the disk thickness d4 2.45ad , until the

center of mass of the ball limits the range of accessible

distances from the surface of a solid. However, spherical

particles lose their advantage if the gap (H) between the

solid surface and a particle is the same for all particles.

6. Contribution of dispersion forces to surface, line,
and point tension

6.1. Basic concepts
Adjacent bulk phases are known to create surfaces. Inter-

section of surfaces creates lines, as well as intersection of

lines creates points. Phase volumes, surfaces, lines, and

points are basic elements of every heterogeneous system.

Correspondingly, the work of their formation and their

thermodynamic characteristics including surface, line, and

point tensions, are basic elements of surface science. Since

Gibbs discovered the duality of surface tension of solids,93

the problem of a definition of this quantity became a subject

of multiple discussions (see surveys 48, 49, 94, 95). We here

consider the thermodynamic surface tension (designated as

s by Gibbs and different from the ordinary mechanical

surface tension) defined as a half of the work of cleavage per

unit surface area. The latter is the work of disjoining two

pieces of a solid (divided by a plane) from the intermolec-

ular distance d in the solid to infinity in a vacuum. So the

definition of s can be written as
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2s �
�?
d

f�H�dH (170)

where H is the width of a slit between the pieces and f(H) is

the cohesive force per unit area. Equation (170) implies the

work process to be isothermal, which corresponds to the

choice of free energy as a thermodynamic potential.

Similarly to the surface tension, the line tension can also

have multiple interpretations.94 We here deal with the

thermodynamic line tension k as the work of formation of

the solid edge per unit length. This additional work origi-

nates from the fact that surface tension changes when

approaching an edge at the nano-scale. If s is the surface

tension value sufficiently far from the edge and s(x) is the

local surface tension value on the distance x from the edge,

the thermodynamic line tension at the edge is

k:
1

L

X�
�s�x� ÿ s�dA (171)

where L is the edge length and A is the surface area, the

integration is carried out over each surface and summation

over all surfaces meeting at the edge.

The point tension Z is defined analogously. If the edge

line is restricted and has an end, the local line tension k(x) is
a function of distance x from the edge end. Then the point

tension is defined by the following expression:

Z:
X�

�k�x� ÿ k�dL (172)

where k is k(x) at x=?. The integration is carried out over

whole length L and summation over all lines meeting at the

point. The result of integration is dependent on L provided

L lies within the nano-scale. Otherwise, the integrand in

Eqn (172) practically vanishes for sufficiently large x, and

the point tension acquires the status of a constant.

As is well seen from Eqns (170) ± (172), the calculation

of all tensions becomes possible if one can estimate the

cohesive force f(H) not as an average but as a local quantity.

This is attained by using the Irving ±Kirkwood stress

tensor, Eqn (10), which, in this way, acts as a direct tool

for calculating the surface, line, and point tensions. Such

calculations require a pair potential not only for large R,

but for all R beginning from d as an intermolecular distance

in a solid. This can be a model potential, for example, the

classical Lennard-Jones potential

F�R� � 4eLJ
sLJ
R

� �12
ÿ sLJ

R

� �6� �
(173)

with constants eLJ and sLJ and with the second attractive

term corresponding to dispersion forces, Eqn (1). The dis-

tance d corresponds to the balance of attraction and

repulsion forces in a solid. When integrating over R> d,
repulsion forces dramatically decrease, and their resulting

contribution to the integral value can be small as compared

with the contribution of dispersion forces. This means that

using Eqn (1) instead of Eqn (173), we obtain a result at

least of the same order of magnitude. However, strictly

speaking, we estimate only a contribution of dispersion

forces to a quantity under question when using Eqn (1).

According to the definition formulated in Eqn (170)

through isothermal work, a certain temperature should be

chosen and a corresponding pair potential should be taken

for calculations. If the temperature is absolute zero (which

is typical for quantum chemistry), the difference between

energy and free energy disappears. Then one can say that

Eqn (170) determines not only surface tension but also

surface energy. As the temperature grows, the difference

between surface tension and surface energy rapidly

increases because of entropy. However, surface energy

changes slightly, and, in contrast with surface tension, the

surface energy value calculated at zero temperature can be

useful for higher temperatures. The same may be said about

line and point energy.

The concept of thermodynamic surface and line tensions

has found wide application in the theory of cracks.53 As for

solid edges, only the case of a rectilinear edge of a semi-

infinite slit 70, 71, 96, 97 was also reviewed in Ref. 53. Later on,

the general case of a curved solid edge was analyzed.98 We

present the result below. Line tension is also one of central

concepts of the thermodynamics of graphene as a two-

dimensional structure 99 where line tension plays the same

role as surface tension for three-dimensional bodies. The

line energy of graphene was calculated up to a numerical

value.99, 100 As for the point energy, an analog of surface

energy for three-dimensional bodies, there was no data to be

included in Ref. 100. Only recently, the estimation of the

contribution of dispersion forces to the point energy of

graphene was made.101 We will also present this result in

Section 6.3, which plays the role of a certain supplement to

Ref. 100.

6.2. Line tension at the curved edge of a molecular solid
Let us return to the case of two coaxial cylinders of radius a

separated by distance H (Section 5.2) and investigate the

line tension of the circular edge.98 According to the compu-

tational scheme described in Section 6.1, we have, as a

preliminary, to calculate the local thermodynamic surface

tension on both sides of the circular slit between the two

cylinders. Addressing first an infinite slit of width H and

using Eqn (87), we can write

f�H� � ÿpN�H� �
pA
6H3

(174)

where, to remind, A:
P

s;t Astcsct [see Eqn (24)], cs being

the molecular concentration of component s (the two

cylinders can be of different nature and composition).

Then putting Eqn (174) in Eqn (170) yields a macroscopic

value for surface tension

s � pA

24d2
(175)

As for the local (as a function of the radial coordinate r)

surface tension on the circular slit surface, we can define it

as

2s�r; a; d� � ÿ
�?
d

pN�r; a;H�dH (176)

similarly to Eqn (170). Using Eqns (132) and (175), we can

accomplish analytically the integration over the slit width to

obtain

s ~r; ~a� � � s 1ÿ fs ~a; ~r� �� � (177)
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where

fs ~a; ~r� � � 3

8p

�2p
0

djF1 ~r1a� � � 3

�2p
0

dj
�~r1a
0

~rd~r
F2 ~r� �

~r� ~r2a� �4

24 35 (178)

F1 ~r1a� �: 1

~r21a � 1
� 1

~r21a
� 1

~r31a
arctan

1

~r1a
ÿ p

2

� �
(179)

F2 ~r� � � 2ÿ 7

3 ~r2 � 1� � �
4

3 ~r2 � 1� �2
� 1

~r
arctan

1

~r
ÿ p

2

� �
(180)

and tilde means the ratio of a corresponding quantity to the

intermolecular distance d: ~r: r=d; ~a: a=d, and ~r: r=d.
Figure 34 exhibits the function s ~r; ~a� �=s as a result of

numerical integration.

It is seen from Fig. 34 that local surface tension in the

central part of a circular slit only slightly differs from its

macroscopic value s: the deviation is smaller than 1% at

and is noticeable only on the nanoscale at a < 20d. How-

ever, essential deviations appear at the slit edge where the

function s�~r; ~a�=s dramatically decreases giving evidence of

existing a negative line tension.

Following Eqn (111), we now can calculate line tension

as

k�a� � 1

a

�a
0

s r; a� � ÿ s� � rdr � 1

a

�a
0

s r; a� � rdrÿ sa
2

(181)

Substituting Eqn (177) in Eqn (181) yields

k�~a�
sd
� ÿ 1

~a

�~a
0

~rd~rfs ~a; ~r� � (182)

where fs ~a; ~r� � is given by Eqn (178). The result of integra-

tion of Eqn (182) is shown in Fig. 35.

The figure shows line tension to be negative and strongly

dependent on the edge curvature on the nanoscale. The

smaller the curvature radius, the lower the line tension in its

absolute value. In the opposite limit of a large radius, line

tension tends to its constant value for a rectilinear edge. The

approximate limiting value was estimated as 70.676,96

which is in good agreement with Fig. 35. This is the only

fact which can confirm the validity of this result because

there are no data on the dependence of line tension on the

edge curvature in the literature.

Concluding the section, note that our calculations

implied the existence of a certain pair potential constructed

for a given temperature. The parameters of the potential

remained unknown, but this did not prevent the creation of

a new theory due to the fact that the result was expressed in

relative terms. A general regularity, the curvature depend-

ence of line tension, was established. However, we did not

calculate the numerical value of line tension because that

operation would require the pair potential parameters.

Since quantum chemistry produces pair potentials typically

for zero temperature, the numerical estimation of thermo-

dynamic surface, line, and point tensions becomes possible

at zero temperature. According to the said in Section 6.1,

we are talking about surface, line, and point energy in this

case. Such calculation is illustrated below using the example

of the line and point energy of graphene.

6.3. Line and point energy of graphene
Bearing in mind graphene, silicene, germanene, and analo-

gous two-dimensional structures of the future, we split this

section into two parts. In the first part, we construct a

general theory similar to the given above for line tension

and applicable to any two-dimensional body. The second

part is devoted to calculating specific parameters of gra-

phene on the basis of the general theory. Addressing the

calculations to zero temperature, we will replace thermody-

namic tension with energy.

6.3.1. General relationships for two-dimensional structures

On passing to two-dimensional bodies, the role of surface

energy goes to line energy e. Correspondingly, Eqn (170) is

replaced by the relationship

2e �
�?
d

f�H�dH (183)

where f�H� is the cohesive force per unit length of a two-

dimensional rectilinear slit of width H between two copla-

nar graphene sheets with parallel boundaries. Width H is

not a local quantity and is the same at every point of the slit.

However, if the slit is finite and x is the distance from the

slit end, f�H� acquires a local meaning f�H; x�: Then,

following Eqn (183), the local line energy e�x� is defined as
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Figure 34. Plot of the relative local surface tension s�~r; ~a�=s vs. ~r
for the slit radius ~a of 10 (curve 1), 20 (2), 40 (3), 60 (4), 80 (5), and
100 (6).98
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Figure 35. Dependence of line tension on the line radius.98
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2e�x� �
�?
d

f�H;x�dH (184)

By analogy with Eqn (172), we define the point energy

(with the same notation as point tension at zero tempe-

rature)

Z:
�
�e�x� ÿ e�dL (185)

where e is the line energy value far from the slit end (where e
does not depend on x). After giving necessary definitions,

we can proceed to calculations.

6.3.1.1. Cohesive force

To calculate the cohesive force, we identify it with the

normal component EN of the stress tensor on one of the

boundary lines of the two-dimensional slit:

f�H;x� � EN (186)

This quantity can be calculated by means of the

Irving ±Kirkwood stress tensor, Eqn (10), which, being

formulated in tensoric and vector forms, is easily applicable

to the two-dimensional case. Retaining only the force term

in Eqn (10), we can write

Ê�r� � 1

2

X
s;t

�
R6R

R
F0st�R�dR

�1
0

r�2�ij �rÿ ZR; rÿ ZR� R�dZ
(187)

Turning to calculations, let us imagine that we are at the

edge of a macroscopic graphene sheet of rectangular shape

and make a sheet cut normal to the edge. Then we disjoin

the sheet part 1 and 2 at a distance H in the same plane

(Fig. 36). The whole operation is done in a vacuum (which

is why we need only the force part of the stress tensor). We

have now only two Cartesian coordinates, x and y, and the

normal stress tensor is defined as EN :Eyy:
Let us first transform Eqn (187). We place the calcula-

tion point r (at which the stress tensor is sought) on the

lower side of the slit at a distance x from the slit edge

(see Fig. 36). Set the origin of the Cartesian coordinates at

the calculation point to direct the x-axis along the cut line to

its end and the y-axis perpendicular to the cut line from the

bottom to the top. As is usual, vectors r1 and r2 are directed

oppositely, but lie on one straight line, since a straight line

segment of length R connecting two interacting molecules

must pass through the calculation point (see Fig. 36). We

can then write

r1 � �1ÿ Z�R (188)

r2 � ÿZR

so that R � r1 ÿ r2.

As applied to the two-dimensional case under consid-

eration, the integration in Eqn (187) is performed by three

variables:Rx; Ry, and Z. It is convenient to change the

variables to x1; y1 (the components of vector r1�; and y2 (the

y-component of vector r2�: Passing to the new variables, we

also may write, as it follows from Eqn (188),

R � r1
y1 ÿ y2

y1
(189)

R � r1
y1 ÿ y2

y1

where r1 is the modulus of vector r1. From Eqn (189), it

follows the relation

R6R

R
� r1 6 r1

r1
� y1 ÿ y2

y1
(190)

We now turn to the two-particle distribution function

r�2�ij in Eqn (187). For the solid two-dimensional object

under consideration, assuming it to be uniform in density,

we can represent the two-particle distribution function as a

product of one-particle distribution functions in regions 1

and 2:

r�2�12 � r�1�1 r�1�2 (191)

We set the one-particle distribution functions in the

form

r�1�1 �y� � r �y1 > H� (192)

r�1�1 �y� � 0 �y1 < 0� (192a)

r�1�2 �y� � r �y2 < 0� (192b)

r�1�2 �y� � 0 �y2 > H� (192c)

where r is the two-dimensional density (the number of

carbon atoms per unit area) of graphene (to be a constant).

Inside the empty slit between regions 1 and 2, this density is

obvious to be zero. In addition, both conditions in

Eqns (192) ± (192c) do work only within the slit length.

There is no substance beyond the slit length, and, therefore,

the Irving ±Kirkwood stress tensor is zero. It is easy to

compare that it is also zero at the slit end. Indeed, if we

place the calculation point at the very edge of the slit (at

x=0), then the straight line segment R passing through the

point can only move in the following way. If one of the

segment ends is located in region 1 or in region 2 with a

substance, the second end inevitably falls into vacuum. In

any case, there will be no interaction.

After all above transformations, Eqn (187) acquires the

form 101

H

r1

r2

y

x

Figure 36. The formation of two corners by cutting a semi-infinite
graphene sheet: H is the distance between the two parts of the sheet,
vectors r1 and r2 show the location of the atoms interacting
through the point (the black circle) where the stress tensor is
searched.101
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Ê � ÿr2
�?
H

dy1

�0
ÿ?

dy2

�x
xy1 =y2

dx1
r1 6 r1

r1
6 (193)

6
y1 ÿ y2

y21
F012

r1�y1 ÿ y2�
y1

� �
Eqn (193) is valid for pair potential of any kind. Turn-

ing now to dispersion forces (without retardation), we write

Eqn (1) as

F12�R� � ÿ
l
R6
�R5d� (194)

where l:A12 (for the sake of brevity and accordance with

the notation given in Ref. 99). Accounting for Eqn (189),

Eqn (194) becomes

F12

r1�y1 ÿ y2�
y1

� �
� ÿ ly61

r61�y1 ÿ y2�6
(195)

Then substituting Eqns (194) ± (195) in Eqn (193) yields

Ê � 6lr2
�?
H

y51dy1

�0
ÿ?

dy2

�y1 ÿ y2�6
�x

xy1 =y2

dx1
r1 6 r1

r81
(196)

Further calculations need to be made for each compo-

nent of the stress tensor separately. In accordance with

Eqn (186), we are interested in the normal component

EN :Eyy. Replacing r1 6 r1 by y21 and, on the way, r1 by

�x21 � y21�1=2, from Eqn (186) we obtain an expression for the

local cohesive force

f�H;x� � EN � 6lr2
�?
H

y71dy1

�0
ÿ?

dy2

�y1 ÿ y2�6
�x

xy1=y2

dx1

�x21 � y21�4
(197)

For x? ? , Eqn (197) takes an easily integrable form to

yield

f�H� � 3plr2

32H4
(198)

As for Eqn (197) in general, its integrals, of course, are

also taken, but the results would look too cumbersome.

Below we give a final formula of this type, but for now we

leave Eqn (197) as the most compact notation for the local

cohesive force.

6.3.1.2. Local line energy

From Eqns (184) and (198), we find the contribution of

dispersion forces to the line energy of the infinitely long

rectilinear boundary of the graphene sheet as

e � 1

2

�?
d

f�H�dH � 3plr2

64

�?
d

dH

H4
� plr2

64d3
(199)

which is consistent with the result of the calculation by

other means.99, 100 As for the local line energy near the

corner of a two-dimensional structure, from Eqns (184) and

(197), we find

e�x� � 3lr2
�?
d

dH

�?
H

y71dy1

�0
ÿ?

dy2

�y1 ÿ y2�6
�x

xy1=y2

dx1

�x21 � y21�4
(200)

Expressing now x1; y1; y2, and H in units of d and using

Eqn (199), we simplify Eqn (200) to the form

e�x�
e
� 192

p

�?
1

dH

�?
H

y71dy1

�0
ÿ?

dy2

�y1 ÿ y2�6
�x

xy1=y2

dx1

�x21 � y21�4
(201)

Omitting the calculation details,101 here we immediately

give the final result of integration in Eqn (201)

e�x�
e
� 9pÿ 18x� 54px2 ÿ 102x3 � 135px4
�

(202)

ÿ714x5 � 810px6 � 634x7 ÿ 810px8 � 1242x9�

� 558px10 � 78x11 � 243px12 � 130x13 � 90px14 � 30x15�

� 15px16 � �30x4 � 180x6 � 450x8 � 600x10 � 450x12�

� 180x14 � 30x16� arctanxÿ �18� 108x2 � 270x4�

� 360x6 � 270x8 � 108x10 � 18x12� arctan�xÿ1�ÿ

ÿ�288x5 ÿ 2112x7 � 1440x9�ln x�=30px4�1� 6x2�

� 15x4 � 20x6 � 15x8 � 6x10 � x12�
where, to remind, x should be considered as x/d.

The graphical representation of the function given in

Eqn (202) looks much simpler (Fig. 37) and predictably

demonstrates an asymptotic approximation of e�x� to its

constant value e within the nano-range 04 x=d4 5: Since
e�x�< e throughout the graph, we can say in advance that,

according to Eqn (185), the contribution of the dispersion

forces to the point energy of a two-dimensional structure

should be negative.

0.1

0.3

0.5

0.7

0.9

e(x)/e

0 1 2 3 4 x/d

Figure 37. Approximation of the line energy of graphene e(x) to its
constant value e when moving away from the corner of a graphene
sheet (d is the minimum interatomic distance across the boundary
line).101
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6.3.1.3. Point energy

It remains to find the expression for the contribution of

dispersion forces to the point energy Z of a two-dimensional

structure. We transform Eqn (185) to the form (where x is

calculated in units of d)

Z
ed
�
�?
0

e�x�
e
ÿ 1

� �
dx (203)

Now, substituting Eqn (137) in Eqn (138) and integrating,

we get

Z � ÿ 4

3p
ed (204)

After putting Eqn (199), Eqn (204) becomes

Z � ÿ lr2

48d2
(205)

After the general relations for two-dimensional struc-

tures have been established, one can proceed to concrete

calculations for graphene.

6.3.2. Characteristics of graphene

In graphene, the s-bond length is b=0.142 nm, and in a

two-dimensional hexagonal packing, the relationship

between r (the number of carbon atoms per unit area) and

b is found as follows.99, 100 With the length of the side of a

regular hexagon b, the hexagon area is �3=2� ���3p b2. There-

fore, the number of hexagons per unit area will be 2=3
���
3
p

b2.

Each hexagon includes six carbon atoms, but each atom

belongs to three hexagons at once, so

r � 4

3
���
3
p

b2
&

0:7698

b2
(206)

With the above value of b, Eqn (206) yields

r& 38.177 nm72. By substituting Eqn (206) into

Eqns (199) and (205), we obtain for line energy

e � pl

108b4d3
(207)

and for point energy

Z � ÿ l

81b4d2
(208)

To do the calculations, we also need to set the dispersion

constant l for graphene. For this, we use the classical

Lennard-Jones equation, which has been well studied in

relation to the carbon ± carbon (CC) pair interaction:

F�R� � 4eCC
sCC
R

� �12
ÿ sCC

R

� �6� �
(209)

The refined values of the constants of Eqn (209) are:

eCC � 0.03550610720 J and sCC � 0.34585 nm.99 Compar-

ing Eqns (194) and (209), we find

l � 4eCCs
6
CC (210)

which, with the above values, gives

l=2.43005610778 J m6. It remains to find parameter d,
but d is worthy of a special discussion.

6.3.2.1. Choice of parameter dd
Until now, it was only stated that d was a minimum distance

for calculations. Now it is time to specify this parameter for

graphene. First of all, it is necessary to choose the direction

of the cut of a graphene sheet to create a linear boundary. In

this case, it is desirable to find such a direction for which the

work of the section would be minimal and, therefore,

corresponded to the natural linear boundary (if one tries

to break a graphene sheet, then it will likely to tear in this

direction). This question was discussed in detail,99, 100 and it

was found that such a cut corresponds to the breaking of

s-bonds of graphene along the zigzag-shaped border

(Fig. 38). The fact that this direction corresponds to the

real linear boundary of graphene was also confirmed by

Li et al.102 Below we will address this boundary. Further

considerations require some model concepts of carbon

atoms.

6.3.2.2. Model of hard balls with dispersion forces

Usually, hard balls simulate repulsive forces, but we will

add a chemical bond to them. In other words, in this model,

it is believed that with the slightest increase in the distance

between carbon atoms in graphene, the chemical bond is

broken and does not manifest itself in the future, as well as

repulsive forces. This means that the dispersion forces

immediately contribute to the work of separation of two

pieces of graphene, as soon as the distance between the

carbon atoms exceeds the lattice parameter b, i.e. d= b.

Then Eqn (207) for line energy takes the form

e � pl
108b7

(211)

and Eqn (208) for point energy becomes

Z � ÿ l
81b6

(212)

With the above values of l and b, Eqns (211) and (212)

yield e& 0:6076 10ÿ10 J m71 and Z& ÿ 0:3666 10ÿ20 J.

6.3.2.3. The Lennard-Jones model

Let us imagine now that the situation with chemical bonds

remains the same (they immediately break with increasing

intermolecular distance in graphene), and repulsive forces

acquire a small long-range action according to Eqn (173).

In this case, immediately after the chemical bonds are

broken by external forces, the system enters the region of

repulsive forces and spontaneously (abruptly) increases the

gap between the disconnected parts of the graphene sheet to

a certain distance d corresponding to the equilibrium

between the forces of attraction and repulsion. A further

increase in the distance will already require the work of

external forces, and it is the value d that you need to start

with in the work calculations. The calculation of the

b

Figure 38. The boundary line of a graphene sheet across s-bonds
of length b.101
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equilibrium quantity d itself is easily carried out using

Eqn (209) and gives the result 99

d � 21

80

� �1=6

sCC & 0:277 nm (213)

which is almost twice the lattice parameter b. Now, using

Eqns (210) and (213), we can express line and point energy

in terms of Lennard-Jones potential parameters. From

Eqn (207), we find for line energy

e � p
27

80

21

� �1=2eCC
b

sCC
b

� �3
(214)

and, from Eqn (214), for point energy

Z � 4

81

80

21

� �1=3

eCC
sCC
b

� �4
& 0:077eCC

sCC
b

� �4
(215)

For given values of eCC, sCC, and b, Eqns (214) and

(215) yield e& 0:8186 10ÿ11 J m71 and

Z& 0:9626 10ÿ21 J. For line energy, this is 7.4 times, and

for point energy, 3.8 times less than in the calculation based

on the hard ball model. The result is clear: in this case of the

Lennard-Jones model, the calculation starts from a much

larger distance d, when the forces of attraction are already

significantly weakened.

With respect to the line energy of graphene, the resulting

Eqn (214) 101 is consistent with Ref. 99 where the calcula-

tion was based on the Lennard-Jones potential taking into

account repulsive forces but without chemical bonds (the

calculation of the point energy was not performed there). In

this variant, the contribution to the line energy of graphene

is about 0:5456 10ÿ11 J m71 (Ref. 99), from where (in

comparison with the above value) it can be seen that the

repulsive forces `eat up' a third of the calculated dispersion

component of the graphene line energy.

To conclude the section, we note two circumstances. It

was previously shown that the main contribution to the line

energy of graphene was made by chemical bonds between

carbon atoms, while the contribution of the dispersion

forces is an order of magnitude less.99 Does this mean that

such a relationship should be preserved for point energy?

Rather not necessarily. The fact is that the line energy is

directly found from the work of cohesion, whereas the point

energy is found from the excess of the work of cohesion

associated with the proximity to the corner of a rectangular

piece of graphene. Here the contribution of specific forces

depends on their long-range action. In the two above

models with zero long-range chemical forces, only disper-

sion forces contribute to point energy, which, in this case, is

fully calculated. The real contribution of chemical forces to

point energy has not yet been determined, and only after it

is found it will be possible to judge the relative contribution

of the dispersion forces to the point energy of graphene. The

calculation of the contribution of chemical bonds to the

point energy of graphene remains a challenge to modern

quantum chemistry.

The second circumstance that needs to be noted is that

the structure of graphene was considered unchanged in the

process of separation of its two regions. In reality, the

process of relaxation of the boundary zones develops. It is

difficult to calculate it, but computer modelling shows that

the greatest distortions occur just near the corners of a

sample.103 This underlines, on the one hand, the importance

of calculating the point energy of a two-dimensional struc-

ture, and, on the other, the incompleteness of the calcu-

lation carried out in this direction. A rigorous estimate of

the graphene point energy should include taking into

account not only chemical bonds, but also the relaxation

of the graphene structure (the local density of carbon

atoms) near the line and the corner of the cut.

In the manipulation of the unshakable structure in the

form of a corner, another nuance arises. After all, each

corner has two sides, two lines. We operated on one of

them, which can be called active, because it interacts with

the opposite line of a two-dimensional slit. The second line

(oriented perpendicularly to the slit, Fig. 36) was inactive.

However, both lines must be the same in the final state of

equilibrium, when one part of graphene is removed from the

other at an infinite distance and behaves independently.

Obviously, the final unification of the sides of the corner is

achieved by redistributing the internal energy, and since the

remote part of the body is in a vacuum and does not interact

with any other bodies, this process does not require addi-

tional work. Thus, although we dealt with only one of the

sides, the calculated work of the formation of the corner

gives the point energy value, which is true for the final state

in the absence of relaxation.

7. Concluding remarks

Of course, the review is not exhaustive. After all, it is not

called `Dispersion forces', but `Dispersion forces in nano-

science'. We did not deal with questions related to the

nature of dispersion forces and the Lifshitz theory.104 ± 108

For us, dispersion forces are a given, and it is only

important to describe how they are used in theoretical

nanoscience. In this case, we focused on the direction that

was undeservedly bypassed in previous reviews. But here

too, the incompleteness of coverage is very visible. We did

not touch upon the area of the computer experiment,

although we ourselves were pioneers in it (with the world's

first calculation of the surface tension of an argon cluster

with dispersion forces using the molecular dynamics

method 109). To date, this area has grown so much that it

can be the subject of an independent review.

It should also be noted that the theoretical description in

the review is given more concisely, with the loss of many

details in comparison with the original publications. Thus,

in asymptotic relations, only the principal terms are often

retained and the correction terms are omitted. Meanwhile,

comparing the first and second helps to establish the scope

of the asymptotics. In the reviewed works, such assessments

were made repeatedly, and it was established that the width

of the restricted area is expressed in angstroms! There are

many other interesting details that the reader will find in the

original articles. After all, the purpose of the review is to

indicate such publications.

Numerous calculations performed in the reviewed

papers are based on statistical mechanics, hence requiring

one- and two-particle distribution functions. The first is

easily determined: it is simply the local density of the

number of molecules. As for the second, in the simplest

case it is equal to the product of one-particle distribution

functions. This technique has often been used in calcula-

tions either on the basis of the condition for weakening

correlations at large distances, or when working with a solid
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when the molecules are fixed in space. In the latter case, the

molecules are arranged randomly if we are talking about an

amorphous solid, and in strict order in crystals. Here we

need to make one technical note. We did calculations by

integrating, but for crystals, strictly speaking, it should be

replaced by summation. The error that occurs when replac-

ing the summation by integration, the greater the larger the

lattice constant. A good illustrative example is graphite,

which is sknown to consist of sheets of graphene. The

interplanar distance in graphite is so large (0.3354 nm)

that replacing the summation by integration reduces the

energy of dispersion interaction of sheets with each other by

7 times.99 So the use of integration is unacceptable here. By

contrast, the use of integration instead of summation is

quite acceptable inside each sheet of graphene, where the

distance between adjacent carbon atoms is only 0.142 nm.

It is appropriate to note that for crystalline solids, in

many cases, chemical bonds are most important, which

explains the strength of crystals. Dispersion forces fade

into the background here. However, the analysis of the

role of chemical bonds in nano-systems lags far behind such

studies for dispersive forces. On the example of the Irving±

Kirkwood stress tensor, we see that statistical mechanics is

ready to work with any pair potentials and expects that

quantum mechanics will generate such potentials for chem-

ical forces. So we see that further development of the theory

of dispersion forces in nanoscience depends on the progress

in quantum chemical calculations.
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